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In this paper, we consider a stoichiometric population model of two producers and one consumer.
It is a generalization of the Rosenzweig-MacArthur population growth model, which is a
one-producer, one-consumer population model without stoichiometry. The generalization
involves two steps: 1) adding a second producer which competes with the first, and 2) intro-
ducing stoichiometry into the system. Both generalizations introduce additional equilibria and
bifurcations to those of the Rosenzweig-MacArthur model without stoichiometry.

The primary focus of this paper is to study the equilibria and bifurcations of the two-producer,
one-consumer model with stoichiometry. The nutrient cycle in this model is closed. The primary
parameters are the growth rates of both producers. A secondary parameter is the total nutrient
in the system. Depending on the parameters the possible equilibria are: no-life, one-producer,
coexistence of both producers, the consumer coexisting with either producer, and the consumer
coexisting with both producers. Limit cycles exist in the latter three coexistence combinations. Bi-
furcation diagrams along with corresponding representative time series summarize the behaviors
observed for this model.

Keywords: Stoichiometry, Producer-Consumer Model, Second Producer, Coexistence

1. Introduction

A population is the collection of inter-breeding organisms of a particular species.
Mathematical population models follow the size of interacting populations
over time. Such models are fundamental in biology and ecology. A producer-
consumer (prey-predator) population model studies the populations of two
species which interact in a specific way. A variety of producer-consumer models
has been developed and studied over the last century, usually with a single
currency, such as biomass, for each population. More recently, stoichiometry,
which can be thought as tracking food quality as well as quantity, has been
introduced into population models [1, 5, 6, 8, 12–15].
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Every organism has its own ratios of nutrients in its body, and those ratios are
called “stoichiometric ratios.” Stoichiometric ratios are very specific for most
animals, but plants have been observed to have a wide range of values [12]. In
this paper a single stoichiometric ratio, N:C, represented by an unnamed nutrient
(N) and carbon (C) is tracked. Food that has a very low stoichiometric ratio
compared to the consumer’s ratio is not of as much benefit to consumer growth.
Stoichiometric models, especially those with a closed nutrient cycle, tend to
exhibit a “paradox of enrichment”, a phenomenon in which the population of the
consumer declines in response to an increase in the population of the producer
[4, 8, 14].

In 1963, Rosenzweig and MacArthur [11] spresented a geometeric analysis
of producer growth and consumer response. It has become one of the classic
producer-consumer population models with a single currency, carbon. Formulas
(1) are the traditional realization of the Rosenzweig-MacArthur model, using
logistic producer growth and Michaelis-Menten consumer response with food
saturation.






dP
dt = αP − λP 2 − f(P )C

dC
dt = ef(P )C − dC

f(P ) = βP
χ+P

(1)

α is the maximal per-capita growth rate of producer in the absence of predation.
λ is the producer self-limitation coefficient.
e is the efficiency of turning predated food into consumer’s biomass.
d is the per-capita death rate of consumer.
f(P ) is a Holling Type II or Michaelis-Menten function that describes consumers’
food saturation.
β is the maximal death rate per encounter of producer due to predation.
χ is the half-saturation constant for the Michaelis-Menten function.

A standard parameter to vary in (1) is the producer growth rate α. For low α the
ecosystem is a producer monoculture system because there is not enough food to
maintain the consumer. Increasing α sufficiently to pass a transcritical bifurcation
value allows both producer and consumer to stable coexist. Further increase in α
results in a destablilization of the coexistence equilibrium in a Hopf bifurcation,
accompanied by the birth of an attracting limit cycle. The amplitude of the cycle
grows with continuing increase in α, but no further bifurcations are observed [16].

In 2000, Loladze, Kuang and Elser (LKE) [8] introduced a producer-consumer
population model with stoichiometry, which has become a basis of compari-
son for most subsequent stoichiometric models. Their model was based on the
Rosenzweig-MacArthur model and exhibits the “paradox of enrichment” [4, 14].
The equations for the LKE model are:
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




dP
dt = αP (1 −

P
min(K, (NT−θC)/q)) − f(P )C

dC
dt = ê min(1, (NT−θC)/P

θ )f(P )C − dC

(2)

α is the maximal per-capita growth rate of producer in the absence of predation.
K is the high nutrient level carrying capacity of producer with the absence of
consumer.
ê is the maximal production efficiency.
d is the per-capita death rate of consumer.
NT is total amount of nutrient in the model.
θ is a (fixed) stoichiometric ratio of the consumer class.
q is the minimum stoichiometric ratio of producer.
f(P ) is a function to describe consumer’s response to food. This is typically a
Michaelis-Menten (Holling type II), as in (1).

