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Abstract

In conformant planning, we are given a description of an action domain—defining the

possible states of the world and the possible effects of actions on those states—along with

a description of the initial state and a description of the goal. The action domain may be

nondeterministic, so that we cannot always know what the outcome of a given action in a

given state will be. Similarly, the description of the initial state may be incomplete, so that

we do not know everything about the initial state. A plan is a finite sequence of sets of

actions, with each set of actions to be executed (concurrently) in order of appearance in the

sequence. A plan is valid if it has the following two properties. (1) It is executable. That is,

there is at least one possible initial state, and for each proper prefix of the plan, it is possible

to execute the next set of actions in any of the states that can be reached by executing the

prefix (starting in any possible initial state). (2) It is sufficient. That is, any state that can

be reached by executing the full plan (starting in any possible initial state) satisfies the goal

description. The objective is to find a valid plan.

In this thesis, we use a Quantified Boolean Formula (QBF) to represent a conformant

planning problem, which can then be solved by a standard QBF solver. More specifically,

we construct a formula in propositional logic that encodes all possible histories of a given

length
�

in the action domain, i.e., all sequences of
�����

states interleaved with
�

(sets

of) actions that, according to the action description, can take the world from one state to

the next. Using this formula, along with formulas that encode the initial state description

and the goal description, we construct a QBF that encodes all valid plans of length
�
. That

is, such a plan exists if and only if the QBF is satisfiable. A QBF solver can be used to

decide this question of satisfiability, and, furthermore, if there is a valid plan of length
�

, it

is easily extracted from the output of the QBF solver.

This conformant planning method is notable for its generality and mathematical ele-

gance.
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Chapter 1

Introduction

Planning is one of the oldest problems in the field of Artificial Intelligence. Problems

in planning have been studied in various forms and varied techniques have been used to

approach planning problems. A planning problem is usually defined by three basic compo-

nents, namely,� a description of the action domain—that is, the possible states of the world and how

actions may affect them,� a description of the initial state,� a description of the goal.

Essentially, the problem is to find a plan that will always succeed in achieving the goal (that

is, reaching a state that satisfies the goal description) starting in any of the possible initial

states (that is, when the initial state is a state that satisfies the initial state description).

In this thesis, we will be concerned with plans that can be expressed as a finite sequence

of sets of actions. Each element of the sequence is a set of actions to be performed con-

currently, with each set of actions to be performed in order of appearance in the sequence.

Roughly speaking, we call such a plan “valid” if it is guaranteed to be executable and,

moreover, every possible execution is guaranteed to achieve the goal. We’ll call these two

properties of a valid plan “executability” and “sufficiency.” A planning problem is solved
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by either finding a valid plan or determining that none exists. In this thesis, we focus on

the special case of finding a valid plan of a given length
�
.

There are two sources of uncertainty in planning problems. First, it may be that the ini-

tial state description does not completely determine the identity of the initial state. Second,

the action domain itself may be nondeterministic. That is, there may be more than one state

that can result from concurrently performing a given set of actions in a given state. In this

thesis, we will be concerned with planning in the presence of both sources of uncertainty.

1.1 Classical Planning

In classical planning, the initial state is completely known and the action domain is deter-

ministic. Consider the following example.

Let there be a toilet and a package that contains a bomb. The bomb can be disarmed by

dunking the package in the toilet. Suppose that the bomb is initially armed and our goal is

to disarm the bomb.

A state in an action domain is described by a set of symbols called fluents. Intuitively,

each fluent stands for a property of the world that may change from state to state.

There is only one fluent in this example domain:���	��

��� , to say that the bomb is armed.

We represent a state by a subset of the set of fluents: intuitively, those fluents that stand

for properties that are “true” in that state. In general, we do not assume that every subset

of the set of fluents is a state; intuitively, some such subsets may not correspond to states

of the world.

The states in this action domain are:

1. �	� ,
2. � �	��

��� � .
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The only state that satisfies the initial state condition is � �	��

��� � . Since in this case there is

exactly one state that satisfies the initial conditions, we say that knowledge about the initial

state is complete.

Each action in an action domain is represented by a symbol. For convenience, we use

the word action to refer not only to the action itself but also to the symbol that represents

it. (We assume that the set of actions is disjoint from the set of fluents.)

The only action in this domain is:

1. �	��� � .

In general, we are interested in concurrent execution of actions. For convenience, we

introduce the term event to stand for a set of actions. So each step in a plan corresponds to

the execution of an event. The number of such steps in a plan is the length of the plan.

In this example the events are:

1. �	� ,
2. � �	��� � � .

The event �	� can be executed from either of the states and will result in the same state. The

event � �	��� � � can be executed in either of the states and in each case results in state �	� .
Such action domains, where executing an event in any state results in exactly one state,

are called deterministic action domains, and actions in such domains are referred to as

deterministic actions. (Note that determinism does not guarantee that every event is exe-

cutable in every state.)

A plan is a finite sequence of events. Such a plan is executable if, starting from the

initial state, the execution of each event in the sequence results in a state in which the next

event is executable. This simple characterization of executability depends on the fact that

this planning problem is classical, so that there is exactly one possible initial state, and the

execution of each event in the plan leads to a unique resulting state. We will see that in

conformant planning the executability condition is more complicated. If such an execution
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of a plan results in a goal state (i.e., a state that satisfies the goal) then the plan is sufficient.

Again, this characterization of sufficiency depends on the fact that the planning problem is

classical. More generally, a plan is sufficient if every possible execution of the plan from

an initial state results in a goal state. A plan that is both executable and sufficient is valid.

In the current example, the sequence ��� �	��� � ��� is a valid plan of length 1.

In the next section we will look at elaborations of this example—involving uncertainty

about the initial state and about the effects of actions—in which the planning problem is

more complicated.

1.2 Conformant Planning

Let us modify the example discussed in the previous section by adding another package.

There is still only one bomb, and we assume that it is contained in one of the packages

but we do not know which one. Only one package can be dunked in the toilet at a time.

Initially, the bomb is armed. Other conditions remain the same.

Let us call the packages � � and ��� , and the fluents for this action domain are:���	��

��� ,����� � � �"! , to say that the bomb is in package � � ,����� � ��� ! , to say that the bomb is in package ��� .
Since exactly one of �#�$� � ��! and ��� � ��� ! can be “true” in a given state, we have only �&%
states.

Notice that now we have multiple possible initial states. They are:

1. � ��� � � �"!(' �&��

��� � ,
2. � ��� � ��� !(' �&��

��� � .

The actions are:
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1. �	��� � � � �"! ,
2. �	��� � � ��� ! .

So the events are:

1. �	� ,
2. � �	��� � � � �"! � ,
3. � �	��� � � ��� ! � ,
4. � �	��� � � � �"!)' �	��� � � ��� ! � .
A valid plan in this case is �*� �&��� � � � ��! � ' � �	��� � � ��� ! ��� . Notice that it is executable

from either of the possible initial states and each such execution results in a goal state.

Planning in such conditions, where the initial state may be incompletely specified but

actions are deterministic, is sometimes called deterministic conformant planning. The ex-

ample described here is a standard one, called the “bomb in the toilet problem”, introduced

in [11].

Now let us make the problem a little more interesting. Suppose that dunking a package

clogs the toilet, and that a package cannot be dunked in a clogged toilet. Let us add a flush

action that unclogs the toilet. We will stipulate that it is not possible to flush and dunk a

package at the same time. Assume that initially the toilet is not clogged. Otherwise what

we know about the initial state remains the same, and as usual the goal is to disarm the

bomb.

So now there is a new fluent ( +(,.-"/&/ ��� ), and a new action ( 01, �12"3 ). There are �	4 states.

The possible initial states are:

1. � ��� � � �"!(' �&��

��� � ,
2. � ��� � ��� !(' �&��

��� � .
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A valid plan in this case would be ��� �	��� � � � �"! � ' ��05, �52"3 � ' � �	��� � � ��� ! ��� .
This example falls in the same category as the last one (deterministic conformant),

but it prepares us for a further elaboration that illustrates conformant planning in its full

generality, with uncertainty about the effects of actions in addition to uncertainty about the

intial state.

Suppose that dunking a package does not always clog the toilet. With this modifi-

cation, the action domain becomes nondeterministic. For example, performing the set

of actions � �&��� � � � ��! � in the state � ��� � � �"!(' �&��

��� � can result in either of the states� �#�$� � ��!(' +(,.-"/&/ ��� � , � ��� � � �"! � .
With a little bit of thinking, we can see that the solutions to this version of the prob-

lem are the same as in the previous version, but the reasons are a bit more complicated.

Consider, for instance, the plan ��� �	��� � � � �"! � ' � �&��� � � ��� ! ��� . In a very real sense, this

plan can be executed in either of the possible initial states. For instance, starting in state� �#�$� � ��!(' �	��

��� � , doing � �&��� � � � ��! � can lead to state � �#�$� � �"! � . And in this state, one

can execute � �	��� � � ��� ! � . Similar observations hold for the other possible initial state state� �#�$� ��� !(' �	��

��� � . Moreover, it is surely the case that whenever the plan has been (“fully”)

executed starting from either of the two possible initial states, the result will be a state that

satisfies the goal. So why is �*� �&��� � � � ��! � ' � �	��� � � ��� ! ��� not a valid plan? The short answer

is: while it is sufficient, it is not (guaranteed to be) executable. It fails the executability con-

dition because, for example, executing � �	��� � � � �"! � in state � ��� � � �"!(' �&��

��� � can result in

the state � �#� � � �"!)' +6,.-�/&/ ��� � , at which point it is not possible to execute � �	��� � � ��� ! � .
What we see is that executability requires that the result of executing any proper prefix

of the plan, starting in any possible initial state, must be a state in which the next event in

the plan can also be executed. (Also, of course, there must be at least one possible initial

state.)

As we have seen, conformant planning allows uncertainty about the initial state and

about the effects of actions, but it considers only plans that can be represented as a sequence

of events. In the next section, we briefly consider the significance of this limitation.
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1.3 Conditional Planning

Suppose that in the “bomb in toilet problem with non-deterministic clogging” we cannot

flush, but we can—during plan execution—test the packages to determine which one has

the bomb. Notice that in this case there is no conformant plan that works! In such cases,

a plan may need to have a more complex structure in which the action(s) to be performed

at each step in the execution of the plan can depend on what is observed about the current

state and/or the previous execution history. For instance, in the example at hand, one could

first observe which package has the bomb and then dunk that package. This is a simple

plan, but it is conditioned on observations that are to be made during plan execution.

This is an example of conditional planning. Clearly conditional planning problems need

more involved treatment than conformant and classical planning problems. In general, a

conditional plan must map the observable portion of each possible partial execution of the

plan to the next action(s) to be executed. Such plans are clearly rather complex, and there

are very many of them, and they may grow quite large. In fact, plans involving
�

or fewer

execution steps may have size exponential in
�

.

In the remainder of the thesis, our primary interest will be conformant planning, but we

will have several occasions to consider the special case of classical planning.

1.4 Contribution of the Thesis

This thesis contributes to the development of a general, mathematically elegant approach

to conformant planning, based on the use of quantified Boolean formulas (QBF).

Over the last decade, satisfiability planning [9] has been a highly influential approach

to classical planning. In satisfiability planning, the action domain is described by a formula

of classical propositional logic. More precisely, all possible histories of a given length
�

are

described by such a formula, in the sense that the models of the formula correspond to the

possible histories of length
�
. (This will be explained more fully in the thesis.) In addition,

there is a formula describing the initial state and a formula describing the goal. A valid plan
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is found by submitting these formulas to a standard satisfiability solver—a general-purpose

tool that decides whether the formulas are satisfiable (i.e. can be made true), and, if so,

returns a model. A plan is then (easily) extracted from the model. The correctness of this

approach depends on both assumptions of classical planning: the action domain must be

deterministic and the initial state must be completely known.

The success of this approach is attributable not only to its mathematical elegance but

also to the rapid improvement of satisfiability solvers, which are themselves an object of

intense study.

This thesis works out some details that can allow us to nicely extend the satisfiabil-

ity planning approach to the more complex and computationally demanding problem of

conformant planning. We begin with the same fundamental building blocks: formulas de-

scribing the action domain, what is known about the initial state, and the goal. Using these

three formulas, we construct a QBF that encodes all valid conformant plans of a given

length. Finally we submit this QBF to a standard QBF solver to check for satisfiability.

From the output of the solver we can (easily) either extract a valid plan of the given length

or determine that there is none.

This approach to conformant planning is not new. It can be traced at least back to work

by Rintanen published in 1999 [12], and was given the more general formulation used here

by Turner [14]. This thesis works out some of the practical details needed to implement

Turner’s formulation.

Some additional complications addressed in this thesis are due to the desire to adapt

this approach for use in conjunction with the Causal Calculator (CCALC): an imple-

mented system for reasoning, about actions, publically available at the following url:

www.cs.utexas.edu/users/tag/cc/. The primary input to CCALC is an action

domain description expressed in a “high-level” logic-based action language. The details

of this input language are not essential to this thesis. What is interesting for our pur-

poses is that CCALC compiles this high-level action description into a formula of classical

propositional logic, and then reasons about this formula by means of calls to a standard
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satisfiability solver. In particular then, CCALC can perform satisfiability planning using an

unusually expressive action description language. The work described in this thesis lays

the foundation for extending CCALC to perform conformant planning.

The preliminary experiments reported in this thesis do not look very encouraging from

the point of view of computation times and the ability to solve relatively large problems;

the results are not competitive with current state-of-the-art conformant planning systems.

Nonetheless, there are at least two reasons that the work described in the thesis may prove

interesting in the longer run. First, this approach is more general than others. For instance,

it can be applied to the expressive action language used by CCALC, rather than the rela-

tively restricted action languages used by existing conformant planning systems. Second,

this approach can benefit from improvements in general-purpose QBF solvers, which are

themselves currently an object of study for a number of computer scientists.

1.5 Outline of the Thesis

In Chapter 2, we develop the basic framework needed in order to talk about conformant

planning problems. In Section 2.1, we give an account of how “transition systems” can be

used for a simple and convenient represention of action domains. Here we show how states

and effects of actions in an action domain can be represented using transition systems and

then give a characterization of plan validity in terms of the transition system, for both clas-

sical planning and conformant planning. Although transition systems provide a convenient

way to talk precisely about action domains, for purposes of solving planning problems

as satisfiability, we are interested in logic-based representations. (Because we want to be

able to write a formula such that the problem of satisfiability of this formula is the same

as, or has a clear correspondence to, the planning problem we want to solve.) As a first

step towards this end, in Section 2.2, we give an account of the basic syntax and seman-

tics of propositional logic along with some notational conveniences. Here we also present

some facts that are useful for the representation of action domains we use. Then, based on
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the ground work done, we show how information about action domains can be expressed

in propositional logic. In particular we will form propositional formulas that encode the

same kind of knowledge expressed by our transition systems representation. Here we also

present formulas to represent the initial states and the goal. Using these formulas we give

an equivalent (to the transition systems version) characterization of validity of classical and

conformant plans. Then in Section 2.4 we show how classical planning problems can be

solved as problems of propositonal satisfiability using the propositional logic characteriza-

tion of a valid classical plan. We also observe that propositional logic falls short in terms of

expressability when it comes to conformant planning and that we need a more expressive

logic. In Section 2.5 we present the basic syntax and semantics of the more expressive

logic we will use—second-order propositional logic. (Second order propositional logic is

not an entirely different logic. It can be considered an extension of propositional logic and

we take this standpoint while defining the sytax and semantics.) Here again we introduce

some notational conveniences and facts that prove useful in later sections. Then, in Sec-

tion 2.6, we show how the propositional formulas used in classical planning can be used

to build a QBF that encodes all valid conformant plans. In our approach we obtain these

propositional formulas from the planning tool CCALC and then produce the QBF needed,

in a form that is acceptable by a standard QBF solver. We end Chapter 2 with a description

of how the planning tool CCALC works to produce the propositional logic formulas that

we need and point out that these formulas are actually slightly different, and that as a result

there are complications in the construction of the QBF.

