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Abstract. Periodically forced planar oscillators are typically studied by varying the

two parameters of forcing amplitude and forcing frequency. Such di�eren tial equations
can be reduced via strob oscopic sampling to a two-parameter family of di�eomorphisms
of the plane. A bifurcation analysis of this family almost always includes a study of
the birth and death of periodic orbits. For low forcing amplitudes, this leads to a
now-classic picture of Arnold resonance tongues. Studying these resonance tongues for
higher forcing amplitudes requires numerical contin uation. Previous work has revealed
the usefulness of considering these tongues as pro jections of surfaces of periodic points
from the cartesian product of the phase and parameter planes to the parameter plane.
Many surfaces were displayed and described in [MP 1994], but their parametrization
and computation was not discussed. In this paper, we do discuss their parametrization
and computation. Especially useful are global parametrizations which allow automatic
computation of the surfaces. We argue that parametrization by \ f � (x ) � x " is both
more lik ely to be a global parametrization and more \dynamically natural" than two
more obvious parametrizations. As a side bene�t, f � (x ) � x parametrization leads to a
computable way of establishing the nonorientablilit y of period-t wo surfaces.

Key words. Bifurcation, resonance,periodically forced oscillators, Arnold tongues,
numerical contin uation.

AMS(MOS) sub ject classi�cations. Primary 58F14, 34C15, 70K28.

1. In tro duction: Resonance surfaces for forced oscillators. In
this intro duction we brie
y review basic results for two-parameter families
of maps of the plane which are generatedby periodically forced planar os-
cillators. The main objects of interest in this paper are resonancesurfaces
| surfacesof periodic points in the Cartesian product of the phaseand
parameter planes. The surfaces' projections to the parameter plane are
called resonanceregions | regionsof parameter values for which the cor-
responding mapshave periodic orbits of a certain period. An illustration of
three such resonancesurfacesfor an exampledescribed later in the paper is
given in Fig. 1a. Their projections to the parameter plane reveal the three
correponding resonanceregions in Fig. 1b. The �xed-p oint Hopf bifurca-
tion curve is included in both Figs. 1a and 1b for reference. It turns out
that resonancesurfacesare two-dimenensionalmanifolds, most often topo-
logical disks or mobius strips. We focus on someglobal parametrizations
of these surfaces. The global parametrizations make their computation
more automatic and lead to an enhancedunderstanding of periodic point
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bifurcations and thus to a better understanding of the dynamics of forced
oscillator systems. The exposition and notation follows that of [MP 1994].
More details can be found in that referenceand referencestherein. See
especially [AMKA 1986], [P 1988], [P 1990], [MP 1995].

1.1. The perio dically forced oscillator setting. A standard gen-
eral periodically forced oscillator model is given by the equation

_x = V (x) + � W (x; ! t);(1.1)

where x 2 R 2 . The real parameter � is the forcing amplitude, while the
real parameter ! is the forcing frequency. The function W is periodic with
period one in its secondvariable. We assumethat V and W are both C1 .
When � = 0, equation (1.1) represents an autonomous vector �eld. This
vector �eld is assumedto have a repelling equilibrium point c0 inside an
attracting periodic orbit C0 with frequency! 0 > 0, and henceperiod 1=! 0.
The periodic orbit is the unforced oscillator; ! 0 is its natural frequency.

It is convenient to replacethe forcing frequency! with the ratio of the
natural frequency to the forcing frequency: � � ! 0=! . Restricting � to be
nonnegative leavesus with the following parameter space:

� � (� ; � ) 2 P � (0; 1 ) � [0; 1 ):

The stroboscopicfamily is obtained by following the solutions to equa-
tion (1.1), denoted� ( � ;� ) (x ; t), for time 1=! , which is the period of forcing.
Thus the stroboscopicmaps of the plane are de�ned by

f ( � ;� ) (x) � � ( � ;� ) (x ; 1=! ) = � ( � ;� ) (x ; � =! 0):(1.2)

This is the two-parameterfamily of C1 di�eomorphisms of the planewhich
we study.

An important observation is that for � = 0, equation (1.2) de�nes
mapshaving the unforcedoscillator orbit C0 asan invariant circle. Further,
restricted to C0, the maps are rigid rotations with rotation number equal
to � . For small � , an invariant circle near C0 persists. This implies that for
� small, the maps of equation (1.2) can be studied via circle map theory.
This is exactly the setting { perturbations of rigid rotations { of the familiar
Arnold circle maps family: x ! x + � + � sin(x). As the forcing amplitude
continues to increase,however, the invariant circles tend to shrink in size,
eventually disappearing, via a Hopf bifurcation, to a point. Although this
last sentence is a great oversimpli�cation of the full dynamical picture, it
doespoint out that in order to understand this transition from dominance
by the unforced oscillator (� small) to dominanceby the forcing function
(� large), it is necessaryto consider the full two-dimensional phasespace
rather than just one-dimensionalcircle maps.
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are the same for any p=q.
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1.2. Resonance regions. Periodic points of f ( � ;� ) correspond to pe-
riodic orbits of equation (1.1) which are said to be in resonance. Thus
a resonance region for equation (1.2) is de�ned to be a region in the pa-
rameter plane for which the corresponding maps have a periodic orbit of a
certain period. A period-q resonanceregion, commonly referred to as an
Arnold tongue, is known to emanate from each \rational" point (p=q; 0)
on the zero forcing amplitude axis. The continuation of these tongues to
higher forcing amplitudes is of interest to us in this paper. A more precise
de�nition of resonanceregion will be given in subsection1.4 after de�ning
resonancesurfaces.

