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In this paper, we consider a stoichiometric population mode | of two producers and one consumer.
It is a generalization of the Rosenzweig-MacArthur populat ion growth model, which is a
one-producer, one-consumer population model without stoi chiometry. The generalization
involves two steps: 1) adding a second producer which compet es with the rst, and 2) intro-
ducing stoichiometry into the system. Both generalization s introduce additional equilibria and
bifurcations to those of the Rosenzweig-MacArthur model wi thout stoichiometry.

The primary focus of this paper is to study the equilibria and bifurcations of the two-producer,
one-consumer model with stoichiometry. The nutrient cycle in this model is closed. The primary
parameters are the growth rates of both producers. A secondary parameter is the total nutrient
in the system. Depending on the parameters the possible equilibria are: no-life, one-producer,
coexistence of both producers, the consumer coexisting with either producer, and the consumer
coexisting with both producers. Limit cycles exist in the la tter three coexistence combinations. Bi-
furcation diagrams along with corresponding representati ve time series summarize the behaviors
observed for this model.
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1. Introduction

A population is the collection of inter-breeding organisms of a particular species.
Mathematical population models follow the size of interact ing populations
over time. Such models are fundamental in biology and ecolog y. A producer-
consumer (prey-predator) population model studies the pop ulations of two
species which interact in a speci ¢c way. A variety of produce r-consumer models
has been developed and studied over the last century, usually with a single
currency, such as biomass, for each population. More recently, stoichiometry,
which can be thought as tracking food quality as well as quant ity, has been
introduced into population models [1, 5, 6, 8, 12-15].
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Every organism has its own ratios of nutrients in its body, an d those ratios are
called “stoichiometric ratios.” Stoichiometric ratios ar e very specic for most
animals, but plants have been observed to have a wide range of values [12]. In
this paper a single stoichiometric ratio, N:C, represented by an unnamed nutrient
(N) and carbon (C) is tracked. Food that has a very low stoichi ometric ratio
compared to the consumer's ratio is not of as much bene t to co nsumer growth.
Stoichiometric models, especially those with a closed nutrient cycle, tend to
exhibit a “paradox of enrichment”, a phenomenon in which the population of the
consumer declines in response to an increase in the population of the producer
[4, 8, 14].

In 1963, Rosenzweig and MacArthur [11] spresented a geometeic analysis
of producer growth and consumer response. It has become one of the classic
producer-consumer population models with a single currenc vy, carbon. Formulas
(1) are the traditional realization of the Rosenzweig-MacA rthur model, using

logistic producer growth and Michaelis-Menten consumer re sponse with food

saturation.

®=pP P2 f(P)C

W AW 0

dc = ef (P)C dC (1)
f(P)= %5

is the maximal per-capita growth rate of producer in the abse nce of predation.
is the producer self-limitation coef cient.
eis the ef ciency of turning predated food into consumer's bi omass.
d is the per-capita death rate of consumer.
f (P) is a Holling Type Il or Michaelis-Menten function that descr ibes consumers'
food saturation.
is the maximal death rate per encounter of producer due to pre dation.
is the half-saturation constant for the Michaelis-Menten f unction.

A standard parameter to vary in (1) is the producer growth rat e . Forlow the
ecosystem is a producer monoculture system because there isnot enough food to
maintain the consumer. Increasing suf ciently to pass a transcritical bifurcation
value allows both producer and consumer to stable coexist. Further increase in
results in a destablilization of the coexistence equilibri um in a Hopf bifurcation,
accompanied by the birth of an attracting limit cycle. The am plitude of the cycle
grows with continuing increase in , but no further bifurcations are observed [16].

In 2000, Loladze, Kuang and Elser (LKE) [8] introduced a prod ucer-consumer
population model with stoichiometry, which has become a bas is of compari-
son for most subsequent stoichiometric models. Their model was based on the
Rosenzweig-MacArthur model and exhibits the “paradox of en richment” [4, 14].
The equations for the LKE model are:
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f(P)C

= )
min(K; (Nt C)=0q) (2)
> _
9 = g minx; N_C=Pyi (p)C  dC

is the maximal per-capita growth rate of producer in the abse nce of predation.
K is the high nutrient level carrying capacity of producer wit h the absence of
consumer.
bis the maximal production ef ciency.
d is the per-capita death rate of consumer.
N+ is total amount of nutrient in the model.

is a ( xed) stoichiometric ratio of the consumer class.
g is the minimum stoichiometric ratio of producer.
f (P) is a function to describe consumer's response to food. This is typically a
Michaelis-Menten (Holling type I1), as in (1).

