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Abstract

Wearable Tech is a new arrival to the marketplace, primarily in the form of smart watches and fitness
trackers. But imagine if our clothes themselves were wearable computers with greater capability than
current smart phones, and both felt and fit no different than ordinary clothing. Smart Fabrics are being
developed by a number of different companies and labs right now, and a type that can monitor vitals is
already available in some markets. With a form of fractal analysis called detrended fluctuation analysis
(DFA), they could be programmed to take the heartbeat time series data they're gathering and use it to
detect whether or not there could be a problem well before it becomes a crisis, and do so in a way that's
clear to the wearer whether or not they need to see their doctor. The result is a single number, where 1
means their heart is healthy, and anything else means they definitely need a checkup. In this paper, I
demonstrate how fractals and smart fabrics combine to make a detrended fluctuation analysis possible in
real time, and how this critical number is calculated. The combination of progress in all these areas could

allow for better early detection of a problem with the heart.
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1.0 INTRODUCTION

Fractals are simply amazing, both visually and mathematically. Fractals are a key place where the
left side and right side of the brain meet, or, to be clearer, where math and art combine. It could even be
said that they are the lovechild of mathematics and art, with far more of the genes of art than Euclidean
geometry (fractals are still geometric objects, but non-Euclidean ones [1—4]). When rendered by
computer and filled in with artificial coloring, fractals look like unique works of art and are more visually
striking than the typical geometrical objects that most people recognize. Self-repeating and self-similar
across the scales, if one zooms in to a part of the object, that small part will resemble the whole [1—3]. A
spiral is the simplest example of such a fractal, so anything that is fundamentally spiral in nature can be
described and understood using fractals [2]. Knowing that, it is easy to see that fractals do a better job of
modeling items in nature than Euclidean shapes. A tree, for instance, can have branches that resemble the
overall forest, and the segments of the leaves can resemble the branches. Because anything spiral is also
fractal, they can help model spiral galaxies, spiral nebulae, shells, and anything else that is spiral in shape
[2]. If we did not already understand spiral staircases (seeing as we created them), we could use fractals to
model them too.

Fractals are everywhere, all around us: from the clouds in the sky, to the coastlines of each
country, and to the structure of the organs and genes in our bodies [3 — 4]. Fractals can therefore be used
to understand the systems in the body, particularly the structure of lungs, kidneys, blood vessels and the
whole circulatory system [4]. Peter Burns of the University of Toronto has observed that the fractal
structure is different between a healthy organ and one with cancer, and so sees fractals as a way to
develop mathematical models that could help detect cancer earlier [4]. Heartbeat time series are also
fractals, and the eyes even take in information in a fractal manner [4]. The specific focus of this paper will
be on the fractal nature of heartbeat time series.

Prior to describing the application of fractals and fractal analysis to the health of the heart, more

in-depth mathematical background about fractals will be provided, along with the basics about



nanotechnology and how to construct smart fabrics. Smart fabrics make the fractal analysis of the
heartbeat possible, because they constantly monitor the heartbeat and can be programmed to run a fractal
analysis on the resulting time series data. Constructing smart fabrics involves nanotechnology, so the
background of this field is provided as well, through a brief literature review of the current state of
progress made with this emerging technology. I will further explain how the synthesis of these disparate
fields could allow for better early detection of the health of the heart, and demonstrate the program I
created that makes this form of early detection possible. Smart fabrics would provide a more convenient
and comfortable way to test this early detection method on larger groups than past studies, as well.
Finally, I will touch on the future potential of a more mature form of this technology, and describe some

remaining questions that programmable smart fabrics would be capable of answering.

Note: The data points in some of the graphs are distorted, due to formatting incompatibilities
between Mathematica, different versions of Word, and the PDF. They didn’t appear until after
the export-to-PDF step. If you want to view the better-quality Word version, go to
http://d.umn.edu/~bpeckham/students.html#Students and look for my name.
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2.0 MATH BACKGROUND

Mathematically, a fractal is a set with a fractal dimension that equals or exceeds its topological
dimension (when the fractal dimension exceeds its topological dimension, it is said to have fractal
geometry) [5 — 6]. The topological dimension is the type of dimension more commonly thought of when
the term “dimension” is used, and the one more familiar to most people. It is defined inductively: 4 set is
of dimension zero if for any point p € X there are arbitrarily small neighborhoods of p whose boundary is
empty. A set is of dimension D if there are arbitrarily small neighborhoods of any point p whose boundary
is of dimension < D — 1 [7].

Unlike the topological dimension, the fractal dimension is not restricted to the more familiar
integer dimensions, and may even fall between two integers [6]. For instance, the fractal that looks like a
jagged line, that resembles either a coastline or an X-ray image of a bone fracture, can have a dimension
that falls between 1 and 2 [5]. While a set's fractal dimension can exceed its topological dimension, it
can't exceed the dimension of the ambient space that contains it.

Different forms of the fractal dimension are the box dimension, information dimension, correlation
dimension, Hausdorff dimension, and packing dimension [6] [8]. Each is a different way of measuring the
fractal's change in detail with its change in scale. The most important one to look at in detail for this paper
is the box dimension.

Box dimension (alternately known as the box-counting dimension, Minkowski dimension, or
Minkowski-Bouligand dimension) involves placing the fractal within an evenly-spaced k-dimensional
grid, and then counting how many boxes are necessary to cover the fractal. To calculate what its box
dimension is, you make the grid increasingly finer, and then take the limit of the logarithm of the number
of boxes divided by the logarithm of the inverse of the length of each box, as the length of each box goes
to 0 [6]. So, using L to represent the length of the box and num to represent the number of boxes, where 1

is the set defining the fractal, the calculation for the box dimension is:

_ _ i Log(rum@)
dimpex(f) = lldl_r)% log(1/L)
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Note that this implies that (num(L)) = (1/L)%Mbox(f),

If the above limit does not exist, then the calculation must be addressed in terms of the upper box
dimension (alternately known as the entropy dimension, Kolmogorov dimension, Kolmogorov capacity,
or upper Minkowski dimension) and the lower box dimension (alternately known as the lower Minkowski
dimension). The box dimension is not considered to be well-defined if these values are different (when the
above limit does not exist) [6].

Fractals exhibit a type of symmetry called self-similarity, with respect to the fact that their patterns
repeat across the scales, as you zoom in or out. There are several different forms of self-similarity: exact
self-similarity, quasi-self-similarity, and statistical self-similarity. Exact self-similarity is when a part of
the fractal looks exactly identical to the whole, so that the same shapes repeat when you zoom in or out on
it. Quasi-self-similarity is when part of the fractal looks like an approximation to the whole. Statistical
self-similarity is when parts of the fractal show the same statistical properties as the whole across the
scales [6].

Furthermore, unlike Euclidian geometric shapes, fractals can have irregular patterns and are
related to chaotic behavior when they arise as invariant sets for chaotic dynamical systems (both as sets
and as behavior on those sets) [3]. Many of the items in nature are also more likely to have a fractal
appearance and structure than Euclidian shapes. Natural objects that are fractal in structure include trees,
clouds, snowflakes, seashells, river systems, mountain ranges, coastlines, other complex landscapes,
biological systems, the large-scale structure of the universe, and things with spiral structure (such as spiral
shells, spiral galaxies, and spiral nebulae) [2] [4] [8 — 9]. Further detail regarding the fractal nature of
several of these objects can be found in the appendix.

Fractals arise in a variety of ways for dynamical systems, with several different generating
techniques (that primarily involve set removal and random iteration). For example, there are iterated
function systems (described below), strange attractors, L-systems (along with strange attractors, these

involve iterating a single orbit), escape-time fractals (where the fractal is the boundary between points that



escape and points that don't, such as the Julia and Mandelbrot sets in the complex plane), and random
fractals [5] [10]. Each is a different way of using a mathematical formula or computer code to generate
the same fractal. An example of how to generate an iterated function system in Mathematica is located

below.

A Simple way of Generating Fractals:

Iterated function systems are ones in which the fractal is formed by a predefined geometric
replacement at each step. It starts with a specific pattern, typically some compact set in R, which is the
Oth iteration. Then for each new iteration, replace that pattern into each particular subinterval, and
continue for enough steps until an approximation of how the desired pattern should look repeating itself
across the scales is achieved [6]. An example would be how the Koch Snowflake can be built. Start with
an equilateral triangle for the 0 iteration. In the next step, extend smaller equilateral triangles (without
the base) from each side of the previous triangle. In the next step, extend even smaller triangles (also
without the base) from each side of the previous triangles. After several steps, the result will look like a
snowflake that is self-repeating across the scales. The fractal is the limit of continuing this process
indefinitely [3].

The code for the Sierpinski Triangle and Sierpinski Carpet that I created in Mathematica is located
on the next several pages. I generated the Sierpinski Triangle first, starting by defining specific starting
points, and then applying transformations to that set of points. The initial set of points I used were {(0,0),
(1,0), (1/2,+/3/2)}, so that a filled equilateral triangle would be created when I used the Polygon
function on that set of points. For the Sierpinski Carpet, to create a square, I used {(0,0),(1,0),(1,1),(0,1)}.

The starting triangle and square are located below:



Figure 2: The Oth iteration of the Sierpinski

Figure 1: The Oth iteration of the Sierpinski Triangle, a Carpet, a Euclidean square.

Euclidean equilateral triangle.

Next, [ used specific transformations to generate each successive iteration's set of points from the
original. For the Sierpinski Triangle, the following code shows the transformations I used:

T1[x_]:={1/2*x[[1]],1/2*x[[2]]}

(This transformation shrinks the triangle down to one with a quarter of the area of the original

by reducing the side length to half of the original, and places it in the lower left corner of where
the original was).

T2[x_]:={1/2*x[[1]]+1/2,1/2*x[[2]]}

(This transformation shrinks the triangle as above, and places it in the lower right corner of where
the original was).

T3[x_J:={1/2*x[[1]]+1/4,1/2*x[[2]]+Sqrt[3]/4}

(This transformation shrinks the triangle as above, and places it in the upper corner of where the

original was).

In the first iteration of the Sierpinski Triangle, each triangle that remains, after “removing” the
middle equilateral triangle (the union of the above transformations is the geometric equivalent to
removing the middle triangle), is a quarter of the area of the original triangle. So the transformations need
to generate three such triangles of this smaller scale, which also share common endpoints with the original
triangle. The first transformation generates the triangle that starts at (0,0), so it only needs to multiply all
the points in the set by 1/2 in order to generate the smaller triangle (whose area is a quarter of the

original). The next transformation needs to shift the set by 1/2 along the x-axis as well as the scaling, so

that one of its endpoints will still be (1,0). And the last transformation needs to have the resulting triangle



start halfway towards the endpoint of (1 /2,\3/ 2), so it must shift the triangle by 1/4 along the x-axis

and by v/3/4 along the y-axis. A new set of points is generated by mapping all three of these
transformations to the original set, resulting in a set that has nine points instead of three. More triangles
that are even smaller get generated by applying the transformations to this new set of points. The resulting
figure is closer and closer to the Sierpinski Triangle with each iteration. The complete Sierpinski Triangle
is achieved as a limit to this process continuing indefinitely.

The following transformations were used to generate the Sierpinski Carpet:

T1[x_J:={1/3*x[[1]],1/3*x[[2]]}

(This transformation shrinks the square to one with a ninth of the area as the original by reducing
the side length to a third of the original, and places it in the lower left corner of where the original
was).

T2[x_1:={1/3*x[[1]]+1/3,1/3*x[[2]]}

(This transformation shrinks the square as above, and places it in the lower center of where the
original was).

T3[x_]:={1/3*x[[1]]+2/3,1/3*x[[2]]}

(This transformation shrinks the square as above, and places it in the lower right corner of where
the original was).

T4[x_]:={1/3*x[[1]],1/3*x[[2]]+1/3}

(This transformation shrinks the square as above, and places it in the center left of where the
original was).

T5[x_1:=={1/3*x[[1]]+2/3,1/3*x[[2]]+1/3}

(This transformation shrinks the square as above, and places it in the center right of where the
original was).

To[x 1:={1/3*x[[1]],1/3*x[[2]]+2/3}

(This transformation shrinks the square as above, and places it in the upper left corner of where the
original was).

T7[x_1:={1/3*x[[1]]+1/3,1/3*x[[2]]+2/3}

(This transformation shrinks the square as above, and places it in the upper center of where the
original was).