1.3. Resonance surfaces. Resonanceregions becomemore natural
objects when they are viewed asprojections to the parameter plane of sur-
facesof periodic points in the cartesianproduct of the phaseand parameter
spaces.More speci�cally , we de�ne a least-period-q surfaceas

�( q) � f (x ; � ) 2 P : x is a least period� q point for f � g:

Each �( q) for q � 2 typically consistsof many distinct components. We
are most interested in the components which project to the Arnold tongues
in the parameter plane emanating from zero forcing amplitude. Seeagain
the surfacesin Fig. 1a and their projections to the parameter plane in
Fig. 1b, especially near � = 0. Note that since the unforced oscillator
C0 is mapped as a rigid rotation with rotation number � by f ( � ;0) , then
f C0 � (p=q; 0)g � �( q) (assumingp=q is reduced).

Thus we de�ne the components of �( q) which are of interest as

� p=q � the component of �( q) containing f C0 � (p=q; 0)g:(1.3)

Previous results have established that these components are distinct for
each distinct rational number p=q. For example, � 1=3 and � 2=3 are nec-
essarily distinct components of �( q). The proof of this fact involves the
de�nition of a self rotation number for orbits of planar di�eomorphisms
which is an extensionof the usual rotation number for circle maps [P 1988,
P 1990].

1.4. \The" Resonance Surfaces. The surfaces� p=q are generically
orientable, C1 , and contain a singleboundary component: f C0 � (p=q; 0)g.
This boundary component is really the result of restricting the forcing
amplitude to [0; 1 ), which in e�ect cuts each surfaceo� at � = 0. If we
were to allow negative values of � , the resonancesurfaceswould have no
boundary components. The � p=q are typically bounded, but not closed
becausepoints on a period-q orbit may coalesceto a periodic orbit of a
lower period (which must be a divisor of the original period). This �nally
leadsto the de�nition of \the" p=qresonancesurfaceswhosecomputation
we discussin this paper as:

\The" p=qresonancesurface � � p=q;
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where the overbar indicates topological closure. In all exampleswhich we
have studied, � p=q is a compact surfacefor q � 2. We now preciselyde�ne
\the" p=qresonanceregion Ap=q as

Ap=q � � � (� p=q);

where � � is projection to the parameter plane.
It has been previously shown [P 1988, P 1990] that the closure op-

eration adds only �xed points to � p=q. From a bifurcation viewpoint,
these �xed points fall into two classes: q � 3 and q = 2. For q � 3,
the �xed points are (p=q resonant) Hopf bifurcation points | with eigen-
valuese� 2� i p

q . We denotethesepoints asH p=q. Such points are generically
isolated in two-parameter families, so their addition to � p=q via the closure
operation leaves� p=q orientable. For q = 2, the �xed points added to � p=2

via the closureoperation are period-doubling points. They typically form
a closedcurve in � p=2 and their addition to � p=2 typically causes� p=2 to be
nonorientable, even though � p=2 is orientable. In subsection3.4 we discuss
further a computational check \around the period doubling curve" which
can be done to verify that a speci�c � p=2 is nonorientable.

Examples of periodically forced oscillators have been constructed [P,
in preparation] for which resonancesurfaceshave topological handles,but
no other examplesare known to the author. In the casewhere no handles
exist, however, the classi�cation of compact surfacesimplies the surfaces
must be topological disks for q � 3, and, assumingnonorientabilit y, mo-
bius strips for q = 2. The rest of the paper describes di�eren t global
parametrizations of thesesurfaces,how the parametrizations are related to
the dynamicsof the family of stroboscopicmapsof eq. (1.2), and how these
parametrizations allow easyglobal computation of the respective surfaces.

2. Global parametrizations of resonance surfaces. In order to
better understandglobal parametrizations of resonancesurfacesfor a generic
family of maps,we �rst describe how it, and other parametrizations, relate
to resonancesurfacesfor an easily analyzed,but nongenericexample.