The total nutrient, NT is assumed to be fixed, consistent with a closed nutrient
system. There are two stoichiometric influences, the producer’s carrying capac-
ity, min(K, (NT − θC)/q), and the consumer’s biomass conversion efficiency,

min(1, (NT −θC)/P
θ ). If the two stoichiometric “min” functions were each replaced

with the first arguments in the respective min functions, the system would
revert to the nonstoichiometric Rosenzweig-MacArthur model, equivalent to
equation (1). The equivalence is seen by replacing the first equation in (1) with
dP
dt = αP (1 −

P
K ) − f(P )C . Varying K with this replacement for a specific choice

of a scenery parameter results in the same qualitative bifurcation sequence as
just described above for varying α in (1) [16]. With the stoichiometric terms,
however, varying K results in new bifurcations. The sequence mimics the
bifurcations described above for the Rosenzweig-MacArthur model through the
Hopf bifurcation, but continued increase in K now results in the destruction of
the limit cycle due to a the saddle-node birth of equilibria on the limit cycle.
The stable node born in the bifurcation replaces the limit cycle as the attractor.
Continued increase in K exhibits the paradox of enrichment. The consumer
values of the equilibrium decrease until a transcritical bifurcation value after
which the consumer can no longer exist. The nutrient is distributed in the large
producer population, that is of insufficient quality for the consumer to survive.

A natural way to generalize a stoichiometric producer-consumer model is to
allow for more species. For example, a variety of grazing species in a corn field
would require a model of one producer and multiple consumers [9]. Yet an
ecosystem of a garden of various flowers might be a model of multiple producers
and one consumer (a certain type of insect). In Pastor and Cohen [10] a model
of one consumer, two producers, and a single currency (no stoichiometry) was
addressed. The focus of the model was to determine the criteria of coexistence
in terms of plants’ growth rates in open and closed environments. An open
environment means there are nutrient inputs from and exports to the surround-
ing environments for some components. A closed environment corresponds to
those having a fixed total amount of nutrient cycling through the components
in the model. In this paper we present a theoretical study of a two-producer,
single-consumer system. Ourmodel is open for carbon, but closed for its nutrient.
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It can be thought of as a generalization of the Pastor-Cohen model, now with
stoichiometry. Alternatively, it can be thought of as a generalization of the LKE
model, with a second producer. Our stoichiometric assumptions, however, differ
in certain aspects from the LKE assumptions.

There are many interesting questions associated with a model of two producers
and one consumer with stoichiometry: (i) Under what conditions can all three
species stable coexist? In equilibrium? As a periodic limit cycle? Or some
attractors? (ii) How does the producer competition affect coexistence? What
about differences in producer growth? (iii) What new transitions are possible
when a system moves from one producer to two producers? This paper includes
a bifurcation study – largely numerical – of the model of two producers and one
consumer with stoichiometry, focusing on the questions above.

Much of the work presented in this paper was performed for the master’s thesis
of the first author [7].

2. Model Construction

This model contains two populations of producer and a single population of con-
sumer. Since this is a stoichiometricmodel, both quality and quantity of producer
and consumer are measured. We choose to keep track of carbon as a measure
of quantity, and nutrient (later changed to the nutrient-to-carbon ratio) as a
measure of quality. This leads to six density variables (g): P1, P2, C,N1, N2, NC .
We also keep track of the nutrient in the sediment, M(g). Variables of the model
are summarized in table 1. As we describe below, a sediment class for the carbon
is not necessary. The model we will actually study is reduced from these seven
variables to five by assuming a fixed amount of total nutrient, and a fixed
stoichiometric ratio q = NC/C for the consumer. Details are provided below.
Figure 1 illustrates the flow of carbon and cycling of a nutrient in this model.

The equations for our model are given below in equation (3). We now describe
the assumptions which lead to the equations.






dP1

dt = (b1 − λ11P1 − λ12P2)
+P1 − dp1

P1 −
P1

P1+P2

α(P1+P2)
h+(P1+P2)

C

dP2

dt = (b2 − λ21P1 − λ22P2)
+P2 − dp2

P2 −
P2

P1+P2

α(P1+P2)
h+(P1+P2)

C

dC
dt = min(γ, 1

q
N1+N2

P1+P2

) α(P1+P2)
h+(P1+P2)

C − dcC

dN1

dt = (NT − Nc − N1 − N2)β1(b1 − λ11P1 − λ12P2)
+P1 −

P1

P1+P2

α(P1+P2)
h+(P1+P2)

C N1

P1

− dp1
N1

dN2

dt = (NT − Nc − N1 − N2)β2(b2 − λ21P1 − λ22P2)
+P2 −

P2

P1+P2

α(P1+P2)
h+(P1+P2)

C N2

P2

− dp2
N2

(3)

The biomass (carbon) of the producer is assumed to follow logistic growth.
Note that we have chosen to make the producer growth independent of the
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nutrient. This independence assumption simplifies the analysis and focuses the
role of stoichiometry on the food quality of the consumer. As is necessary in
stoichiometric models, the death terms are separated from the (logistic) growth
terms in this model. This is the reason for the use of the “positive part” function,
()+, in the first two equations of (3). Producer respiration is modeled as a fixed
fraction of the carbon fixation through the photosynthesis. That is, “growth” is
interpreted as “net growth”. We assume that the rates of litter decomposition
and nutrient mineralization are independent of sediment nutrient concentration.
Thus, there is no need to include a sediment carbon compartment in the model.
Mortality is considered as an exit of carbon from the system. (See figure 1(a).)