T8[x_1:={1/3*x[[1]]+2/3,1/3*x[[2]]+2/3}

(This transformation shrinks the square as above, and places it in the upper right corner of where
the original was).

In the first iteration of the Sierpinski Carpet, after removing the middle square, the remaining
squares are a ninth of the area of the original square. So the transformations must shrink the length and
width by a factor of three, and shifted around as needed to meet up with the original endpoints. The eight
transformations above generate the new set of points for the eight squares that circle the missing center

square. Applying the transformations to this new set generates more squares that are even smaller yet, and
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the resulting figure is closer and closer to the Sierpinski Carpet with each iteration. Just as with the
Sierpinski Triangle, the complete Sierpinski Carpet is achieved as a limit to this process.

The following pieces of code are the Do loops used to generate both the several iterations of the
Sierpinski Triangle and Sierpinski Carpet:

Dof[{t[j]={Map[T1,s[j-1]],Map[T2,s[j-1]],Map[T3,s[j-1]]},
s[j]=Flatten[t[j],1],1[j]=Partition[s[j],3],Print[ Graphics[Polygon[1[j]]]]1},4j, 1,1} ]

Do[{t[j]={Map[T1,s[j-1]],Map[T2,s[j-1]],Map[T3,s[j-1]], Map[T4,s[j-1]],Map[T5,s[}-1]],
Map[T6,s[j-1]],Map[T7,s[j-1]],Map[T8,s[j-11]},s[j]=Flatten[t[j],1],1[j]=Partition[s[j],4],
Print[Graphics[Polygon[1[j]]]]},4{),1,1}]

Each time a transformation is applied, it places the resulting set inside an extra set of brackets, and
too many extraneous brackets prevent the Polygon function from working properly. So the Flatten
function is used in the loop to remove these extra sets of brackets. Then Partition is used to separate all
the points in the set into groups of three or four (depending on whether it's the Triangle or the Carpet that's
being generated), so that the Polygon function will generate either multiple triangles or squares when

applied to the whole set. Finally the Print function is used to display the particular iteration of the fractal

being generated. Located below are the remaining iterations of the Triangle and the Carpet:
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Table 1: The first 7 iterations of the Sierpinski Triangle. The fractal is the limit as the number of iterations go to infinity.




Table 2: The first 4 iterations of the Sierpinski Carpet. As above, the fractal is the limit as the number of iterations go to
infinity.

(See the appendix for the full code for both the Sierpinski Triangle and Sierpinski Carpet).

Fractals from Time Series:

As indicated in the introduction, the specific type of fractal that will be analyzed in this paper is
the heartbeat time series. A time series is a collection of data values taken at uniform time intervals, and
can have a fractal appearance before a best-fit line is applied (but not all time series are fractal). Other
than the heartbeat, long-time weather records and the charts tracking the change in stock market prices are
also fractal in nature with regard to their time series [11 — 12]. The heartbeat time series can be measured

using smart fabrics, which are themselves constructed using nanotechnology.



3.0 NANOTECHNOLOGY BACKGROUND

Nanotechnology is the field of building technological devices from single atoms and molecules. It
is called “nanotechnology” because these devices are on the scale of nanometers (billionths of a meter) in
size (the relative size of a nanometer to a meter is a little smaller than a dime compared to the size of the
earth, based on calculating the quotient between their diameters; it can also be understood as “the amount
a man’s beard grows in the time it takes him to lift a razor to his face”) [13—17]. The major benefit of
such technology is that they take advantage of quantum mechanical effects and behavior in a way that
macroscopic devices cannot. Nanotechnology also refers more broadly to the study of manipulating
matter on an atomic and molecular scale, and is multidisciplinary, intersecting frequently with chemistry,
molecular biology, materials science, computer science, and condensed matter physics (and any others
that are concerned with either studying or manipulating anything that is nanoscopic) [13] [18].
Nanotechnology can cause molecular changes at precise locations in a controlled manner, and grants
devices on this scale the ability to transform matter, energy and information at very small levels [15].

There are numerous challenges to navigate before nanotechnology reaches its full potential. The
biggest are (the physics version of) Brownian motion, quantum effects (and the need for some mechanism
to provide corrections to compensate for those effects) at atomic scales, lack of sufficiently small batteries
(that would need to be even smaller than the microbatteries that are in the early development stage [19]),
the viscosity of fluids at small scales (analogous to molasses), and the difficulty in constructing and
manipulating (and programming) something so small to begin with [13] [15 — 16]. “Brownian motion” is
the name for the phenomenon where microscopic particles in a liquid or gas are constantly in motion,
undergoing small, random fluctuations, due to being bombarded by the fast-moving atoms or molecules of
the respective liquid or gas [15] [20 — 21]. This makes nanobots much more difficult to work with than
macroscopic objects, since they can't be completely still or move in ways as easily predictable as a
macroscopic object. Brownian motion, along with additional quantum effects and corrections, would need
to be compensated for at the scale that nanotechnology operates in. There is another obstacle caused by

10



the lack of nanoscale batteries for those nano-devices that need a current, but some researchers are having
success finding a potential solution, by creating a battery out of a bacteriophage [22]. Other issues
continually being researched are the potential toxicity levels of the materials used to create nano-devices,
what the impact of nanotechnology on the environment could be (along with social and economic impact),
and (in the most extreme, speculative case) what the risk level of runaway replication might be [23]. This
latter risk has a special name called “gray goo”, for what everything could turn into if it were to happen,
and some scientists have the idea to create special “blue goo” nanobots to combat the “gray goo”, just in
case (physicist Michio Kaku points out that this would be akin to our immune systems’ antibodies and
white bloods cells to fight off viruses and harmful bacteria, which are like an organic version of “gray
g00”") [13—15] [24]. It should be noted that nanotech experts have pointed out that this risk is based on
outdated assumptions from a time when nanotechnology was purely speculative, and that the necessary
complexity for runaway replication couldn’t be achieved by the nanobots on accident; however, they do
point out that the possibility of nano-weaponry being developed is a valid concern, so it is still very wise
to develop safeguards for any such worst-case scenarios [25]. It’s a good thing that the worst anxieties
about spontaneous runaway replication are unfounded, too, because self-assembling quantum dots

(nanocrystals of semiconductor material) already exist [26].

A Few Potential Applications:

Nanotechnology would have a remarkable impact on construction, allowing for new construction
resources that are both lighter and stronger than conventional materials. This is similar to the principle
already used for composite metals, to build buildings and bridges (and other structures) with minimized
material and cost while maximizing strength (together the combined materials form a structure that’s
stronger than the sum of its individual parts) [27]. Making those composites themselves out of
nanomaterial-composites would entail a fractal-like structure, and nanotechnology would allow this to be
done all the way down to the microscopic scale and give the overall structure greater strength (with

11



material that is still lightweight) [28—30]. The result would be the possibility of stronger, taller buildings
and bigger bridges [28]. Repairs could be initiated immediately upon detection of damage or
deterioration, and both construction and repair could be automated [31]. Self-repairing roads could be the
roads of the future, assuming Back to the Future's Doc Brown is wrong and we do indeed still need roads.
Nanotechnology could have the most significant impact in medicine. The introduction of smart
drugs would involve nanotechnology. The microscopic machines would deliver a precise amount of
medicine to the exact location in the body where it's needed, tackling any ailment directly with minimal or
no side effect [32 — 33]. Less of the medicine would be needed as well, since it would no longer have to
spread through the whole body to get where it is needed. This could lead to a much better way to combat
cancer. Instead of using chemotherapy that kills healthy cells as well as cancerous cells, making the
patient sick in the process, smart drugs could be programmed to attack the cancerous cells (and only the
cancerous cells) directly [33 — 34]. Smart drugs alone would be a real breakthrough in medicine. Health-
monitoring tattoos would be another. Such tattoos would use a special nano-ink that can monitor the
composition of the blood. One application being considered is using them to monitor the glucose levels in
people with diabetes. When detected, the tattoos would give off a glow that can only be detected with an
ultraviolet light. The individual would also have a watch that could give off such a light, and include a
reader that would convert the glow to the number that informs them of the amount of glucose in their
blood. For many, this could very well be preferable to having to pierce their skin in order to do such
checks. The tattoos would even dissolve after a few months (roughly 6), so they wouldn't get stuck with a

design that they were getting more tired of with time [35].

Current Uses:

There are some devices that nanotechnology already plays a role in. For instance, the smart fabrics
already on the market utilize nanotechnology (a list of additional items already on the market can be
found in the appendix) [36]. The next section will discuss smart fabrics in fuller detail.
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4.0 SMART FABRICS

Smart Fabrics are a type of wearable tech that can be worn in the same way as ordinary clothes
(and even be made to look like ordinary clothes), and there are several different types that are either
already on the market or being developed in the laboratory: basic vitals-monitoring smart fabrics, flexible
bulletproof fabrics, electricity-generating fabrics, flexible displays, instant-dry clothes and water (or other
material) resistant fabrics, powered exoskeletons, metamaterial fabrics that can utilize transformation
optics (this would allow for the creation of invisibility cloaks), and programmable matter materials (the
latter is a hypothetical extension of nanotechnology’s capability) [15] [17] [23] [36—49]. The focus of
this section will be on the vitals-monitoring smart fabrics.

Perhaps the most immediate application for smart fabrics that monitor vitals is that they could alert
emergency crews automatically if someone got into a crash or a big fall, or some other means of injury
that prevented them from being able to call for help themselves. The clothing could detect that its wearer
is bleeding by its ability to pick up on the presence of the protein albumin, which is common in blood,
and then transmit an emergency signal with their GPS location [46] [50]. Many of the deaths that result
from car crashes are due to emergency personnel not being aware of the victims in time to have made a
difference, and this function of smart fabrics would be able to reduce the number of such fatalities
substantially.

The first form of smart fabrics were smart textiles, also known as electronic textiles or e-textiles,
which contained either metallic or optical wires weaved together with the textile fibers, and would be
uncomfortable to wear. They also wouldn't be able to endure the same degree of bending and stretching
that ordinary clothes can, because of how fragile they are. And metal fibers corrode, making such textiles
problematic to wash [46]. The main way to make smart fabrics that aren't metallic and are thus more
comfortable, durable, and easily cleaned, is to use nanotechnology. Such smart fabrics are known as

organic electronics textiles [S1 — 52].
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The specific form of nanotechnology needed to make organic electronic materials is a solution of
carbon nanotubes. Cotton yarn is first dipped into this solution, and then dipped into a sticky polymer in
ethanol. Nicholas Kotov and Bongsup Shim, engineers from the University of Michigan, discovered that
the yarn becomes conductive after repeating these two steps several times, then letting it dry [46]. The
yarn remained pliable and soft, though it turned black due to the carbon. If organic electronics textiles are
desired in other colors, this may be achieved by combining ordinary clothing fibers with the conductive
yarn, and the overall garment will still be one that is conductive. An advance beyond this, would be smart
fabrics that can change color, in response to their surroundings or wearer’s preference [53].

When the antibody anti-albumin is added to the carbon nanotube solution, the yarn becomes even
more conductive. The anti-albumin is how the smart fabrics are able to pick up the presence of albumin,
which reacts with albumin, and thus detect whether the wearer is bleeding. So this gives the material its
emergency aid capabilities as well as its extra conductivity [46] [50].

Smart fabrics can also be used to monitor heartbeat and body temperature. The benefit to
monitoring body temperature is that the innermost layer of the fabric could change its phase depending on
whether you're getting too hot or cold. Fully solid if you're getting cold, and turning to liquid that will
cool you down when you're getting too warm [38] [S4—56].

Smart fabrics are able to detect the heartbeat in a similar manner to heart rate monitors, which are
already on the market. They work by picking up the electrical signal that's transmitted through the heart
each time it contracts, which can be detected through the skin [56]. Heart rate monitors are essentially a
very basic form of a smart fabric that cover only the part of the body near the heart, rather than being a
regular article of clothing that has the heartbeat monitoring functionality like the more advanced smart

fabrics do.
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5.0 APPLICATION TO THE HEALTH OF THE HEART

Monitoring the heartbeat is where fractals come in, since a normal heartbeat time series has a
particular fractal pattern, one that is multifractal [11] [S7 — 58]. A multifractal system is a fractal system in
which a single exponent (the fractal dimension) is not enough to describe its structure, and a continuous
spectrum of exponents (also called the singularity spectrum, which is the collection of fractal dimensions
of different subsets of points in the function) is needed to do so, because different parts of the time series
exhibit different scaling behavior rather than consistent scaling behavior throughout [11] [57 — 58]. A time
series is said to be monofractal when it has consistent scaling behavior that can be accounted for by a
single scaling exponent [11]. As explained below, the heartbeat time series can be treated as monofractal
if whether or not it’s healthy is the only desired information, and so it will be treated as such in this paper
An entire paper written solely for the purposes of giving a more complete and precise definition of
multifractals themselves can be found in my sources [59]. The simplest description of multifractals which
that paper gave was that they were like several “highly interwoven fractals” [59].