In Chapter 3, we take up the task of building a QBF that encodes all valid conformant

plans from the information we obtain from CCALC. Standard QBF solvers accept QBF’s

in conjunctive normal form, a special case of prenex normal form. As a first step in this

direction, we show an equivalent form of the QBF we need that is in prenex normal form

in Section 3.1. Then our goal is to find an equivalent to the propositional part of the prenex

QBF in conjunctive normal form. In Section 3.2 we give an account of a standard method

for finding equivalents in conjunctive normal form and give reasons why such methods are
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not acceptable for us. Then, in Section 3.3, we observe that we do not absolutely require an

equivalent formula in conjunctive normal form but instead can use a formula with a slightly

weaker property. This change of stance does introduce some complications to the QBF

formulation that we use. On the other hand, it produces a smaller and more manageable

formulas. The rest of the section works out the details that are involved in dealing with

these complications.

In Chapter 4, we present the results of experiments conducted on our method for con-

formant planning. Our experiments are on the three families of bomb and toilet problems

already discussed. We observe that the results are not competitive with other state-of-the-

art planners. We explain in brief some factors that could affect the performance of our

planner.

In Chapter 5 we discuss in brief some of the recent conformant planning methods. We

conclude with comments on our approach in relation to the other conformant planners.
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Chapter 2

Basic Framework

2.1 Action Domains as Transition Systems

A transition system is a directed graph whose nodes represent states and whose edges repre-

sent transitions between the states. Transition systems are convenient as a precise, general

representation for action domains.

In our transition systems, the nodes are the states in the action domain, and there is a

directed edge from state � to state 7 if and only if there is an event (a set of actions executed

concurrently) that can be executed in state � and such an execution can possibly lead to

state 7 . The edges are labelled with the events associated with them. We denote an edge

from � to 7 with event � associated with it, by the triple � � ' � ' 78� .
Let us consider an action domain with set 9 of fluents and a set : of actions. ( 9 and :

are assumed to be disjoint.) Let ;=<>�@? be the set of states. The set of edges is as follows:ACB �D� � ' � ' 78�FEG;�HG��IJHG;�K � is executable in � and can result in 7F�ML
Given the above representation, describing an action domain is equivalent to defining the

node and edge sets of the associated transition system. Note that in a transition system

associated with a non-deterministic domain there can be multiple edges labelled with the

same event all originating from the same node.
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For fairly simple action domains, we can conveniently draw the transition system asso-

ciated with it. For example, the transition system associated with the action domain in our

classical planning version of the bomb in the toilet problem (with only one package) is as

shown in figure 2.1.

{armed}

{}

{}
{dunk}

{}, {dunk}

Figure 2.1: Transition system for classical version of Bomb in Toilet problem

The transition system for the bomb in the toilet problem with two packages is shown in

figure 2.2. Although the planning problem is conformant, the action domain is determin-

istic (as is clear from the transition system). The uncertainty in this particular problem is

in the initial state description (which is part of the planning problem but not a part of the

action domain).

{in(p1), armed}

{ }, { dunk(p2) }

{in(p1)}
{dunk(p1)}

{ }, { dunk(p1) }, 
{ dunk(p2) }

{in(p2), armed}

{ }, { dunk(p1) }

{in(p2)}
{dunk(p2)}

{ }, { dunk(p1) }, 
{ dunk(p2) }

Figure 2.2: Transition system for standard Bomb in Toilet with 2 packages

There is another interesting thing in this transition system. There are two components

(disconnected subgraphs) in the transition system. Within a component either all the states

contain �#�$� � ��! or none does, and similarly for ��� � ��� ! . Intuitively, this means that actions

in the domain have no effect on these fluents. We call such fluents rigid. (We will later find

it useful to distinguish between rigid and non-rigid fluents.)

For sake of completeness, let us also look at an example of a transition system for

a non-deterministic domain. Figure 2.3 shows the transition system for the bomb in the
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toilet problem with nondeterministic clogging. Notice that there are multiple edges with

the same label from the same node. For example, from the state � �#� � � �"!)' �	��

��� � , there

are two edges with the label � �&��� � � � ��! � .

{ in(p1), armed }

{}, { flush },
{dunk(p2)}

{in(p1), clogged}

{dunk(p1)}

{in(p1), armed, clogged}
{dunk(p2)}

{in(p1)}

{dunk(p1)}

{}

{flush}

{flush}

{}
{dunk(p1)}, {dunk(p2)}

{}, {flush},
{dunk(p1)},
{dunk(p2)}

{in(p2), armed}

{}, {flush},
{dunk(p1)}

{in(p2), clogged}

{dunk(p2)}

{in(p2), armed, clogged}
{dunk(p1)}

{in(p2)}

{dunk(p2)}

{}

{flush}

{flush}

{}
{dunk(p1)}, {dunk(p2)}

{}, {flush},
{dunk(p1)},
{dunk(p2)}

Figure 2.3: Transition system for Bomb in Toilet with nondeterministic clogging and two

packages

2.1.1 Plan Validity in Terms of Transition Systems

Given the transition system for an action domain, a planning problem description can be

completed by specifying the sets of initial and goal states. Thus, we can identify a planning

problem with the triple ��N 'POQ'SR � , where N is the set of possible initial states,
O

is the

transition system associated with the action domain and
R

is the set of goal states.
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A plan of length
�

is simply a sequence

� �UT ' ��V ' LULUL ' �UW6XYV �
of events (subsets of : ).

In a classical planning problem, there is only one possible initial state and, due to

the determinism of the action domain, a plan can involve at most one execution path, or

“possible history”. (There will be exactly one possible history if the plan is indeed ex-

ecutable starting in the initial state.) Thus, the valid plans correspond to the paths con-

necting the initial state to one of the goal states. That is, a valid plan of length
�

is

simply a sequence � ��T ' ��V ' LULUL ' �UW6XYV � of events for which there are states 2"T ' LULZL ' 2UW such

that � 2�T ' �UT ' 2�V ' ��V ' LULUL ' 2�W(XYV ' �UW6XYV ' 2UW � is a path in the transition system
O

with 2"T E=N and2UW E R .

In deterministic conformant planning, the situation is more complicated, because there

may be more than one possible initial state. (There must be at least one, otherwise no plan

would be executable!) So even with a deterministic action domain there may be several

possible histories associated with a given plan. Still, in this case, it is not difficult to char-

acterize the valid plans. If there is at least one possible initial state, then a plan is valid if

and only if it is valid for the each of the classical planning problems obtained by restricting

consideration to each of the possible initial states.

In the most general case, when the action domain may also be non-deterministic, exe-

cutability is a bit harder to characterize.

A plan
A[B � ��T ' ��V ' LULUL ' �UW6XYV � for the problem ��N 'POQ'PR � , of length

�
is valid if:

1. NQ\B �	� ,
2. for all � E]��^ ' LULUL ')�`_a� � , for all states 2"T ' LULUL ' 2Ub , if

(a) 2�T EJN and

(b) � 2�T ' �UT ' LULUL ' 2ZbcXYV ' �ZbdXYV ' 2Zb � is a path in
O

,

then there is a state 2�bfe5V such that � 2Ub ' �Zb ' 2Ubfe5V � is a transition in
O

,
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3. for all states 2�T ' LULUL ' 2UW , if

(a) 2�T EJN and

(b) � 2�T ' �UT ' 2�V ' ��V ' LULUL ' 2�W(XYV ' �UW6XYV ' 2UW � is a path in
O

,

then 2UW E R .

Intuitively, condition (1) guarantees the existence of an initial state, condition (2) guaran-

tees that, for each �g� ^ih �Fj �k!
the event �Ub is executable from each of the possible states

that could result after the execution of the (previous) events ��T ' LULZL ' �ZbdXYV in that order, and

finally condition (3) guarantees that any state that results after execution of a valid plan

satisfies the goal. Conditions (1) and (2) together guarantee executability and condition (3)

guarantees sufficiency.

For example, given the planning problem with the transition system from figure 2.3,

and with initial states � ��� � � �"!(' �&��

��� � , � ��� � ��� !(' �	��

��� � , where the goal is to disarm the

bomb, the valid plan ��� �	��� � � � �"! � ' ��01, �52�3 � ' � �	��� � � ��� ! ��� corresponds to four different

possible histories.

While transition systems provide a simple and general representation for action do-

mains, and make it reasonably straightforward to define validity for comformant plans, we

will be primarily interested in a logic-based representation of action domains, planning

problems and plan validity. As a first step, we will show how the same kind of knowledge

represented by a transition system can instead be represented using propositional formulas.

Let us now do some groundwork about the syntax and semantics of propositional logic.

2.2 Propositional Logic

We begin with a standard account of the syntax and semantics of classical propositional

logic, and then describe additional terminology, notation conventions and useful facts.
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2.2.1 Syntax

A signature is a set of symbols, each of which is called an atom. The set of logical symbols

used in propositional logic is

��l ')mn')oF')pF')qF')rs'Zt�')!)' � �uLm
(top) and l (bottom) are zero-place connectives,

q
(negation) is a unary connective, ando

(disjunction),
p

(conjunction),
r

(equivalence),
t

(implication) are binary connectives.

We assume that the set of logical symbols and the signature are disjoint.

The set of formulas of propositional logic (with respect to a given signature) is defined

recursively as follows:� The zero-place connectives and the atoms are formulas.� If 9 is a formula
q 9 is a formula.� If 9 and

R
are formulas then � 9wv R�!

is a formula where v is a binary connective.

2.2.2 Semantics

A truth-valued function is any function whose codomain is the set ��x 'zy � , where x and
y

are

called truth values. An interpretation (of a propositional signature) is a truth-valued func-

tion over the signature. If � is an atom, the truth value assigned to � by the interpretation N
is of course denoted by N �{� ! .

An interpretation N assigns to each formula 9 over a signature a truth value 9n| which

is defined recursively as follows:� If 9 is an atom, 9�| B N � 9 ! .� l}| B y
and

m | B x .
�~� q 9 ! | B ��� �� x if 9 | B yy

otherwise.
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�~� 9 o�R�! | B ��� �� x if 9�| B x or
R | B xy

otherwise.

�~� 9 p�R�! | B ��� �� x if 9 | B x and
R | B xy

otherwise.

�~� 9 t�R�! | B ��� �� x if 9�| B y
or
R | B xy

otherwise.

�~� 9 r~R�! | B ��� �� x if 9 | B R |y
otherwise.

An interpretation N is said to satisfy a formula 9 (written as N�KB 9 ) if and only if9�| B x . We will refer to an interpretation that satisfies a formula as a model of the formula.

Similarly, an interpretation satisfies a set of formulas if it satisfies each of the formulas in

the set. We use the notation NQK B 9 to say that N satisfies the formula 9 . Similarly, if ; is a

set of formulas, we write NQK B ; to denote that N satisfies each formula in ; .

A formula 9 entails a formula
R

if the set of models of
R

is a subset of the set of

models of 9 . That is for any interpretation N , whenever 9 | B x , then
R | B x . We write9�KB R

with the meaning that 9 entails
R

.

Two formulas 9 and
R

are equivalent if and only if 9�KB R
and

R K B 9 . We use the

notation 9[� R
with the meaning that 9 is equivalent to

R
.

2.2.3 Useful Terminology, Notation Conventions and Facts

Often we abbreviate a formula � 9�v R�!
by removing the outermost parentheses. Another

convenient abbreviation is 9 V o 9 % on�����#o 9�� which will stand for � ����� �z� 9 V o 9 % !�o 9 4 !1������o9�� ! , for �G� � . We will use a similar abbreviation for conjunction.

The negation of a formula 9 is the formula
q 9 . A literal is an atom or its negation.

A formula of the form � V o � % o=�����	o � � , where �>� �
and � V ' LZLUL ' �$� are literals,

is called a simple disjunction. A simple disjunction is also called a clause. Similarly a
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formula of the form � V p � % pG�����"p �$� is called a simple conjunction.

A formula is in conjunctive normal form if it is of the form � V p � % pG�����"p ��� , where��� �
and � V ' LULUL ' ��� are simple disjunctions. Dually, a formula is in disjunctive normal

form if it is of the form
O V o]O % o�������o]O � , where �C� �

and
O V ' LZLUL 'PO � are simple

conjunctions.

As mentioned previously, a satisfiability solver takes as input a formula and checks if

it is satisfiable, and, if so, returns a model of the formula. Conjunctive normal form is a

standard form in which most satisfiability solvers accept their input. So, it becomes more

or less essential to replace a propositional formula with its equivalent in conjunctive normal

form.

Fact 1 Every formula over a non-empty signature is equivalent to a formula in conjunctive

normal form and to a formula in disjunctive normal form.

In general, conversion of a formula into conjunctive normal form may cause an expo-

nential increase in the size of the formula. Fortunately, it is possible to avoid this expo-

nential cost, at the cost of extending the signature with additional atoms. Thus we have a

strong interest in the next definition.

Let 9 be a formula over the signature � . A formula
R

over a signature ��� , with ��<w�1� ,
is a conservative extension of 9 if, for all interpretations N of � , N�K B 9 if and only if there

is an interpretation N � of � � that extends N and satisfies
R

.

We will see that, for any formula 9 , we can efficiently compute a conservative extensionR
whose size is linear in 9 . Such a possibility is crucial to our approach. In fact, we will

eventually introduce special purpose algorithms for this purpose, tailored to the formulas

we use.

We will need to be able to, so to speak, transpose a formula from one signature to

another. Recall that we will be interested in formulas that describe the transitions of a

transition system. We will wish to use such formulas in turn to describe all paths of length
�

in that system, and we will do so, roughly speaking, by making
�

copies of the transition

formula. Following is notation related to this need.
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If � V and � % are two ordered sets of atoms of the same size, and 9 � � V ! is a formula,

then 9 � � % ! is the formula obtained by replacing simultaneously each occurrence of an

atom from � V in 9 � � V ! by its corresponding atom in � % . Similarly, if 9 � � V ' � % ' LZLUL ' �k� ! is a

formula, then 9 �.��V ' � % ' LULUL ' � � ! is the formula obtained by replacing simultaneously every

occurrence of an atom from � b � b in 9 � � V ' � % ' LZLUL ' �k� ! with the corresponding atom from� b �&b . (Here we assume that the � b are pairwise disjoint.)

Finally, we wish to observe that it is indeed possible to represent any finite transition

system by a formula. To this end, notice that a formula can also be seen as a truth-valued

function over the set of all interpretations of its signature.