This is a closed nutrient model: The amount of nutrient in the system is fixed.
There are no external nutrient input and output in any components. In other
words, all nutrients are cycling within the model. Let NT be the total nutrient
in system. Then, by this assumption, the amount of mineralized nutrient,
M = NT − Nc − N1 − N2.

Lotka-Volterra competition is assumed between the two producers. The product
of the competition coefficients λ12λ21 is assumed to be always less than the prod-
uct of the self-limitation coefficients λ11λ22 [2]. Otherwise, the two producers
could not coexist even in the absence of the consumer.

The predation of both producers (consumer response) is assumed to follow a
Michaelis-Menten function. Both producers are food for the consumer, which
favors non-preferentially; the probabilities of producer P1 and P2 being eaten are
assumed to be P1

P1+P2

and P2

P1+P2

, respectively. That is, the producers are consumed
in proportion to their relative abundance.

The consumer gains biomass through predation. The maximum conversion
efficiency is assumed to be a constant, γ, without stoichiometry. However, it
becomes a minimum function of γ and N1+N2

q(P1+P2)
, the ratio of the aggregate food

source’s stoichiometry to the consumer’s stoichiometry. When the food source
contains sufficient nutrient to support the maximum conversion efficiency γ,
then the rate γ is achieved. Otherwise, the conversion efficiency is reduced to
N1+N2

q(P1+P2)
, reflecting the maximum rate at which nutrient can be supplied to build

structural consumer biomass. Consumer death is assumed to be proportional to
its population size.

The producer gains nutrient via uptake from the mineralized nutrient, and loses
nutrient due to predation and mortality. The nutrient uptake rate in this model is
proportional to the mineralized nutrient M = NT − Nc − N1 − N2. In contrast to
other stoichiometric models, nutrient uptake is also assumed to be proportional
to producer growth. This assumption appears to be realistic for terrestrial plants
[3]. Where nutrient uptake is proportional to plant transpiration and, of course,
would be required of producers that maintain a constant N : C ratio. Nutrient
is transferred from producer to consumer via predation, and returned to the
nutrient pool when either a producer or the consumer dies. The nutrient uptake
coefficients β1 and β2 are assumed to be constant.

To reduce the complexity of formulas (3), we use Qi = Ni

Pi
, i = 1, 2 to replace N1

and N2. Then calculating the derivatives of Q1 and Q2, we get the “stoichiometric
form” of the system:
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




dP1

dt = ((b1 − λ11P1 − λ12P2)
+ − dp1

−
αC

h+(P1+P2)
)P1

dP2

dt = ((b2 − λ21P1 − λ22P2)
+ − dp2

−
αC

h+(P1+P2)
)P2

dC
dt = (min(γ, 1

q
P1Q1+P2Q2

P1+P2

) α(P1+P2)
h+(P1+P2)

− dc)C

dQ1

dt = ((NT − qC − Q1P1 − Q2P2)β1 − Q1)(b1 − λ11P1 − λ22P2)
+

dQ2

dt = ((NT − qC − Q1P1 − Q2P2)β2 − Q2)(b2 − λ21P1 − λ22P2)
+

(4)

Note that dC
dt is not defined if both P1 and P2 are zero. It can, however, be

continuously extended to P1 = P2 = 0 by dC
dt = −dCC .

For our numerical investigations, we fixed the following parameters, represent-
ing two nearly identical producer species (differing only in maximal per-capita
growth rates) and a nutrient-rich consumer.
Self-limiting coefficients: λ11 = λ22 = 0.5g−1month−1

Interference coefficients: λ12 = λ21 = 0.2g−1month−1

Producer per-capita natural death rates: dP1
= dP2

= 0.05month−1

Consumer per-capita death rate: dc = 0.17month−1

Consumer stoichiometric ratio: q = 0.05
Efficient conversation ratio: γ = 0.1
Maximal and half-saturation coefficients in the predation function, f:
α = 2.75month−1 and h = 0.75g,
Nutrient uptake constants β1 = β2 = 0.3g−1.

As our goal is to determine as in [8] the effects of system enrichment under a
fixed nutrient budget, the remaining parameters b1month−1, b2month−1, and NT g
are varied in our numerical experiments. All rate constants are dependent on the
units selected to meansure biomass and nutrient densities. We have selected to
not normalize the equations, as this somewhat obscures the interpretation of our
numerical findings. The selected parameter set is motivated by a hypothetical
grassland-herbivore system measured at a weekly time scale.

3. One-Producer, One-Consumer Model

In order tomore easily understand themodel (4), we first consider the special case
where there is a single producer in the system. This one-producer, one-consumer
model is similar to the LKEmodel [8], but with different nutrient uptake assump-
tions. We set P2 = 0 and ignore Q2 to obtain:






dP1

dt = (b1 − λ11P1 − dP1
−

αC
h+P1

)P1

dC
dt = (min(γ, Q1

q ) αP1

h+P1

− dc)C

dQ1

dt = ((NT − qC − Q1P1)β1 − Q1)(b1 − λ11P1)

(5)
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The positive part function from (4) has been eliminated as a consequence of the
following Proposition.