A healthy heartbeat has a multifractality that is broader than an unhealthy heart [S7 — 58]. An
unhealthy heart, whether it's unusually erratic or unusually calm, has a very narrow range in the scaling
exponents of its time series. A healthy heart can be erratic in some moments and calm in others, but the
key is its singularity spectrum goes across a broad range over time [S7 — 58] [60 — 61]. The multifractality
would be reasonable for a trained doctor to analyze, but trying to tell whether the multifractality is broad
enough to indicate a healthy heart would be a difficult task for many consumers who aren't trained in such
complex areas of math. Fortunately, there is a way to analyze the time series and determine whether the
heart is healthy or not, without having to find all of the scaling exponents, and it is a method that results
in a single number that tells the wearer if they need to have their doctor take a closer look at how
unhealthy their heart is (if “unhealthy” is the verdict that the analysis determines). This simpler method is
called (monofractal) detrended fluctuation analysis (DFA), and it results in a single number whether the
analysis is done on a monofractal or a multifractal [S7]. The result of the monofractal analysis is actually
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the first scaling exponent of a multifractal analysis, so the result for determining the heart’s health (or lack
thereof) won’t change based on whether it was a monofractal or multifractal DFA (or other multifractal
analysis) that was performed [57]. The monofractal DFA can determine whether the heart is healthy or
unhealthy, and a multifractal analysis can determine Zow an unhealthy heart is unhealthy (whether due to
disease, aging, or congestive heart failure). The math is simpler for a monofractal time series, so the main
focus of this section will be the monofractal detrended fluctuation analysis, but a fully robust algorithm
could also run a multifractal DFA in the background and send those results to the doctor(s) to give more
information if an unhealthy heart is indicated.

A quick note about multifractal DFA: DFA initially was only a monofractal analysis, but a
multifractal DFA has been proposed as an extension to the monofractal DFA, and to duplicate the results
of other multifractal analyses while being simpler than those other methods. The answer to “whether” the
heart is healthy would be the first scaling exponent of this test, and the paper proposing it found that the
remainder of the results (for determining “how” an unhealthy heart was unhealthy) were equivalent to
other multifractal analyses [11].

Another note about DFA in general: its usefulness is not just in analyzing the health of the heart. It
was first proposed and developed for analyzing DNA sequences [62], and has gone on to be utilized in
numerous other areas: a small sample includes studying human gait, long-time weather records, solid
state physics, cloud structure, geology, and economics time series [11]. And it was found empirically to be
a wonderfully useful method for gauging the health of the heart. Prior to this, it was known that irregular
heartbeats had chaotic rhythms, through the work of Leon Glass, Alvin Shrier and Jacques Bélair (see
[63] in the sources), who pioneered the modeling of cardiac arrhythmias and the fractal dynamics of the
heartbeat more generally; with the DFA method, the deeper multifractal nature of the heartbeat time series
had been discovered.

This paper is also focusing just on a first-order (or linear) DFA, because a recent paper has
demonstrated that the linear DFA is all that is necessary to distinguish a healthy heart from all the ways it
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can be unhealthy (and because the log-log plot, described below, that results from heartbeat time series is
approximately linear; the linearity is greater for a healthy heart [64 — 65]).
To execute the DFA, first N + 1 heartbeats are recorded along with the times that each beat occurs
(). Then the N interbeat intervals are determined between each beat, by subtracting the previous beat's
time from the current beat's time. For the i beat, where i goes from 1 to N, that gives the following
formula for the duration of the interbeat interval, B(i):
B(i)) =t —t; {2}
After recording the data for all beats over a select period of time and calculating the N interbeat
intervals, a discrete integration is taken of the interbeat intervals data. The discrete integration, y(k)
(where £ is the upper limit of the discrete integration), is taken by summing the difference between each
interbeat interval and the average interbeat interval, Bave, up through index £ (the list of these differences

is represented by w):

N
1 N _ Nt~ U 3}
Bave = N; B() = N
k k {4}
y(k) = > [BW) = Bayel = ) w(D
i=1 i=1

The full time series is then broken up into partitions (or boxes) of length n (length is from 0, even
though the index of the interbeat intervals starts at 1), resulting in N/n separate partitions, and then a least
squares fit is applied within each partition (for simplicity, each n chosen is a factor of N in the program I
describe below, so the best numbers of beats to record are those that are a single value greater than
numbers with several factors). The least squares fit is a line that best matches the trend of the data within
the n™ particular partition in which it is applied. This line is called the “local trend”. Then at each upper
limit of the discrete integration, k, the y-coordinate of the local trend, y.(k), is subtracted from the y-
coordinate from the discrete integration of the actual time series, y(k) (this is the “detrending” part of
DFA). This difference is squared, then the squared differences for all values of k are summed up, and this
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sum is divided by the total number of interbeat intervals. The square root of the result is the detrended

fluctuation, F(n), of the heart's time series, for a time series divided into partitions of length n:
p g

N

N IGESRGIE )

k=1

F(n) =

Z| =

For the complete analysis, it is necessary to compute this same calculation for multiple different
box lengths, n [62] [65 — 66]. These partitions must have a length greater than 1. If the length is less than
1, then each partition would contain only at most one data point (some intervals could have no data points
and thus would be completely useless), and there could be an infinite number of possible linear fits for a
single point, so the analysis could not be done. If n = 1, then after the first partition (which would only
have one point), the two endpoints would be the only points in each partition (an endpoint is part of both
partitions that it's an endpoint of, except for the absolute endpoints of the time series as a whole), which
the linear fit would match exactly, so that there would be no difference from the actual y-coordinate from
the discrete integration of the time series and the y-coordinate of the local trend (meaning F'(n)=0, so the
logarithm could not be taken).

The calculation must be run on enough different box lengths to give enough data points for a
log F(n) vs. logn plot, because the way to determine the heart's health is to take the logarithm of both
F(n) and n, then plot them together. A resulting slope of 1 or very close to 1, over the long term, is
evidence of a healthy heart, whereas any deviation from that slope is an indication of some problem [57].
The more sizes of » that the calculation is run on, the more data is available for both an accurate and
precise long term analysis of the heart's health.

It can be shown that the DFA is related to the box dimension by solving for F(n) in terms of n. The
log F(n) vs. logn plot is the graph of the equation log F(n) = m * logn + b, where m is the slope and b
is the y-intercept. Raise 10 to the power of both sides of the equation to solve for F(n). Due to the rules of
logarithms, this results in the equation F(n) = 10? * n™ (or F(n) = e? * n™ if using natural logarithms,
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as Mathematica does by default). The slope m in this equation is analogous to the box dimension
(equation {1}), and the process for solving for m is similar to calculating the box dimension:

logF(n) — b {6}

T logn
The general usefulness of the DFA process is that it is one method of revealing the fractal nature of

a set that looks like it is just chaos or noise, due to it having a form of self-similarity called “self-affinity”.
A fractal is self-affine when its self-similarity is not apparent, because its “pieces” are scaled by different
amounts along each axis. Such fractals need to be rescaled to observe their self-similarity, and the DFA
process is one way of doing so [67]. The specific form of noise that a healthy heartbeat time series
resembles is 1/f noise (inverse-frequency noise, also known as “pink noise”), and consistently does so
for short term and long term analyses, whereas unhealthy heartbeat time series resemble either white noise
or brown noise (and lack consistency when the time frame changes) [58] [65 — 66] [68]. Below is an

image that includes a time series of these different types of noise:
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Figure 3: Time series and spectral density plots for white noise, pink noise, and brown noise.

I created a program in Mathematica to do this analysis for 1001 heartbeats, or 1000 interbeat
intervals. It took several iterations to create a program that was fully automated and could run through the
full DFA for any number of beats by just making a single change to the code (the number of interbeat
intervals). First, I worked out the algorithm by hand on a small number of beats, then proceeded to

replicate that process via computer. I experimented on non-automated code of a small number of beats

19



(different programs of 7, 11, and 13 beats), slowly automating different chunks of the code until I figured
out how to automate everything. The following subsections detail how I progressed from the by-hand
analysis on a small number of beats, to the full program that automatically does the analysis on the full

number of 1001 beats.

Toy Example By-Hand Analysis:

For the by-hand analysis, I first wrote down a list of plausible times for 7 heartbeats. Then I
created another list of the interbeat intervals, by calculating the differences between those times. I
calculated the average of the interbeat intervals, then made a list, w, of the differences of that average
between each interbeat interval. For the discrete integration list, y, I calculated the partial sums of w from

row 1 to row k for each k" row. The following table shows these calculations (the average of the interbeat

) 47
intervals was 5):

i Times (7) Interbeat Difference from k Discrete
Interval (B(i)) @ average (w), Integration
{2} {2} - {3} 0(k)),
{4}
0 0.5 N/A N/A N/A N/A
1 1.3 0.8 1 1 1
60 60
2 1.9 0.6 _u 2 _1
60 6
3 3.1 1.2 S5 3 1
12 4
4 3.8 0.7 1 4 1
12 6
5 4.7 0.9 e 5 17
60 60
6 52 0.5 _17 6 0
60

Table 3: The times of the ith beat for the Toy Example, and the calculations for the interbeat intervals and the discrete integration
(from i to k).
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After all these calculations, I graphed the discrete integration for each index, k& (the x-axis being
the index values). Then I divided that graph into boxes of different lengths (along the x-axis), 2, 3 and 6.
The first box has one less data point in it than all other boxes, because we started the indexing at 1 rather
than 0 (this is the default for Mathematica). On the by-hand version, I approximated the line fits in each
box by eyeballing them, and used those approximate values to calculate the DFA. Here, though, I'm going

to do a more accurate calculation of the linear fit of the local trend, utilizing the following calculations:

yvo(k) =a+bx*k {7}
where:
o= CreuyU)Ehu k) — Chou ) Chzy ke + y (k) {8}
Ny (k= k%) — =y k)2
b= Ny Bk=u k * y (k) — Ek=u k) Xk=y y(k)) {9}
Ny (k= k%) — =y k)2
and:

N, represents the number of points in each partition, u is the lower multiple of 7 (left endpoint) in each
partition after the first, and v is the higher multiple of n (right endpoint) in each partition after the first (in
the first partition, v = 1, v=mn, and N, = n; N, = n + 1 for all other partitions; v = N in the final partition)
[69]. For the by-hand analysis, the local trend values at the endpoints of each partition were the mean of
the local trends determined from each neighboring partitions’ respective local trend equation (see the

Programming Notes subsection for more). Keeping track of these values (for n = 2) requires another table:
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k y(k) k*y(k) K a b Local trend
{4} {8} {9} equation
n(k) {7}
1 1 1 1
60 60 1 11
2 _l _ l 4 % - % 5 60
6 3
or
Sum =3 _3 _19 5
20 60 02—
0.18333%
2 _1 _1 4
6 3 5 N 1 i
3 1 3 9 12 6
4 4 5 1 o
4 1 2 16 12 6
6 3 -0.41667 +
4 12
4 1 2 16
6 3 17 1
30 12
5 % 11_52 25 17 1
30 12 or
6 0 0 36
20 12 0.08333%

Table 4. Calculating the local trend equations for the Toy Example, based on the sums of k, y(k), k*y(k), and k>.