The total nutrient, Nt is assumed to be xed, consistent with a closed nutrient
system. There are two stoichiometric in uences, the produc er's carrying capac-
ity, min(K; (Nt C)=0), and the consumer's biomass conversion ef ciency,

min(1; w). If the two stoichiometric “min” functions were each replac ed
with the rst arguments in the respective min functions, the system would
revert to the nonstoichiometric Rosenzweig-MacArthur mod el, equivalent to
equation (1). The equivalence is seen by replacing the rst equation in (1) with
‘L—f =P@1 %) f (P)C. Varying K with this replacement for a speci ¢ choice
of a scenery parameter results in the same qualitative bifur cation sequence as
just described above for varying in (1) [16]. With the stoichiometric terms,
however, varying K results in new bifurcations. The sequence mimics the
bifurcations described above for the Rosenzweig-MacArthu r model through the
Hopf bifurcation, but continued increase in K now results in the destruction of
the limit cycle due to a the saddle-node birth of equilibria o n the limit cycle.
The stable node born in the bifurcation replaces the limit cy cle as the attractor.
Continued increase in K exhibits the paradox of enrichment. The consumer
values of the equilibrium decrease until a transcritical bi furcation value after
which the consumer can no longer exist. The nutrient is distr ibuted in the large
producer population, that is of insuf cient quality for the ~ consumer to survive.

A natural way to generalize a stoichiometric producer-cons umer model is to
allow for more species. For example, a variety of grazing species in a corn eld
would require a model of one producer and multiple consumers [9]. Yet an
ecosystem of a garden of various owers might be a model of mul tiple producers
and one consumer (a certain type of insect). In Pastor and Cohen [10] a model
of one consumer, two producers, and a single currency (no stoichiometry) was
addressed. The focus of the model was to determine the criteria of coexistence
in terms of plants' growth rates in open and closed environme nts. An open
environment means there are nutrient inputs from and export s to the surround-
ing environments for some components. A closed environment corresponds to
those having a xed total amount of nutrient cycling through  the components
in the model. In this paper we present a theoretical study of a two-producer,
single-consumer system. Our model is open for carbon, but cl osed for its nutrient.
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It can be thought of as a generalization of the Pastor-Cohen model, now with
stoichiometry. Alternatively, it can be thought of as a gene ralization of the LKE
model, with a second producer. Our stoichiometric assumpti ons, however, differ
in certain aspects from the LKE assumptions.

There are many interesting questions associated with a model of two producers

and one consumer with stoichiometry: (i) Under what conditi ons can all three
species stable coexist? In equilibrium? As a periodic limit cycle? Or some
attractors? (ii) How does the producer competition affect ¢ oexistence? What
about differences in producer growth? (iii) What new transi tions are possible
when a system moves from one producer to two producers? This p aper includes
a bifurcation study — largely numerical — of the model of two p roducers and one
consumer with stoichiometry, focusing on the questions abo ve.

Much of the work presented in this paper was performed for the master's thesis
of the rst author [7].

2. Model Construction

This model contains two populations of producer and a single population of con-
sumer. Since this is a stoichiometric model, both quality an d quantity of producer
and consumer are measured. We choose to keep track of carbon & a measure
of quantity, and nutrient (later changed to the nutrient-to -carbon ratio) as a
measure of quality. This leads to six density variables (g): P1;P2; C;N1;N2; Nc.
We also keep track of the nutrient in the sediment, M (g). Variables of the model
are summarized in table 1. As we describe below, a sediment class for the carbon
is not necessary. The model we will actually study is reduced from these seven
variables to ve by assuming a xed amount of total nutrient, and a xed
stoichiometric ratio g = N¢=C for the consumer. Details are provided below.
Figure 1 illustrates the ow of carbon and cycling of a nutrie nt in this model.

The equations for our model are given below in equation (3). W e now describe
the assumptions which lead to the equations.

8

dd% =(bp  1P1 12P2)"P1 dyP: %%

2 = 2 Pl P2

ddit =(bp  21P1 22P2)" P2 dp, P2 ﬁﬁ

dC _ i . AN+ Nzy  (Pi+P2)

W - mln( 3 a Plipg )h+( P1+P22)C ch

Mi=(Nt Ne Ni Np)a(bt  11P1 12P2)"P1 phip vy C R

dt T c 1 2) 1 171 12F2 1 P+ P, h+(P1+P,) P,
TodNp + P, (Pi+P2) ~N,

dt _(NT NC Nl NZ) 2(b2 21Pl 22P2) P2 PirP, e (P+P,) Z P,

3)

The biomass (carbon) of the producer is assumed to follow log istic growth.
Note that we have chosen to make the producer growth independ ent of the

dplNl

dp2N2
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nutrient. This independence assumption simpli es the anal ysis and focuses the
role of stoichiometry on the food quality of the consumer. As is necessary in
stoichiometric models, the death terms are separated from the (logistic) growth
terms in this model. This is the reason for the use of the “posi tive part” function,
(0", in the rst two equations of (3). Producer respiration is mo deled as a xed
fraction of the carbon xation through the photosynthesis. That is, “growth” is
interpreted as “net growth”. We assume that the rates of litt er decomposition
and nutrient mineralization are independent of sediment nu trient concentration.
Thus, there is no need to include a sediment carbon compartment in the model.
Mortality is considered as an exit of carbon from the system. (See gure 1(a).)