Proposition 3.1: The following inequalities describe an invariant region of model (5):
0 ≤ P1 ≤

b1
λ11

, 0 ≤ C ≤
N
q , 0 ≤ Q1 ≤ NT β, and (NT − qC − Q1P1) ≥ 0.

Proof : The proof, which is standard for related models in the literature, follows
by showing that all solutions which start on the boundary of the region will stay
on the boundary or go to the interior of the region. See [7] for details.
�

Equilibria

We calculate the system equilibria, with the variables listed in the order:
(P1, C,Q1).

The no-life equilibrium (O): (0, 0, NT β1), where neither producer nor consumer
exist, but the (irrelevant) producer stoichiometric ratio is not necessarily zero.

The monoculture equilibrium (P1): (
b1−dp1

λ11

, 0, NT λ11β1

λ11+(b1−dp1
)β1

). In the absence

of consumers, the population of producers follows the logistic growth and

approaches its carrying capacity
b1−dp1

λ11

over time.

The coexistence equilibrium (P1C): There are two cases designated by H and
L. In case H (denoting high food quality), the biomass conversion efficiency is

min(γ, Q1

q ) = γ. The conversion efficiency is min(γ, Q1

q ) = Q1

q in the low food

quality case L. We use subscripts to denote the cases.

For case H, the coexistence equilibrium (P1C)H is ( dch
αγ−dc

,
hγ(b1−dp1

)
αγ−dc

−
γdcλ11h2

(αγ−dc)2
,

β(NT (αγ−dc)−hqγ(b1−dp1
)+ kγqdch2

αγ−dc
)

αγ−dc(hβ1−1) ). Note that, due to the consumption by con-

sumers, the producer equilibrium level is independent of the growth rate b1.

For the case L, the coexistence equilibrium, (P1C)L is more complicated. By set-
ting the right hand sides of (5) to zero, solving in the third equation forQ1, solving
in the second equation for C , and substituting these solutions into the first equa-
tion, it can be shown that the equilibria with nonzero P1 and C must satisfy the
following cubic in P1.

(P1)
3c3 + (P1)

2c2 + (P1)c1 + c0 = 0, (6)

where
c3 = −λ11

c2 = b1 − dp1
+ dc − hλ11

c1 = (b1 − dp1
+ dc)h −

NT α
q + dc

β1

c0 = hdc

β1

Thus, there can be up to three (P1C)L solutions. Along with one possible (P1C)H
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solution, there could exist up to four coexistence equilibria. Fewer are actually
realized, however, since the biologically meaningful coexistence solutions must

also have positive populations, and satisfy the “consistency condition”: Q1

q ≥ γ

for (P1C)H solutions, and Q1

q ≤ γ for (P1C)L solutions.

Bifurcations with varying b1 (maximal per-capita producer productivity) and NT (total
system nutrient) fixed

We provide representative bifurcation diagrams, varying b1, in figure 2. The total
nutrient NT is fixed at a relatively low value of 0.1. To illustrate the interplay
between biologically meaningful and biologically extraneous equilibria, we

plot Q1

q at the coexistence equilibria (P1C)H and (P1C)L against b1 in figure

2(a). The portion of the cubic red curve representing the case L equilibria is
biologically meaningful only when the curve is below γ = 0.1. Conversely,the
portion of the slanted blue line representing the case H equilibria is biologically
meaningful only when the curve is above γ. The dashed blue segment in region
C represents the repelling equilibrium, while the the two thin solid lines in

region C represent the range of realized Q1

q along the attracting periodic orbit.

The bold curves indicate the biomass conversion efficiency on the attractor: γ
at the case H equilibrium in region B, γ throughout most of region C — as long

as the minimum value of Q1

q along the periodic orbit stays above γ, a range

of values between γ and the minimum realized Q1

q on the periodic orbit at the

right hand part of region C, and at Q1

q for the case L equilibrium in regions D

through E., solid to attracting, and dashed to unstable. The orange curve in re-
gion C indicates the over-time meanvalues on limit cycles. Bifurcatoins between
adjacent regions are described in table 2. Red corresponds to case L, blue to caseH

Figures 2(b), 2(c), and 2(d) are more traditional bifurcation diagrams with a
fixed NT = 0.1. They correspond to figure 2(a). Bifurcations between regions are
indicated on the figure, and identified as well in the chart for the two-parameter
plane bifurcations presented in the next paragraph.