2.1. A simple but nongeneric example. We remind the reader
that the coarsestdescription of the dynamics of the maps as a function of
the parameters � = (� ; � ) is that as � increases,the rotation of the corre-
sponding maps increases,and as � increases,the invariant circle shrinks,
eventually collapsing to a point. This is a drastic oversimpli�cation, but
it helps keepthe more detailed dynamical bifurcations in perspective. The
following exampleis constructed to have preciselythesetwo properties. We
de�ne the family of maps,T( � ;� ) (x), asthe \time-one" map of the following
family of planar di�eren tial equations,given in polar coordinates:

( _r ; _� ) = ((1 � � )r � r 3; 2� � ):(2.1)

This is only a slight variation from the standard model for the Hopf
bifurcation for a planar di�eren tial equation. In the standard form the
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parameter � is a constant (leaving a one-parameterfamily) and (1 � � ) is
replacedby � . For the 
o w of equation (2.1) the origin undergoesa Hopf
bifurcation at � = 1, as indicated in Figures 1c and 1d. For � > 1, the
origin is a globally attracting equilibrium. For � < 1, the 
o w has the
origin as a repelling equilibrium, and C(

p
1 � � ), where C(a) is the circle

with center at the origin and radius a, as a limit cycle which attracts all
other orbits.

The limit cycles of the 
o w become attracting invariant curves of
T( � ;� ) . Since the angular coordinate of this time-one map of eq. (2.1)
is � ! � + 2� � , all T( � ;� ) restricted to the corresponding invariant circles
are rigid rotations with rotation number � . The origin is a �xed point for
all parameter values. All periodic orbits except the origin must lie on the
invariant curves. Thus, it is relatively easy to seethat the least-period-
q points with rotation number p=q form a surface which is the union of
all the invariant circles (� < 1) with � = p=q. If we restrict the surface
to � � 0, as we did in de�ning � p=q in the general setting above, then
� p=q = f (x1; x2; � ; � ) : (x1; x2) 2 C(

p
1 � � ); � = p=q; � 2 [0; 1)g. The

closureoperation adds to � p=q only the point (0; 0; p=q; 1), which is a �xed
point. (That is, (0; 0) is a �xed point for T(p=q;1) .)

Thus, every � p=q is a topologicaldisk. Its center is the Hopf bifurcation
point. Its boundary is the attracting invariant unit circle at zero forcing
amplitude: C(1) � f (p=q; 0)g. Projections to the (� ; � ; x2) spaceof three
such p=q resonancesurfaces,with p=q = 1=4; 1=3; 1=2, are shown in Fig.
1c. Note that in this projection, the invariant circles { four visible on the
1=2 surface, and one each visible on the 1=3 and 1=4 surfaces{ collapse
to (vertical) line segments. Each � p=q projects to the vertical line segment
between(p=q; 0) and (p=q; 1) in the parameter plane. This is illustrated in
Fig. 1d for the three indicated surfaces. Each � p=q projects identically to
the unit disk in the phaseplane (Fig. 1e), and to a paraboloid in the three
dimensional (x1; � ; x2) space(Fig. 1f).

The dynamic center. The family of maps, T( � ;� ) (x) inducesa map
in the four-dimensional phase� parameter spacevia

(x; (� ; � )) 7! (T( � ;� ) (x); (� ; � )) :(2.2)

Each resonancesurfaceis invariant under this induced map, which merely
rotates the corresponding paraboloid � p=q by p=q of a complete rotation.
Thus all points on the p=qsurfaceare period-q, except for the origin, which
is �xed. From a bifurcation standpoint, this �xed point is a p=q resonant
Hopf bifurcation point (although a nongeneric Hopf point for this non-
generic example), referred to as H p=q in subsection 1.4 above. Thus we
think of the �xed point as the dynamic center of the surface. For this
simple example, the dynamic center, the geometric center, and the center
of all three parametrizations de�ned below coincide, but this will not be
the casefor the genericexamplewhich is presented in subsection2.2 which
follows below.
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Global surface parametrizations. As noted above and illustrated
in Fig. 1e, each resonancesurfaceprojects homeomorphically to the unit
disk in the the phase plane. The inverse of this projection is a global
parametrization of that resonancesurface. We now formally de�ne this and
two additional \pro jections," whoseinversesare each global parametriza-
tions of that resonancesurface. In the formulas, x = (x1; x2), jx j is the
Euclidean norm of x in the plane, and Ar g(x) is the angle (mod (2� )) of x
in the plane.

1. Polar coordinate projection to the phaseplane:

(x1; x2; � ; � ) 2 � p=q 7! (r; � ) � (jx j; Ar g(x)) :

2. Constant � crosssections:

(x1; x2; � ; � ) 2 � p=q 7! (� ; � ) � (� ; Ar g(f � (x) � x)) :

3. f � (x) � x :

(x1; x2; � ; � ) 2 � p=q 7! (�; � ) � (jf � (x) � xj; Ar g(f � (x) � x)) :

From this point on in the paper, we will refer to the inversesof these
three maps, restricted to the images of the forward maps, as the phase
plane, constant � , and f � (x) � x parametrizations, respectively, or, equiv-
alently , as the (r; � ), (� ; � ), and (�; � ) parametrizations, respectively.

Note that the image of the phase plane map is a topological disk,
since r 2 [0; 1], � 2 R and we identify (r; � ) � (r; � + 2� ) and (0; � 1) �
(0; � 2) for any real � 1 and � 2. This identi�cation is, of courseautomatic
by mapping the polar coordinates to rectangular coordinates: (r; � ) 7!
(r cos(� ); r sin(� )).