Fact 2 For any set � of interpretations of a finite signature, there exists a formula 9 such

that � B �"N��&9 | B x�� .
Moreover, when convenient, we can identify an interpretation with the set of atoms it

makes true. In this way, when the set of fluents is finite, it is always possible to represent the

set of states by a formula—one whose models are (or correspond to) the states. Similarly,

each event in a finite transition system can be represented by a formula (whose signature is

the set of action symbols). Shortly we will extend this idea to allow representation of the

set of transitions in a finite transition system.

2.3 Representing Transition Systems Using Propositional

Logic

In this section, we will see how a transition system can be represented in propositional

logic, using one formula to represent the set of states and another formula to represent the

set of transitions. Recall that transitions are triples of the form � � ' � ' 7(� , where � and 7 are

states and � is an event.

From now on, we will assume that both the set of fluents and the set of actions are

finite. As we saw in the previous section, under this assumption Fact 2 guarantees that the
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set of states can be represented by a formula of propositional logic whose atoms are taken

from the set of fluents. Similarly, any given event � can be represented by a formula whose

atoms are taken from the set of actions.

In order to represent transitions though, we need to be able to encode two states: intu-

itively, an initial state (the state before an event is executed) and a resulting state (a state

that may result from that execution). For this purpose, we will need two copies of the set

of fluents. Or, more accurately, we will need two copies of the non-rigid fluents. (By the

definition of rigid, the intial and resulting states of a transition cannot differ on the truth

value of a rigid fluent, so we will not need two copies of the rigid fluents.)

Let � be the set of rigid fluents, let 9 be the set of non-rigid fluents, and let : be the

set of actions. Let 2Z ��@ ��&� 9 ! be a propositional formula over �w¡¢9 that represents the set

of states. That is, the interpretations of �a¡J9 that satisfy 2Z ��@ ��&� 9 ! correspond exactly to

the states of the transition system.

For example, in the standard bomb in the toilet domain with two packages, the set �
is � ��� � � �"!(' �#� � ��� ! � , the set 9 is � �	��

��� � and the formula ��� � � �"!�rCq �#� � ��� ! is a formula

whose models are precisely the states in the domain. Intuitively, the formula expresses that

in any state of the domain, there is exactly one package with the bomb.

Let 9 T and 9 V be “copies” of the set 9 obtained by subscripting each atom of 9 with^ and
�

respectively. (We assume of course that 9 is disjoint from 9 T and 9 V . Similar

disjointness assumptions will be left unstated from now on.) Then, in the obvious way, a

state can be represented by a subset (or interpretation) of �w¡¢9 T and another state can be

represented by a subset (or interpretation) of �£¡�9 V . And a subset (or interpretation) of�¤¡¥9 T ¡¥9 V can be understood to represent a pair of states that agree on the truth value

of each of the rigid fluents. Similarly then, a transition—which is a triple � � ' � ' 7(� , where� and 7 are states that agree on rigid fluents, and � is an event— can be represented by a

subset (or interpretation) of ��¡�9 T ¡�:�¡Q9 V .
Hence, the set of transitions can be represented by a formula  *�k� 9 T ' : ' 9 V ! over the

signature �=¡
9 T ¡i:=¡u9 V whose models correspond to the edges of the transition system.
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Note that this correspondence depends not only on Fact 2 but also on the fact that the fluents

in � are rigid.

Before we consider an example, we introduce some notation that will prove convenient.

If 2 is a subset (or interpretation) of �a¡�9 , then for any natural number � , let 2&�{� ! denote

the corresponding interpretation of �£¡¦9§� . Then, for any intepretation 2 of �~¡]9 and

any natural number � , 2 is a state if and only if 2��.� ! K B 2U ��@ ��&� 9§� ! . In a similar manner,

we will eventually have use for “copies” of the set of actions : . So, for any event � , �&�.� !
will denote the corresponding interpretation of signature :}� (obtained by subscripting all

atoms in : with � ).

Let � � ' � ' 7(� be a transition. Now �5� ^ ! and 7 � �"! are interpretations of �G¡n9 T and �G¡n9 V
corresponding to states � and 7 . Moreover, we can safely write �5� ^ ! ¡ � ¡�7 � �"! to denote the

interpretation of �¨¡u9 T ¡i:¦¡
9 V that corresponds to transition � � ' � ' 7(� . (By the definition

of rigid, we know that ��� ^ ! and 7 � �"! agree on the truth values for all atoms in � .)

For an example of a formula representing a set of transitions, consider again the stan-

dard bomb in the toilet domain with two packages. We have � B � �#�$� � ��!(' ��� � ��� ! � ,9 T B � �	��

���	T � , 9 V B � �	��

���©V � and : B � �	��� � � � �"!(' �	��� � � ��� ! � . For  *�©� 9 T ' : ' 9 V !
we can use�{�#�$� � ��! rCq ��� � ��� !z!p � q �	��� � � � �"!8oJq �	��� � � ��� !z!p �z�z�{�	��� � � � �"!8p ��� � � �"!z!�o ���	��� � � ��� !8p ��� � ��� !z!ª!Ft>q �	��

���©V !p � q �z�{�&��� � � � ��!8p �#�$� � ��!z!«o �{�&��� � � ��� !8p ��� � ��� !z!ª!¬t �{�	��

���©V r �&��

���	T !z!

(2.1)

Notice that  *�©� 9 T ' : ' 9 V ! K B 2Z ��@ ��&� 9 T ! and  *�©� 9 T ' : ' 9 V ! K B 2Z ��	 ��&� 9 V ! , as expected. After

all, if NQK B  *�©� 9 T ' : ' 9 V ! then N corresponds to a transition � � ' � ' 7(� (in which � and 7 are by

definition states). In fact, N can be written ��� ^ ! ¡ � ¡Q7 � �"! , and we have ��� ^ ! K B 2Z ��@ ��&� 9 T !
and 7 � �"! K B 2Z ��	 ��&� 9 V ! .
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2.3.1 Characterization of Plan Validity in Propositional Logic

We have already characterized valid plans (both in the case of classical and in the case

of conformant planning) in terms of transition systems. In this section we will see an

equivalent characterization in propositional logic.

Again by Fact 2, the set of possible initial states and the set of goal states can be encoded

by formulas ���1�{ 6� 9 ! and /©- � , � 9 ! over the signature �=¡
9 . It is convenient to require that�#�5�� 6� 9 ! correspond exactly to the set of possible initial states, in which case we will also

have ���1�� 6� 9 ! K B 2U ��@ ��&� 9 ! . On the other hand, for our purposes it is convenient to allow/D- � , � 9 ! to be weaker, so that it is in fact the formula 2Z ��@ ��&� 9 !5p /D- � , � 9 ! that corresponds

to the set of goal states.

Observe that, with respect to a transition system, the possible histories of length
�

are

the sequences � 2UT ' �UT ' 2�V ' ��V ' LULZL ' 2UW6XYV ' �UW6XYV ' 2UW �
that correspond to an execution path. Notice that such a sequence corresponds to the inter-

pretation

2�T�� ^ ! ¡ �UT�� ^ ! ¡ 2�V6� �"! ¡ ��VZ� �"! ¡ ����� ¡ 2UW6XYV6� �n_w��! ¡ �UW6XYV6� �`_w�"! ¡ 2UW@� �k!
of the signature ��¡ W6XYV­b¯®kT : b ¡ W­b¯®kT 9 b L
In fact, the possible histories of length

�
correspond exactly to the models ofW6XYV°bf®kT  *�k� 9 b ' : b ' 9 b¯e5V ! L

Moreover, each such model can be written in the formW­b¯®kT 2Zb��.� ! ¡ W(XYV­b¯®kT �Zb±�{� !
where each of the 2Ub ’s agrees on all elements of � . Whenever a set of interpretations of��¡Q9 agree in this way, we will say that they are � -consistent.
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Let us first deal with plan validity for the special case of classical planning. From our

transition systems definition of validity, we know a sequence � ��T ' ��V ' LULUL ' �UW6XYV � is a valid

plan if and only if there are states 2"T ' LULUL ' 2UW such that � 2�T ' �UT ' 2�V ' ��V ' LZLUL ' 2UW6XYV ' �UW6XYV ' 2�W � is

a path in the transition system and 2"T E�N and 2UW E R
. Of course in every such instance,

the 2Zb ’s are � -consistent. So we can express plan validity for classical planning problems

as follows.

For a classical planning problem, a plan � �"T ' ��V ' LULUL ' �UW6XYV � is valid iff there is an � -

consistent set � 2�T ' LZLUL ' 2UW � of interpretations of ��¡Q9 such that

1. 2UT"� ^ ! K B �#�5�� 6� 9 T ! ,
2. W­b¯®kT 2Zb*�{� ! ¡ W6XYV­b¯®kT �Zb��.� ! K B W6XYV°b¯®kT  *�k� 9 b ' : b ' 9 b¯e5V !1'
3. 2UW�� �k! K B /D- � , � 9 W ! .

Notice that although the goal states are characterized by the conjunction of /D- � , � 9 ! and2Z ��@ ��&� 9 ! , we don’t need to mention 2Z ��@ ��&� 9 ! in the third condition because whenever the

first two conditions are satisfied, we know that 2"W	� �k! K B 2Z ��	 ��&� 9 W ! .
From this characterization of a classical plan it is more or less clear how to express

the problem of finding a classical plan of a fixed length as a problem of satisfiabiilty of a

propositional formula. We will discuss this in a little more detail in the next section.

For a conformant planning problem, a plan � ��T ' ��V ' LULUL ' �UW6XYV � is valid iff the following

hold:

1. ���1�{ 6� 9 T ! is satisfiable,

2. for all � E���^ ' LULUL ')�s_�� � , for all � -consistent sets � 2�T ' LULUL ' 2Zb � of interpretations of��¡Q9 , if b­� ®kT 2 � �.� ! ¡
bcXYV­� ®kT � � �.� ! K B �#�5�� 6� 9 T !«p bcXYV°� ®kT  *�©� 9�� ' :²� ' 9�� e5V !1'
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then there is an interpretation 2�b¯e5V of ��¡g9 such that � 2�T ' LULUL ' 2Ub ' 2Zb¯e5V � is � -consistent

and 2Zb��.� ! ¡ �Zb*�{� ! ¡ 2Ubfe5V6�{� ���"! K B  *�k� 9 b ' : b ' 9 b¯e5V !1'
3. for all � -consistent sets � 2�T ' LULUL ' 2UW � of interpretations of ��¡Q9 , ifW­b¯®kT 2Ub±�{� ! ¡ W6XYV­bf®kT �Zb*�.� ! K B �#�5�� 6� 9 T !«p W6XYV°b¯®kT  *�©� 9 b ' : b ' 9 bfe5V !1'

then 2UW K B /D- � , � 9 W ! L
As before, conditions (1) and (2) together guarantee executability and condition (3) guar-

antees sufficiency.

We have shown how to represent transition systems in propositional logic and have

characterized plan validity both in the case of classical and in the case of conformant plan-

ning. In the next section we will observe that the simpler characterization of plan validity

that is applicable in the case of classical planning makes it easy to formulate classical plan-

ning, for plans of a fixed length, in terms of satisfiability.

2.4 Classical Planning as Propositional Satisfiability

A classical planning problem can be translated into a problem of satisfiability (finding

a model) of a propositional formula. As mentioned previously, this approach to solving

classical planning problems is called satisfiability planning [9].

For any given
�
, the set of all � -consistent sets � 2"T ' LULZL ' 2UW � of interpretations of �G¡³9

has a natural one-to-one correspondence with the set of all interpretations of �´¡ W�bf®kT 9 b .
According to the characterization of classical plan validity in the previous section, a plan� �UT ' ��V ' LULUL ' �UW6XYV � is valid iff there is an � -consistent set � 2"T ' LULZL ' 2UW � of interpretations of��¡Q9 such thatW­bf®kT 2Zb*�.� ! ¡ W(XYV­b¯®kT �Zb±�{� ! K B ���1�{ 6� 9 T !«p W6XYV°b¯®kT  *�k� 9 b ' : b ' 9 b¯e5V !«p /©- � , � 9 W ! L
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Consequently, the valid plans of length
�

for a classical planning problem are exactly those

which correspond to the models of

�#�5�� 6� 9 T !«p W6XYV°b¯®kT  *�©� 9 b ' : b ' 9 bfe5V !«p /D- � , � 9 W ! L
That is, each model of this formula can be written in the form � Wb¯®kT 2Zb*�.� ! ¡n� W6XYVb¯®kT �Zb��{� ! where� 2UT ' �UT ' 2�V ' LULUL ' �UW6XYV ' 2�W � is a possible history such that 2�T K B ���1�{ 6� 9 ! and 2�W K B /D- � , � 9 ! .
Thus, for a classical planning problem, it follows that � ��T ' LZLUL ' �UW6XYV � is a valid plan of

length
�

. Moreover, every valid plan of length
�

can be obtained in this manner.

Let us call the above formula ��, �	� � �k! .
2.4.1 Using CCALC for Classical Planning

The Causal Calculator (CCALC) can be used to perform classical planning in a manner sim-

ilar to the one described above. Essentially, it works by forming a conservative extension

of the formula ��, �	� � �k! and then calling a standard satisfiability solver to find a model. One

the advantages of CCALC is that it accepts the action domain description (more specifically

a definition of the transition system associated with it) in a very expressive action represen-

tation language µ . µ provides a convenient way to express facts about actions and it also

handles non-determinism in the domain in a seamless manner.

Given a description of the action domain in µ , CCALC translates the description into

a formula in conjunctive normal form that represents the transition system associated with

the domain. This process is explained in detail in [7]. A seperate plan file can then be

provided with formulas expressing the initial conditions and the goal, and specifying the

length of the plan. CCALC takes these descriptions as input and forms a propositional

formula, also in conjunctive normal form, which is a conservative extension of ��, �&�$� �k! ,
where

�
is the length of the plan, and then submits this formula to a satisfiablility solver to

find a model. If a model is found, then the actions that occur in it form the plan. CCALC

also provides an option to incrementally vary the plan length and find the shortest plan.

For our purpose of constructing the QBF representing a valid conformant plan, we will
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be interested in the propositional formulas constructed by CCALC that encode the transition

system, the knowledge of the initial state, and the goal. In summary, the approach discussed

in this thesis obtains the following formulas from CCALC:

1. a conservative extension of  *�©� 9 T ' : T ' 9 V ! in conjunctive normal form,

2. a conservative extension of ���1�� 6� 9 T ! in conjunctive normal form, and

3. a conservative extension of /D- � , � 9 T ! in conjunctive normal form.

Propositional logic provides a natural way to represent classical planning problems.

However, for conformant planning we need a more expressive logic, which we consider

next.

2.5 Second-Order Propositional Logic

Second-order propositional logic is an extension of propositional logic which uses quanti-

fiers to increase the expressiveness of the language.

2.5.1 Syntax

As before, a signature is a set of symbols called atoms. The set of logical symbols includes

two quantifiers ¶ and · , in addition to the propositional connectives
q

,
o

,
p

,
t

,
r

,
m

, l
and the left and right parentheses � and

!
.