This is a closed nutrient model: The amount of nutrient in the system is xed.
There are no external nutrient input and output in any compon ents. In other
words, all nutrients are cycling within the model. Let Nt be the total nutrient
in system. Then, by this assumption, the amount of mineraliz ed nutrient,
M = NT NC N]_ N2.

Lotka-Volterra competition is assumed between the two prod ucers. The product
of the competition coef cients 1o 23 is assumed to be always less than the prod-
uct of the self-limitation coefcients 11 2 [2]. Otherwise, the two producers

could not coexist even in the absence of the consumer.

The predation of both producers (consumer response) is assumed to follow a

Michaelis-Menten function. Both producers are food for the consumer, which

favors non-preferentially; the probabilities of producer P; and P, being eaten are
assumed to be 5 'ilp and F+’2P , respectively. That is, the producers are consumed
. . 1 L2 ! 2

in proportion to their relative abundance.

The consumer gains biomass through predation. The maximum c onversion
ef ciency is assumed to be a constant, , without stoichiometry. However, it

becomes a minimum function of  and %, the ratio of the aggregate food
source's stoichiometry to the consumer'’s stoichiometry. W hen the food source
contains suf cient nutrient to support the maximum convers ion efciency
then the rate is achieved. Otherwise, the conversion ef ciency is reduce d to
%, re ecting the maximum rate at which nutrient can be supplie d to build
structural consumer biomass. Consumer death is assumed to be proportional to

its population size.

The producer gains nutrient via uptake from the mineralized nutrient, and loses
nutrient due to predation and mortality. The nutrient uptak e rate in this model is
proportional to the mineralized nutrient M = Nt  N¢: Ni1 Noy.In contrastto
other stoichiometric models, nutrient uptake is also assum ed to be proportional
to producer growth. This assumption appears to be realistic for terrestrial plants
[3]. Where nutrient uptake is proportional to plant transpi ration and, of course,
would be required of producers that maintain a constant N : C ratio. Nutrient
is transferred from producer to consumer via predation, and returned to the
nutrient pool when either a producer or the consumer dies. Th e nutrient uptake
coefcients 1 and » are assumed to be constant.

To reduce the complexity of formulas (3), we use Q; = ﬁ—;;i = 1;2to replace N
and N». Then calculating the derivatives of Q1 and Q», we get the “stoichiometric
form” of the system:
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®r=((bh 11P1 12P2)"  dp, m)Pl

d('j? =((bp 21P1 22P2)* dpz m)PZ

dc

St = (min(

1P.Q:+P P+ P,
q %1:P2Q2)h+((P1+P2)) de)C (4)

99 (Nt 9C QiP1 Q2P2) 1 Qu(bi  uP1  2P2)*

* VARRRIRN,  AKXRRAXIAXRAXY/ ©O
|

dd%z((NT qC QiP1 Q2P2) 2 Qa)(bpy  21P1  22P2)"

Note that ‘fj—(t: is not de ned if both P; and P, are zero. It can, however, be

continuously extendedto Py = P,=0by &£ = dcC.

For our numerical investigations, we xed the following par ameters, represent-

ing two nearly identical producer species (differing only i n maximal per-capita

growth rates) and a nutrient-rich consumetr.

Self-limiting coef cients: 11 = 2, =0:5g 'month 1!

Interference coef cients: 1, = 51 =0:2g 'month 1

Producer per-capita natural death rates: dp, = dp, = 0:05month !

Consumer per-capita death rate: d. = 0:17month 1

Consumer stoichiometric ratio: = 0:05

Ef cient conversationratio: =0:1

Maximal and half-saturation coefcients in the predation f unction, f:
=2:75month ! and h =0:75g

Nutrient uptake constants ;= 5, =0:3g 1.

As our goal is to determine as in [8] the effects of system enrichment under a
xed nutrient budget, the remaining parameters bymonth %, bbmonth 1, and Ntg
are varied in our numerical experiments. All rate constants are dependent on the
units selected to meansure biomass and nutrient densities. We have selected to
not normalize the equations, as this somewhat obscures the interpretation of our

numerical ndings. The selected parameter set is motivated by a hypothetical

grassland-herbivore system measured at a weekly time scale.