Similarly, for the (� ; � ) and (�; � ) parametrizations, we make the iden-
ti�cations: (� ; � ) � (� ; � + 2� ) and (�; � ) � (�; � + 2� ), respectively. Anal-
ogousto the identi�cation of all angles� with r = 0, we must also make
identi�cations for di�eren t angles� in the (� ; � ) and (�; � ) parametrizations
whenf � (x)� x = 0. This identi�cation involvesonly �xed points on the res-
onancesurfaces.Sincewe already know the resonancesurfacesfor this non-
genericmodel each have a single �xed point (having � = 0), and this point
is at � = 1, for the (� ; � ) parametrization we identify (1; � 1) � (1; � 2),
and for the (�; � ) parametrization, we identify (0; � 1) � (0; � 2). We will
seea much more interesting identi�cation for � valueswith � = 0 when we
compute the 1=2 resonancesurfacefor the genericexamplebelow.

With the above identi�cations, we assertthat the three mapsenumer-
ated above are all injective. The proof of this assertionis mostly contained
in the observations made at the beginning of this subsection about the
makeup of each � p=q. We also note that this claim is corroborated for the
phase plane parametrization by Figs 1e and 1f. That the other two are
equivalent { for this nongenericexample{ to the phaseplane parametriza-
tion, we note that constant r circleson each � p=q are alsoconstant � circles
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and constant � circles. Similarly, constant � rays are also constant � rays.
The relationships between(r; � ) and (�; � ) are illustrated in Fig. 2 for the
speci�c casep=q= 1=4. In general,a small amount of trigonometry shows
that we have r = �

2 cos( q � 2p
2q � )

; � = � � � q+2
2q � p� 1

1 2� . As indicated above,

r =
p

1 � � , or, equivalently , � = 1 � r 2. Note that r and � are restricted
to [0; 1], but � 2 [0; � 0] where � 0 is the distance from x to f (x) when x is
on the unit circle, and f (x) is obtained from x by rotating the unit circle
by p=qof a complete rotation. In formula: � 0 = 2cos( q� 2p

2q � ).

r

r

r

x

f m(x)

q

f

Fig. 2. Relationship between (r ; � ) and (�; � ) for a rigid rotation of
a circle by 1=4.

Even better, the model is so simple that we can write down explicitly
the inversesof the three projections enumerated above. That is, we can
explicitly list the three parametrizations. They are

(� ; � ) 7! (x1; x2; � ; � ) = (
p

1 � � cos(� );
p

1 � � sin(� ); p=q; � );

(r; � ) 7! (x1; x2; � ; � ) = (r cos(� ); r sin(� ); p=q; 1 � r 2);
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and

(�; � ) 7! (x1; x2; � ; � ) = (r cos(� ); r sin(� ); p=q; 1 � r 2);

wherer is the multiple of � and � is the translate of � given in the preceding
paragraph.

We emphasizethe fact that the three parametrizations are essentially
the same for this nongeneric example. The only di�erence is that equal
spacing in the � variable is not equal spacing in the other two: r and � .
For example, the circles in Fig. 1e have equal r (and � ) spacing (r =
1:0; :75; :5; :25, and � =

p
2r ), but as we can see in Fig. 1c, they have

unequal spacing in � (� = 1 � r 2).
As we shall seebelow, theseparametrizations do not remain the same

for generic forced oscillator maps. In fact, not all even remain global
parametrizations, even when the surfacesremain topological disks, since
the three projection maps enumerated above do not always remain injec-
tiv e. When this happens, there is no inverse map, so the corresponding
global parametrization fails.

2.2. A generic caricature example. We investigate the resonance
surfaces� p=q for a family of maps that are not constructed exactly as in
the intro duction, but are constructed with expectations of having generic
propertiesof such families of maps. This family wasalsostudied in [P 1988],
[P 1990], [MP 1994] and [MP 1995]. Instead of providing forcing via the
nonautonomousterm W in equation (1.1), we provide periodic \impulse"
forcing by composing the time-one 
o w of the autonomous equation _x =
V (x) with a map which provides a periodic \kic k" to the solution. The
kick is de�ned to be the identit y for � = 0 and increasingin magnitude as
� increases.More speci�cally , this map is de�ned as

H ( � ;� ) � g� � h � ;

where h � (x) is the time-one map of the following di�eren tial equation,
given in polar coordinates:

_r =
r (1 � r 2)

1 + r 2 ; _� = 2� � +
1 � r 2

1 + r 2 ;

and

g� (x1; x2) = (1 � � )(x1 � 1; x2) + (1; 0):

Note that in this setup, � is not restricted to be positive, but is allowed
to be any real number. So our parameter space is � = (� ; � ) 2 P �
R � [0; 1 ).