22




The DFA calculations (for n = 2) are shown in the table below:

k Interval of i ~ Local trend Local Mean of y(k) Difference  d” (term
equation trend coordinat {4} between contained
(2(k) for | coordinate = e values discrete within the
general k) (2(k) for = (y2(k) for integration = summation
{7} particular ~ endpoint and local under the
k) values) trend root in {5},
{7} (with (innermost s)
values of k calculation
plugged of {5}, d)
in)
1 (0,2] 1 1 1 0 0
60 60 60
0.2 -
2 (0,2] _1
(Endpoint) 0.18333k 6 1 1 1 1
Y [2.4] 1 8 6 24 576
(Endpoint) 2
-0.41667 +
3 [2,4] 1 1 1 1 1
0.16667k 12 12 4 6 36
4 [2,4] 1
(Endpoint) 4 29 1 _3 9
4 [4.6] 7 120 6 40 1600
(Endpoint) 30
5 6] 90007 3 3 7 2 4
0.08333k 20 20 60 15 225
6 [4,6] 1 1 0 1 1
(Endpoint) 15 15 15 225

Table 5: Calculating the detrended fluctuation for the Toy Example. At endpoints, where the values were different based on which
local trend equation was used, I chose the mean of the resulting values to represent y2(k). (See the Programming Notes for more about
how the endpoints were handled in the automated versions of the program). The final column is summed up, divided by N, and the
square root of the resulting value is F(2).

. . 413 . .
The sum of the squared differences is :ZW' From these calculations, the detrended fluctuation for n

=2,F(2),is

V123
360

% ~ 0.0977762. The remaining detrended fluctuations for the full analysis were

calculated when I converted the algorithm to the Mathematica implementation. By using either

Mathematica or a similar process to the above, F(3) = 0.114891, and F(6) = 0.146168. The remaining

steps for the log F (n) vs. logn plot are explained in the Mathematica Implementation and Visualization

subsection.
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Toy Example Mathematica Implementation and Visualization:

I started the Mathematica implementation by using the List function to create the same list of
times that I used for the by-hand version. The Differences function took care of calculating the list of
interbeat intervals, then I used Mean to find the average of this list. Subtracting this mean from the list of
interbeat intervals gave the list w, then using the Accumulate function on w generated the list of partial
sums of w (which is the discrete integration of the interbeat intervals list), represented by y. The full code

for all these steps can be seen in the appendix. Below are the graphs that result from these steps:
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Figure 4: The heartbeat time series of the Toy Example, Figure 5: The interbeat intervals of the Toy Example,
time (in seconds) vs. ith beat. duration (in seconds) vs. ith interval.
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Figure 6: Interbeat intervals with the average subtracted. Figure 7: The discrete integration of the Toy Example, y(k) vs. k.

I defined several sub-lists of y, designated by z, in order to find the partial line fits (using the Fit
function on these sub-lists) for the different partitions that the entire set was broken into. The following

graph results for n = 2:
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Discrete Intezration (with local trends for n=2)
F(k)

-0l

Figure 8: Discrete integration with local trends for n =2, y(k) vs. k.

The following is the graph for n = 3:

Discrete Integration | with local trends forn: 3

Ykl
02|
o1l
N v
1
co1l

Figure 9: Discrete integration with local trends for n = 3, y(k) vs. k.
And the following is the graph for n = 6:

Discrete Intsgration [with overall trand for n = 6)
Fii)

ol -
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Figure 10: Discrete integration with local trends for n = 6, y(k) vs. k.

25



Next, I calculated a list (d) of the differences between the y-coordinates of the time series of the
local trends, and a list (s) of the squares of these differences. To calculate the detrended fluctuation (F), I
totaled list s, divided the result by &, then found the square root. Then I found the logarithms for " and n,
and placed them in a nested list ({P, p}, where P = logn and p = log F(n)) that was used to generate the

log F (n) vs. logn plot located below:

Log—-Log plot for Detrended Floctuvabons (with best fit line)
tog (Fi{))

1 . . . 1 . . . 1 . . . fox (1)
0z o4 o6

—-04 |

-5k

Figure 11: Log-log plot for the detrended fluctuations (with best fit line), log F(n) vs. log n.

The slope of the best fit line is 0.35911, which would indicate a very unhealthy heart if it were a

real heartbeat time series.

Randomizing and Automating the Toy Example:

[ used a Gamma Distribution to randomize the list of interbeat intervals. This is necessary to
simulate a large number of beats, because inputting the data manually would take too long otherwise. And
they were only simulated for the remaining programs because I was not able to get the data for an actual
heartbeat time series, as that is protected information. But even with randomization, the necessary lines of
code for the remaining analysis would take too long without automating the process. So I used Do loops,
For loops, and the Piecewise function to automate the program (as a reminder, the full code for this can be

seen in the appendix).
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Realistic Scale Example:

In the final iteration of the program (viewable in the appendix), I used a nested Do loop to
automate everything after the determination of the discrete integration list, y. I started by defining M to be
the number of interbeat intervals, since N can't be used as a variable in Mathematica (it's a function that
returns the numerical value of something). It is possible to use a list to define the increment change within
a Do loop, so I created the list of partition sizes, 7, by finding the factors of M with the Divisors function
and removing 1 from the resulting list using the Length function (taking one less element than the length
of the list from that list). This nested loop brought the total lines of code down to 15 (whereas earlier
iterations of the code would have required several thousand lines of code to conduct the analysis on 1000
interbeat intervals) and made it so that a single change in the first line (the value of M) was all that was
necessary to run the analysis for any number of beats. The following are the graphs of the interbeat

intervals and the discrete integration:

(II)

Figure 12: 1000 randomized interbeat intervals, duration Figure 13: Discrete integration for 1000 intervals, y(k) vs. k.
(in seconds) vs. ith beat.

I made an empty list, 7, into which I appended all the logarithm values ({Pp}) as the final step of
the nested Do loop. Since i is already the variable that represents each iteration in the inner Do and For
loops, j serves this purpose in the outer Do loop, and is set to the values of the partition sizes, n. Neither
Show nor Print on their own would generate the graphs within the loop, but using them both made it
possible, by defining a variable to be equal to the Show command, then using the Print function on that

variable. After each graph, I printed a list that contained the values for the partition size of that iteration,
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the logarithm of that partition size, the detrended fluctuation, and the logarithm of that detrended

fluctuation. The following graphs were the result:

{{10, 1.},{0.628815,-0.201477}} {20, 1.30103},{0.821954,-0.0851527}}

LN
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.107

{{250, 2.39794},(3.40491,0.532106}} {{500, 2.69897},{3.81196,0.581149}}

LN
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{{1000, 3.},{4.45966,0.649302}}

Table 6: Discrete integration with local trends for 1000 intervals, where n equals each factor of 1000 from 2 to 1000. The values in
the brackets are {{n, logn},{F(n), log F(n)}}.

And below is the log F(n) vs. logn plot:
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Figure 14: Log-log plot for 1000 intervals, log F(n) vs. log n.

The slope of the best fit line above is 0.469464, which would also indicate a very unhealthy heart,
though it's closer to healthy than the Toy Example (if that’s any consolation, considering how even this

result is much too far from healthy).

Realistic Data Set:
Before producing the code for the Sierpinski Triangle and Carpet, there was code for a jagged line
that I found online and analyzed to figure out the process of coding a fractal in Mathematica (see the

Programming Notes section for more detail on this code). Below is a graph of this jagged line
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(representing the interbeat intervals in this scenario):

Figure 15: Code for a “NonRandom Cartoon” that I found online [70]. I studied the code to get an idea of what would be involved in the
process of trying to generate other iterated function systems in Mathematica.

After I finished the DFA code from the preceding sections, I looked back at the output of this
earlier code and noticed that it looked a lot closer to a graph of an actual heartbeat time series than the
randomized data set did. Out of curiosity, I tried running the jagged line code through the algorithm
(partly to see how close the result would be to a healthy heartbeat time series' expected result, and partly
to test how well the DFA algorithm could work for any time series data), and the end result of running the
algorithm on this data set was closer to the expected result for a healthy heartbeat than any instance of

running the algorithm for a randomized time series (the exact value of the final slope was 0.920727).

Reverse Engineering the Algorithm:

In an effort to better understand why the DFA algorithm operates as it does, my advisor and I
devised a way to reverse engineer the algorithm, starting with a discrete integration list that would give a
slope of one from the analysis, and working backwards from there. We came up with a piecewise function
for the discrete integration that could be manipulated and allow the final slope that results from the
analysis to be controlled, based on modifying certain parameters. This was created recursively with the
following algorithm: the 0" iteration is a horizontal line at 0 between the x-coordinates a and f; the 1%

31



iteration replaces this line with a piecewise function that increases constantly from («, 0) to (a + ﬁ;—a, 1),

then decreases constantly from (a + %, 1) to (a + %, —2), increases constantly from (a + 32;0!' -2)

3(B4—“), 1), and then finally decreases from (a + @, 1) to (B, 0), making the slope of the 0™

to (a +

iteration its mean; for the (4+1)" iteration, each line segment in the 4" iteration is replaced with itself plus
a new multiple of the basic shape, where the 4 iteration’s slope (of the replaced line segment) serves as
the mean in each partition. This process can be repeated indefinitely for greater precision, but we stopped
after the 3rd iteration using just 3 adjustable parameters. The following code shows how this was created
in Mathmatica (with both the general formula and a special case):

f[x_]:=Piecewise[{{4x, 0=x<1/4}, {1-12 (x-1/4), 1/4<x<1/2}, {-2+12(x-1/2), 1/2<x<3/4}, {1-4(x-

3/4), 3/4<x<1}},0]

Al[x_]:=f[x/64]

A2[x_]:=f[Mod[x/16, 1]]

A3[x_]:=f[Mod[x/4, 1]]

General function = al*Al[t]+a2*A2[t]+a3*A3[t]
Special case : al =1,a2=1/4,a3 =1/16

This results in the graphs located below, the initial version of the piecewise function and the
special case of the composite function:
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Figure 16: Each A(h) subfunction plotted together, without Figure 17: The first 3 iterations of this adjustable function representing
being added together or multiplied by the a(h) parameters. a discrete integration. Each new iteration adds an A(h) subfunction
y(k) vs. k. multiplied by a new a(h) parameter. y(k) vs. k.

The graphs below are the slope I got for the DFA plot after manipulating these parameters, and

what the discrete integration graph looks like when it’s run through the usual DFA process:
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Figure 18: The line that results for the log-log plot after adjusting — Figure 19: The discrete integration that results in the log-log plot from
the parameters to force it to have a slope of 1. log F(n) vs. log n. Figure 18, y(k) vs. k.

I adjusted the parameters until I found the necessary values that would result in a slope of one
within a realistic time frame (64 heartbeats occurring in roughly a minute). The values I used for the
parameters were al = 1.75,a2 = 0.375, and a3 = 0.075, which results in a precise slope of 1.0001.
Then, using a loop, the discrete integration list was determined based on these parameters, and the w list
was determined from that via the difference of consecutive discrete integration values (being the reverse
of the accumulated sum). Because the average interbeat interval value drops out during the analysis, it
could be chosen to be anything, so I chose the minimum necessary value to make all the resulting
interbeat intervals positive (as negative durations would be nonsense). The resulting interbeat interval
graph looked almost identical to the previous ones (that indicated a healthy heart) in papers on the DFA

process (the graph that represents actual times is located to the right):
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Figure 20: The interbeat intervals that result from doing the DFA Figure 21: These are the times that result from the final step
calculations in reverse, duration (in seconds) vs. ith beat. As expected, of the reverse DFA, time (in seconds) vs. ith beat.

this has a resemblance to the Pink Noise image from Figure 3.
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To further illustrate how these parameters can be adjusted to achieve any positive slope, I used the
parameters al = 0.7,a2 = 0.4, and a3 = 0.25 to get a slope less than 1 (approximately 0.314758). And I
used the parameters al = 3.25,a2 = 0.35, and a3 = 0.03 to get a slope greater than 1 (approximately
1.54674). 1 also calculated these cases in reverse, and the graphs for the discrete integration, interbeat

intervals, and times can be found below:

Figure 22: The discrete integration that results when the slope Figure 23: The discrete integration that results when the slope is
is adjusted to be less than 1. y(k) vs. k. Adjusted to be greater than 1. y(k) vs. k.

Figure 24: The interbeat intervals that result from the reverse Figure 25: The interbeat intervals that result from the reverse DFA
DFA calculation, when the slope is less than 1, duration (in calculation, when the slope is greater than 1, duration (in seconds) vs.
seconds) vs. ith interval. This is closer to the white noise than ith interval. This is closer to the brown noise than pink noise from

the pink noise, from Figure 3, but not as random as expected. Figure 3. Here too, more intervals should make the resemblance more
The resemblance may be greater if the number of intervals obvious.

had been more than 64.