Bifurcations with varying b1 and NT

To better place the one-parameter bifurcation diagrams in of figure 2 in context,
we show a two-parameter bifurcation diagram in b1 and NT in figure 3. Cor-
responding time series plots are shown in figure 4. The solid curves indicate
those bifurcations resulting in a change of attractor; the dashed curves indicate
bifurcations which do not change the attractor. In each time series, solutions
of P1, C , and magnified Q1 are plotted against time. Table 2 describes the
bifurcations between the adjacent regions of (b1, NT ) parameter space. Note that
regions A and F, B and E are connected. Region O (0 ≤ b1 ≤ dP1

), is too small to
be shown in figure 3(a), but is to the left of region A. As a comparison, figure 3(b)
shows a bifurcation diagram of the corresponding model without stoichiometry
(replacing min(γ, N1+N2

q(P1+P2)
) with γ). The non-stoichiometric model is, of course,

independent of NT since the model reverts to a single currency model.
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4. The Two-Producer, One-Consumer Model

We turn to an analysis of the full model (4), with both producers, one consumer,
and stoichiometry. Much of the analysis parallels that performed in the previous
section for a single producer.

Proposition 4.1: The following inequalilties describe an invariant region of model (4):
0 ≤ P1 ≤

b1
λ11

, 0 ≤ P2 ≤
b2
λ22

, 0 ≤ C ≤
NT

q , 0 ≤ Q1 ≤ NT β1, 0 ≤ Q2 ≤ NT β2, and

(NT − qC − Q1P1 − Q2P2) ≥ 0.

Proof : The proof is similar to that of Proposition 3.1. See [7] for details.
�

Equilibria

Similar to the one producer model, we first calculate all possible equilibria, with
coordinates listed in the order: (P1, P2, C,Q1, Q2). There remain two cases: caseH,

where min(γ, Q1P1+Q2P2

q(P1+P2)
) = γ, and case L, where min(γ, Q1P1+Q2P2

q(P1+P2)
) = Q1P1+Q2P2

q(P1+P2)
.

Note that equilibria with P2 = 0 or P1 = 0 are same as the equilibria in the
single-producer-single-consumer model in the previous section. We list these
equilibria first. Since Qi is not ecologically relevant when Pi = 0, we denote the
corresponding mathematical equilibrium value as being “not applicable” (NA).

• The no-life equilibrium (O): (0, 0, 0, NA,NA)

• The monoculture equilibrium (P1): (
b1−dP1

λ11

, 0, 0, NT β1λ11

λ11+(b1−dP1
)β1

, NA)

• The monoculture equilibrium (P2): (0,
b2−dP2

λ22

, 0, NA, NT β2λ22
λ22+(b2−dP2

)β2

)

• The one-producer coexistence equilibrium (P1C)H : ( dch
γα−dc

, 0,
γh(b1−dP1

)

αγ−dc
−

γdch2λ11

(αγ−dc)2
,

β1(NT (αγ−dc)−hqγ(b1−dP1
)−

dcqγh2λ11

αγ−dc
)

αγ−dc(hβ1−1)
, NA).

• The one-producer coexistence equilibrium (P2C)H : (0, dch
γα−dc

,
γh(b2−dP2

)

αγ−dc
−

γdch2λ22

(αγ−dc)2
,

NA,
β2(NT (αγ−dc)−hqγ(b2−dP21)−

dcqγh2λ22

αγ−dc
)

αγ−dc(hβ2−1)
).

The following are new coexistence equilibria, involving both producers, in the
two-producer-one-consumer model. Note that the coexistence equilibrium solu-
tion in biological meaningful only when the growth terms (b1 − λ12P2 − λ11P1)
and (b2 − λ21P1 − λ22P2) both are positive.

• The coexistence equilibriumwithout consumer (P1P2):

We set C = 0 and assume that all other variables are positive. The equilib-
rium solution is computed to be (P1, P2, C,Q1, Q2) =

(λ22B1−λ12B2

Sprod
, λ11B2−λ21B1

Sprod
, 0,

NT β1Sprod

B1(β1λ22−β2λ21)+B2(β2λ11−β1λ12)+S
,

NT β2Sprod

B1(β1λ22−β2λ21)+B2(β2λ11−β1λ12)+S
) ,

where B1 = b1 − dP1
, B2 = b2 − dP2

, and Sprod = λ11λ22 − λ12λ21

In the absence of the consumer, our model reduces to a Lotka-Volterra com-
petition model. Our simplifying assumption that the producer growth be
independent of the stoichiometry renders Q1 and Q2 irrelevant. Note that
in order to keep the equilibrium value of P1 and P2 positive, the product
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of self limitation terms, λ11λ22, must be “large” compared to the product of
competition coefficients λ12λ21. Note also that if b1 is sufficiently large, with
other parameters being fixed, the equilibrium value of P2 becomes negative;
that is, ecologically, P2 cannot persist. An analogous statement is true for large
b2. Consequently, coexistence of both producers requires the two birth rates be
relatively close to each other.

• High food quality coexistence equilibrium (P1P2C)H :

We assume that min(γ, N1+N2

q(P1+P2)
) = γ. Note that in order to keep the com-

ponents of the all-species-coexistence equilibrium positive, the sum of
the self-limitations λ11 + λ22 is assumed to be larger than the sum of the
competition-limitations λ12 + λ21.