The p=q resonancesurfacesfor this caricature map are much too dif-
�cult to compute analytically, but they can be computed numerically. We
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have computed three surfaces,for p=q = 1=4; 1=3; 1=2. All three were al-
ready illustrated in Fig. 1a, projected to the three dimensional (� ; � ; x2)
space. The Hopf bifurcation curve is also included, both for context and
for comparison with Fig.'s 1c and 1d. Their projection to the parameter
plane is in Fig. 1b. Further views of the individual surfacesare presented
in �gures 3 { 7.

A more detailed discussionof how thesesurfacesrelate to the dynam-
ics and bifurcations of the corresponding family of maps is contained in
previous work [P 1988,P 1990,MP 1994,MP 1995]. Here we consideronly
various parametrizations of the surfacesand the e�ect the parametrizations
have on computing the surfaces. We will seesituations in which each of
the three parametrizations fails, but that the (�; � ) parametrization is in
somesensethe best of the three.

The organization of �gures 3{5 are as follows:
� Column 1: Projection to the phaseplane, (x1; x2).
� Column 2: Projection to the (x1; � ; x2) space.
� Column 3: Projection to the (� ; � ; x2) space.
� Row 1: Full surface.
� Row 2: (r; � ) parametrization
� Row 3: (� ; � ) parametrization
� Row 4: (�; � ) parametrization

2.2.1. The 1=4 surface. Figure 3 shows views of the 1=4 resonance
surfaceand the eight saddle-node curvesthat meet at the Hopf bifurcation
point H 1=4, which we call the dynamic center of the surface. When pro-
jected to the parameter plane, the saddle-nodes becomethe boundary of
the 1=4 resonanceregion. SeeFig. 1b.

For increasedclarit y in Fig. 3, the full 10 � 29 meshcomputed using
each of the three parametrizations is not displayed. We display in row 2
only four of the ten constant r curves, equally spacedbetween r = 1 and
r = 0:1. The constant � curvesare connectedat r = 0.

Similarly, the third row displays only four constant � curves, equally
spacedbetween � = 0 and � = 0:4. The constant � curves are connected
at the dynamic center, H 1=4 since the constant � circles degenerateto a
point at the � value of H 1=4, which is approximately � = 0:4194396819.

The fourth row displays only four constant � curves, equally spaced
between � =

p
2 and � = 0:1

p
2. The constant � curves are connectedat

the dynamic center, H 1=4 sincethe constant � circlesdegenerateto a point
at � = 0.

In addition, all constant � (� , � , respectively) lines have beenremoved
from the six �gures in Columns 2, 3, and rows 2, 3, 4. Saddle-node curves
have beenleft in all �gures for reference.

In summary, all three parametrizations are valid global parametriza-
tions for this surface, but the center of the phase spaceparametrization
(r; � ) doesnot match the dynamic center, H 1=4, of the surface.
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2.2.2. The 1=3 surface. Figure 4 shows views of the 1=3 resonance
surfaceand the three period-three saddle-node curveswhich \liv e" on the
surface. When projected to the parameter plane, the saddle-nodesbecome
the boundary of the 1=3 resonanceregion. SeeFig. 1b and an enlargement
of the top of the 1=3 resonanceregion in Fig. 7a.

As for the 1=4 surface,we have not displayed the full mesh that was
computed for any of rows 2, 3, or 4. We have displayed in row 2 only four
constant r curves between r = 1 and r = 0:1, in row 3 only �v e constant
� curves, equally spacedbetween � = 0 and � = 0:43, and in row 4 only
four constant � curvesbetween� =

p
3 and � = 0:1

p
3.

Note that in row 3, column 1, we have not connectedthe constant �
curvesto the Hopf point H 1=3. This is becausethe numerical continuation
failed for � values slightly above 0:43. This failure is discussedfurther
below in subsection2.2.4, and is related to the fact that the saddle-node
curves do not meet at the Hopf point H 1=3. It is also consistent with the
genericunfolding of a 1=3 resonant Hopf point.

The other two parametrizations, by projection to the phaseplane and
by f � (x) � x , are both valid global parametrizations for the 1=3 surface,
but the center of the phasespaceparametrization (r; � ) doesnot match the
dynamic center, H 1=3, of the surface.

2.2.3. The 1=2 surface. Becausethis surfaceturns out to be a topo-
logical mobius strip, there is no way any of the three global parametriza-
tions we have been considering could be valid without alteration. The
mobius strip and disk are topologically inequivalent. Thus what is surpris-
ing is that the f � (x) � x parametrization \w orks" rather than that the
other two parametrizations fail.

Figure 5 shows views of the 1=2 resonancesurface,the two period-two
saddle-node curves which \liv e" on the surface, and the period-doubling
circle. From the 1=2 resonanceregion in Fig. 1b and the enlargement of its
top portion in Fig. 7c, weseethat the boundary of the 1=2 resonanceregion
comprisesthe saddle-nodesand the \top" part of the period-doubling circle.
As for the 1=4 and 1=3 surfaces,we have not displayed the full mesh that
was computed for any of rows 2, 3, or 4. We have displayed in row 2
only three constant r curves, equally spacedbetween between r = 1 and
r = 0:41, in row 3 only three constant � curves: � = 0; 0:2; 0:4, and in row
4 only six constant � curves,equally spacedbetween� = 2 and � = 0:1.

