
l. Consid<•r t lw following prohl<•ms in t lw v1•ct m span' [-{:1. 

[, =~ spa11 { C}. L<'t W -= spa11 {ii,/;}. 

(a) (:lpts) Comp11t<' ii•{; ,: / j 2 1 O I t.f · 0 "' , 2 r- · ~ I 

(h) (:lpts) C0111p11I<~ 11(711 - J I 2.f J. "'.!.. • O.z.. '° ~~ 
·-·;:::::::::; 

(c) (1lpts) Co111pnt.l' proj 1,n :: b :;: 

(cl) (4pts) Compntl' proj 1,Ln (tlw projPct.ion of ii onto L1-) 

:: 

(P) (4pt:-;) Compute projwa 

(f) (Gpts) Compute an orthonormal ha:;i:::; for W. 
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2. Consider the system of equations: 

x=l 

y=l 

x+y=l 

(a) (3pts) Write the system in the form Ax= b. 
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(b) (3pts) Explain briefly why the system is inconsistent. 

] t f{... I>_; .) lj.Q o..AL , ,).J f.~1 ft... ft..:..A wk '1. 

(c) (lOpts) Find a least squares solution (x) to Ax= band the least squares error for this 
solution (the distance from Ax to b). You may answer these two questions in either 
order. Label your work clearly. 
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5. (8pts) Orthogonally diagonalize the matrix A = ~ ~]. (That is, find a matrix P such that 

p- 1 AP is diagonal.) 

[~ '. ri ->- { ; = ).. 1-. -6 >- .f4J- I = 

. ( 3-). 

6. Consider the vector space lP4 (polynomials of degree 4 or less) with the inner product If 
(p1,P2 >= f~ 1 P1(t)p2(t)dt. Let J(t) = t2 , and g(t) = t4 . 

I I 

(a) (1$'pts) Compute < f, g > = ) t t t' Jt " f {" Jt , q I " t - f , 1 
1 -( 

·-( 

(b) ~pts) What is the angle between f and g? (You need not simplify your answer; for 
example it can be the arccos of some expression.) 

/_ f, '1) : ~ .f If Uj ~ u-r q 
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7. (8pts) Let A be an m x n matrix. Show that if x E Col(A)l., then x E Nul(AT). Hint: 

choose notation for the columns of A. 
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3. (8pts) Let A = [~ ~2]. Find an invertible matrix P for which p-l AP is of the form: 

[~ ~b]· Identifyaandb. CJU.l!:. of;(: (\I \ _\) -:, >.,'- -Y.>-,_t3 tl _ 

<' :;:,_ ;\. - 1/\ + '7 

~ 'A::- tb I I 

";::4 s.......,....h-- ......t~ 4-\.( J,:: = 'f 

o.....Rlfi~r. 

(b) (3pts) Find the maximum value of I IAxl I restricted to x satisfying I lxl I = 1. ~~~ // :~~. 
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8. (8pts) Let ~subspace of the vector space Rn. Let W l.. = { x E Rn : x • w = 0 Vw E W} 
Prove that)( WJ.is a vector subspace of i?." 
W 4~vJ.,t~v). 1 c..e-~ (;!e-W. 
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9. (8pts) Let A be any m x n matrix. Prove that the eigenvalues of AT A are all real and 
nonnegative. 

,A k #.-~ ( ,A1Jr w( cuv<-tJf?~J .e-t.X.c.. <..I'. 

) rA ~ :> i\ \}- ~ A714 '# .,A :4& ~ ?+' 4 w} ~'A;) {i/ 4' ')1'k 
I Ji.~ A-> A-'= IA->}VJ .... l- t-;J'A~)'-'r _. i ( !f;J 1r /t v- • ..r _nv- f!l..r 1 · u (/I it I)' - 1.r A v- , ~· er u 

; >- It iJft l. =:t ) ,,. tA--rlf ._ ;:t 6 ~ ,-u/. 
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10. (Extra Credit 5 pts) Consider the system Ax= b which is assumed to be inconsistent. Derive 

the "normal equations" AT Ax = ATb for x assuming Ax = b where b is the orthogonal 

projection of b onto the Col(A). Yo~ 11-4~ p.-s,;.....,._ (t,f A.JL = AJJ.(J/"J. 

~ b::: t +"? ~ b ~{o/,,,f/ ·z-~(tP-!A-/1 :: /vu!{A7}. bc-{~J,4 ~ 3~ S~.A~=-~. 
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