The set of formulas in second-order propositional logic is defined recursively just as for

propositional logic, except that we add one more recursive case as follows.� For any quantifier ¸ and any atom ¹ , if 9 is a formula then ¸º¹�9 is a formula.

Let 9 � ¹ ! be a formula, with ¹ an atom (that may or may not occur in 9 � ¹ ! ). For any

formula
R

, we define the result of substituting
R

for ¹ in 9 � ¹ ! , denoted 9 � R�! , as follows.� If 9 � ¹ ! B ¹ then 9 � R�! B R
.
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� If 9 � ¹ ! is an atom other than ¹ or 9 � ¹ ! is a ^ -place connective, then 9 � R�! B 9 � ¹ ! .� If 9 � ¹ ! B q 9�� � ¹ ! for some formula 9�� � ¹ ! , then 9 � R�! B q 9�� � R�! .� If 9 � ¹ ! B � 9 � � ¹ ! vn9 � � � ¹ !z! for some formulas 9 � � ¹ ! and 9 � � � ¹ ! and binary connectivev , then 9 � R�! B � 9 � � R�! va9 � � � R�!z! .� If 9 � ¹ ! B ¸»¹n9 � � ¹ ! for some quantifier ¸ and formula 9 � � ¹ ! , then 9 � R�! B 9 � ¹ ! .� If 9 � ¹ ! B ¸½¼¾9 � � ¹ ! for some quantifier ¸ , some atom ¼ other than ¹ , and some

formula 9 � � ¹ ! , then 9 � R�! B ¸º¼�9 � � R�! .
2.5.2 Semantics

The definition of an interpretation in second-order propositional logic remains the same as

an interpretation in propositional logic.

The truth value 9�| of a second-order propositional formula 9 with respect to the in-

terpretation N is defined recursively just as it was in propositional logic, except for the

following cases dealing with the quantifiers.� ¶5¼¿9 � ¼ ! | = t if and only if 9 � l ! | = t and 9 � m�! | = t� ·©¼¿9 � ¼ ! | = t if and only if 9 � l ! | = t or 9 � m�! | = t

The definitions of satisfiability, entailment, equivalence and conservative extension are

the same as in propositional logic.

2.5.3 Useful Terminology, Notation Conventions and Facts

It will be useful to note that if 9 is a conservative extension of
R

and �$V ' LZLUL ' �5W are exactly

the new atoms in the extended signature, then · �§V ����� · �1W 9 is equivalent to
R

. This is a

direct consequence of the definition of a conservative extension.

We will be interested in formulas of a special form. So it helps to introduce a few more

definitions. A formula is in prenex normal form if it is of the form ¸ VÀ�©V ¸ % � % ����� ¸³� � � 9
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where ¸ V ' LULUL ' ¸³� are quantifiers, �kV ' LULZL ' � � are atoms and 9 is a propositional formula

(that is, a formula without quantifiers). A formula in prenex normal form is in conjunctive

normal form if the propositional part of the formula is in conjunctive normal form (as a

propositional formula).

Eventually we will need to find models for a formula. For this purpose we use a solver,

which is similar to a propositional satisfiability solvers, except that it finds models for

second-order propositional formulas. Most QBF solvers accept formulas only in conjunc-

tive normal form. Therefore the following fact is of interest to us.

Fact 3 Every formula in second-order logic has an equivalent formula that is in prenex

normal form and, hence, an equivalent formula in conjunctive normal form.

Given the above fact we should be able to use a solver that accepts formulas in con-

junctive normal form to find models for any arbitrary formula. In fact, a main contribution

of this thesis is a novel method for obtaining, in conjunctive normal form, a conservative

extension for the specific kind of QBF that interests us—one that encodes the valid confor-

mant plans of length
�

.

Next, we define some abbreviations that add convenience to the discussion to follow.

We will abbreviate a formula of the form ·DÁ5·©ÂD9 with ·DÁ�Â©9 and ¶�Á©¶5ÂD9 with ¶�Á�ÂD9 . Also

if Ã is a set ��Á V ' LULUL ' ÁY��� of atoms, then we write ·DÃ to stand for ·DÁ V ����� ÁY� and similarly¶�Ã to stand for ¶�Á V ����� ÁY� .
We observe some facts that are a direct consequence of the definition of semantics. We

will find them useful later in the thesis when we find equivalent forms of a QBF.

Fact 4 For any formula 9 ,

1. ·DÁ5·©ÂD9 � ·©Âk·DÁ�9 ,

2. ¶�Á©¶5ÂD9 � ¶5Â	¶�Á�9 .

Roughly speaking, what we observe here is that, whenever we find a group of atoms

quantified with the same quantifier together, we can change their order and still preserve
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equivalence. We will find this fact useful when we reorder quantifiers in our formulation

of the QBF representing a conformant plan.

Fact 5 For any two formulas 9 and
R

, ¶�Á�9 p ¶�Á R � ¶�Á � 9 pQR�!
.

Intuitively this means that the universal quantifier can be distributed over conjunctions.

Before presenting some more useful facts we need to introduce a new definition.

The set of free atoms of a formula 9 is defined recursively as follows:� If 9 is an atom then 9 is free in 9 .� ^ -place connectives do not have any free atoms.� The free atoms of the formula
q 9 are exactly the same as the free atoms of 9 .� The free atoms of � 9wv R�!

are the free atoms of 9 plus the free atoms of
R

.� For any quantifier ¸ , the free atoms of ¸º¹`9 are all the free atoms of 9 except ¹ .

In propositional logic we saw that every formula can be seen as a truth-valued function

over the set of interpretations. More precisely they can be seen as truth-valued functions

over the set of interpretations of atoms that occur in the formula. Similarly, formulas in

second-order propositional logic can be seen as truth-valued functions over the set of inter-

pretations of the free atoms that occur in it. It also helps to think of models of a formula as

just the interpretation of the free atoms of the formula. (Observe that interpretations which

do not differ in the truth values of free atoms of a formula 9 , satisfy 9 on an all or none

basis.)

The definition of free atoms immediately leads to some more observations.

Fact 6 For any two formulas 9 and
R

, if Á is not a free atom of
R

then,

1. ·DÁ�9 � Á !Ft�R � ¶�Á � 9 � Á !¬t�R�!
,

2.
R�t ·DÁ�9 � Á ! � ·DÁ � RÄt 9 � Á !z! .
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Proof: Notice that, because Á is not free in
R

, any substitution for Á in
R

is equal to
R

.

The rest of the proof just uses the cases of quantifiers in the definition of semantics, and a

property of propositional logic.¶�Á � 9 � Á !Ft�R�! � � 9 � m�!¬t�R�!«p � 9 � l !�t>R�!
� � 9 � m�!«o 9 � l !ª!Ft�R
� ·DÁ�9 � Á !Åt�R

The proof for the second part is similar.

Observe that this fact gives us the ability to move existential quantifiers outside of an

implication, adjusting the quantification if needed. This will prove to be very useful for us.

Fact 7 For any two formulas 9 and
R

, if Á is not a free atom of
R

, then

·DÁ�9 � Á !�p�R � ·DÁ � 9 � Á !�pQR�! L
Proof: Here again, we make use of the fact that substituting for an atom that is not free

does not affect the formula.

·DÁ � 9 � Á !�pQR�! � � 9 � m�!«pQR�!«o � 9 � l !«pQR�!� � 9 � m�!«o 9 � l !z!«p�R� ·DÁ�9 � Á !�pQR

This fact allows us to move an existential quantifier out over conjunction. Facts 5–7

together will be helpful in obtaining equivalent QBF’s in prenex normal form.

Second-order propositional logic is also known as quantified boolean logic and the

formulas are referred to as quantified boolean formulas or simply Æ�Ç`9 .
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2.6 Conformant Planning in Second-Order Propositional

Logic

In Section 2.1, we used the transition system representation of an action domain to char-

acterize a valid conformant plan. Then we expressed the same knowledge in terms of

formulas in propositional logic. In this section we will see the later definition of a valid

plan extends naturally to a QBF encoding of a conformant planning problem as described

in [14].

For convenience we restate the characterization of validity of a plan (in terms of propo-

sitional logic). For a conformant planning problem, a plan � ��T ' ��V ' LULUL ' �UW6XYV � is valid iff the

following hold:

1. ���1�{ 6� 9 ! is satisfiable,

2. for all � E���^ ' LULUL ')�s_�� � , for all � -consistent sets � 2�T ' LULUL ' 2Zb � of interpretations of��¡Q9 , if b­� ®kT 2 � �.� ! ¡
bcXYV­� ®kT � � �.� ! K B �#�5�� 6� 9 T !«p bcXYV°� ®kT  *�©� 9�� ' :²� ' 9�� e5V !1'

then there is an interpretation 2�b¯e5V of ��¡g9 such that � 2�T ' LULUL ' 2Ub ' 2Zb¯e5V � is � -consistent

and 2Zb��.� ! ¡ �Zb*�{� ! ¡ 2Ubfe5V6�{� ���"! K B  *�k� 9 b ' : b ' 9 b¯e5V !1'
3. for all � -consistent sets � 2�T ' LULUL ' 2UW � of interpretations of ��¡Q9 , ifW­b¯®kT 2Ub±�{� ! ¡ W6XYV­bf®kT �Zb*�.� ! K B �#�5�� 6� 9 T !«p W6XYV°b¯®kT  *�©� 9 b ' : b ' 9 bfe5V !1'

then 2UW K B /D- � , � 9 W ! L
Each of these three conditions can be nicely expressed as a QBF.

Condition (1) is expressed by the QBF

·k��·k9 T��#�5�� 6� 9 T ! L (2.2)
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The rest of the discussion will assume that formula (2.2) is satisfiable. (This is easy enough

to check with a sat solver.)

Condition (3) is expressed by

¶1�²¶19 T ����� ¶19 W¦È È@�#�1�{ 6� 9 T !«p W6XYV°bf®kT  *�k� 9 b ' : b ' 9 b¯e5V !±Éat /D- � , � 9 W !±É L (2.3)

The free atoms in formula (2.3) are
W(XYV�b¯®kT : b , and the models of (2.3) are exactly the inter-

pretations of these atoms that correspond to the plans of length
�

that satisfy condition (3).

Notice that the universal quantification over � ' 9 T ' LULUL ' 9 W in formula (2.3) exactly cap-

tures the corresponding quantification over all � -consistent sets � 2�T ' LULUL ' 2UW � in condition

(3). The if-then structure of condition (3) is expressed by implication (
t

) in (2.3).

Similarly, condition (2) is expressed by a family of QBFs. For each � E¦��^ ' LULZL ')�Ê_¨� � ,
¶1�²¶19 T ����� ¶19 b`ÈgÈ@�#�1�{ 6� 9 T !«p bcXYV°� ®kT  *�©� 9�� ' :²� ' 9�� e5V !±Éwt ·k9 bfe5V* *�k� 9 b ' : b ' 9 b¯e5V !±É (2.4)

We would like to have a single QBF that we can submit to the QBF solver. To this end

we note that condition (1) just guarantees that the set of initial states is not empty. This

is necessary for plan validity. But on the other hand this formula does not affect the plan,

when indeed there is a possible initial state. So it is enough to check if formula (2.2) is

equivalent to
m

, and, if it is, then find a model the conjunction of the formulas (2.4) and

formula (2.3).

For later convenience, we note that the conjunction of formulas (2.4) and (2.3) can be
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written as follows.

¶1�²¶19 T$�.�#�1�{ 6� 9 T !¬t ·k9 V* *�k� 9 T ' : T ' 9 V !z!p ¶1�²¶19 T ¶19 V«�z�{���1�{ 6� 9 T !«p  *�k� 9 T ' : T ' 9 V !z!�t ·k9 %  *�©� 9 V ' : V ' 9 % !ª!p ¶1�²¶19 T ¶19 V ¶19 % �ª�{���1�� 6� 9 T !«p  *�©� 9 T ' : T ' 9 V !«p  *�k� 9 V ' : V ' 9 % !z!�t·k9 4  *�k� 9 % ' : % ' 9 4 !z!
...p ¶1�²¶19 T ¶19 V ����� ¶19 W(XYV6�z�.�#�1�{ 6� 9 T !«p  *�k� 9 T ' : T ' 9 V !«p¥�����p  *�k� 9 W6X % ' : W6X % ' 9 W6XYV !z!Ft ·  *�k� 9 W6XYV ' : W6XYV ' 9 W !z!p ¶1�²¶19 T ¶19 V ����� ¶19 W@�z�.�#�1�{ 6� 9 T !«p  *�k� 9 T ' : T ' 9 V !«p¥�����p  *�k� 9 W6XYV ' : W6XYV ' 9 W !z!Ft /D- � , � �k!ª! L

(2.5)

If the formula (2.5) is satisfiable then the actions that occur in the model constitute a valid

plan.

In the next section we will discuss in more detail the formulas produced by CCALC that

we plan to use as building blocks in the approach presented in the thesis. Then we show

how we can build a conservative extension of the above QBF using the formulas produced

by CCALC. Our goal then is to present the QBF in a form accepted by the QBF solver.

2.7 Formulas Produced by CCALC

As we have already discussed, CCALC can be used to do satisfiability planning in a man-

ner similar to that described in Section 2.3. We have also remarked that CCALC does not

produce the formulas  *�©� 9 T ' : ' 9 V ! , �#�1�{ 6� 9 ! and /D- � , � 9 ! ; instead it produces conservative

extensions of them. In this section we will describe this conservative extension complica-

tion in sufficient detail in order to prepare for the approach presented in this thesis.

To start with, CCALC accepts a description of the action domain in action languageµ . Similarly, it accepts descriptions of the possible initial states and the goal in a plan

file which also specifies a length
�

for the plan. CCALC’s objective then is to construct

the formula ��, �	� � �k! as described in Section 2.3 and then present it in a form acceptable
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to a propositional satisfiability solver. But standard propositional satisfiability solvers ac-

cept formulas only in conjunctive normal form, whereas ��, �&�$� �k! could be an arbitrary

propositional formula. So CCALC has to find a formula equivalent to ��, �&�$� �k! which is in

conjunctive normal form. Standard methods to find an equivalent of a propositional for-

mula in conjunctive normal form have a worst-case exponential cost in terms of the size

of the formula produced. This is undesirable because it could affect the time taken by the

solver to search for a satisfying interpretation.

Fortunately, there are well-known algorithms for taking an arbitrary formula and pro-

ducing a conservative extension of the formula, in conjunctive normal form, whose size is

linear in the input. CCALC uses a variant of one of these algorithms to produce a conser-

vative extension of ��, �	� � �k! in conjunctive normal form.

From the action domain description, CCALC forms a conservative extension of the

formula  *�©� 9 T ' : ' 9 V ! in conjunctive normal form. In the process it may introduce some

new atoms. (We later present an algorithm similar to the one used by CCALC for this

purpose.) Let Ë be the set of new atoms introduced, and let  *�©� 9 T ' : ' Ë ' 9 V ! be the formula

that is produced. Notice that while  *�©� 9 T ' : ' 9 V ! is a formula over the signature �a¡J9 T ¡:G¡s9 V ,  *�©� 9 T ' : ' Ë ' 9 V ! is a formula over the extended signature �¥¡s9 T ¡n:G¡³Ë�¡s9 V . We

know from the definition of a conservative extension that the models of  *�k� 9 T ' : ' Ë ' 9 V !
correspond to the models (over of ��¡�9 T ¡�:�¡�9 V ) of  *�©� 9 T ' : ' 9 V ! .