The (r; � ) and (� ; � ) parametrizations do not extend to the full 1=2
surface, as is suggestedby the \holes" in the center of the meshesdis-
played in rows 2 and 3 of column 1. Thesefailures are discussedfurther in
subsection2.2.4 below.

The reasonf � (x) � x parametrization can be a global parametrization
for both a disk (as it wasfor the 1=4 and 1=3 surfaces)and a mobiusstrip, is
becausethe identi�cation at � = 0 is di�eren t for the two cases.To become
a disk, all points corresponding to � = 0, for any � 2 R were identi�ed to a
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Fig. 4. The 1=3 resonance surface.
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single point. The identi�cation for the mobius strip is instead to a double
cover of a circle: (�; � ) = (0; � ) � (0; � + � ). Even better, the circle on
which the identi�cation is made(� = 0) is dynamically signi�cant: it is the
period doubling circle. Moreover, sensecan be made of the angle � , even
at � = 0 by de�ning it as the argument of the negative one eigenvector in
the phaseplane. Note that if � is the argument of an eigenvector, then so
also is � + � . This is exactly the identi�cation which leaves us with the
mobius strip.

Of the Fig. 5 views, the identi�cation at � = 0 is best seenin the
row 4, column 3 �gure. The largest constant � circle is, as always for the
(� ; � ; x2) projection, collapsed to a vertical line segment. The next �v e
circles appear in this projection as �gure-eight curves, the intersection at
the center of the �gure-eight being an intersection in projection only. The
�fth �gure eight curve (counting the line segment) has started to fold over
slightly at its center. This sixth one has folded over almost completely.
Although it appears that this smallest �gure eight has three, rather than
two, loops, this is becausethe middle loop (labelled PD) is the period-
doubling circle. Thus, this �gure eight is about to collapseonto the period
doubling circle, in the processwrapping twice around the period doubling
circle.

In order to better visualizehow the constant � sliceslimit to the period-
doubling curve as � ! 0, we have recomputed just the part of the surface
betweenthe sixth �gure eight and the period doubling circle referred to in
the previous paragraph. This corresponds to � 2 [0; 0:1]. The computation
of the circle for � = 0 was done separately, and then added to the mesh
computed with the f � (x) � x parametrization for � = 0:1; 0:2=3; 0:1=3. The
parametrization on the period doubling curve was by the argument of the
negative one eigenvector. The result is displayed in Fig. 6. This �gure
corroborates our claim that the negative one eigenvalue parametrization is
the limiting parametrization of the f � (x) � x parametrization as � ! 0:
the constant � rays do extend smoothly to � = 0 in the �gure. Becausewe
have useda � meshsizeof 29, which is odd, it is more obvious that constant
� curveswhich are � apart limit to the samepoint on the period doubling
circle, but from opposite sides. For example, the � = 55

58 2� = 13
29 2� + �

ray, which would be between the � = 26
29 2� and � = 27

29 2� curves in Fig.
6, would limit on the samepoint on the period doubling circle (� = 0) as
doesthe � = 13

29 2� ray.
A sidebene�t of understandingthis identi�cation at the period-doubling

circle is the suggestionof a computational check on whether a given 1=2
surfaceis orientable. This is discussedfurther in section 3.4 below.

2.2.4. Failure of global parametrizations. We now describe why
the three parametrizations which fail do, in fact, fail.

Constan t � for the 1=3 surface. The constant � parametrization
almost succeedsfor the 1=3 surface, but it will necessarily fail for any
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Fig. 6. The 1=2 resonance surface near the perio d-doubling circle.
The angle � has been extended to � = 0 as the argumen t of the negativ e
one eigen vector.

genericperiod-three surface. This is becauseperiod-three resonanceregions
generically extend above the Hopf bifurcation curve. This leads to the
fact that constant � crosssectionschange from being a single topological
circle for � values below the � value of the Hopf point H 1=3, to being
three distinct topological circles above H 1=3. This change is illustrated in
Figures 7a and 7b. Fig. 7a is essentially an enlargement of the top of the
1=3 resonanceregion of Fig. 1b, near the Hopf curve. The Hopf curve is
not shown in Fig. 7a, but the + marks H 1=3, the relevant point on the
curve. The two constant � slices and H 1=3 from Fig. 7a are displayed
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projected to the phaseplane in Fig. 7b. The outermost constant � curve
is for � = 0:43, which was the innermost � curve in the third row of Fig.
4. The constant � slice for the transition value, the � value of H 1=3, has
three petals (not shown) which connect at H 1=3. Note that the (� ; � )
parametrization actually breaksdown beforereaching the transition value.
This is becausethe angle � , of f � (x) � x , doesnot vary monotonically as
x varies around a constant � circle if � is closeenoughto (but below) the
transition value.