3. One-Producer, One-Consumer Model

In order to more easily understand the model (4), we rstcons iderthe special case
where there is a single producer in the system. This one-prod ucer, one-consumer
model is similar to the LKE model [8], but with different nutr  ient uptake assump-
tions. We setP, = 0 and ignore Q5 to obtain:

€ = min( ; L)pEa do)C (5)

8
% =(bh  uP1 dp, {5)P:
E q

9= (Nt qC QiP1) 1 Qui)(br  11P1)
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The positive part function from (4) has been eliminated as a ¢ onsequence of the
following Proposition.

Proposition 3.1 : The following inequalities describe an invariant regiomafdel (5):
0 Pp 20 c %0 Q Nr,andNr qC QiP:) O

Proof: The proof, which is standard for related models in the litera ture, follows
by showing that all solutions which start on the boundary of t he region will stay
on the boundary or go to the interior of the region. See [7] for details.

Equilibria

We calculate the system equilibria, with the variables list ed in the order:
(P1;C;Q1).

The no-life equilibrium (O): (0;0; Nt 1), where neither producer nor consumer
exist, but the (irrelevant) producer stoichiometric ratio is not necessarily zero.

The monoculture equilibrium ( Pq): (bl Olpl; 0 Nr w1 )

- (6 @) In the absence
of consumers, the population of producers follows the logis tic growth and

approaches its carrying capacity bl—f“ over time.

The coexistence equilibrium (P1C): There are two cases designated by H and
L. In case H (denoting high food quality), the biomass conver sion ef ciency is

min( ; %) = . The conversion ef ciency is min( ; &) = % in the low food
quality case L. We use subscripts to denote the cases.

h (b doy) de uh?.
de ( de)*?

For case H, the coexistence equilibrium (P1C)y is (—%f-;

Nr( de) h dp, )+ Koo ch® ,
(N ( ) dqc(ﬁ]bll 1”) r do )). Note that, due to the consumption by con-

sumers, the producer equilibrium level is independent of th e growth rate by;.

For the casel, the coexistence equilibrium, (P1C)_ is more complicated. By set-
ting the right hand sides of (5) to zero, solving in the third e quation for Q, solving
in the second equation for C, and substituting these solutions into the rst equa-
tion, it can be shown that the equilibria with nonzero P; and C must satisfy the
following cubic in Pj.

(P1)3cs + (P1)%co + (P1)cy + Co = 0; (6)

where

C3 = 11
C2=b dp,+dc h g
a=(b Oy +dh N+ &

— hd.
CO_ 1

Thus, there can be up to three (P1C)_ solutions. Along with one possible (P1C)y
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solution, there could exist up to four coexistence equilibr ia. Fewer are actually
realized, however, since the biologically meaningful coex istence solutions must
also have positive populations, and satisfy the “consisten cy condition”: %

for (P.C)n solutions, and % for (P,C)_ solutions.

Bifurcations with varying b; (maximal per-capita producer productivity) and N 1 (total
system nutrient) xed

We provide representative bifurcation diagrams, varying by, in gure 2. The total
nutrient Nt is xed at a relatively low value of 0:1. To illustrate the interplay
between biologically meaningful and biologically extrane ous equilibria, we
plot % at the coexistence equilibria (P1C)y and (P1C). against by in gure
2(a). The portion of the cubic red curve representing the case L equilibria is
biologically meaningful only when the curve is below = 0:1. Conversely,the
portion of the slanted blue line representing the case H equi libria is biologically
meaningful only when the curve is above . The dashed blue segment in region
C represents the repelling equilibrium, while the the two th in solid lines in
region C represent the range of realized % along the attracting periodic orbit.
The bold curves indicate the biomass conversion ef ciency o n the attractor:
at the case H equilibrium in region B,  throughout most of region C — as long

as the minimum value of % along the periodic orbit stays above , a range

of values between and the minimum realized % on the periodic orbit at the
right hand part of region C, and at % for the case L equilibrium in regions D
through E., solid to attracting, and dashed to unstable. The orange curve in re-
gion C indicates the over-time meanvalues on limit cycles. B ifurcatoins between
adjacent regions are described in table 2. Red corresponds b case L, blue to case H

Figures 2(b), 2(c), and 2(d) are more traditional bifurcati on diagrams with a
xed Nt = 0:1. They correspond to gure 2(a). Bifurcations between regio ns are
indicated on the gure, and identi ed as well in the chart for  the two-parameter
plane bifurcations presented in the next paragraph.