CCALC can be also given descriptions of the possible initial states and the goal, along

with the length
�

of the plan sought. In a similar manner, CCALC produces conservative

extensions of �#�1�{ 6� 9 ! and /D- � , � 9 ! in conjunctive normal form. Again new atoms could

be introduced in each case and let N and
R

be the sets of new atoms introduced. Let�#�5�� 6� 9 ' N ! and /D- � , � 9 'PR�! be the formulas produced. Then CCALC makes
�����

copies of *�©� 9 T ' : ' Ë ' 9 V ! and constructs the following conservative extension of �Y, �	�$� �k! :
���1�� 6� 9 T ' N T !«p W6XYV°b¯®kT  *�©� 9 b ' : b ' Ë b ' 9 b¯e5V !«p /D- � , � 9 W 'PR W ! L

Then this formula is submitted to the solver to find a model. Notice that the models of this
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formula are interpretations over the signatureW­b¯®kT 9 b ¡ W6XYV­b¯®kT : b ¡ W6XYV­b¯®kT Ë b L
A valid plan is then extracted from the model.

Our interest in CCALC is the three formulas  *�k� 9 T ' : ' Ë ' 9 V ! , �#�5�� 6� 9 ' N ! and /D- � , � 9 'PR�! .
We obtain these formulas from CCALC along with details about the sets of new atoms in-

troduced and the set of rigid atoms. Then we use this information to construct a QBF

in conjunctive normal form that encodes the valid conformant plans. Notice that, here,

the new atoms introduced did not present any inconvenience. This is due to the fact that

classical planning is a rather special case of planning. But when we try to use these for-

mulas with new atoms to build a QBF that endcodes a conformant plan, there are some

complications and we work out the details of the process in Chapter 3.
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Chapter 3

Approach

We have already seen how to use CCALC to obtain the formulas  *�©� 9 T ' : ' Ë ' 9 V ! , ���1�{ 6� 9 ' N !
and /D- � , � 9 'SR�! . In this chapter we work out the details involved in using these formulas

along with the other information obtained from CCALC to produce a QBF in conjunctive

normal form that represents all valid conformant plans of a given length
�
. Section 3.1

shows how a QBF in prenex normal form can be formed using the above formulas and

related information obtained from CCALC. Then our goal would be to convert the propo-

sitional part into conjunctive normal form. Section 3.2 gives an overview of a standard

method to find an equivalent of a propositional formula in conjunctive normal form and

explains why such a method proves infeasible for us. Then in Section 3.3 we relax our

constraints from requiring an equivalent form to requiring a conservative extension. Again

we show a standard method which is not very effective and proceed to present the approach

taken in this thesis, one which takes advantage of the structure of the formulas we have at

hand.
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3.1 From CCALC Formulas to a QBF in Prenex Normal

Form

In Section 2.6, we showed a QBF (2.5) that represents all valid conformant plans (of

length
�
) for a given problem. Our goal is to find a model of this formula. It would be fairly

straightforward to build this formula if we had the components that occur in it—the for-

mulas �#�5�� 6� 9 b ! ,  *�©� 9 b ' : b ' 9 bfe5V ! and /©- � , � 9 b ! . But the formulas we obtain from CCALC— *�©� 9 T ' : ' Ë ' 9 V ! , �#�5�� 6� 9 ' N ! and /©- � , � 9 'PR�! —are their respective conservative extensions.

So we are left with the task of finding a formula equivalent to formula (2.5) that can be

constructed with the formulas we have from CCALC. More specifically, all we need is a

conservative extension of formula (2.5). Strictly speaking, we will find a conservative ex-

tension over an extended signature. But the set of free atoms in these two formulas remains

the same, and therefore as formulas in the extended signature they are equivalent.

Since we use the formulas obtained from CCALC extensively, it is convenient to intro-

duce a shorthand notation for each of these. In all the discussion to follow we will use the

following abbreviations for each � :
���5b for �#�5�� 6� 9 b ' N b !(' *�ZbcÌ b¯e5V for  *�©� 9 b ' : b ' Ë bfe5V ' 9 bfe5V !('/D, b for /D- � , � 9 b 'PR b ! L

From the definition of a conservation extension the following equivalences follow. For

each � :
���1�� 6� 9 b ! � ·©N bÍ���5b *�k� 9 b ' : b ' 9 b¯e5V ! � ·YË b¯e5V� *�ZbcÌ b¯e5V/D- � , � 9 b ! � · R b /©, b

Replacing parts of formula (2.5) with the corresponding equivalent formulas from
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above, we get an equivalent of formula (2.5).

¶1�²¶19 T§� ·©N TP�#�5T t ·YË V 9 V* *�UTzÌÎV !p ¶1�²¶19 T ¶19 V«�ª� ·©N TP�#�1T p ·YË V± *�UTzÌÎV !�t ·k9 % ·YË %  *��V±Ì % !p ¶1�²¶19 T ¶19 V ¶19 % �z� ·©N TP�#�5T p ·YË V* *�ZTzÌÎV p ·YË %  *��V±Ì % !¬t ·k9 4 ·YË 4  *� % Ì 4 !
...p ¶1�²¶19 T ¶19 V ����� ¶19 W6XYV8�z� ·©N TS���1T p ·YË V* *�ZTzÌÎV p�������p ·YË W6XYV± *�UW(X % Ì W6XYV !Ft ·k9 W ·YË W( *�UW6XYV±Ì W !p ¶1�²¶19 T ¶19 V ����� ¶19 WÏ�ª� ·©N Tz�#�1T p ·YË V* *�UTzÌÎV p¥������p ·YË W( *�UW6XYV±Ì W !¬t · R W /D, W !

(3.1)

At this point, we have a QBF that is equivalent to formula (2.5). (Notice that this

formula is over an extended signature.) Also it is clear that this QBF can be constructed

easily using the formulas from CCALC. But our goal is to find a model of this QBF and

therefore we need to present this to a QBF solver. In order to use the QBF solver, we

need to construct an equivalent to formula (3.1), or a conservative extension of (3.1), in

conjunctive normal form. We will find an equivalent formula over an extended signature.

We split this process into two tasks. First we find an equivalent in prenex normal form and

then find an equivalent of the propositional part in conjunctive normal form.

The first task, which is to find a prenex equivalent to formula (3.1), will be done in a

series of steps. At each step we preserve equivalence.

In formula (3.1), there are several implications. The antecedent of each implication is

a conjunction and each of the conjuncts is existentially quantified. We first pull these ex-

istential quantifiers out over conjunction using Fact 7 and then further move the existential

quantifiers out over implication using Fact 6 to get the following equivalent formula:
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¶1�²¶19 T ¶5N T§�{���1T t ·k9 V ·YË V* *�UTzÌÎV !p ¶1�²¶19 T ¶19 V ¶5N T ¶8Ë V8�z�.�#�5T p  *�ZTzÌÎV !Ft ·k9 % ·YË %  *��V±Ì % !p ¶1�²¶19 T ¶19 V ¶19 % ¶5N T ¶8Ë V ¶8Ë % �z�.�#�5T p  *�UTzÌÎV p  *��V±Ì % !Ft ·k9 4 ·YË 4  *� % Ì 4 !
...p ¶1�²¶19 T ¶19 V ����� ¶19 W6XYV ¶5N T ¶8Ë V ¶8Ë % ����� ¶8Ë W(XYV6�z�.�#�1T p  *�ZTzÌÎV pG����������Up  *�UW6X % Ì W(XYV !Ft ·k9 W ·YË W( *�UW6XYV±Ì W !p ¶1�²¶19 T ¶19 V ����� ¶19 W ¶5N T ¶8Ë V ¶8Ë % ����� ¶8Ë WÏ�z�{���1T p  *�UTzÌÎV p¥�����Up  *�UW6XYV±Ì W !�t · R W /D, W !

(3.2)

Now we move all the universal quantifiers outside, using Fact 5. To avoid later

“clashes” between names of atoms, we also replace, for each � , ·k9 b¯e5V ·YË b¯e5V± *�ZbdÌ b¯e5V with·k9}Ðbfe5V ·YË�Ðb¯e5V  *� ÐbcÌ b¯e5V where  *� ÐbdÌ b¯e5V stands for  *�©� 9 b ' : b ' Ë}Ðb¯e5V ' 9�Ðb¯e5V ! , and 9}Ðbfe5V and Ë�Ðb¯e5V are

primed copies of 9 b¯e5V and Ë b¯e5V .
¶1�²¶19 T ����� ¶19 W ¶5N T ¶8Ë T ����� ¶8Ë W ÑÊÒz���1T t ·k9 ÐV ·YË ÐV  *� ÐTzÌÎV*Óp ÒU�{���1T p  *�UTzÌÎV !Ft ·k9 Ð% ·YË Ð%  *� Ð V±Ì % Óp Ò �{���1T p  *�UTzÌÎV p  *��V±Ì % !Ft ·k9}Ð4 ·YË�Ð4  *� Ð% Ì 4 Ó...p Ò �{���1T p  *�UTzÌÎV p¥������p  *�UW6X % Ì W6XYV !¬t ·k9 ÐW ·YË ÐW  *� ÐW(XYV±Ì WZÓp �ª�.�#�1T p  *�UTzÌÎV p�������p  *�UW6XYV±Ì W !Ft · R W /D, W !DÔ

(3.3)

Using Fact 6, we move the existential quantifiers in the consequent of each implication

out of the implication to obtain the following formula.
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¶1�²¶19 T ����� ¶19 W ¶5N T ¶8Ë T ����� ¶8Ë W Ñ ·k9 ÐV ·YË ÐV Ò �#�5T t  *� ÐTzÌÎV Óp ·k9 Ð% ·YË Ð% ÒU�.�#�5T p  *�ZTzÌÎV !Ft  *� ÐV±Ì % Óp ·k9}Ð4 ·YË�Ð4 Ò �.�#�5T p  *�ZTzÌÎV p  *��V±Ì % !�t  *� Ð% Ì 4 Ó...p ·k9}ÐW ·YË�ÐW Ò �{���1T p  *�UTzÌÎV p¥������p  *�UW6X % Ì W6XYV !¬t  *� ÐW6XYV±Ì W6Óp · R WÏ�z�.�#�5T p  *�UTzÌÎV p�������p  *�ZW6XYV±Ì W !�t /D, W ! Ô
(3.4)

Finally, we use Fact 7 again to move the existential quantifiers out over the conjunctions

to get the following formula in prenex normal form, which is equivalent to formula (3.1)

and hence to formula (2.5).

¶1�²¶19 T ����� ¶19 W ¶5N T ¶8Ë T ����� ¶8Ë W ·k9 ÐV ����� ·k9 ÐW ·YË ÐV ����� ·YË ÐW · R WÑ}Ò ���1T t  *� ÐTzÌÎV*Óp Ò �.�#�1T p  *�UTzÌÎV !¬t  *� ÐV±Ì % Óp Ò �.�#�1T p  *�UTzÌÎV p  *��V±Ì % !Ft  *� Ð% Ì 4 Ó...p Ò��.�#�1T p  *�UTzÌÎV p¥�����Up  *�UW6X % Ì W(XYV !Ft  *� ÐW6XYV±Ì W Óp �ª�{�#�5T p  *�UTzÌÎV pG�����"p  *�ZW6XYV±Ì W !Ft /D, W ! Ô
(3.5)

The propositional part of the formula we have obtained is not in conjunctive normal

form. But we require this in order to be able to present the QBF to the solver. The rest of

the chapter will address this issue.

3.2 A Standard Algorithm

In this section we present a standard algorithm that converts an arbitrary propositional

formula into conjunctive normal form, i.e., finds an equivalent propositional formula that
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is in conjunctive normal form, and then explain why such a conversion is infeasible for our

purposes. We will use the term clause to refer to a simple disjunction.

Given two formulas : and Ç in conjunctive normal form, DIS � : ' Ç ! returns a formula

equivalent to : o Ç in conjunctive normal form.

DIS � : ' Ç !
1. Let : V ' LZLUL ' :²� be the clauses of : and let Ç V ' LZLUL ' ÇÖÕ be the clauses of Ç .

2. Return �°b¯®5V Õ°× ®5V � : b o Ç × !
For any atom � , let � B q � and let

q � B � .

Given a formula : in conjunctive normal form, NEG � : ! returns a formula equivalent

to
q : in conjunctive normal form.

NEG � : !
1. If : B �Øb¯®5V � b where � b are literals, return

�Ùbf®5V � b .
2. Let : B Ç p � where Ç is a clause.

3. Return DIS � NEG � Ç ! , NEG � � !z! .
Given two formulas : and Ç in conjunctive normal form, IMP � : ' Ç ! returns a formula

equivalent to : t Ç in conjunctive normal form.

IMP � : ' Ç !
1. Return DIS � NEG � : !)' Ç ! .
Given two formulas : and Ç in conjunctive normal form, EQUIV � : ' Ç ! returns a for-

mula equivalent to : r Ç in conjunctive normal form.

EQUIV � : ' Ç !
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1. Return IMP � : ' Ç !«p IMP � Ç ' : ! .
Now we are ready to describe the method that converts an arbitrary propositional for-

mula to conjunctive normal form.

CLAUSIFY � 9 !
1. If 9 is an atom return 9 .

2. If 9 B qgR
return NEG � CLAUSIFY � R�!z! .

3. If 9 B � RwoQÚJ!
return DIS � CLAUSIFY � R�!(' CLAUSIFY � Ú¢!z! .

4. If 9 B � RwpQÚJ!
return CLAUSIFY � R�!«p CLAUSIFY � ÚJ! .

5. If 9 B � RÄt�Ú¢!
return IMP � CLAUSIFY � R�!)' CLAUSIFY � ÚJ!z! .

6. If 9 B � R[r~Ú¢!
return EQUIV � CLAUSIFY � R�!)' CLAUSIFY � ÚJ!z! .

3.2.1 Problems with this Method

Let us investigate the nature of the procedure NEG � : ! . If : has � clauses each having 

literals in it. Then NEG � : ! has 
 � clauses each of length � . For example, a formula with� ^ clauses each with Û literals in it will produce a formula with Û V{T clauses each of length� ^ . This method is used whenever there is any connective other than conjunction. So even

in the case of a formula of reasonable size, if there are connectives other than conjunction,

the method CLAUSIFY could return a very large formula, which in many cases would be

difficult for a QBF solver to handle.

Clearly the size of the formula produced grows exponentially and the time complexity

cannot be any better. As a result we have two problems with this method which make it

infeasible even in very small action domains.

First the algorithm takes exponential time to terminate, which is highly undesirable

because we want to construct this formula in negligible time (linear time is okay) when

compared to time taken by the solver to decide if the QBF is satisfiable.
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The second and probably more important problem is that the formula so produced is of

exponential size. This essentially means that there is no hope of running the QBF solver

efficiently on the resultant formula.

We will discuss subsequent improvements to this method which present a way to con-

struct in linear time a QBF representing the valid conformant plans. The formula produced

is also of linear size.

3.3 Further Improvements

The method presented in the previous section finds an equivalent to any arbitrary proposi-

tional formula. On the other hand we do not absolutely need to find an equivalent formula.