Constan t � for the 1=2 surface. Constant � slices of the 1=2
resonancesurface are all topological circles in the full four-dimensional
phase� parameterspace,exceptfor the two � valuesfor which the constant
� curves in the parameter plane are tangent to the period-doubling circle.
The slice corresponding to the lower tangency (between � = 0:4 and 0:43
in Fig. 7c) is a �gure eight; the slice corresponding to the upper tangency
(above� = 0:5 in Fig. 7c) is a point. The circlesthat correspond to � values
below the lower tangency, like � = 0:4, wrap twice around the mobius strip,
while the circleswhich correspond to � valueswhich are betweenthe upper
and lower tangencyvalues,like � = 0:43and 0:5, arecontractible to a point.
Thesestatements are justi�ed in the next paragraph.

Becausethe projection to the phaseplane is not a global parametriza-
tion either, we must explain the failure of the constant � parametrization
not by looking at how the constant � circles project to the phaseplane,
but instead, by looking at how the constant � circles project to the \nat-
ural" parameter space, (�; � ). This is done in Fig. 7d. With the right
and left edgesidenti�ed as indicated by the arrows, one can seethat the
� = 0:4 circle wraps twice around the mobius strip, while the � = 0:43
and 0:5 circlesare contractible to points. It is alsoeasyto visualize on Fig.
7d the two critical slices: one between � = 0:4 and 0:43 which is a �gure
eight, and the other inside the � = 0:5 circle which is a single point on the
period-doubling curve, � = 0.

Pro jection to phase plane for the 1=2 surface. This is perhaps
easierto visualize that the other two failures. The projection of the surface
shown in row 1, column 1 of Fig. 5 is obviously not one-to-one: the surface
folds over itself near the center. The innermost constant r curve shown in
row 2, column 1 is near the region where the folds begin. Thus the surface
continuation can be expected to fail for lower valuesof r .

2.3. Computation of the surfaces. All numerical continuations
performed for this paper were done using the author's continuation soft-
ware package, To Be Continued [P 1987{present]. Most computations of
points on the surfacesfor the generic example just described above were
doneusinga globally convergent versionof Newton's method in four dimen-
sions. The four variableswerethe two phasevariables(x1; x2), and the two
parameter variables (� ; � ). There were four equationswhosesimultaneous
solution Newton's method sought. Two were determined by the periodic
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Fig. 7. Failure of the constan t � parmetrization. a) 1=3 surface,
parameter plane pro jection: (� ; � ), b) 1=3 surface, phase plane pro jec-
tion: (x1 ; x2), c) 1=2 surface, parameter plane pro jection: (� ; � ), d) 1=2
surface, pro jection to (�; � ) space. Arro ws indicate the iden ti�cation
of the righ t and left edges, (� =2; � ) � (� � =2; � ), to form a mobius strip.
The � axis is the perio d-doubling circle.

point condition f q
� (x) � x = 0, and the other two were determined by the

speci�c global surface parametrization used (for example, specifying the
(r; � ) values for the phaseplane parametrization). An alternativ e to the
f q

� (x) � x = 0 condition wassometimesusedaswell. This involved keeping
track of the whole periodic orbit instead of just onepoint on it. It therefore
useda higher dimensional version of Newton's method.

The computation using the f � (x) � x parametrization worked auto-



GLOBAL PARAMETRIZA TION OF RESONANCE SURFACES 19

matically in our genericexamplefor most of the resonancesurfaceshaving
periods less than 10. Manual adjustments were sometimesnecessaryat
� = 0 since the surfacesare more degeneratethere (constant � crosssec-
tions that project to a line segment in the parameter plane for � > 0
degenerateto a point at � = 0.)

3. Remarks and Conclusions.

3.1. Implications for other PF O maps. We have comparedglobal
parametrizations of three resonancesurfaces for a speci�c caricature of
mapsobtained from a periodically forced planar oscillator. It is clear espe-
cially for the period-two surface,that using the f � (x) � x parametrization is
a great advantage. A natural question is whether thesesamecomparisons
would hold for other periodically forced oscillator resonancesurfaces.

Local theory implies that constant � crosssectionswill always work
for small � on resonancesurfacesof all periods greater than or equal to
2; f � (x) � x will always work near the resonant Hopf bifurcation points,
which exist on the surfacesof period 3 or higher. Projection to the phase
plane will also work near the resonant Hopf points with the condition that
the �xed point not vary \to o much" with the system parameters. We
believe f � (x) � x will usually work near the period-doubling circle. The
other parametrizations have no chanceof working near the period-doubling
circle.

The question then becomeswhether the constant- � parametrization
canbeextendedup to higher valuesof � to obtain a global parametrization,
or whether the other two can be extendeddown to � = 0 to obtain a global
parametrization. In general, the f � (x) � x parametrization appears to be
globally extendible in the greatestnumber of cases.It requiresonly that the
\size" of the periodic orbit shrinks as � is increasedfrom zero. The phase
plane parametrization appears to be extendible only if the \size" of the
periodic orbit shrinks as� is increasedand the \center of the periodic orbit"
doesn't drift too much. The phaseplaneparametrization, of course,is never
useful near the period-doubling circle. The constant- � parametrization
appearsto work for period-5 and above (and period-4 when it is like period-
5) but never for period 3 and never for q = 2.