L N
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Figure 26: The times that result when the slope is adjusted to be Figure 27: The times that result when the slope is adjusted to be
less than 1, time (in seconds) vs. ith beat. greater than 1, time (in seconds) vs. ith beat.

Further exploration of this algorithm (in a future experiment) would clearly have great value in
determining how and why the DFA algorithm works the way it does. The full DFA Reverse Engineer code

can be found in the appendix.

Programming Notes:

e To learn how to create the code for the Sierpinski Triangle and Carpet, I started by analyzing
the code for a (nonrandom) jagged line fractal that I found online [70], to determine what was
the specific code that was used to result in that fractal. (To find the specific code, go to row 13,
click on “Mathematica notebooks”, then click “NonRandom Cartoon”). I used a similar
process, but with different functions and transformations, to generate both the Sierpinski
Triangle and Carpet.

o [ learned that the best approach to create a fractal in Mathematica was to start by defining
specific starting points, then apply transformations to that set of points for several iterations.

e The first function I tried using to show the image of the Sierpinski Triangle was the Line
function, but it never worked right because it resulted in either missing segments or erroneous
segments; the Polygon function worked far better.

e The display of the Sierpinski Triangle broke down after a few iterations, because applying the
transformations led to more brackets being placed around the set of points and the function
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couldn't read the set anymore after enough iterations. So I used the Flatten function to get rid
of the extraneous brackets.

A side effect of the Flatten function was that it removed the way that the transformed points
were grouped into triangles, so I added the Partition function to prevent this from happening.

I learned that only the Print function could be used to show all iterations of the Sierpinski
Triangle and Sierpinski Carpet at once, so I used that instead of the Show function.

Very early on, when I was first going through the DFA by hand, I didn't yet understand that it
was necessary to do the analysis for multiple different partition sizes of the set of interbeat
intervals, but I learned this as I was performing the analysis and gained a deeper understanding
of how the analysis worked than I had before. I also learned that it was better to start
calculating the interbeat intervals from the first beat recorded, because that's more accurate
than assuming a beat occurred at time 0.

The first part of the DFA code that I automated was the list of local trend coordinates. I started
with an empty list and used a For loop and the Append function to add each new calculated
coordinate to the list after each iteration.

Next, I automated the partial line fits, and found that the For loop wouldn't work to do this,
because it only allowed an increase by 1 after each iteration. I learned the Do loop worked for
this, because the size of the increase after each iteration can be controlled using the Do loop,
so I could set that increase to be higher than 1. I started by creating a list with the first linear
fit, then appending all remaining linear fits to that list using the Do loop.

I chose to use just factors of N for the lengths of n, because each partition needs to be an equal
length, and the programming logic was clearer to understand for » based on factors of N. For N
with a large enough amount of different factors, the result should be accurate based on the
linearity of a heartbeat time series DFA slope, but more partition lengths would certainly give

greater precision. However, this modification is not a necessity if it proves too computationally
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complex, because one of my sources reported 98% accuracy when using 20 scales over the
range n = 10 to n = 100 and 40 scales over the range n = 100 to n = 500, so analyzing all
incremental values of n from 2 to N might just be over-engineering the code (perhaps
providing only a psychological benefit to the wearer, rather than a genuine mathematical or
medical one) [64].

It's necessary to translate all linear fits after the first one, because each sub-list has its initial
value's index reset to “1” (and so it wouldn't line up on the graph at the correct place).

When randomizing the list of times (instead of interbeat intervals directly), it's necessary to use
the Sort function in order to ensure that the resulting list of times is in a logical, ascending
sequence.

When I automated the code, I first chose a Gamma distribution, because I needed a
randomization method in which all the values could be forced to be positive (as there can’t be
negative durations). Later, [ switched to a Half-Normal distribution, and experimented with a
Chi-Square distribution with different degrees of freedom, and in all cases I found the results
to be similar. For randomized intervals using each of these distributions, the final slope
remains at a value very near 0.5. (This is based on running the algorithm for 1000 intervals
using these distributions multiple times, but there may be distributions I didn’t check in which
the slope is consistently a much different value).

The first way I handled the endpoints of the partitions was to find the mean of the local trend
values of both partial fits that aligned with each respective endpoint. I experimented with
different ways to handle the endpoints, and learned that the difference in the final value after
the analysis was negligible for a large number of beats. In later iterations of the program, I just
plugged the appropriate values into a piecewise function to determine all the y-coordinates of
the local trends (where the local trend equation in the left-hand partition is used to determine

the y-coordinate at the endpoints of each partition).
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6.0 CONCLUSION

Using smart fabrics, someone's heartbeat could be monitored as they go about the course of their
daily life, and a number of different programs could be run on the resulting time series to determine the
health of the heart well before any health problem occurs. The detrended fluctuation analysis algorithm,
as described in the previous section, returns the simplest result for the layperson to distinguish between a
healthy or unhealthy heartbeat, but a multifractal extension of that algorithm could be programmed and
run on the time series at the same time for the further benefit of a more in-depth assessment by their
doctor. Another advantage to running two (or more, if programming and running some of the other
multifractal analyses were desired) different algorithms at the same time is that it could compensate for
any error that could occur in the run of any single algorithm on its own.

The combination of progress in nanotechnology, smart fabrics, and fractal research could allow for
much greater methods of early detection of heart problems than we have now. But before this method of

early detection could become the norm, there is some additional testing that is still necessary.

Future Experiments:

There are a number of further experiments that could be done with this code from here. A
significant one would be to run the program on a number of different actual heartbeat time series data
sets, and even try seeing to duplicate the results of any of the papers that performed the analysis directly
on real patients’ heartbeat time series, if they could access the same data. If they could get actual smart
fabrics, they could try programming them to run the DFA program, and see how it compares to the current
methods we have of monitoring the health of the heart. The program could be made more robust by
modifying it to work for all values of n less than N (or simply additional values, if all possible values
proves too complex), rather than just factors of N (and thus be able to be run on any number of beats,
rather than just those values that are one greater than a number with multiple factors). This should
increase the precision and accuracy of the result, especially for those values of N with a small number of
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factors. And for maximal analysis, another potential project could be to modify the code so it does a
multifractal DFA, and then compare those results to the above experiments.

Before fabrics loaded with this program could go on the market, it is definitely needed to test the
DFA method on larger groups than previous studies. Previous studies have been done on very small
groups, largely due to the difficulty in finding data for significantly large groups over a long enough
period of time for the analysis (and wearing the current devices to gather the data over enough time is
often uncomfortable for the average volunteer). One of my sources has proposed a solution to this by
using a method to distinguish the DFA results between healthy and unhealthy hearts on very short time
scales (around 20 seconds) [63]. Multiple sources have indicated discrepancies from the longer time scale
results during such a short time frame (the result is no longer 1 for a healthy heart in such a short period of
time, and one hypothesis is that the dynamics of respiration is what dominates on this scale) [64—66]. My
own proposal is to use the smart fabrics as a more comfortable way to gather the necessary data for larger
groups over a larger period of time. But with different ways to modify the process to allow for testing on
larger group sizes (as well as different types of multifractal analyses that already exist), it may be the case
that different companies would be using different analyses by the time such smart fabrics were ready for
the market. And if the numbers don’t match for the very short time frame and longer ones, then it would
be even better for the final step of the health test to be a color that part of the fabric changes to, based on
the result of the specific analysis used (green or blue for healthy, and red for unhealthy, or even a
possibility of orange or yellow for those multifractal analyses that can determine degree of health).

Another possibility would be to investigate whether the program could be loaded onto a fitness
tracker and give results that match other methods, and get data from larger groups in the near term that
way. However the studies are done on larger groups, it is very important that they are done, in order to
answer questions regarding the likelihood of false positives or negatives, and determine how much the

DFA slope can deviate from 1 and still indicate a healthy heart.
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Future Potential:

Smart fabrics will be an immense help for reducing the incidence of heart attacks, thanks to the
early detection they will make possible. And around the time the technology is reaching maturity, new
technologies will emerge that will make early detection even easier. One of those will be pocket-sized
MRIs (Magnetic Resonance Imaging devices) [15].

Currently, the smallest MR is called the MRI-MOUSE (“MOUSE” stands for “mobile universal
surface explorer”), and it's about a foot tall in size. It is able to be so much smaller than a standard MRI
thanks to its ability to function on non-uniform magnetic fields [15]. Standard MRIs require a uniform
magnetic field, or else the resulting image will be distorted and therefore useless, and so very large
magnets are needed to create this uniform magnetic field (which is also 20,000 times more powerful than
the Earth's magnetic field [15]). The MRI-MOUSE compensates for the distortion from non-uniform
fields, by sending multiple radio pulses into whatever it's scanning and detecting the resulting echoes.
Computers then analyze the echoes and make up for the distortion. These weaker magnetic fields also
make it possible to use the MRI-MOUSE on objects that contain metal, unlike conventional MRI
machines (thus they would pose no problem to anyone with a metal implant). The MRI-MOUSE also
consumes far less energy than a standard MRI, only requiring as much electricity as a light bulb [15].

As the technique is improved, such mini-MRIs can be made smaller still, and eventually may even
reach the size of a cell phone, a size that would make them useful to a consumer once their cost to create
is low enough to also make them affordable. Mini-MRIs of this size would be extremely thin too, as thin
as a dime and definitely unobtrusive [15]. When it's possible to reduce MRIs to such a size and put them
on the market, anyone will be able to get a direct look at how healthy their organs are from their home. If
the consumer doesn't have the expertise to determine whether what they're seeing is healthy or not, mini-
MRIs can be loaded with software that can determine that for them (such as for those organs in which
their health can be determined from their fractal dimension).

An advancement beyond this would be the ability to use ordinary visible light to see inside the
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body. MIT's Ramesh Raskar believes this could eventually be possible thanks to a highly advanced virtual
slow-motion camera created by MIT's Camera Culture Group, which can capture action at a trillion
exposures a second and thus make is possible to see the movement of individual photons [71 — 72].
Professor Raskar believes this will allow us to see inside the body because it will make it possible to see
how light will scatter volumetrically inside the body. Once that is determined, a method of taking images
of the interior of the body, using just visible light, can be developed [71 — 72]. This will make it even
easier to determine early whether anyone has any potential health issues that can be dealt with well before
they become a crisis. Eventually, we may even be able to grow new organs in the lab from a patient's very
own individual cells [15], and that ability combined with the smart fabrics will greatly reduce several of
the top natural killers. A current obstacle to growing viable organs is developing the blood vessels
necessary to supply them with nutrients, but researchers are beginning to have success in that goal,
through studying their fractal structure and using 3D printers and lasers that stimulate the molecules on
the nanoscale [73].

Even beyond organ health, nanotechnology and fractals could unite to reduce the fatalness of
viruses. Ji-Huan He (the author of the paper that discovered the relation between a virus’ fractal geometry
and its fatalness) has proposed using nanotechnology to reduce the complexity of a virus’ surface (through
medicine or temperature manipulation), thereby reducing the virus’ fatalness. If successful, this could
even prevent many organs and tissues from getting to the point that they need to be replaced (due to

disease, as they’d still age).

Final Word:

It is clear, now, that not only are fractals an interesting area of math, but they may even save our

lives one day.
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7.0 Appendix

A. Full Mathematica Code for Sierpinski Triangle

Number of iterations:

Below are the transformations used to generate the sets for successive iterations:
TL[x_1:={1/2*x[[1]],1/2*x[[2]1}
T2[x_]:={1/2*x[[111+1/2,1/2*x[[2]]}
T3[x_]:={1/2*x[[1]]+1/4,1/2*x[[2]]+Sqrt[3]/4}

Below is the starting set for the Oth iteration (representing a Euclidean equilateral triangle):
t[0]1={{{0,0},{1,0},{1/2,Sart(3]1/2}}};

Need to include a Flatten step in the loop, to keep later sets from being so nested that the transformations won’t work
on them:
s[0]=Flatten[t[0],1];

Need to group the resulting set as a nested set of triangles, using the Partition function:
[[0]=Partition[s[0],3];

Use Polygon in the Print function to draw the set as a triangle:
Print[Graphics[Polygon[I[0]]]];

The Do loop below creates all 7 iterations of the Sierpinski Triangle:
Dol{t[j]={Map[T1,s[j-1]],Map[T2,s[j-1]],Map[T3,s[j-111},s[j]=Flatten[t[j],1],I[j]=Partition[s[j],3], Print[Graphics[Polygon[I[j]]]1}.{j,1,i}]

(The graphs can be seen in the main body of the paper).