A conservative extension is enough for our purpose. Then we can handle it very much the

same way we treated the conservative extensions obtained from CCALC.

3.3.1 METHOD1: Clausification with New Atoms

The method METHOD1 presented here is not one that finds an equivalent formula, instead

it is a standard algorithm that finds a conservative extension of an arbitrary propositional

formula in conjunctive normal form. In the process it introduces some new atoms.

CLAUSIFY Ü � 9 !
1. If 9 is a conjunction of clauses, return 9 .

2. Let
R

be a minimal non-literal subformula of 9 .

3. Let � be a new atom1.

4. Let 9 � be the result of replacing all occurrences of
R

in 9 by � .

1Here and elsewhere in the thesis, it is assumed that there is a single new atom generator that generates a

new atom on demand, never runs out of new atoms and these atoms are different from the atoms used in other

formulas.
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5. Return CLAUSIFY Ü � 9}Ð !«p CLAUSIFY �.� r~R�!
In fact, CCALC uses an algorithm similar to METHOD1 to hold down the size of the

formulas it produces. The algorithm described above produces a conservative extension

of linear size in linear time. Nevertheless, METHOD1 has a disadvantage. The formula it

forms introduces a new atom for (almost) every binary connective in the original formula.

In a fairly large formula this can result in the introduction of too many new atoms. Also

METHOD1, being a general purpose algorithm, does not take advantage of the structure of

the formula we have at hand. We present an alternative that will also produce a conservative

extension but with many fewer atoms. As a result, the size of the resulting formula is also

much less than what METHOD1 would produce (for the formulas we deal with).

3.3.2 METHOD2: Exploiting the Formula Structure

We first present some auxiliary methods that are helpful in describing our main method.

Given a formula Ç in conjunctive normal form and an atom � , the following method

produces a conservative extension of Ç t � in conjunctive normal form.

IMP* � Ç ' � !
1. Let Ç be of the form

�Ùbf®5V � W�ÝØ× ®5V � b × ! , where the � b × are literals.

2. Let + V ' + % ' LULUL ' +)� be new atoms.

3. Return È �Þb¯®5V q + V o � É p �°b¯®5V WªÝ°× ®5V � q � b × o + b !
The following algorithm produces a conservative extension of Ç r � in conjunctive

normal form, where Ç and � are as above.

EQUIV* �{� ' Ç !
1. Return IMP* � Ç ' � !zp IMP �{� ' Ç !
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Our main method uses the structure of the propositional part of formula (3.5) and hence

is only applicable to formulas that have the same form. For convenience, we restate it (only

the propositional part) using the shorthands we have already introduced.

Òz�#�5T t  *� ÐTzÌÎV*Óp Ò �{���1T p  *�UTzÌÎV !�t  *� Ð V±Ì % Óp Ò �{���1T p  *�UTzÌÎV p  *��V±Ì % !Ft  *� Ð% Ì 4 Ó...p Ò��{���1T p  *�UTzÌÎV p¥�����  *�UW6X % Ì W6XYV !�t  *� ÐW6XYV±Ì W Óp �z�.�#�1T p  *�UTzÌÎV p¥�����  *�UW6XYV±Ì W !Ft /©, W !
(3.6)

If we call the above formula 9 , the following algorithm finds a conservative extension

of 9 in conjunctive normal form. The idea, essentially, is to replace the antecedent and

consequent in each of the implications with an equivalent “name”.

METHOD2(F)

1. Let �&T ' �©V ' LULUL ' �	W and + T ' + V ' LZLUL ' + W be new atoms.

2. Return
EQUIV* �{�&T ' ���1T !p WÙb¯®5V EQUIV* �{�	b ' �@bcXYV p  *�6bcXYV±Ì b !p W6XYVÙb¯®kT EQUIV* � + b '  *� ÐbcÌ b¯e5V !p
EQUIV* � + W ' /©, W !p WÙb¯®kT ���@b t + b !

Let
R

be the formula obtained from METHOD2(F) and ß be the set of new atoms

produced in the process. Then 9´� ·kß R
(3.7)

and therefore formula (3.5) is equivalent to

¶1�²¶19 T ����� ¶19 W ¶5N T ¶8Ë T ����� ¶8Ë W ·k9 ÐV ����� ·k9 ÐW ·YË ÐV ����� ·YË ÐW ·kß R L (3.8)
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Notice that the signature of formula (3.8) contains new atoms also. But formula (3.5) is

also a formula in this extended signature. (It just does not use the new atoms.) When we

say that these two formulas are equivalent, we implicitly mean that the underlying signature

is the extended one.

We can submit formula (3.8) to our QBF solver and the action atoms that are true in the

model found will form a plan (solution) for our conformant problem.

3.3.3 METHOD3: Fine Tuning

By making slight modifications to the above algorithm, we can further reduce the size of

the resulting formula. The following revision to METHOD2 shows the changes.

If we call formula (3.6) 9 , the following algorithm finds a conservative extension of 9
in conjunctive normal form.

METHOD3(F)

1. Let 
uT ' 
QV ' LULZL ' 
uW be new atoms.

2. Return
IMP* �{���1T ' 
uT !p WÙbf®5V IMP* �{
ibcXYV p  *�ZbdXYV±Ì b ' 
ib !p W(XYVÙb¯®kT IMP �{
ib '  *� ÐbcÌ b¯e5V !p
IMP �{
uW ' /D, W !

Let
R

be the formula obtained from METHOD3(F). For each � E¨��^ ' LZLUL ')� � , let à b be the

set of new atoms introduced by the above call to IMP* in which the second argument is
ib , and then take ß b B � 
ib �¬¡Jà b . Now by property of conservative extension we get an

equivalent to formula (3.5) as:

¶1�²¶19 T ����� ¶19 W ¶5N T ¶8Ë T ����� ¶8Ë W ·k9 ÐV ����� ·k9 ÐW ·YË ÐV ����� ·YË ÐW · R W ·kß T ����� ·kß W R L (3.9)

Formula (3.9) can be submitted to a QBF solver to obtain a model. Recall that a model

contains the interpretation of the free atoms that satisfies the QBF. In our case the free
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atoms are exactly the action atoms. So from the output of the solver, a valid conformant

plan can be extracted easily.

3.3.4 A Natural Way of Quantification

We tried an equivalent encoding which retains a more “natural” way of quantification. We

explain this equivalent form briefly.

Starting from formula (2.5), before moving any quantifiers out, if we replace the parts

of the formula with their conservative extensions, essentially as computed in METHOD3,

and then move the quantifiers out (over implication and conjunction) in a different order,

we can get the following equivalent formula.¶1�²¶19 T ¶5N T ·k9}ÐV ·YË}ÐV ·kß T¶19 V ¶8Ë V ·k9 Ð% ·YË Ð% ·kß V¶19 % ¶8Ë % ·k9 Ð4 ·YË Ð4 ·kß %...¶19 W6XYV ¶8Ë W6XYV ·k9 ÐW ·YË ÐW ·kß W6XYV¶19 W ¶8Ë W ·kß W · R W>á
(3.10)

where á is same as above and the ß b s have the same meaning as above. This formula

has an interesting property. The quantification for each set of atoms has been moved as far

inside as possible. This depicts the dependency relation between the sets of atoms more

naturally. For example, the choice of truth values for 9 �V ¡�Ë �V ¡�ß T depends on the choice of

truth values for �¦¡�9 T ¡�N T but not on the choice of truth values for � Wb¯®5V � 9 b ¡uË b ! . That is,

once we have truth values for �
¡�9 T ¡�N T we can immediately answer the question whether,

given those truth values, it is possible to find a satisfying interpretation for the part of the

formula involving 9 �V ¡¢Ë �V ¡¢ß T . In terms of the definition of a valid plan, this is roughly

analagous to the observation that, in order to determine whether the next action in a plan

can be executed, what is important is just the previous execution history.

In spite of the fact that this is a simple change from the previous encoding, this change

resulted in significant improvements to the performance in terms of search times of the
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solver. This also suggests that there could be still better ways of quantification, although at

this point, it is not clear if there are any. Notice that the propositional part of the formula is

still the same and hence the size of the formula.

In the next chapter, we present results obtained from our experiments and comment on

our observations and conclusions.
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Chapter 4

Experiments

The approach described in this thesis (using the natural encoding) was implemented as a

program in Perl. It takes as input the formulas corresponding to the set of possible ini-

tial states, the transitions of the transition system and the goal. It also takes as input the

number of rigid and non-rigid fluents in the domain, the number of actions and the number

of new atoms introduced by CCALC. (These atoms are assumed to constitute a prefix of

the positive integers, and the classes of atoms are assumed to occur in a fixed order in the

sequence. Thus, the identity of the classes of atoms can be determined from the counts

given as input.) The program assumes for simplicity that the number of new atoms intro-

duced in the initial state formula and the goal formula is zero. The length of plan sought is

also given as input. The implementation program then forms a QBF in conjunctive normal

form that encodes all valid plans of the given length, as described in the previous chapter.

This formula is then presented to QUBE [8], a QBF satisfiability solver publicly available

at http://www.mrg.dist.unige.it/star/qube, to find a model. Each model

corresponds to a valid plan in the straightforward manner we have described.

We conducted experiments on three variations of the bomb in the toilet problem—

Standard Bomb in Toilet (BT), Bomb in Toilet with Deterministic Clogging (BTC) and

Bomb in Toilet with Non-deterministic Clogging (BTNC). In all the examples we discussed

so far, there was only one toilet. As a result, only one action could be performed at a given
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time. In other words, there was no concurrency. We conducted experiments with multiple

toilets as well. In this case, we allow dunking in multiple toilets at the same time. As

a result, for a given number of packages, the shortest valid plans are shorter when there

are more toilets available for dunking. While introducing multiple toilets complicates the

domain, it can affect the search for a valid plan positively. Shortly, we will see why.

There are two parameters associated with each member of these families, the first one

is number of toilets and the second is the number of packages. For example, BTNC(4,

2) refers to the Bomb in Toilet problem with Non-Deteriministic Clogging with â toilets

and 2 packages. In each case, the QBF was built for the optimal length plan. The times

recorded are search times reported by the solver (cpu times). The searches were limited to

a maximum of 1200 seconds, after which the solver would timeout. All experiments were

run on a PC running Linux.

The tables are presented at the end of this chapter. The row header in the table shows

the number of packages and the column header shows the number of toilets. The tables

are named after the problem and the QBF encoding used. We call the encoding as in

formula (3.9) the “original” encoding and the one in formula (3.10) “natural” encoding.

For example, in the table “BT - Family - Original Encoding”, if we pick an element from

the table whose row header if ã and column header is ä , then it is the search time for solving

the BT(3, 7) problem using the original encoding. Also a ’-’ entry in the table indicates that

search took more than 1200 seconds. We experimented with the original encoding only on

the BT family. The natural encoding was experimented on all three families.

As has already been remarked, the search times reported here are not competitive with

the state-of-the-art conformant planning methods. Nevertheless, some conclusions can be

drawn from the results obtained.

Of the three families of problems we experimented with, BT is the simplest. BTC is

more complex than BT because of the fact that it has more actions and more fluents. But

the most important of all differences is that length of the plan in case of BTC is roughly

twice that of the corresponding BT problem. This makes a significant difference as formu-
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las that encode longer histories are significantly larger. For example, with
�

toilet and �
packages the number of atoms in the formulas for BT, BTC and BTNC are ä	ã , å�â and æ@æ
respectively. And the corresponding numbers of clauses are å@æ , ��^@ä and ��ç@æ . The BTNC

family introduces non-determinism into the action domain. This could increase the search

time as now the planner should consider all outcomes of an action before it can come up

with the plan. Notice that valid plans for the BTC family work for BTNC and vice versa.

So overall we expected BT to perform the best, BTC to be the next best and BTNC the

worst. The results obtained clearly indicate that this is the case. So a general conclusion

is that search times deteriorate with increase in the length of the plan and also with the

introduction of non-determinism, just as one would expect.

Of the two encodings we used, the natural encoding outperformed the original encoding

in every comparison conducted. As we have already mentioned, this could be because of

fact that the way the quantifiers were ordered better reflected the dependencies between

the atoms. This suggests that there could be a “best form” for a QBF that the QBF solver

performs best on. But it is not very clear how such factors affect the search times, and such

factors may in fact affect different solvers in different ways.

Since the natural encoding consistently outperformed the original encoding in the case

of BT, we did not test the original encoding on the other two sets of problems.

Within a family of problems, if we keep the number of toilets fixed, the search times,

in general, increase with increase in the number of the packages. The difference in search

times was more significant when the increase in the number of packages resulted in an

increase in the length of the plan sought. This again reinforces the observation that the

length of the histories that the QBF represents has an impact on the search time. It increases

the size of the formula, and also increases the number of plans that, in some sense, must be

considered by the solver. This again was as expected.

On the other hand, varying the number of toilets for a fixed number of packages shows

some interesting results. There seem to be two factors that affect search times in this case.

First, with the introduction of more toilets there is lot of concurrency (more packages can
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be dunked at the same time) and hence the plans get shorter. Also this could give the

solver a lot of latitude in finding a model because the number of valid plans increases

with the introduction of more toilets. On the other hand, increasing the number of toilets

increases the size of the formula, and it could get more and more difficult for the solver.

Our experimental results indicate that search times initially decrease with increase in toilets

but eventually start deteriorating. For example the number of atoms in each of the formulas

corresponding to the BT � �@' ç ! , BT � � ' ç ! , BT � ä ' ç ! and BT � ç ' ç ! is â	å � , â&��â , â � ã and â@â	ç
respectively. The number of clauses in each is

� ^�æ	Û , æ@Û�â , æ�â	ä , � ^�â	^ respectively. The

sizes of these formulas are roughly at the same level. But the corresponding search times

are
�@� ç@ÛDLèã�æ@æ , ��^©Léç@ä	Û , ÛDLêâ	å@å and ^DLë^ � ^ . The decrease in length of the plan appears to

compensate for any effects introduced by the increase in the number of fluents and actions

in the domain. Also, as the length of the plan comes down the search times improve. For

BT � � � ' ç ! , BT � � å ' ç ! and BT � ��â ' ç ! the numbers of atoms are
� ^	Û�å , � å@å�ç , ��æ@ä@^ , and the

number of clauses are ��ç	��â , â	å	Û�ç and ã@ã�ä�ç . Notice that here the length remains constant

and only the number of toilets increase, and as a result, the size of the formulas increases

with the increase in the number of fluents and actions. The search times for these problems

increases as well slowly from ^©Lë^�ä	ã for BT � � � ' ç ! to ^DLë^@æ�ç for BT � � å ' ç ! and ^©Lë�@ã � for

BT � ��â ' ç ! . We observed the same kind of trend throughout our experiments. This is a good

indication that while concurrency has the effect of increasing the formula sizes, it helps the

search for the plan.