Bifurcations with varying b; and N

To better place the one-parameter bifurcation diagrams in o f gure 2 in context,
we show a two-parameter bifurcation diagram in b, and Nt in gure 3. Cor-
responding time series plots are shown in gure 4. The solid ¢ urves indicate
those bifurcations resulting in a change of attractor; the d ashed curves indicate
bifurcations which do not change the attractor. In each time series, solutions
of P;, C, and magnied Qi are plotted against time. Table 2 describes the
bifurcations between the adjacent regions of (by; Nt) parameter space. Note that
regions A and F, B and E are connected. RegionO(0 b  dp,), is too small to
be shown in gure 3(a), but is to the left of region A. As a compa rison, gure 3(b)
shows a bifurcation diagram of the corresponding model with out stoichiometry
(replacing min( ; NNz with ). The non-stoichiometric model is, of course,

q(P1+ P3)
independent of Nt since the model reverts to a single currency model.
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4. The Two-Producer, One-Consumer Model

We turn to an analysis of the full model (4), with both produce rs, one consumer,
and stoichiometry. Much of the analysis parallels that perf ormed in the previous
section for a single producer.

Proposition 4.1 : The following inequalilties describe an invariant regidmudel (4):
0 Pr 20 P, 20 C 80 Q Nr3,0 Q Nrgand

T!
(Nt gqC QiP1 Q2P2) O
Proof: The proof is similar to that of Proposition 3.1. See [7] for de tails.

Equilibria

Similar to the one producer model, we rst calculate all poss ible equilibria, with

coordinates listed in the order: (Py1; P2; C; Q1;Q>2). There remain two cases: case H,
where min( ; %) = , and case L, wheremin( ; Q&%;%z';z) = Qé(%;%;?
Note that equilibria with P, = 0 or P = 0 are same as the equilibria in the
single-producer-single-consumer model in the previous se ction. We list these
equilibria rst. Since Q; is not ecologically relevant when P; = 0, we denote the

corresponding mathematical equilibrium value as being “no t applicable” (NA).

The no-life equilibrium (O): (0;0;0;NA; NA)
The monoculture equilibrium ( P1): (%1 0,0, N1 a0 N

11+(b1 dpy) 1’

ih 1 . L by d . N . N 2
The monoculture equilibrium ( P2): (o; = T2, 0;NA; iy 7)

The one-producer coexistence equilibrium (P1C)y : (—teh; o L0 dea) - den® g,

dc ¢ d02
2
(N7 ( de) hg (b dp,) dedl Z i1y
G TNA).
i ~n. deh . h(b2 dp,) d ch? .
The one-producer coexistence equilibrium (P2C)y 1 (0; fef; ——=F2- Aehoz,
2
_2(NT( do) hq (b dp,y) eUM 22
NA Tz D )-

The following are new coexistence equilibria, involving bo th producers, in the
two-producer-one-consumer model. Note that the coexisten ce equilibrium solu-
tion in biological meaningful only when the growth terms (b 12P> 11P1)
and (b, 21P1 22P>) both are positive.

The coexistence equilibrium without consumer ( P1P»):

We setC = 0 and assume that all other variables are positive. The equili b-
rium solution is computed to be (P1;P2;C;Q1;Q2) =

(2231 12Bs. 11Bo  21Bi.Q. Nt 1Sprod .
Sprod ’ Sprod PP B1( 1 22 2 22)+B2( 2 1 1 12)+S?

N Zsprod )
Bi( 1 22 2 22)+B2( 2 11 1 12)+S7?

where B1= by dp,,Bo=1lp dp,,andSprod = 11 22 12 21

In the absence of the consumer, our model reduces to a Lotka-\olterra com-
petition model. Our simplifying assumption that the produc er growth be
independent of the stoichiometry renders Q; and Q; irrelevant. Note that
in order to keep the equilibrium value of P; and P, positive, the product
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of self limitation terms, 11 22, must be “large” compared to the product of
competition coefcients 15 1. Note also that if by is suf ciently large, with
other parameters being xed, the equilibrium value of P, becomes negative;
that is, ecologically, P, cannot persist. An analogous statement is true for large
bp. Consequently, coexistence of both producers requires the two birth rates be
relatively close to each other.

High food quality coexistence equilibrium ( P1P>C)y :

We assume that min( ; q[\‘Pll’;’\g,zz)) = . Note that in order to keep the com-
ponents of the all-species-coexistence equilibrium positive, the sum of
the self-limitations 17 + 22 is assumed to be larger than the sum of the

competition-limitations 12+ 23.

Assuming all variables are positive, the equilibrium solut ionis

1(NT aCpapac) 2(Nt dCpapoc) )

P1 P2 ,C
(PlpipaciP2rip2ciCripac, 5 1Plpipac* 2P2pap2c ' 1+ 1Plpipac+t 2P2pipac

where B; = by dpl,Bzz b dpz,
Ssum = 11t 2 12 21,

Sprod = 11 22 12 21,
B:, B dch( 2 12)

Plpipac = S Sem (o)’
_ B, B; dch( 11 =z1)
P2pipoc = % Sem ( do)’
_ h (Bl( 2 21) BZ( 1 12)) dChZSprod
and Cpipoc = Sem (o) * 5 ( do?