B. Full Mathematica Code for Sierpinski Carpet
i=4;
More transformations are needed in order to create the sets representing the new squares, for each successive iteration:

T1x_]:={1/3*x[[1]],1/3*x[[2]1}
T2[x_]:={1/3*x[[11)+1/3,1/3*x[[2]]}
T3[x_1:={1/3*x[[1]]1+2/3,1/3*x[[2]]}
T4[x_1:={1/3*x[[1]],1/3*x[[2]1+1/3}
T5[x_]:={1/3*x[[1]]+2/3,1/3*x[[2]]+1/3}
T6[x_1:={1/3*x[[1]],1/3*x[[2]1+2/3}
T7[x_]:={1/3*x[[1]1+1/3,1/3*x[[2]]+2/3}
T8[x_]:={1/3*x[[111+2/3,1/3*x[[2]]+2/3}

The following set represents a regular Euclidean square, for the Oth iteration:
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t[0]={{{0,0},{1,0},{1,1},{0,1}}};
s[0]=Flatten[t[0],1];
[[0]=Partition[s[0],4];
Still use Polygon, but this time it draws the set as several squares:
Print[Graphics[Polygon[I[0]]]]
This Do loop creates all 4 iterations of the Sierpinski Carpet:

Do[{t[j1={Map[T1,s[j-1]11,Map[T2,s[j-1]11,Map[T3,s[j-1]],Map[T4,s[j-1]],Map[T5,s[j-11],Map([T6,s[j-1]], Map[T7,s[j-1]11,Map[T8,s[j-
111},sljl=Flatten[t[j],1],1[j]=Partition[s[j],4],Print[Graphics[Polygon]I[j]1111}{j,1,i}]

(The graphs can be seen in the main body of the paper).

C. Full Mathematica Implementation of the Toy Example and Large Data Set (with Code)

I started the Mathematica implementation by using the List function to create the same list of times that I used for the
by-hand version. The Differences function took care of calculating the list of interbeat intervals, then I used Mean to find the
average of this list. Subtracting this mean from the list of interbeat intervals gave the list w, then using the Accumulate function
on w generated the list of partial sums of w (which is the discrete integration of the interbeat intervals list), represented by y.
The code for all these steps can be seen below:

ListLinePlot[{t},AxesOrigin->{0,0},AxesLabel->{beat,time[sec]},PlotMarkers->Automatic,PlotLabel->"Heartbeat time series"]

Heartbeat time series
tine (sec|

5L

Ll e e e e e e gt
7

Figure 28: The heartbeat time series of the Toy Example, time (in seconds) vs. ith beat.

B=Differenceslt]
{0.8,0.6,1.2,0.7,0.9,0.5}

In Mathematica, the default indexing for lists begins with 1, so the ListLinePlot function perfectly reproduces the
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results of the by-hand algorithm:

ListLinePlot[{B},AxesOrigin->{0,0},AxesLabel->{interval,duration[sec]},PlotMarkers->Automatic,PlotLabel->"Interbeat intervals"]

Interbeat intervals
duration | sec|
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Figure 29: The interbeat intervals of the Toy Example, duration (in seconds) vs. ith interval.

Bave=Mean|B]

0.783333

w=B-Bave

{0.0166667,-0.183333,0.416667,-0.0833333,0.116667,-0.283333}

ListLinePlot[{w},AxesOrigin->{0,0},AxesLabel->{interval, mean offset[sec]},PlotMarkers->Automatic,PlotLabel->"Interbeat intervals

(differences from the average)"]
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Figure 30: Interbeat intervals with the average subtracted.

y=Chop[Accumulate[w]]
{0.0166667,-0.166667,0.25,0.166667,0.283333,0}
ListLinePlot[{y},AxesOrigin->{0,0},AxesLabel->{k,Y[k]}, PlotStyle->Thick,PlotMarkers->Automatic, PlotLabel->"Discrete Integration"]
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Figure 31: The discrete integration of the Toy Example, y(k) vs. k.

I defined several sublists of y, designated by z, in order to find the partial line fits (using the Fit function on these
sublists) for the different partitions that the entire set was broken into. The following code is for partitions of length n = 2:

z1=y[[1;;2]]
{0.0166667,-0.166667}
22=y[[2;;4]]
{-0.166667,0.25,0.166667}
z22=y([4;;6]]
{0.166667,0.283333,2.22045x10716}
11=Fit[z1,{1,x},x]

0.2 -0.183333 x

L1=I1;

12=Fit[z2,{1,x},x]
-0.2540.166667 x
L2=12/.x->(x-1)
-0.416667+0.166667 x
13=Fit[z3,{1,x},x]
0.316667 -0.0833333 x
L3=I3/.x->(x-3)
0.566667 -0.0833333 x
y21=L1/x->1
0.0166667
y22a=L1/x->2
-0.166667
y22b=L2/.x->2
-0.0833333
y22=Mean[{y22a,y22b}]
-0.125

y23=12/x->3
0.0833333
y24a=L2/x->4

0.25

y24b=L3/.x->4
0.233333
y24=Mean[{y24a,y24b}]
0.241667

y25=13/.x->5

0.15
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y26=L3/.x->6

0.0666667

y2={y21,y22,y23,y24,y25,y26}
{0.0166667,-0.125,0.0833333,0.241667,0.15,0.0666667}

(See the main paper for the piecewise version of the resulting graph).
Now something similar for n = 3:

Z1=y[[1;;3]]
{0.0166667,-0.166667,0.25}
22=y([3;;6]]
{0.25,0.166667,0.283333,2.22045x10716}
m1=Fit[Z1,{1,x},x]
-0.2+0.116667 x

M1=m1l;

m2=Fit[Z2,{1,x},x]
0.333333-0.0633333 x
M2=m2/.x->(x-2)

0.46 -0.0633333 x
y31=M1/.x->1

-0.0833333

y32=M1/.x->2

0.0333333

y33a=M1/.x->3

0.15

y33b=M2/.x->3

0.27

y33=Mean[{y33a,y33b}]

0.21

y34=M2/ x->4

0.206667

y35=M2/.x->5

0.143333

y36=M2/.x->6

0.08
y3={y31,y32,y33,y34,y35,y36}
{-0.0833333,0.0333333,0.21,0.206667,0.143333,0.08}

(See the main paper for the piecewise version of the resulting graph).
Now something similar for n = 6:

Vi=y;

nl=Fit[V1,{1,x},x]

-0.0266667+0.0338095 x
Showl[ListLinePlot[{y},AxesOrigin->{0,0}],Plot[{n1},{x,0,10},AxesOrigin->{0,0}]]
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Figure 32: Discrete integration with local trends for n = 6, y(k) vs. k.

y61=n1/x->1

0.00714286

y62=n1/.x->2

0.0409524

y63=n1/x->3

0.0747619

y64=n1/.x->4

0.108571

y65=n1/.x->5

0.142381

y66=n1/x->6

0.17619
y6={y61,y62,y63,y64,y65,y66}
{0.00714286,0.0409524,0.0747619,0.108571,0.142381,0.17619}

Below, d represents the differences between the y-coordinates of the time series and the local trends, s represents the
squares of these differences, F is the detrended fluctuation as previously defined, p is the logarithm of the detrended
fluctuation, and P is the logarithm of the partition length, n. The Total function helps in determining F because it sums all the
elements in each s list:

d2=y-y2
{-2.77556x10717,-8.32667x10717,0.166667,-0.0833333,0.133333,-0.0666667}
$2=d2/2

{7.70372x10734 6.93335%x10733,0.0277778,0.00694444,0.0177778,0.00444444}
F2=Sqrt[Total[s2]/6]

0.0974204

p2=Log10[F2]

-1.01135

P2=N[Log10[2]]

0.30103

d3=y-y3

{0.1,-0.2,0.1,-0.04,0.14,-0.08}

s3=d3/2

{0.01,0.04,0.01,0.0016,0.0196,0.0064}

F3=Sqrt[Total[s3]/6]

0.12083

p3=Log10[F3]

-0.917824

P3=N[Log10[3]]
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0.477121

d6=y-y6
{0.00952381,-0.207619,0.175238,0.0580952,0.140952,-0.17619}
s6=d6/2
{0.0000907029,0.0431057,0.0307084,0.00337506,0.0198676,0.0310431}
F6=Sqrt[Total[s6]/6]

0.146168

p6=Log10[F6]

-0.835148

P6=N[Log10[6]]

0.778151

The nested list below collects together all the logarithm values to produce a log F(n) vs. log n plot:

p={{P2,p2},{P3,p3},{P6,p6}}
{{0.30103,-1.01135},{0.477121,-0.917824},{0.778151,-0.835148}}
P=ListPlot[p,PlotMarkers->Automatic]

g=Fit[p,{1,x},x]

-1.10773+0.35911 x

Show[P,Plot[{q},{x,0,1}1]

- 085 -

- 095 -

04 05 0.6 0.7

Figure 33: Log-log plot for the detrended fluctuations (with best fit line), log F(n) vs. log n (the origin is absent in this graph).

Randomizing the Toy Example:
Before I discovered how to automate the toy example, I randomized the list of interbeat intervals using the following
code:

B=RandomReal[GammaDistribution[1,1],6]
{4.17923,0.641174,0.365345,0.122367,1.10855,2.65316}
ListLinePlot[B,AxesOrigin->{0,0}]
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Figure 34: Randomized interbeat intervals for the Toy Example, Figure 35: The discrete integration that results for the randomized Toy
duration (in seconds) vs. ith interval. Example, y(k) vs. k.

(The remaining code was the same for this version of the program).
This is necessary to simulate a large number of beats, because inputting the data manually would take too long
otherwise. And they were only simulated for the remaining programs because I was not able to get the data for an actual

heartbeat time series, as that is protected information.

Automated Toy Example:

The following code is the automated version of the linear fits. Since the indexing starts at 1 rather than 0, the first
linear fit is defined manually, and the interval is included as part of the first element of the linear fits list (for the sake of
creating the Piecewise function later). A Do loop is used to find the linear fits for the remaining partitions and append them to
the original linear fits list:

12={{Fit[y[[1;;2]],{1,x},x],0<x<2}}

{{0.2 -0.183333 x,0<x<2}}

Dol[l2=AppendTol[l2,{Fit[y[[i;;i+2]],{1,x},x]/.x->x-i+1(*to account for the indexing starting with 1*),i<x<i+2}],{i,2,4,2}]
12

{{0.2-0.183333 x,0<x<2},{-0.416667+0.166667 x,2<x<4},{0.566667 -0.0833333 x,4<x<6}}
13={{Fit[y[[1;;3]],{1,x},x],0<x<3}}

{{-0.2+0.116667 x,0<x<3}}

Do[I3=AppendTol[l3,{Fit[y[[i;;i+3]],{1,x},x]/.x->x-i+1,i<x<i+3}],

{i,3,3,3}]

13

{{-0.2+0.116667 x,0<x<3},{0.46 -0.0633333 x,3<x<6}}

16={{Fit[y[[1;;6]],{1,x},x],0<x<6}}

{{-0.0266667+0.0338095 x,0<x<6}}

I used the Piecewise function on the list of linear fits and intervals, to ensure the local trend line would appear on the
graph only along the relevant interval, and I gave the fits a different color so that it'd be easier to differentiate them from the

main graph of the discrete integration of the interbeat intervals:
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G2=Piecewise[L2]
{
{{
{0.2-0.183333 x, 0<x<2},
{-0.416667+0.166667 X, 2<x<4},
{0.566667-0.0833333 x, 4<x<6},
{0, True}
1
}
g2=Plot[G2,{x,0,6},AxesOrigin->{0,0},PlotStyle->RGBColor[1,0,0]]
Show([g,g2]

Discrete Integration (with local trends for n=2)

¥

Figure 36: Discrete integration with local trends for n =2, y(k) vs. k.