Assuming all variables are positive, the equilibrium solution is

(P1P1P2C , P2P1P2C , CP1P2C ,
β1(NT −qCP1P2C )

1+β1P1P1P2C+β2P2P1P2C
,

β2(NT −qCP1P2C )
1+β1P1P1P2C+β2P2P1P2C

),

where B1 = b1 − dP1
, B2 = b2 − dP2

,
Ssum = λ11 + λ22 − λ12 − λ21,
Sprod = λ11λ22 − λ12λ21,

P1P1P2C = B1−B2

Ssum
−

dch(λ22−λ12)
Ssum(αγ−dc) ,

P2P1P2C = B2−B1

Ssum
−

dch(λ11−λ21)
Ssum(αγ−dc) ,

and CP1P2C = γh(B1(λ22−λ21)−B2(λ11−λ12))
Ssum(αγ−dc)

+ γdch2Sprod

Ssum(αγ−d−c)2

• Low food quality coexistence equilibria (P1P2C)L :

In this case we assume the min(γ, N1+N2

q(P1+P2)
) = N1+N2

q(P1+P2)
= Q1P1+Q2P2

q(P1+P2)
. The proce-

dure of finding (P1C)L was described in the last section. Similar to the one-
producer, one-consumer model, there are up to three equilibria in the two-
producer, one-consumer model. The P1 equilibrium values for (P1P2C)L can
be shown to be the roots of a cubic polynomial [7].

Fixing the total nutrient NT and the second producer growth rate b2, a plot of
Q1P1+Q2P2

q(P1+P2)
at the coexistence equilibria (P1P2C)H and (P1P2C)L against b1 is

shown in figure 5(a). Notation and line types are analogous to those described
for figure 2(a). In particular, the bold curves indicate the biomass conversion
efficiency on the attractors.

Figures 5(b) and 5(c) are two-parameter bifurcation diagrams for model (4)
obtained by varying b1 and b2, but with a fixed NT = 0.1. The solid curves in-
dicate the more significant bifurcations on the attractors, and the dashed curves
indicate some of the non-attractor bifurcations. The two-producer, one-consumer
coexistence parameter combinations are highlighted in yellow. Figure 5(d) is
a bifurcation diagram for the analogous two-producer-one, consumer model

without stoichiometry (min(γ, Q1P1+Q2P2

q(P1+P2)
) = γ). The two dashed blue lines

forming the wedge shape locate the transcritical bifurcations to two-producer
coexistence from a single-producer coexistence when there is no consumer. The
red solid curve locate a transcritical bifurcation of periodic orbits: a periodic orbit
passes through another periodic orbit in one of the PiC planes into the interior
of the first “octant” of the coordinate plane. The details of bifurcations between
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regions are summarized in table 3.

Regions Ã, B̃, C̃, D̃, Ẽ, F̃, and Z̃ are the “conjugates” of regions A, B , C, D, E, F,
and Z, with the roles of P1 and P2 interchanged. Thus, the time series in these
conjugate regions are not shown. In each time series, solutions of P1, P2, and C
are plotted against the time. Table 3 summarizes the bifurcations between the
adjacent regions.
We denote byW the region (0 ≤ b1 ≤ dP1

)∪(0 ≤ b2 ≤ dP2
). The region is too small

to resolve in figures 5(b)-(d). We do not provide time series for region W either;
existence of the both producers is not possible here.

5. Experimental Implications

John - fill in here.

• One-producer - can vary b andNT independently. Two-producers - hard to vary
b1 and b2 independently.

• Increase light - radial path through b1-b2 space.

6. Conclusions

The model developed and studied in this paper is a simplified model of two
producers and one consumer with stoichiometry. It is a generalization of the
Rosenzweig and MacArthur model (see (1)), which is a single-producer, single-
consumer model without stoichiometry. First, we introduced stoichiometry into
Rosenzweig and MacArthur model. This left us with a model similar to the LKE
model [8], but with somewhat different mechanisms for effecting stoichiometry.
Afterward, we added a second producer.

Following [8], for the single producer model (5) we chose to vary the growth
rate, b1, and the total nutrient, NT , both which might be controlled in experi-
ments. As illustrated in figure 3, except for extremely low values of NT (below
approximately 0.2), the model exhibits more than the three bifurcations typically
observed in the Rosenzweig andMacArthur model by varying either birth rate or
carrying capacity. As the producer’s growth rate increases, with a fixed amount
of nutrient in the system, there is a sequence of bifurcations: a first transcritical
enabling the producer to enter the system, a second transcritical enabling the
consumer to enter the system, a Hopf bifurcation creating coexistence limit
cycles, a first saddle-node destroying the cycle and replacing it with an attracting
equilibrium, a second saddle-node taking the two “extra” saddle coexistence
equilibria away, but leaving the attracting coexistence equilibrium, and a trans-
critical bifurcation after which the consumer can no longer survive. See figures
2(a) and 3(a).