In general, introduction of non-determinism and increase in the length of the plan seem

to affect the search times negatively and concurrency seems to have a positive effect.
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Table 4.1: BT Family - Original Encoding - 1 to 8 toilets

1 2 3 4 5 6 7 8

2 0.002 0.000 0.000 0.002 0.002 0.000 0.000 0.002

3 0.244 0.053 0.002 0.000 0.000 0.002 0.002 0.002

4 12.076 12.518 10.607 0.002 0.002 0.004 0.004 0.006

5 - 899.891 - - 0.014 0.008 0.008 0.012

6 - - - - - 0.010 0.016 0.020

7 - - - - - - 0.084 0.027

8 - - - - - - - 0.045
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Table 4.2: BT Family - Original Encoding - 9 to 16 toilets

9 10 11 12 13 14 15 16

2 0.002 0.002 0.002 0.002 0.002 0.002 0.004 0.004

3 0.002 0.004 0.006 0.004 0.004 0.008 0.008 0.010

4 0.008 0.008 0.012 0.012 0.016 0.016 0.020 0.021

5 0.014 0.016 0.018 0.020 0.027 0.031 0.035 0.041

6 0.023 0.027 0.031 0.039 0.043 0.053 0.062 0.070

7 0.033 0.041 0.051 0.062 0.070 0.084 0.100 0.117

8 0.055 0.064 0.078 0.096 0.109 0.131 0.154 0.184

9 0.541 0.096 0.115 0.143 0.162 0.199 0.271 0.314

10 - 0.137 0.166 0.211 0.238 0.287 0.363 0.434

11 - - 2.289 0.281 0.385 0.396 0.465 0.621

12 - - - 0.391 0.486 0.604 0.744 0.898

13 - - - - 8.211 0.844 0.926 1.229

14 - - - - - 1.162 1.543 1.812

15 - - - - - - 24.660 2.580

16 - - - - - - - 3.506
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Table 4.3: BT Family - Original Encoding - 17 to 24 toilets

17 18 19 20 21 22 23 24

2 0.004 0.006 0.004 0.006 0.006 0.008 0.008 0.008

3 0.012 0.012 0.014 0.018 0.018 0.020 0.021 0.025

4 0.023 0.025 0.031 0.037 0.041 0.047 0.051 0.053

5 0.045 0.053 0.064 0.070 0.076 0.086 0.098 0.119

6 0.082 0.094 0.111 0.125 0.141 0.160 0.199 0.223

7 0.133 0.176 0.178 0.201 0.242 0.332 0.312 0.396

8 0.238 0.238 0.289 0.348 0.395 0.516 0.486 0.656

9 0.340 0.398 0.408 0.510 0.623 0.836 0.850 1.266

10 0.531 0.611 0.791 0.830 1.014 1.256 1.404 1.703

11 0.689 0.867 1.094 1.365 1.604 2.029 2.238 2.414

12 1.033 1.377 1.693 2.207 2.285 2.600 3.186 3.553

13 1.703 2.084 2.268 2.650 3.396 3.611 4.291 4.438

14 2.332 2.494 3.277 3.678 4.252 4.986 5.219 5.959

15 3.084 3.676 4.340 4.881 5.582 6.109 6.857 7.627

16 4.100 4.559 5.320 6.025 6.982 7.674 8.572 9.414

17 66.746 6.051 6.510 7.555 8.465 9.547 10.584 11.639

18 - 7.033 8.312 9.344 10.389 11.518 12.668 14.076

19 - - 162.928 11.199 12.271 13.805 15.135 16.686

20 - - - 13.279 14.887 16.518 18.199 19.967

21 - - - - 363.062 19.283 21.318 23.408

22 - - - - - 22.893 25.160 27.705

23 - - - - - - 768.504 32.158

24 - - - - - - - 36.992
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Table 4.4: BT Family - Original Encoding - 25 to 30 toilets

25 26 27 28 29 30

2 0.010 0.010 0.010 0.012 0.014 0.016

3 0.027 0.031 0.033 0.035 0.039 0.041

4 0.062 0.070 0.074 0.086 0.096 0.100

5 0.123 0.150 0.152 0.184 0.197 0.234

6 0.238 0.268 0.320 0.383 0.430 0.498

7 0.434 0.555 0.574 0.791 0.807 0.902

8 0.789 0.922 1.076 1.242 1.414 1.570

9 1.174 1.600 1.645 1.875 2.170 2.354

10 1.871 2.225 2.441 2.770 3.115 3.529

11 2.826 3.277 3.621 4.045 4.236 4.656

12 3.881 4.395 4.752 5.268 5.850 6.383

13 5.205 5.688 6.367 6.820 7.426 8.162

14 6.580 7.262 8.033 8.822 9.568 10.283

15 8.494 9.127 10.076 10.963 12.000 12.877

16 10.400 11.355 12.418 13.480 14.730 16.006

17 12.750 13.936 15.240 16.391 18.076 19.449

18 15.240 16.779 18.344 20.021 21.750 23.395

19 18.367 20.119 22.105 23.918 26.232 28.127

20 21.908 23.816 26.221 28.441 31.119 33.461

21 25.658 28.023 30.822 33.320 36.551 39.465

22 30.158 32.912 36.000 39.383 42.822 46.021

23 35.246 38.492 42.018 45.527 49.387 53.119

24 40.572 44.449 48.705 52.406 57.039 61.670
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Table 4.5: BT Family - Natural Encoding - 1 to 8 toilets

1 2 3 4 5 6 7 8

2 0.000 0.000 0.000 0.000 0.002 0.000 0.002 0.000

3 0.012 0.004 0.002 0.002 0.000 0.002 0.002 0.002

4 0.371 0.016 0.021 0.002 0.002 0.004 0.004 0.006

5 19.834 0.389 0.070 0.072 0.016 0.006 0.008 0.010

6 1165.799 20.635 5.488 0.283 0.279 0.010 0.014 0.016

7 - 988.285 90.127 18.975 0.857 0.811 0.119 0.027

8 - - - - 69.207 2.482 2.264 0.045

9 - - - - - 229.918 6.695 5.701

10 - - - - - - 575.516 15.203
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Table 4.6: BT Family - Natural Encoding - 9 to 16 toilets

9 10 11 12 13 14 15 16

2 0.000 0.002 0.002 0.002 0.002 0.002 0.002 0.004

3 0.004 0.004 0.004 0.004 0.006 0.006 0.008 0.008

4 0.006 0.008 0.010 0.010 0.012 0.014 0.018 0.020

5 0.014 0.016 0.018 0.021 0.023 0.029 0.033 0.039

6 0.021 0.025 0.031 0.037 0.045 0.051 0.062 0.070

7 0.035 0.043 0.053 0.061 0.074 0.086 0.098 0.119

8 0.055 0.068 0.080 0.096 0.113 0.135 0.160 0.230

9 0.754 0.102 0.119 0.146 0.172 0.207 0.262 0.354

10 12.455 0.150 0.178 0.217 0.252 0.324 0.348 0.465

11 33.250 26.525 3.215 0.307 0.377 0.498 0.533 0.639

12 - 69.809 56.658 0.426 0.535 0.699 0.703 1.178

13 - - 128.303 105.135 10.508 0.980 1.180 1.404

14 - - - 273.795 204.633 1.531 1.803 2.002

15 - - - - 512.084 372.100 36.701 2.977

16 - - - - - - - 4.109
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Table 4.7: BT Family - Natural Encoding - 17 to 24 toilets

17 18 19 20 21 22 23 24

2 0.004 0.004 0.006 0.004 0.004 0.006 0.008 0.006

3 0.008 0.012 0.014 0.014 0.016 0.016 0.020 0.021

4 0.021 0.023 0.029 0.033 0.035 0.039 0.045 0.051

5 0.047 0.047 0.057 0.066 0.074 0.084 0.094 0.104

6 0.080 0.096 0.104 0.119 0.133 0.152 0.172 0.271

7 0.133 0.154 0.176 0.203 0.270 0.250 0.342 0.354

8 0.217 0.248 0.289 0.389 0.477 0.477 0.578 0.682

9 0.318 0.451 0.539 0.666 0.748 0.955 0.986 1.211

10 0.541 0.582 0.682 1.045 1.100 1.412 1.580 1.725

11 0.857 1.121 1.162 1.523 1.920 2.256 2.385 2.871

12 1.133 1.658 2.119 2.373 2.688 3.199 3.746 4.059

13 2.094 2.268 2.529 3.035 3.561 4.436 5.057 5.568

14 2.480 3.402 3.926 4.723 5.635 6.072 6.613 7.684

15 3.582 4.010 5.383 6.104 6.879 7.637 8.834 9.535

16 4.932 6.113 6.775 7.598 8.736 9.949 10.656 12.287

17 101.125 7.727 9.014 10.082 11.047 12.303 13.740 15.119

18 - 9.537 10.947 12.348 13.861 15.307 16.727 18.596

19 - - 241.607 14.971 16.383 18.652 20.441 22.441

20 - - - 18.111 20.078 22.330 24.471 27.096

21 - - - - 519.338 26.496 29.131 32.264

22 - - - - - 31.471 34.576 37.871

23 - - - - - - 1062.760 44.662

24 - - - - - - - 52.057
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Table 4.8: BT Family - Natural Encoding - 25 to 32 toilets

25 26 27 28 29 30 31 32

2 0.008 0.008 0.008 0.010 0.012 0.014 0.014 0.016

3 0.023 0.025 0.027 0.031 0.033 0.037 0.039 0.051

4 0.057 0.062 0.070 0.076 0.096 0.098 0.098 0.113

5 0.117 0.135 0.143 0.178 0.197 0.262 0.254 0.311

6 0.207 0.309 0.359 0.430 0.416 0.471 0.521 0.570

7 0.469 0.551 0.602 0.805 0.855 1.018 1.111 1.244

8 0.812 0.996 1.143 1.305 1.420 1.664 1.936 2.219

9 1.486 1.723 1.863 2.133 2.473 2.766 3.166 3.268

10 2.383 2.613 2.867 3.377 3.781 4.000 4.496 4.834

11 3.402 3.771 4.211 4.770 5.223 5.641 6.152 6.756

12 4.594 5.473 5.750 6.377 7.104 7.732 8.225 9.010

13 6.416 7.146 7.865 8.498 9.119 10.041 10.957 11.721

14 8.275 9.270 10.109 11.090 11.977 12.914 14.078 15.043

15 10.695 11.877 12.801 13.965 15.188 16.529 17.738 19.086

16 13.393 14.727 15.992 17.582 18.934 20.512 22.102 23.881

17 16.623 18.156 19.734 21.479 23.102 25.098 27.289 29.297

18 20.193 22.191 24.162 26.359 28.352 30.668 33.125 35.746

19 24.541 27.049 29.195 31.863 34.344 37.283 40.012 43.027

20 29.469 32.197 34.945 37.928 41.125 44.303 47.998 51.457

21 35.084 38.195 41.578 45.256 48.781 52.617 56.787 61.070

22 41.359 45.111 48.994 53.279 57.547 61.975 66.801 71.834

23 48.863 53.033 57.600 62.420 67.355 72.830 78.426 84.488

24 56.844 61.768 67.160 72.656 78.477 84.740 91.244 98.092
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Table 4.9: BTC Family - Natural Encoding - 1 to 8 toilets

1 2 3 4 5 6 7 8

2 0.012 0.002 0.008 0.029 0.092 0.279 0.832 2.451

3 0.496 1.414 0.035 0.072 0.283 0.924 2.830 8.523

4 482.996 5.930 140.090 0.361 1.094 4.379 14.059 41.537

5 - - 360.646 - 7.389 10.287 39.609 123.939

6 - - 846.211 - - 69.861 90.775 350.869

7 - - - - - - - 793.623

Table 4.10: BTC Family - Natural Encoding - 9 to 14 toilets

9 10 11 12 13 14

2 6.949 19.492 52.406 140.475 369.934 991.033

3 24.416 72.357 203.047 550.285 - -

4 123.504 373.936 1107.650 - - -

5 409.857 1188.344 - - - -

6 1088.637 - - - - -

7 - - - - - -
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Table 4.11: BTNC Family - Natural Encoding - 1 to 8 toilets

1 2 3 4 5 6 7 8

2 0.014 0.004 0.014 0.043 0.141 0.436 1.314 3.854

3 2.742 4.135 0.160 0.453 1.365 3.768 12.311 37.105

4 - 14.418 871.611 1.246 4.711 14.773 44.412 135.164

5 - - - - 29.164 50.293 151.256 395.018

6 - - - - - 360.732 457.229 -

Table 4.12: BTNC Family - Natural Encoding - 9 to 13 toilets

9 10 11 12 13

2 10.887 30.266 83.184 223.018 636.324

3 126.207 457.551 - - -

4 398.094 1161.846 - - -

5 - - - - -

6 - - - - -
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Chapter 5

Other Conformant Planning Methods

For a long time, classical planning was the only form of planning that received attention.

But over the last ten years there was a lot of research on other forms of planning, such as

conformant planning and conditional planning. In this section we briefly discuss some of

the other conformant planning methods that appeared over the last decade.

Smith and Weld’s conformant planning method, Conformant Graphplan (CGP) [13] is

the first (non-probabilistic) conformant planning method that emerged. A couple of earlier

conformant planning methods were reported in [13], but they were all probabilistic meth-

ods (Buridan, C-Buridan and UDTPOP), and their performance as conformant planners

was extremely poor. CGP is based on a classical planning system called Graphplan (which,

for a short time around 1995, was a state-of-the-art planner). Graphplan constructs a so-

called plan graph, in polynomial time, that can sometimes show the impossibility of finding

a plan of a given length, and also serves to restrict the search space somewhat when a valid

plan of the given length exists. Within the remaining part of the search space, Graphplan’s

algorithm is rather slow (and of course the space is still exponential). CGP deals with

uncertainty in the initial state by constructing a plan graph for each of the possible initial

states, and then binding these graphs together during the plan extraction process, to find

a plan that works in any of the possible initial states. CGP handles concurrent actions, as

long as they do not interact at all. Smith and Weld [13] proposes a method to handle non-
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deterministic actions also. However, CGP has some limitations. It uses a low-level action

representation language (STRIPS), which makes representing non-determinism a cumber-

some process. Also, CGP’s performance degrades quickly with increasing uncertainty and

plan length.

The next method to appear was Cimatti and Roveri’s Conformant Model Based Planner

(CMBP) [4]. CMBP is notable for its representation of the planning domain as a finite

state automaton. It uses Binary Decision Diagrams to compactly represent and efficiently

search the automaton. CMBP handles uncertainty both in the initial state and in the effects

of actions. According to [4] CMBP performs much better that CGP in problems with long

plans. Also CMBP is complete in the sense that it reports failure and terminates if there

is no valid plan. An important limitation of CMBP is its inability to allow for concurrent

actions.

A short while later, Bonet and Geffner came up with their method named GPT [2].

GPT constructs a “belief space” that represents the conformant planning problem and then

conducts a heuristic search in the belief space to find a plan. They claim to have achieved

better search times on the bomb and toilet benchmark than CMBP. GPT is not complete:

it does not report failure on problems that do not have a vaild plan. GPT, being a heuristic

method, relies heavily on the cost of computing the heuristic and usefulness of such a

heuristic. The action description language used by GPT is low-level (STRIPS-based). GPT

does not allow concurrent execution of actions.

In 2000, Giunchiglia introduced µ -PLAN [6], which uses as a driving unit for the algo-

rithm a satisfiability solver, which is used in two ways. First, it generates candidates for

valid plans. So each candidate involves a call to the sat solver. After a candidate plan is

generated, it is used in a second call to the solver to check that the plan is indeed valid.