G3=Piecewise[L3]
{

{
{-0.2+0.116667 x, 0<x<3},

{0.46-0.0633333 x, 3<x<6},

{0, True}

1
}
g3=Plot[G3,{x,0,6},AxesOrigin->{0,0},PlotStyle->RGBColor[1,0,0]]
Show([g,g3]

Discrete Integration | with local trends forn: 3

Yk
02|
o1l
N\ v
1
Sl

Figure 37: Discrete integration with local trends for n = 3, y(k) vs. k.
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G6=Piecewise[L6]
{
{{
{-0.0266667+0.0338095 x, 0<x<6},
{0, True}
1
}
Showlg,Plot[G6,{x,0,6},AxesOrigin->{0,0},PlotStyle->RGBColor([1,0,0]1]

Discrete Integrabon (with overall trend forn = 6)
YiE)

ol b

-0l k-

Figure 38: Discrete integration with local trends for n = 6, y(k) vs. k.

The Piecewise function makes it possible to automate the lists of the coordinates of the local trends, and here I used a

For loop to build the lists:

y2={};

For[i=1,i<6,i++,y2=AppendTo[y2,G2/.x->i]]

y2
{0.0166667,-0.166667,0.0833333,0.25,0.15,0.0666667}
y3={};

Forli=1,i<6,i++,y3=AppendTo[y3,G3/.x->i]]

y3
{-0.0833333,0.0333333,0.15,0.206667,0.143333,0.08}
y6={};

For[i=1,i<6,i++,y6=AppendTo[y6,G6/.x->i]]

y6
{0.00714286,0.0409524,0.0747619,0.108571,0.142381,0.17619}

Realistic Scale Example:

In the final iteration of the program, I used a nested Do loop to automate everything after the determination of the
discrete integration list, y. I started by defining M to be the number of interbeat intervals, since N can't be used as a variable in
Mathematica (it's a function that returns the numerical value of something). It is possible to use a list to define the increment
change within a Do loop, so I created the list of partition sizes, n, by finding the factors of M with the Divisors function and
removing 1 from the resulting list using the Length function (taking one less element than the length of the list from that list).

This nested loop brought the total lines of code down to 15 (whereas earlier iterations of the code would have required several
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thousand lines of code to conduct the analysis on 1000 interbeat intervals) and made it so that a single change in the first line
(the value of M) was all that was necessary to run the analysis for any number of beats:

M=1000;

div=Divisors[M]
{1,2,4,5,8,10,20,25,40,50,100,125,200,250,500,1000}

n=Take[div,-(Length[div]-1)]
{2,4,5,8,10,20,25,40,50,100,125,200,250,500,1000}

B=RandomReal[HalfNormalDistribution[1],M];

ListLinePlot[B,AxesOrigin->{0,0},PlotMarkers->Automatic]

|

p! \ W
' r ' | } ‘

’i i Jn A A .n" L

1000

Figure 39: 1000 randomized interbeat intervals, duration (in seconds) vs. ith interval.

Bave=Mean[B]

0.974379

w=B-Bave;

y=Accumulate[w];

g=ListLinePlot[y,AxesOrigin->{0,0},PlotMarkers->Automatic]
)

.10; “

Figure 40: Discrete integration for 1000 intervals, y(k) vs. k.

I made an empty list, r, into which | appended all the logarithm values ({P,p}) as the final step of the nested Do loop.
Since i is already the variable that represents each iteration in the inner Do and For loops, j serves this purpose in the outer Do
loop, and is set to the values of the partition sizes, n. Neither Show nor Print on their own would generate the graphs within the
loop, but using them both made it possible, by defining a variable to be equal to the Show command, then using the Print

function on that variable. After each graph, | printed a list that contained the values for the partition size of that iteration, the
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logarithm of that partition size, the detrended fluctuation, and the logarithm of that detrended fluctuation:
r={}

Doll[k]={{Fit[y[[1;;k]],{1,x},x],0<x<k}}; Do[l[k]=AppendTo[l[K],{Fitly[[i;;i+k]],{1,x},x]/ .x->x-i+1,i<x<i+k}],{i,k,M-k,k}];
G[k]=Piecewise[l[k]];A[k]=Show[g,Plot[G[k],{x,0,M} AxesOrigin->{0,0},PlotStyle->RGBColor[1,0,011]; Print[A[K]];Y[K]={};
For[i=1,igM,i++,Y[k]=AppendTo[Y[k],G[k]/.x->i]1;d[k]=y-Y[k];s[k]=d[k]* 2;F[k]=Sqrt[Total[s[k]]/M]; p[k]=Log1O[F[K]];
P[k]=N[Log1O[K]];Print[{{k,P[K]},{F[K],p[k]}}];r=AppendTo[r {P[K],p[k]}],{k,n}]

(The resulting graphs can be seen in Table 6 in the main body of the paper).

r
{{0.30103,-0.555296},{0.60206,-0.395384},{0.69897,-0.358269},{0.90309,-0.256691},{1.,-0.201477},{1.30103,-
0.0851527},{1.39794,-
0.0492207},{1.60206,0.0819889},{1.69897,0.104812},{2.,0.27725},{2.09691,0.304059},{2.30103,0.417484},{2.39794,0.532106}
,{2.69897,0.581149},{3.,0.649302}}
R=ListPlot[r,PlotMarkers->Automatic]
a=Fit([r,{1,x},x]
Show(R,Plot[q,{x,0,3}]]
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Figure 41: Log-log plot for 1000 intervals (without best fit line), Figure 42: Log-log plot for 1000 intervals (with best fit line), log F(n)
log F(n) vs. log n. vs. log n.

-0.681365+0.469464 x
The slope above would also indicate an unhealthy heart, though it's closer to healthy than the Toy Example (not that

this would be much solace if it were an actual result for some wearer, considering how it’s still very far from healthy).

D. Full Mathematica Code for Reverse Engineering the DFA Algorithm

f[x_]:=Piecewise[{{4x, 0<x<1/4}, {1-12 (x-1/4), 1/4=xx<1/2}, {-2+12(x-1/2), 1/2<x<3/4}, {1-4(x-3/4), 3/4<x<1}},0]
Al[x_]:=f[x/64]

A2[x_]:=f[Mod[x/16, 1]]

A3[x_]:=f[Mod[x/4, 1]]

Plot[{A1[t], A2[t], A3[t]}, {t,-1,65}, PlotRange->{-2,3}, PlotStyle->Thick]
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Figure 43: Each A(h) subfunction plotted together, without being added together or multiplied by the a(h) parameters. y(k) vs. k.

General function = al*A1[t]+a2*A2[t]+a3*A3[t]

Special case:al=1,a2=1/4,a3=1/16

Plot[{A1[t], A1[t]+A2[t]/4,AL[t]+A2[t]/4+A3[t])/16}, {t, -1, 65}]
10 F

05

-05F
-10F

-15F

S 20k
Figure 44: The first 3 iterations of this adjustable function representing a discrete integration. Each new iteration adds an A(h) subfunction
multiplied by a new a(h) parameter. y(k) vs. k.

Back to general case with coefficients al, a2, a3.

For n = 4 (intervals of length 4), with full function al*A1[t] + a2*A2[t] + a3*A3[t], the local trend is a1*A1[t] + a2*A2[t], and the
difference is a3*A3[t]. The sums of these squares gives F4:

F4=Sqrt[Sum[a3*A3[t]*a3*A3[t],{t,0,64}]/64]

\EVa32
For n = 16 (intervals of length 16), with full function al1*A1[t] + a2*A2[t] + a3*A3[t], the local trend is a1*A1[t] and the

difference is a2*A2[t] + a3*A3[t]. The sums of these squares gives F16 :
F16=Sqrt[Sum[(a2*A2[t]+a3*A3[t])*(a2*A2[t]+a3*A3[t]),{t,0,64}]/64]

§J24a22 +8(—2 - 2a3)% + 8(5 — 2a3)2 + 8(—

22 +a3)% + 16( + a3)2 + 8(2 + a3)?

For n = 64 (intervals of length 64), with full function al*A1[t] + a2*A2[t] + a3*A3[t], the local trend is 0 and the difference is
a2*A2[t] + a3*A3[t]. The sums of these squares gives F64:
F64=Sqrt[Sum[(al*Al[t]+a2*A2[t]+a3*A3[t])*(a1*Al[t]+a2*A2[t]+a3*A3[t]),{t,0,64}]/64]

LN

54



1 al al 5al al 3al a2
g\/(6a12 + 2(—7— 2a2)% + 2(7— 2a2)* + 2(_T +a2)? + 4(T+ a2)% + 2(T+ a2)% + 2(———7—
42 al a2 232+23al a2 232+2531 a2 9a3)? 4 2 13a1+32 2a3)?
(g~ A gy md 2y Rl A (gt 5 2a3)
+2a1+a2 232+2531+32 232_|_27::11_|_::12 9a3)? 4 2 11al 5a2+ 32
(gt — 233 + 20+ 5= 2a3)" + 2(g= + - = 2a3)" + 2(= 7= — == +a3)
42 5al 5a2+32+27al 532+32+29al Sa+32+2 29a1+:112+32
g 7 T P2y T 2 A ad) F 2t ad)
) 17a1+a 4 32+4511_|_a2_|_ 32+2581+82+ 32_|_211::11_|_a2+ 3)2
T T T FAGg g Tad) 20 a3+ 2+ tad)
+213a1+a2+ 32_|_215al_|_a|2_|_ 32 4 2 23al+332+ 32_|_23a1+332+ 32
(g + 7 T3 + 20+ +a3)" + 2(= =+ 7=+ a3)" + 2( - + =+ a3)
+27a1+3a2+ 32_|_213.911_|_3.912_|_ 3)2
(g + 7 33" + 23+~ +a3)")
Simplify[F64]
1 [343a12

— + 184a22 + 384a3?
164 2

N[F16/.{al1->1, a2->.25, a3->1/16}]
N[F64/.{al->1, a2->.25, a3->1/16}]
N[F4/.{a1->1, a2->.25, a3->1/16}]
0.225347

0.848942

0.0765466

List coordinates for (n, F[n]) :

.05}]

Al

c3

A2 U
A3 :D

4., 0.0765466

, 1 16., 0.225347 , 64., 0.848942

Figure 45: Sliders that allow for the direct manipulation of the detrended fluctuation values. The brackets arent showing up due to the

aforementioned formatting issues.
Plot (n, F[n]) :

Manipulate[ListLinePlot[{{4, F4},{16, F16},{64, F64}}/.{al->A1,a2->A2, a3->A3},PlotRange->{{0,70}, {0,10}},
PlotMarkers->Automatic],{{A1,1}, 0, 2, .05},{{A2, .25},0, 1, .05},{{A3,1/16}, 0,1, .05}]
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Manipulate[N[List[{{4, F4}, {16, F16}, {64, F64}}]/.{a1l->A1,a2->A2, a3->A3}],{{A1,1}, O, 2, .05},{{A2, .25},0, 1, .05},{{A3,1/16}, 0,1,
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Figure 46: Plot that results from directly manipulating the detrended fluctuation values, F(n) vs. n.

Plot (n, F[n]) and compute the best linear fit:. Note that multiplying all coefficients by a constant k does not change the slope
of the linear fit. Translates the graph up by Log(k).

Manipulate[{ListLinePlot[{{Log[4], Log[F4]},{Log[16], Log[F16]}, {Log[64], Log[F64]}}/.{al->A1,a2->A2,
a3->A3},PlotRange->{{-4,10}, {-4,5}},PlotMarkers->Automatic],LinearModelFit[{{Log[4], Log[F4]},{Log[16], Log[F16]}, {Log[64],
Log[F64]}}/ .{a1->A1,a2->A2, a3->A3}, x,x]}, {{A1,1}, O, 4, .05},{{A2, .16},0, 1,.01}, {{A3,.04}, 0,1, .01}]

M
Al B

M
A2 i

A3:U

al
ol
‘ ‘ ‘ ‘ ‘ ‘ ., FittedModel | - 4.54365: 1.02112x
4 -2 2 A 6 8 10
.27
|
.47

Figure 47: Equation and plot for the log-log plot taht results from directly manipulating the detrended fluctuation values, log F(n) vs. log n.
The equation is distorted due to the aforementioned formatting issues. It should read -4.54365+1.02112x.