We note that this description is far from a complete analysis of model (5). There
are many parameters which we have not varied and which could lead to different
behavior. The bifurcation sequence described above differs from the sequence in
[8] only by switching the last two bifurcations. Similar models we have studied
have the first saddle-node taking place off the limit cycle, resulting in a coexisting
attracting limit cycle and attracting equilibrium. A later homoclinic destroys the
limit cycle and returns the equilibrium to the only attractor. Other scenarios are
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likely present in the model as well.

The analysis of the two-producer, one-consumer model (4) provided the most
interesting bifurcation scenario (see figures 5(b) and 5(c)). We varied the total nu-
trient NT in our numerical experiments, but have presented the two-parameter
bifurcation diagram in b1 and b2 for only one fixed value of NT . As in the
one-producer model, there are many other parameters which we kept fixed,
so the bifurcation scenario we found is again far from a complete analysis of
(4). Even with this limitation, however, we have observed new and interesting
bifurcations in this two-parameter space. Of special note is the parameter region
(colored yellow) in which all three species can coexist. This region is, of course,
inside the wedge-shaped region which describes the coexistence region of two
producers in the absence of any consumer. Also noteworthy is the existence of
transcritical bifurcations of periodic orbits which occur at different parameter
values from transcritical bifurcations of equilibria. Sufficiently high growth rates
in any direction in the b1-b2 parameter plane results in the extinction of the
consumer - the “paradox” of energy enrichment.

To summarize, the introduction of stoichiometry to our producer-consumer
model can cause the loss of large amplitude limit cycles. Because the total nutri-
ent NT is fixed, a sufficiently high growth in producer(s) results in the extinction
of the consumer as producer xxx nutrient increases simultaneous to reduce food
quality. Adding second competing producer creates additional interesting bifur-
cations, allowing us to see the somewhat complicated criteria for coexistence of
all three species.
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Table 1. Table of Variales
Variables Definitions
P1 Population Density of

Producer P1 (Carbon)
P2 Population Density of

Producer P2 (Carbon)
C Population Density of

Consumer C (Carbon)
N1 Nutrient of Producer P1

N2 Nutrient of Producer P2

NC Nutrient of Consumer C
M Mineralized Nutrient

Q1 = N1

P1

Stoichiometric Ratio of P1

Q2 = N2

P2

Stoichiometric Ratio of P2

Table 2. Bifurcations between the adjacent regions in figure 3(a)

Regions boundary covering Type of Bifurcation Involved Attractors Non-Attractor Transitions
O → A Transcritical (O) → (P1)
A→ B Transcritical (P1) → (P1C)H
B→ C Hopf (P1C)H

→ limit cycle
C → D Homoclinic / limit cycle A second unstable (P1C)L is created.

Saddle-node → Stable (P1C)L
D→ E Non-Smooth Stable (P1C)L The unstable (P1C)H and unstable (P1C)L

Saddle-node → Stable (P1C)L are eliminated.
E→ F Transcritical (P1C)L → (P1)

Table 3. Bifurcations between the adjacent regions in figures 5(b) and 5(c)

Regions boundary covering Type of Bifurcation Involved Attractors Non-Attractor Transitions
W→ G Transcritical (O) → (P1P2)
W→ A Transcritical (O) → (P1)
A→ G Transcritical (P1) → (P1P2)
G→H Transcritical (P1P2)→ (P1P2C)H
A→ B Transcritical (P1) → (P1C)H
B→H Transcritical (P1C)H → (P1P2C)H
H → I Hopf (P1P2C)H

→ Interior limit cycle
B→ C Hopf (P1C)H

→ P1C planar limit cycle
C → Z Transcritical Limit cycle in P1C plane

→ the interior limit cycle
Z → I Transcritical (P1C)H → (P1P2C)H
I → J Saddle-node / Interior limit cycle Unstable (P1P2C)L is created.

Homoclinic → Stable (P1P2C)L
Z → J Saddle-node / Interior limit cycle Unstable (P1P2C)L is created.

Homoclinic → Stable (P1P2C)L
C → D Saddle-node / P1C plane limit cycle Unstable (P1C)L is created.

Homoclinic → Stable (P1C)L
D→ J Transcritical (P1C)L → (P1P2C)L
J → K Non-Smooth Unstable (P1P2C)H and

Saddle-node unstable (P1P2C)L
coalesce.