In general, the second call may involve an exponentially longer formula. The most impor-

tant advantage of this system is that it uses the high-level action language µ . It allows for

concurrency and deals with uncertainty both in the initial state and effects of actions. This

method is also complete. Giunchiglia however does not report on the performance of this
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general method. In a separate paper, Ferraris and Giunchiglia [5] report on a specialized

version of µ -PLAN that achieves more acceptable performance by using a STRIPS-based

input language with limited nondeterminism and limited concurrency. For this version of

the system, they report performance roughly comparable to that of CGP.

In 2001, Shirley Liu introduced a new method for conformant planning in her Master’s

thesis [10], done under the supervision of Hudson Turner. Liu extended CCALC to handle

uncertainty in the initial state (deterministic conformant planning) in a manner conceptually

similar to CGP. That is, it “eliminates” the uncertainty in the initial state by creating a

number of parallel worlds, one each for every possible initial state. At every step, the same

actions must be executed in each of the worlds. This method is also notable for the use

of the high-level action language µ and the application of a satisfiabiliy solver to find a

conformant plan. The experimental results reported for the bomb in the toilet problems

with uncertainly only in the initial states were better than any published before. However

this method does not account for non-deterministic actions.

At IJCAI 2001, Cimatti et al. published a report on their new method Heuristic Search

with Symbolic Model Checking (HSCP) [1]. Their method was a combination of binary

decision diagrams and a heuristic search. They claim that their search times are an im-

provement of up to three orders magnitude over CMBP[4], and up to five orders magnitude

over GPT [2]. HSCP is complete but does not allow concurrent actions.

In 2002, Zhuo Chen, another student of Hudson Turner, introduced a method [3] which

improves over Liu’s method and also handles non-deterministic actions under certain con-

ditions. For instance, it can handle the non-determinism in the BTNC problems. In com-

parison to Liu’s method, Chen tries to avoid making complete copies of the world, and

achieves an improvement by doing this. On the other hand, this approach relies on special

properties of its STRIPS-based input language. This method produced much better search

times than Liu’s method, but could not compete with HSCP (which was also more general).

The conformant planning method presented in this thesis has the advantage of using µ
as the action description language. It accounts for concurrency and non-determinism very
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naturally. This method translates a conformant planning problem into a problem of satis-

fiability of a QBF. This is comparable to (propositional) satisfiability planning in the case

of classical planning. This method does not perform as well as the other recent methods

presented above in terms of search times. But it has the advantage that it treats conformant

planning in its full generality and is also mathematically elegant. Also as QBF solvers

continue to improve this method will perform better.
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Chapter 6

Conclusions

Let us take a look at what we have accomplished in this thesis.

6.1 Summary

� This thesis works out some details involved in extending the satisfiability planning

approach of CCALC to the case of conformant planning.� This requires taking the propositional formulas produced by CCALC (for classical

planning), and using them to construct a QBF that represents the set of all valid

conformant plans (of a given length).� It would be fairly straightforward at this point to implement an extension to CCALC

that would solve conformant planning problems via a QBF solver.� This approach is arguably more mathematically elegant than other conformant plan-

ning methods. It is also unusually general, in that it is applicable to the expressive

high-level action language µ , which is convenient for describing action domains with

concurrency and non-determinism.� Our search times are not competitive with current state-of-the-art conformant plan-

ners. Nevertheless, the times we obtain are fairly competitive with planners from just
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a few years ago. In particular, our method is not much worse than the planners CGP

and µ -plan on the bomb in the toilet problems we experimented with.� As has certainly proven to be the case with the satisfiability planning approach to

classical planning, this method could benefit immensely from advances in the field of

QBF satisfiability. As we remarked earlier, QBF satisfiability is an object of intense

study for a number of researchers.

6.2 Future work

� We saw that there were quite a few complications involved in using the formulas that

were produced by CCALC. If we can generate these formulas from action descrip-

tions directly, the process of building the QBF could be significantly simpler. In the

process we may be able to produce formulas that result in faster inference.� It would be interesting to investigate how an extension of this approach might work

for conditional planning, following the lead of Rintanen [12]. Note that the struc-

ture of plans would be significantly different, but the definitions of executability and

sufficiency could remain quite similar.� It would be interesting to explore state-of-the-art QBF solvers and find out if there are

particular forms of QBFs that might be more suitable for them. In that case we can

present our QBF in that form and maybe achieve better results. We already saw an

example of this, when our “natural encoding” outperformed the equivalent “original”

encoding.� Another direction would be to investigate QBF solvers that would accept arbitrary

QBFs, or at least arbitrary prenex QBFs. This way we could have a QBF that would

be much more concise, because we would avoid the use of the new atoms that we

introduce.

69



Chapter 7

Appendix

This appendix includes code for the perl program that implements the conformant planning

approach described in the thesis.

#!/usr/bin/perl -w

# Function Name: shift_range

# Input: formula_string, shift_offset,

# range_low, range_high)

# Output : Shifted formula

sub shift_range{

my $input = shift;

my $shift_offset = shift;

my $range_low = shift;

my $range_high = shift;

my $output = "";

$input .= "\n";

while ($input =˜ m/.*?\n/g) {

my @numbers = split /\s+/, $&;

for (my $i = 0; $i <= $#numbers; $i++) {

my $abs_value = abs($numbers[$i]);
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my $negative;

if ($abs_value != $numbers[$i]) {

$negative = -1;

} else {

$negative = 1;

}

if ($abs_value >= $range_low and $abs_value <= \

$range_high) {

$abs_value = $abs_value + $shift_offset;

}

my $new_num = $negative * $abs_value;

$output .= "$new_num ";

}

$output .= "\n";

}

return $output;

}

# Function: shift_all

# Input : (Formula, Shift_Value)

# Output : Shifted Formula

sub shift_all_above{

my $input = shift;

my $shift_offset = shift;

my $range_low = shift;

my $output = "";

$input .= "\n";
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while ($input =˜ m/.*?\n/g) {

my @numbers = split /\s+/, $&;

for (my $i = 0; $i <= $#numbers; $i++) {

my $abs_value = abs($numbers[$i]);

my $negative;

if ($abs_value != $numbers[$i]) {

$negative = -1;

} else {

$negative = 1;

}

if ($abs_value > $range_low) {

$abs_value = $abs_value + $shift_offset;

}

my $new_num = $negative * $abs_value;

$output .= "$new_num ";

}

$output .= "\n";

}

return $output;

}

# Function: form_implication1

# Input: cnf formula, atom, num_clauses,

# base_number_for_new_formula_new_atom

# Output: conservative extension

sub form_implication1{

my $input = shift;
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my $consequent_atom = shift;

my $num_clauses = shift;

my $base_number_for_new_formula = shift;

my $output = "";

$input .= "\n";

for (my $i = 1; $i <= $num_clauses; $i++) {

$input =˜ /.*?\n/g;

my $line = $&;

my @atoms = split /\s+/, $line;

## Negation

for (my $j = 0; $j <= $#atoms; $j++) {

$atoms[$j] = 0 - $atoms[$j];

}

##

foreach my $atom ( @atoms ) {

my $N = -($i + $base_number_for_new_formula);

$output .= "$N $atom\n";

}

}

for (my $i = 1; $i <= $num_clauses; $i++) {

my $temp = ($i + $base_number_for_new_formula);

$output .= "$temp ";

}

$output .= "$consequent_atom ";

$output .= "\n";

return $output;

}

# Function: form_implication2

73



# Input: (Formula, New atom)

# Output: Formula corresponding to Formula -> New atom

sub form_implication2{

my $a = shift;

my $b = shift;

return (form_disjunction(-$a, $b));

}

# Function: form_disjunction

# Input : (atom, disjunction)

# Output : atom | disjunction

sub form_disjunction{

my $a = shift;

my $b = shift;

my @arr = split(/\n/,$b);

$b = "";

foreach $element (@arr) {

$b .= $element;

$b .= " $a\n";

}

#$b =˜ s/\n$//;

return $b;

}

# Main Program
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open(FILE, $ARGV[0]);

$num_clauses_in_init = 0;

while ( <FILE> ) {

$init .= $_;

$num_clauses_in_init ++;

}

close(FILE);

open(FILE, $ARGV[1]);

$num_clauses_in_transition = 0;

while ( <FILE> ) {

$num_clauses_in_transition++;

$tran .= $_;

}

close(FILE);

open(FILE, $ARGV[2]);

while ( <FILE> ) {

$goal .= $_;

}

close(FILE);

$num_constant_atomic_formulas = $ARGV[3];

$num_fluents = $ARGV[4];

$num_actions = $ARGV[5];

$num_ccalc_new_atoms = $ARGV[6];

$plan_length = $ARGV[7];
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$debug_flag = 0;

$num_atoms_in_transition = \

$num_constant_atomic_formulas

\+ 2*$num_fluents + $num_actions \

+ $num_ccalc_new_atoms;

$num_new_atoms = $num_clauses_in_transition;

$cycle_length = $num_atoms_in_transition - \

$num_constant_atomic_formulas + \

$num_clauses_in_transition + $num_ccalc_new_atoms;

$transition_span = $plan_length * $cycle_length + \

$num_constant_atomic_formulas;

$shift_offset = $num_fluents + $num_ccalc_new_atoms + \

$num_new_atoms;

$curr_name = $transition_span + $num_fluents + \

$num_clauses_in_init + 1;

$formula = "";

$formula .= &form_implication1($init, $curr_name, \

$num_clauses_in_init, \

$transition_span + \

$num_fluents);

$range_low = $num_constant_atomic_formulas +

$num_fluents + $num_actions + 1;

$range_high = $num_atoms_in_transition;

if ($range_low <= $range_high) {

$curr_tran = &shift_range($tran, $shift_offset, \

$range_low, $range_high);

} else {
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print "Exception\n";

}

$curr_tran_dash = $tran;

if ($debug_flag == 1) {

print "Number of constant atomic formulas", \

"= $num_constant_atomic_formulas \n";

print "Number of fluents = $num_fluents\n";

print "Number of actions = $num_actions \n";

print "Number of ccalc_new_atoms = \

$num_ccalc_new_atoms \n";

print "Plan length = $plan_length\n";

print "Number of atoms in transition = \

$num_atoms_in_transition \n";

print "Number of clauses in transition = \

$num_clauses_in_transition \n";

print "Number of clauses in init = \

$num_clauses_in_init\n";

print "Cycle length used for shifting = \

$cycle_length \n";

print "Transition span = $transition_span\n";

print "Shift offset = $shift_offset \n";

print "Current name is $curr_name \n";

print "Range low = $range_low \n";

print "Range high = $range_high \n";

print "Current transition is:\n";

print "$curr_tran \n";

print "Current transition dash is:\n";

print "$curr_tran_dash\n";
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}

$range_low = $num_constant_atomic_formulas;

if ($debug_flag ==1) {

print "Formula before entering loop is\n";

print $formula;

}

for ( $k = 0; $k < $plan_length; $k++ ) {

$temp1 = &form_implication2($curr_name, $curr_tran_dash);

if ($debug_flag ==1) {

print "Formula during k = $k first is\n" ;

print $temp1;

}

$formula .= $temp1;

$new_name = $curr_name + 1;

$new_atom_start = $k * $cycle_length + \

$num_atoms_in_transition;

$temp = &form_implication1( $curr_tran, $new_name, \

$num_clauses_in_transition, \

$new_atom_start);

if ($debug_flag ==1) {

print "Formula during k = $k second is\n";

print $temp;

}

$temp1 = &form_implication2($curr_name, $temp);

if ($debug_flag ==1) {

print "Formula during k = $k third is\n" ;

print $temp1;
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}

$formula .= $temp1;

$curr_name = $new_name;

$curr_tran = &shift_all_above($curr_tran, \

$cycle_length, \

$range_low);

$curr_tran_dash = &shift_all_above($curr_tran_dash, \

$cycle_length, \

$range_low);

}

$formula .= \

form_implication2(

$curr_name, \

&shift_all_above($goal, \

$transition_span-

$num_constant_atomic_formulas, \

$num_constant_atomic_formulas));

$total_atoms = $transition_span + $num_fluents + \

$num_clauses_in_init + $plan_length + 1;

$formula_length = 0;

while ($formula =˜ m/\n/g) {

$formula_length++;

}

$formula =˜ s/(.*)?\n/$1 0\n/g;

$formula =˜ s/\n$//;

$first_existential_quantifier = "q ";

for ($i = 0; $i < $plan_length ; $i++ ) {
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$jstart = $num_constant_atomic_formulas + \

$i * $cycle_length + $num_fluents + 1;

$jend = $jstart + $num_actions;

for ($j = $jstart ; $j < $jend; $j++) {

$first_existential_quantifier .= "$j ";

}

}

$first_existential_quantifier .= " 0\n";

$quantifiers[0] = $first_existential_quantifier;

$quantifiers[1] = "q";

for ( $i = 1; $i <= $num_constant_atomic_formulas + \

$num_fluents; $i++ ) {

$quantifiers[1] .= " $i";

}

$quantifiers[1] .= " 0\n";

for ( $i = 0; $i < $plan_length; $i++ ) {

$forall = "q ";

$exists = "q ";

$jstart = $cycle_length * $i + \

$num_constant_atomic_formulas + $num_fluents \

+ $num_actions;

$jend = $jstart + $num_ccalc_new_atoms + $num_fluents;

foreach $j( $jstart+1 .. $jend ) {

$exists .= "$j ";

}

$jstart += $num_fluents + $num_ccalc_new_atoms \

+ $num_clauses_in_transition;
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$jend += $num_fluents + $num_ccalc_new_atoms \

+ $num_clauses_in_transition;

foreach $j( $jstart+1 .. $jend ) {

$forall .= "$j ";

}

$quantifiers[2 * $i + 2] = $exists;

$quantifiers[2 * $i + 3] = "$forall 0\n";

}

$quantifiers[2*$plan_length + 2] = "q ";

$jstart = $transition_span + $num_fluents + 1;

$jend = $jstart + $num_clauses_in_init - 1;

foreach $j ($jstart .. $jend ) {

$quantifiers[2] .= "$j ";

}

$index = 4;

$jstart = $num_constant_atomic_formulas + 2 * \

$num_fluents + $num_actions + $num_ccalc_new_atoms + 1;

$jend = $num_constant_atomic_formulas + $cycle_length \

- $num_ccalc_new_atoms;

for ( $i = 0; $i <$plan_length; $i++ ) {

foreach $j ($jstart .. $jend ) {

$quantifiers[$index] .= "$j ";

}

$index += 2;

$jstart += $cycle_length;

$jend += $cycle_length;

}
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$jstart = $transition_span + $num_fluents + \

$num_clauses_in_init + 1;

$jend = $jstart + $plan_length;

$index = 2;

foreach $j ( $jstart .. $jend ) {

$quantifiers[$index] .= "$j 0\n";

$index += 2;

}

$formula_header = \

"p cnf $total_atoms $formula_length\n";

$quantifier_lines = "";

foreach $j ( 0 .. $#quantifiers ) {

$quantifier_lines .= $quantifiers[$j];

}

$final_formula = $formula_header.$quantifier_lines.$formula;

print $final_formula;
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