Manipulate[LinearModelFit[{{Log[4], Log[F4]},{Log[16], Log[F16]}, {Log[64], Log[F64]}}/ {al->Al,a2->A2, a3->A3}, x,x], {{A1,1}, O, 4,
.05},{{A2, .25},0, 1, .01},{{A3,1/16}, 0,1, .01}]
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Al

[T o |

A2
A3 :D

FittedModel | - 3.814: 0.867814x

Figure 48: Manipulable equation of the log-log plot, by itself (log F(n) vs. log n). The equation is distorted due to the aforementioned
formatting issues. It should read -3.814+0.867814x.

r=List[{{Log[4],Log[F4]},{Log[16],Log[F16]},{Log[64],Log[F64]}}/.{al->1.75,a2->0.375,a3->0.075}]
{{{Log[4],-2.38753},{Log[16],-1.10586},{Log[64],0.38532}}}

g=ListLinePlot[r]

| | L | | L L / L
[ 20 25 30 35 40
05 -
10k
150
.20k
~T

Figure 49: The line that results for the log-log plot after adjusting the parameters to force it to have a slope of 1. log F(n) vs. log n.

Fit[Flatten[r,1],{1,x},x]

-3.80888+1.0001 x
s[t_]:=1.75*A1[t]+0.375*A2[t]+0.075*A3[t]
y={k
For[i=1,i<65,i++,y=AppendToly,s[il]]

y

{0.278125,0.25625,0.684375,0.8125,0.715625,0.31875,0.371875,0.125,0.590625,0.75625,1.37188,1.6875,1.77813,1.56875, 1.
80938,1.75,1.59063,1.13125,1.12188,0.8125,0.278125,-0.55625,-0.940625,-1.625,-1.59688,-1.86875,-1.69063,-1.8125, -
2.15938,-2.80625,-3.00313,-3.5,-3.00313,-2.80625,-2.15938,-1.8125,-1.69063,-1.86875,-1.59688,-1.625,-0.940625,-
0.55625,0.278125,0.8125,1.12188,1.13125,1.59063,1.75,1.80938,1.56875,1.77813,1.6875,1.37188,0.75625,0.590625,0.125,0
.371875,0.31875,0.715625,0.8125,0.684375,0.25625,0.278125,0.}

ListLinePlot[y,AxesOrigin->{0,0},PlotMarkers->Automatic]
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Fi iglitm 50: The discrete integration that results in the log-log plot from Figure 42, y(k) vs. k.

w={y[[1]]}

{0.278125)}

For[i=2,i<65,i++,w=AppendTo[w,y[[il]-y([[i-1]]11]

w

{0.278125,-0.021875,0.428125,0.128125,-0.096875,-0.396875,0.053125, -
0.246875,0.465625,0.165625,0.615625,0.315625,0.090625,-0.209375,0.240625,-0.059375,-0.159375,-0.459375,-0.009375, -
0.309375,-0.534375,-0.834375,-0.384375,-0.684375,0.028125,-0.271875,0.178125,-0.121875,-0.346875,-0.646875,-
0.196875,-0.496875,0.496875,0.196875,0.646875,0.346875,0.121875,-0.178125,0.271875,-
0.028125,0.684375,0.384375,0.834375,0.534375,0.309375,0.009375,0.459375,0.159375,0.059375,-0.240625,0.209375,-
0.090625,-0.315625,-0.615625,-0.165625,-0.465625,0.246875,-0.053125,0.396875,0.096875,-0.128125,-0.428125,0.021875,-
0.278125}

z=Accumulate[w]
{0.278125,0.25625,0.684375,0.8125,0.715625,0.31875,0.371875,0.125,0.590625,0.75625,1.37188,1.6875,1.77813,1.56875,1.
80938,1.75,1.59063,1.13125,1.12188,0.8125,0.278125,-0.55625,-0.940625,-1.625,-1.59688,-1.86875,-1.69063,-1.8125,-
2.15938,-2.80625,-3.00313,-3.5,-3.00313,-2.80625,-2.15938,-1.8125,-1.69063,-1.86875,-1.59688,-1.625,-0.940625,-
0.55625,0.278125,0.8125,1.12188,1.13125,1.59063,1.75,1.80938,1.56875,1.77813,1.6875,1.37188,0.75625,0.590625,0.125,0
.371875,0.31875,0.715625,0.8125,0.684375,0.25625,0.278125,2.22045x10716}

Chop[%]
{0.278125,0.25625,0.684375,0.8125,0.715625,0.31875,0.371875,0.125,0.590625,0.75625,1.37188,1.6875,1.77813,1.56875,1.
80938,1.75,1.59063,1.13125,1.12188,0.8125,0.278125,-0.55625,-0.940625,-1.625,-1.59688,-1.86875,-1.69063,-1.8125,-
2.15938,-2.80625,-3.00313,-3.5,-3.00313,-2.80625,-2.15938,-1.8125,-1.69063,-1.86875,-1.59688,-1.625,-0.940625,-
0.55625,0.278125,0.8125,1.12188,1.13125,1.59063,1.75,1.80938,1.56875,1.77813,1.6875,1.37188,0.75625,0.590625,0.125,0
.371875,0.31875,0.715625,0.8125,0.684375,0.25625,0.278125,0}

B=w+1
{1.27813,0.978125,1.42813,1.12813,0.903125,0.603125,1.05313,0.753125,1.46563,1.16563,1.61563,1.31563,1.09063,0.7906
25,1.24062,0.940625,0.840625,0.540625,0.990625,0.690625,0.465625,0.165625,0.615625,0.315625,1.02813,0.728125,1.178
12,0.878125,0.653125,0.353125,0.803125,0.503125,1.49688,1.19688,1.64688,1.34687,1.12188,0.821875,1.27187,0.971875,
1.68438,1.38438,1.83438,1.53438,1.30938,1.00938,1.45937,1.15938,1.05938,0.759375,1.20937,0.909375,0.684375,0.38437
5,0.834375,0.534375,1.24688,0.946875,1.39688,1.09688,0.871875,0.571875,1.02188,0.721875}

ListLinePlot[B,AxesOrigin->{0,0},PlotMarkers->Automatic]
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Figure 51: Figure 19: The interbeat intervals that result from doing the DFA calculations in reverse, duration (in seconds) vs. ith beat. As
expected, this has a resemblance to the Pink Noise image from Figure 3.

Total[B]/64
1.
t=Flatten[{0,Accumulate[B]}]

{0,1.27813,2.25625,3.68437,4.8125,5.71563,6.31875,7.37188,8.125,9.59063,10.7563,12.3719,13.6875,14.7781,15.5688,16.8
094,17.75,18.5906,19.1313,20.1219,20.8125,21.2781,21.4438,22.0594,22.375,23.4031,24.1313,25.3094,26.1875,26.8406, 27.
1938,27.9969,28.5,29.9969,31.1938,32.8406,34.1875,35.3094,36.1313,37.4031,38.375,40.0594,41.4438,43.2781,44.8125,46.
1219,47.1313,48.5906,49.75,50.8094,51.5688,52.7781,53.6875,54.3719,54.7563,55.5906,56.125,57.3719,58.3188,59.7156,6
0.8125,61.6844,62.2563,63.2781,64.}

ListLinePlot[t,AxesOrigin->{0,0},PlotMarkers->Automatic]

6
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Figure 52: These are the times that result from the final step of the reverse DFA, time (in seconds) vs. ith beat.
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E. Applications of Fractals to Art and Entertainment (Just a Small Sample)

1. Computerized generation of new types of music [74]
2. Computerized generation of new forms of art [74]
a. Abstract paintings
b. Abstract sculptures
3. Developing more efficient real-world simulations [3] [8] [74—76]
a. More realistic terrain
b. Designing environments in video games, especially organic ones
c. Being able to generate such environments instantly, when needed, rather than having to store them
long-term
4. New designs for T-shirts and new camouflage patterns [4]
5. Image and signal compression [77]
6. Communications
a. Fractal antennas gave rise to our mobile devices [78]
b. Innovating communications with fractals could lead to innovating energy as well: the same
optoelectronic devices made using layers with fractal nanopatterns may prove useful in reducing the
cost of solar energy [79]
7. Further applications are continually emerging
F. What else can fractals be used to model or understand better?
1. The full and precise structure of trees, clouds, snowflakes, seashells, complex landscapes, coastlines, river

systems, mountain ranges, etc. [2—4] [8]

Many structures in the natural world have a fractal appearance. Trees, for instance, have large branches, which themselves have

smaller branches, and smaller sub-branches, and even the leaves have similar subdivisions. The forest as a whole has a fractal

appearance as well. Other parts of the natural world that are fractal in their structure include clouds, snowflakes, seashells, river

systems, mountain ranges, and coastlines and other complex landscapes.

2.

The weather and climate [2 — 3] [8]

The weather is one area in which fractals would be of immense help to better understand it. The current methods used in
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meteorology fail to be small-scale enough to accurately pick up the precise wind variations of hurricanes and other storms, and
simply trying to just use a smaller scale to gain the necessary precision would require too much computing power while
adapting the method to calmer weather. Fractals would be a great help, because they allow for a grid system of variable scale
using far less computer power.

3. Genes
Fractals could advance our understanding of genes, because the field of Genetics involves a lot of information compression due
to the fact that genes are very small molecules with enough complex information encoded to create an entire organism. Plus,
the fatalness of a virus has been found to depend on its cell fractal geometry [80], and the DFA algorithm was first developed
to study DNA [66].

4, Large-scale structure of the universe [9]

The universal structure out past the scale of galactic superclusters is not well understood, because it is not uniform and has
large gaps, or voids among and between the superclusters. Structures at this scale are known as walls (along with a few even-
larger great walls) of galaxies, and their dimensions are on the order of tens of millions of light years (along each axis) or
larger. Walls and their respective voids are too large for current theories to deal with, but fractals could be used to describe such
structures very well. Plus, since fractals can describe objects with spiral structure very well, they could be used to model and
understand individual spiral galaxies and even spiral nebulae within those galaxies.

Recent reports have found that the universe itself is not fractal, but at “small” scales (“small” meaning on the scale of
superclusters and walls, up to regions of 330 million light years wide) it is fractal-like. The latest study tested the composition
of the universe on the scale of 3 billion light years (cubed), and found matter to be distributed uniformly (as the standard model
of physics predicts, so it would’ve had to have been overhauled if the result were otherwise). The team that did the study
acknowledges it could be fractal-like again at even larger scales, but the telescope meant to do such an even-larger-scale test
has not been completed yet [81].

5. The subatomic realm

The dimensions of spacetime may have fractal properties at quantum scales [82].

6. Surface physics [83]
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G. Current applications of nanotechnology [36]

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Stain-repellant khakis (or other clothing eventually)

Better filters for removing toxic materials and viruses in water

Better car bodies

Antimicrobial dressings

Light harvester in photovoltaic devices

Increasing bioavailability of nutrients in foods

Cosmetics and sunscreens with improved UV protection

Better polymer dispersions for paints, coatings, adhesives, paper, textiles and leather

Rocket propellants that burn at double the rate

Better automotive lubricant

Synthetic bone

Producing an alloy that's as hard as diamond (for better cutting tools, drill bits, armor, and jet engine parts)
Thinner, lighter, more flexible, and less-power-consuming displays for cameras, phones, tablets, laptops, and
TVs (and soon better-than-HDTV displays)

Lighter, thinner packaging

Tennis balls that bounce twice as long, and better tennis rackets

Reducing the cost of efforts to liquefy coal and turn it into gas (can also reduce pollution by removing sulfur
from the coal)

More efficient catalytic converters

Stronger, lighter golf clubs

Smart Fabrics [17] [23] [37—49]

Additional emerging applications on the market can be tracked here: http://www.nanotechproject.org/cpi/
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H. A Small Sample of the Future Potential of Nanotechnology

1. Space elevator [84]
a. Make access to space more affordable and safer
b. Constructed from carbon nanotubes
c. The functionality of such a device has already been tested on a smaller scale, with a robot climber

scaling a ribbon that was attached to a high altitude balloon

2. Pollution control using nanotechnology
a. Advanced nanofilters [36] could be used to separate the toxic and nontoxic materials at polluted
sites
b. The large factories and manufacturing plants responsible for much of the pollution would be

obsolete once all the mass production is being done by nanomachines [15]

d. Nanotech paper that cleans up oil spills [85]
1. Mesh of nanowires made of potassium manganese oxide
il. Wires have a coating that repels water, but oil can seep into the pores and thus remain in

the material
iil. Can hold 20 times its weight in oil
iv. Potassium manganese oxide is stable at high temperatures, so paper can be cleaned by

heating it to the boiling point of oil, and then the paper can be reused

3. Studying the microscopic
a. Photographing the microscopic, such a molecule’s electrical charge in action [86]
b. Hearing bacteria and viruses [87]

4. Paper that’s stronger than metal [88]
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