D→ E Non-Smooth Stable (P1C)L Unstable (P1C)H and
Saddle-node → Stable (P1C)L unstable (P1C)L

coalesce.
E→ J Transcritical (P1C)L → (P1P2C)L
E→ K Transcritical (P1C)L → (P1P2C)L
K →M Transcritical (P1P2C)L → (P1P2)
E→ F Transcritical (P1C)L → (P1)
F→ M Transcritical (P1) → (P1P2)
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(a) Flow of Carbon (b) Nutrient Cycling

Figure 1. Two-Producer-One-Consumer Flow Charts: Carbon Flow and Nutrient Cycling

(a) Q1

q
Bifurcation Diagram (b) Q1 Bifurcation Diagram

(c) Producer P1 Bifurcation Diagram (d) Consumer C Bifurcation Diagram

Figure 2. One-parameter bifurcation diagrams for One-Producer-One-ConsumerModel. In figures, (i) is a non-
smooth saddle-node bifurcation, which is caused by the min function (see table 2). (ii) is a smooth saddle-node
bifurcation when two unstable case L equilibria merge. The Meanvalue of a limit cycle is the expected value of
(P1, C, Q1) from t = 1000 to t = 2000 with time step 0.01. Regions A, B, C, D, and E are corresponding to figure

3 and the bifurcations between adjacent regions are described in table 2. (a) Plot of Q1

q
at potential equilibria (and

range of Q1

q
along periodic orbit in region C). The conversion efficiencies at biologically meaningful equilibria

and periodic orbits are in bold. Red corresponds to case L; blue corresponds to case H. Solid indicates stable;
dashed indicates unstable. (b) Equilibrium values of Q1 versus b1 for equilibrium solutions; range of Q1 values
for periodic orbits in region C. Solid bold lines represent stable equilibria and limit cycle; dashed lines represent
unstable equilibria. (See text.) (c) and (d) same as (b) but for P1 versus b1 and C versus b1.
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(a) Bifurcation Diagram With Stoichiometry (b) Bifurcation Diagram Without Stoichiometry

Figure 3. Two-parameter bifurcation diagrams in b and NT for the One-Producer-One-Consumer Model. Re-
gion O is the area of 0 ≤ b1 ≤ dP1

= 0.05 month−1. The yellow highlight regions indicate the coexistence
of producer and consumer. (a) Two-parameter bifurcation diagram in b1 and NT for the One-Producer,One-
Consumer Model See figure 4 for representative time series corresponding to each region, and table 2 for bi-
furcations between adjacent regions. (b) is the two-parameter bifurcation diagram in b1 and NT for the corre-
sponding One-Producer,One-Consumer Model without stoichiometry.
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(f) Region F

Figure 4. Representative time series corresponding to parameter regions in figure 3. The dashed line is
multipler × γq, which is used as a reference to indicate whether producer’s N:C ratio, Q1, is relatively high
or low to the consumer. When Q1 is high, consumer’s conversion efficiency is γ. Otherwise, the conversion

efficiency is Q1

q
. Red is for producer; blue is for consumer; green is for producer’s N:C ratio.
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(a) Plot of Q1P1+Q2P2

q(P1+P2)
at Coexistence Equilibria (b) Bifurcation Diagram

(c) Bifurcation Diagram (Zoom) (d) Bifurcation Diagram Without Stoichiometry

Figure 5. Two-parameter bifurcation diagrams for Two-Producer-One-Consumer Model. The yellow regions

in (b), (c), and (d) indicate the coexistence of both producers and consumer. (a) Plot of Q1P1+Q2P2

q(P1+P2)
at poten-

tial equilibria, and range of Q1P1+Q2P2

q(P1+P2)
along periodic orbit in region Z̃ and I. The total nutrient NT and

growth rate b2 are fixed, 0.1 g and 2 month−1 . In region C̃, P1 is assumed to be zero although initially P1 can

be some positive numbers. It is because population P1 cannot persist over time in region C̃. At b1 = 0, the
population dynamics of the second producer and the consumer is already forming a limit cycle on P2C plane.
When b1 <∼ 1.38, population of P1 is unable to persist over time and become extinct or very low in size to

have significant influences to the system. Starting from region Z̃ (b1 ≥∼ 1.38), P1 becomes persistent, which

is reflected by the interior limit cycle in P1P2C space. The interior limit cycle exists in regions Z̃ and I, and
the difference between both cycles in both regions is that there is no corresponding unstable (P1P2C) equilib-

rium in the interior space in region Z̃, but there is one in region I. Thus, the brown and the blue dashed lines

are the Q1P1+Q2P2

q(P1+P2)
at the unstable (P2C)H and the unstable (P1P2C)H , respectively. The red lines are the

Q1P1+Q2P2

q(P1+P2)
at (P1P2C)L equilibria. Solid indicates stable; dashed indicates unstable. The conversion efficien-

cies of biologically meaningful equilibria and periodic orbits is in bold. The Meanvalue of a limit cycle is the
expected value of (P1, P2, C, Q1, Q2) from t = 1000 to t = 2000 with time step 0.01. (b) and (c) Two-parameter
bifurcation diagrams in b1 and b2 for the Two-Producer,One-Consumer Model. See figure 4 for representative
time series corresponding to each region, and table 3 for bifurcations between adjacent regions. (d) is the two-
parameter bifurcation diagram in b1 and b2 for the corresponding Two-Producer,One-Consumer Model without
stoichiometry.
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Figure 6. Representative time series corresponding to parameter regions in figure 5. Red is for the consumer;
blue is for producer P1; Green is for producer P2.
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Figure 7. Representative time series corresponding to parameter regions in figure 5. Red is for the consumer;
blue is for producer P1; Green is for producer P2.
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