In gereral, the conclusionis that the f � (x) � x parametrization is the
most likely to work in most scenarios.

3.2. The sup eriorit y of f � (x) � x: two additional scenarios. We
havepresented a caseabove for the superiorit y of the f � (x)� x parametriza-
tion over the constant � and projection to phase plane parmetrizations.
We consider the three resonancesurfacesexamined for our generic exam-
ple to be of the simplest form possiblefor generic maps generatedby pe-
riodically forced oscillators. In this subsection, we further support our
claim by presenting two further complications, one which causesa con-
stant � parametrization to fail, and the other which causesa projection to
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phaseplane parametrization to fail. In both cases,however, the f � (x) � x
parametrization remains intact.

The �rst caseis that of a resonancesurface for which the Hopf bi-
furcation is subcritical instead of supercritical. Without describing all the
details, the signi�cant result for us is that, near the Hopf bifurcation curve
where the resonanceregion terminates, the Arnold tongue opensup rather
than down. The tongue then \turns around" and headsback down toward
� = 0. It is clear that the topology of constant � crosssectionschanges
when � is increased through the � value of the Hopf point H p=q. The
constant � parametrization thus fails. The projection to phaseplane and
f � (x) � x parametrizations, however, remain intact.

The secondcaseinvolvesadding an � dependent translation to a family
of maps for which the phaseplane and f � (x) � x parametrizations both
work. Phaseplaneparametrization will then fail for the newfamily, but the
f � (x) � x parametrization will still work. For example,if we took the maps
from our genericexample, and translated to the right as � increased,and
we translated somuch that the Hopf point H 1=3 wascompletely outside the
unit circle, then there would be no way that the 1=3 surfacewould project
in a one-to-onefashion to the phaseplane. The constant � and f � (x) � x
parametrizations, however, would remain intact. In fact, the f � (x) � x
parametrization is una�ected by translations. Its � = 0 points are always
the (dynamically signi�cant) �xed points.

3.3. Failure of all three parametrizations. It is possibleto con-
struct examples where none of the three parametrizations compared in
this paper extend to a global parametrization of a given resonancesurface.
For example,resonancesurfacescan be constructed which have topological
handles[P, in preparation].

3.4. Determining the nonorien tabilit y of the perio d-2 surface.
In the processof computing the period-two surface using the f � (x) � x
parametrization, we noted that the constant � circles limit on the period-
doubling circle as � = jf � (x) � xj approacheszero. In addition, the � > 0
circleswrap around the period doubling circle twice. It turns out that if one
�xes � = � 0 and lets � approach zero,the limiting point z0 on the resonance
surface is a period-doubling point, with a negative one eigenvalue. The
corresponding eigenvector has angle � in the phaseplane. Note that the
eigenvector could also be represented by the angle � 0 + � . In fact, if we
�x � = � 0 + � and let � approach zero, then the limiting point on the
resonancesurfaceis the samepoint z0.

From the unfoldings of period-doubling points, it is clear that the
surfaceof period-two points near a period-doubling point is tangent to the
negative one eigenvector. The period-doubling curve itself also lies in the
resonancesurface� p=2, and this curve is transverseto all the corresponding
negative one eigenvectors, sincethe eigenvectors are con�ned to the phase
plane. Therefore the two vectors: one in the direction tangent to the
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period-doubling curve (oriented, say, by requiring that the projection to
the parameter plane is traversedcounterclockwise) and the other a negative
oneeigenvector (with either oneof the two of � 0 or � 0 + � chosen)form an
oriented frame for the surface of period-two points. Let us keep track of
this frame as we travel once around the period doubling circle. When we
reach the starting point, the vector parallel to the period-doubling circle
must be back to where it started. The other vector, however, could either
correspond to the samedirection (� 0 + 2k� ) or the opposite direction (� 0 +
� + 2k� ). In the former case,the frame haskept its original orientation. In
the latter case,the frame has reversedits orientation, indicating that the
period-two surfacenear the period-doubling circle is nonorientable. That
is, � p=2 is nonorientable.

This continuation oncearound a period-doubling circle to seewhether
orientation is preserved or reversedis easily performed by numerical con-
tinuation. Thus we have a quick, computable check on whether a given
period-two surface near a period-two circle is nonorientable. Recall that,
beforeadding the period-doubling points to � p=2 via the closureoperation,
� p=2 is orientable. In the casethat the period-two surfacecontains a �nite
number of topologically circular period-doubling curves (all exampleswe
know of have a singleperiod-doubling curve), we can perform this check on
each period-doubling circle. If any one of them indicates nonorientabilit y,
the whole surfaceis nonorientable. If, near each period-doubling circle, the
surfaceis orientable, then the whole surfaceis orientable.
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tinued ... [P 1987{present] and displayed by Geomview [PLM 1993].
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