Low food quality coexistence equilibria ( P1P>C)_ :

; ; . N3+Np y— _N3+N, — QiP:i+ Q2P _
In this case we assume themin( ; c5=F5) = gprpy P +p.) - 1he proce

dure of nding ( P;C). was described in the last section. Similar to the one-
producer, one-consumer model, there are up to three equilib ria in the two-
producer, one-consumer model. The Py equilibrium values for ( P1P,C)_ can
be shown to be the roots of a cubic polynomial [7].

Fixing the total nutrient Nt and the second producer growth rate by, a plot of

Lt at the coexistence equilibria (P1P2C)y and (P1P,C). against by is
shown in gure 5(a). Notation and line types are analogous to those described
for gure 2(a). In particular, the bold curves indicate the b iomass conversion

ef ciency on the attractors.

Figures 5(b) and 5(c) are two-parameter bifurcation diagra ms for model (4)
obtained by varying b; and by, but with a xed Nt = 0:1. The solid curves in-
dicate the more signi cant bifurcations on the attractors, and the dashed curves
indicate some of the non-attractor bifurcations. The two-p roducer, one-consumer
coexistence parameter combinations are highlighted in yellow. Figure 5(d) is
a bifurcation diagram for the analogous two-producer-one, consumer model

without stoichiometry ( min( ; %5 3:5%) = ). The two dashed blue lines
forming the wedge shape locate the transcritical bifurcati ons to two-producer
coexistence from a single-producer coexistence when thereis no consumer. The
red solid curve locate a transcritical bifurcation of perio dic orbits: a periodic orbit
passes through another periodic orbit in one of the P;C planes into the interior

of the rst “octant” of the coordinate plane. The details of b ifurcations between
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regions are summarized in table 3.

Regions A, B, C, D, E, F, and Z are the “conjugates” of regions A, B, C, D, E, F,
and Z, with the roles of P; and P, interchanged. Thus, the time series in these
conjugate regions are not shown. In each time series, solutions of P, P,, and C
are plotted against the time. Table 3 summarizes the bifurcations between the
adjacent regions.

We denote by Wtheregion (O by dp,)[ (O by dp,). Theregionistoosmall
to resolve in gures 5(b)-(d). We do not provide time series f or region W either;
existence of the both producers is not possible here.

5. Experimental Implications

John - Ilin here.

One-producer - can vary band Nt independently. Two-producers - hard to vary
b and b, independently.
Increase light - radial path through b;-b, space.

6. Conclusions

The model developed and studied in this paper is a simplied m odel of two
producers and one consumer with stoichiometry. It is a gener alization of the
Rosenzweig and MacArthur model (see (1)), which is a single- producer, single-
consumer model without stoichiometry. First, we introduce d stoichiometry into
Rosenzweig and MacArthur model. This left us with a model sim ilar to the LKE
model [8], but with somewhat different mechanisms for effec ting stoichiometry.
Afterward, we added a second producer.

Following [8], for the single producer model (5) we chose to v ary the growth
rate, by, and the total nutrient, N, both which might be controlled in experi-
ments. As illustrated in gure 3, except for extremely low va lues of Nt (below
approximately 0:2), the model exhibits more than the three bifurcations typic ally
observed in the Rosenzweig and MacArthur model by varying ei ther birth rate or
carrying capacity. As the producer's growth rate increases , with a xed amount
of nutrient in the system, there is a sequence of bifurcation s: a rst transcritical
enabling the producer to enter the system, a second transcritical enabling the
consumer to enter the system, a Hopf bifurcation creating co existence limit
cycles, a rst saddle-node destroying the cycle and replaci ng it with an attracting
equilibrium, a second saddle-node taking the two “extra” sa ddle coexistence
equilibria away, but leaving the attracting coexistence eq uilibrium, and a trans-
critical bifurcation after which the consumer can no longer survive. See gures
2(a) and 3(a).

We note that this description is far from a complete analysis of model (5). There
are many parameters which we have not varied and which could | ead to different
behavior. The bifurcation sequence described above differs from the sequence in
[8] only by switching the last two bifurcations. Similar mod els we have studied
have the rst saddle-node taking place offthe limit cycle, resulting in a coexisting

attracting limit cycle and attracting equilibrium. A later  homoclinic destroys the
limit cycle and returns the equilibrium to the only attracto r. Other scenarios are
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likely present in the model as well.

The analysis of the two-producer, one-consumer model (4) provided the most
interesting bifurcation scenario (see gures 5(b) and 5(c)). We varied the total nu-
trient Nt in our numerical experiments, but have presented the two-pa rameter
bifurcation diagram in b; and b, for only one xed value of Ny. As in the
one-producer model, there are many other parameters which w e kept xed,
so the bifurcation scenario we found is again far from a compl ete analysis of
(4). Even with this limitation, however, we have observed ne w and interesting
bifurcations in this two-parameter space. Of special note i s the parameter region
(colored yellow) in which all three species can coexist. Thi s region is, of course,
inside the wedge-shaped region which describes the coexistence region of two
producers in the absence of any consumer. Also noteworthy is the existence of
transcritical bifurcations of periodic orbits which occur at different parameter
values from transcritical bifurcations of equilibria. Suf ciently high growth rates
in any direction in the by-b, parameter plane results in the extinction of the
consumer - the “paradox” of energy enrichment.

To summarize, the introduction of stoichiometry to our prod ucer-consumer
model can cause the loss of large amplitude limit cycles. Because the total nutri-
ent Nt is xed, a suf ciently high growth in producer(s) results in  the extinction
of the consumer as producer xxx nutrient increases simultan eous to reduce food
quality. Adding second competing producer creates additio nal interesting bifur-

cations, allowing us to see the somewhat complicated criteria for coexistence of
all three species.
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Table 1. Table of Variales
Variables | De nitions
P Population Density of
Producer P;1 (Carbon)
P2 Population Density of
Producer P, (Carbon)
C Population Density of
Consumer C (Carbon)
N1 Nutrient of Producer Pj
N2 Nutrient of Producer P>
Nc Nutrient of Consumer C
M Mineralized Nutrient
Q1= g—ll Stoichiometric Ratio of P1
Q= ﬁ—; Stoichiometric Ratio of P
Table 2. Bifurcations between the adjacent regions in gure 3(a)
Regions boundary covering | Type of Bifurcation Involved Attractors Non-Attractor Transitions
o! A Transcritical O)! (P1)
Al B Transcritical (P1)! (P1C)y
B! C Hopf (P1C)y
I limit cycle
C! D Homoclinic / limit cycle A second unstable (P1C), is created.
Saddle-node ! Stable P1C),.
D! E Non-Smooth Stable P1C). The unstable (P1C)y and unstable (P1C).
Saddle-node ! Stable P1C),. are eliminated.
E! F Transcritical P1C)L ! (P1)
Table 3. Bifurcations between the adjacent regions in gure s 5(b) and 5(c)
Regions boundary covering | Type of Bifurcation Involved Attractors Non-Attractor Transitions
wW! G Transcritical ©O)!' (P1Py)
w! A Transcritical O)! (P1)
Al G Transcritical P1)! (P1P2)
G! H Transcritical (P1P2)! (P1P2C)y
A! B Transcritical (P1)! (P1C)y
B! H Transcritical (P1Cy ! (P1P2C)y
HT 1 Hopf (P1P20)n
I Interior limit cycle
B! C Hopf (P1C)y
! P1C planar limit cycle
cl! z Transcritical Limit cycle in P1C plane
I the interior limit cycle
VAN Transcritical (P1C)y ! (P1P2C)y
[N Saddle-node / Interior limit cycle Unstable (P1P,C)_ is created.
Homoclinic ! Stable P1P2C).
VAIN] Saddle-node / Interior limit cycle Unstable (P1P,C)_ is created.
Homoclinic I Stable P1P2C).
C! D Saddle-node / P1C plane limit cycle Unstable (P1C)_ is created.
Homoclinic ! Stable P1C),.
D! J Transcritical (P1C)L ! (P1P2C).
JI K Non-Smooth Unstable (P1P,C)y and
Saddle-node unstable (P1P2C)_
coalesce.
D! E Non-Smooth Stable P1C). Unstable (P1C)y and
Saddle-node | Stable P1C). unstable (P1C).
coalesce.
E! J Transcritical (P1C). ! (P1P2C).
E! K Transcritical (P1C)L ! (P1P2C).
K!' M Transcritical (P1P2C)L ! (P1P2)
E! F Transcritical P1C)L ! (P1)
FI' M Transcritical (P1)! (P1P2)
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Figure 1. Two-Producer-One-Consumer Flow Charts: Carbon Flow and Nutrient Cycling
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Figure 2. One-parameter bifurcation diagrams for One-Prod ucer-One-Consumer Model. In gures, (i) is a non-
smooth saddle-node bifurcation, which is caused by the min function (see table 2). (ii) is a smooth saddle-node
bifurcation when two unstable case L equilibria merge. The M eanvalue of a limit cycle is the expected value of
(P1;C;Q1) from t = 1000 tot = 2000 with time step 0.01. Regions A, B, C, D, and E are corresponding to gure

3 and the bifurcations between adjacent regions are described in table 2. (a) Plot of Qq—l at potential equilibria (and

range of Qq—l along periodic orbit in region C). The conversion ef cienci es at biologically meaningful equilibria
and periodic orbits are in bold. Red corresponds to case L; blue corresponds to case H. Solid indicates stable;
dashed indicates unstable. (b) Equilibrium values of Q1 versus by for equilibrium solutions; range of Q1 values
for periodic orbits in region C. Solid bold lines represent s table equilibria and limit cycle; dashed lines represent
unstable equilibria. (See text.) (c) and (d) same as (b) but br P1 versus b; and C versusb; .
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Figure 3. Two-parameter bifurcation diagrams in band Nt for the One-Producer-One-Consumer Model. Re-

gion Oistheareaof 0 Iy

dp, = 0:05 month 1. The yellow highlight regions indicate the coexistence

of producer and consumer. (a) Two-parameter bifurcation di agram in by and Nt for the One-Producer,One-
Consumer Model See gure 4 for representative time series corresponding to each region, and table 2 for bi-
furcations between adjacent regions. (b) is the two-parameter bifurcation diagram in b; and Nt for the corre-

sponding One-Producer,One-Consumer Model without stoich iometry.
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Figure 4. Representative time series corresponding to parameter regions in gure 3. The dashed line is
multipler g, which is used as a reference to indicate whether producer's N:C ratio, Q1, is relatively high
or low to the consumer. When Q; is high, consumer's conversion ef ciency is . Otherwise, the conversion

ef ciency is Qq—l. Red is for producer; blue is for consumer; green is for produ cer's N:C ratio.



October 17, 2008

0:43 Journal of Biological Dynamics Report
17
20
F
15+
QP+ P> .M
(P, +P,) ~ ~
T 7 J K
} 0.5F I } } 101~
} P2C plane | P1P2Cspace _
| 04Hlimit cycle | limit cycle E K
\ I \ \ .
\ 03 I \ Meanvalue (ii)
\ —~ | \
I i — ) /
28
} | } = \H'lplpzc J/ ,,‘
‘ 0.1k L_| | o~/ L ‘ F
| [ — P1P2C
\ I \ \ [
\ B - : b,
1 2 3 4 5 20
Q1P+ Q7P i ilibri
(a) Plot of qPIF P at Coexistence Equilibria
5 5
I I / /
I / 4
/ // s
~ 1l / 7 7/
E H V2 /
all / Y /
4 K / . 2
u / y /
7
il / / p
7
I / P -
H H / s y
3 3H / // v
I I / Y ;
/ v 7
i I , y P
[ I E / Z// //
. s
24 2 . / O -
i i / 2 . 7 -
—F— 76% P
H - / ///
H / -
1 1 / -
I 1 H -
I St -C
[Te, . /.
1 2 3 4 5 1 2 3 4 5

(c) Bifurcation Diagram (Zoom) (d) Bifurcation Diagram Without Stoichiometry

Figure 5. Two-parameter bifurcation diagrams for Two-Prod ucer-One-Consumer Model. The yellow regions

in (b), (c), and (d) indicate the coexistence of both producers and consumer. (a) Plot of % at poten-

tial equilibria, and range of % along periodic orbit in region Z and I. The total nutrient Nt and

growth rate b, are xed, 0.1 g and 2 month 1. Inregion C, P; is assumed to be zero although initially P; can
be some positive numbers. It is because population P; cannot persist over time in region C. At by = 0, the
population dynamics of the second producer and the consumer is already forming a limit cycle on P>C plane.
When b; < 1:38, population of Pj is unable to persist over time and become extinct or very low i n size to
have signi cant in uences to the system. Starting from regi on Z (b 1:38), P1 becomes persistent, which
is re ected by the interior limit cycle in P1P,C space. The interior limit cycle exists in regions Z and I, and
the difference between both cycles in both regions is that th ere is no corresponding unstable (P 1P2C) equilib-
rium in the interior space in region Z, but there is one in region |. Thus, the brown and the blue dash ed lines

are the % at the unstable (P,C)y and the unstable (P1P2C)y, respectively. The red lines are the

% at (P1P»C), equilibria. Solid indicates stable; dashed indicates unstable. The conversion ef cien-

cies of biologically meaningful equilibria and periodic or bits is in bold. The Meanvalue of a limit cycle is the
expected value of (P1;P2;C;Q1;Q2) from t = 1000 to t = 2000 with time step 0.01. (b) and (c) Two-parameter
bifurcation diagrams in b; and b, for the Two-Producer,One-Consumer Model. See gure 4 for re presentative
time series corresponding to each region, and table 3 for bifurcations between adjacent regions. (d) is the two-
parameter bifurcation diagram in by and b, for the corresponding Two-Producer,One-Consumer Model wi thout
stoichiometry.
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Figure 6. Representative time series corresponding to parameter regions in gure 5. Red is for the consumer;
blue is for producer P1; Green is for producer P;.
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