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Abstract.  Periodically forced planar oscillators are typically studied by varying the
two parameters of forcing amplitude and forcing frequency. Such dieren tial equations
can be reduced via strob oscopic sampling to a two-parameter family of di eomorphisms
of the plane. A bifurcation analysis of this family almost always includes a study of
the birth and death of periodic orbits. For low forcing amplitudes, this leads to a
now-classic picture of Arnold resonance tongues. Studying these resonance tongues for
higher forcing amplitudes requires numerical contin uation. Previous work has revealed
the usefulness of considering these tongues as projections of surfaces of periodic points
from the cartesian product of the phase and parameter planes to the parameter plane.
Many surfaces were displayed and described in [MP 1994], but their parametrization
and computation was not discussed. In this paper, we do discuss their parametrization
and computation. Especially useful are global parametrizations which allow automatic
computation of the surfaces. We argue that parametrization by \f (x) x" is both
more likely to be a global parametrization and more \dynamically natural" than two
more obvious parametrizations. As a side benet, f (x) X parametrization leadsto a
computable way of establishing the nonorientablilit y of period-two surfaces.

Key words. Bifurcation, resonance,periodically forced oscillators, Arnold tongues,
numerical contin uation.
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1. Intro duction: Resonance surfaces for forced oscillators. In
this introduction we brie y review basic results for two-parameter families
of maps of the plane which are generatedby periodically forced planar os-
cillators. The main objects of interest in this paper are resonancesurfaces
| surfacesof periodic points in the Cartesian product of the phaseand
parameter planes. The surfaces' projections to the parameter plane are
called resonanceregions| regions of parameter valuesfor which the cor-
responding maps have periodic orbits of a certain period. An illustration of
three such resonancesurfacesfor an exampledescribed later in the paper is
givenin Fig. la. Their projections to the parameter plane reveal the three
correponding resonanceregionsin Fig. 1b. The xed-p oint Hopf bifurca-
tion curve is included in both Figs. 1a and 1b for reference. It turns out
that resonancesurfacesare two-dimenensionalmanifolds, most often topo-
logical disks or mobius strips. We focus on someglobal parametrizations
of these surfaces. The global parametrizations make their computation
more automatic and lead to an enhancedunderstanding of periodic point
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bifurcations and thus to a better understanding of the dynamics of forced
oscillator systems. The exposition and notation follows that of [MP 1994].
More details can be found in that referenceand referencestherein. See
especially [AMKA 1986],[P 1988],[P 1990],[MP 1995].

1.1. The periodically forced oscillator setting. A standard gen-
eral periodically forced oscillator model is given by the equation

(1.1) x=VX)+ W(x;!t);

where x 2 R2. The real parameter is the forcing amplitude, while the
real parameter! is the forcing frequency The function W is periodic with
period onein its secondvariable. We assumethat V and W are both C?! .
When = 0, equation (1.1) represens an autonomousvector eld. This
vector eld is assumedto have a repelling equilibrium point cq inside an
attracting periodic orbit Cy with frequency! ¢ > 0, and henceperiod 1=! .
The periodic orbit is the unforced oscillator; ! ¢ is its natural frequency

It is corvenient to replacethe forcing frequency! with the ratio of the
natural frequencyto the forcing frequency: I o=!. Restricting to be
nonnegative leavesus with the following parameter space:

(;)2P (0;1) [01):

The stroboscopicfamily is obtained by following the solutionsto equa-
tion (1.1), denoted ( ; y(x;t), for time 1=!, which is the period of forcing.
Thus the stroboscopicmaps of the plane are de ned by

(1.2) fo.H(x) ()G I=h) = oy =)

This is the two-parameterfamily of C* di eomorphisms of the plane which
we study.

An important obsenation is that for = 0, equation (1.2) de nes
mapshaving the unforced oscillator orbit Cy asan invariant circle. Further,
restricted to Cgy, the maps are rigid rotations with rotation number equal
to . Forsmall , aninvariant circle near Cqy persists. This implies that for

small, the maps of equation (1.2) can be studied via circle map theory.
This is exactly the setting { perturbations of rigid rotations { of the familiar
Arnold circle mapsfamily: x! x+ + sin(x). As the forcing amplitude
cortinuesto increase,however, the invariant circlestend to shrink in size,
evertually disappearing, via a Hopf bifurcation, to a point. Although this
last sertence is a great oversimpli cation of the full dynamical picture, it
doespoint out that in order to understand this transition from dominance
by the unforced oscillator (  small) to dominance by the forcing function
( large), it is necessaryto considerthe full two-dimensional phasespace
rather than just one-dimensionalcircle maps.
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1.2. Resonance regions. Periodic points of f . ) correspond to pe-
riodic orbits of equation (1.1) which are said to be in resonane. Thus
a resonane region for equation (1.2) is de ned to be a region in the pa-
rameter plane for which the corresponding maps have a periodic orbit of a
certain period. A period-q resonanceregion, commonly referred to as an
Arnold tongue, is known to emanate from ead \rational" point (p=q 0)
on the zero forcing amplitude axis. The continuation of these tonguesto
higher forcing amplitudes is of interest to usin this paper. A more precise
de nition of resonanceregion will be given in subsectionl.4 after de ning
resonancesurfaces.

1.3. Resonance surfaces. Resonanceregionsbecomemore natural
objects when they are viewed as projections to the parameter plane of sur-
facesof periodic points in the cartesianproduct of the phaseand parameter
spaces.More speci cally, we de ne a least-period-q surfaceas

(g f(x; )2 P:xisaleastperiod qpoint forf g:

Each ( q) for q 2 typically consistsof many distinct componerts. We
are most interestedin the componerts which project to the Arnold tongues
in the parameter plane emanating from zero forcing amplitude. Seeagain
the surfacesin Fig. la and their projections to the parameter plane in
Fig. 1b, especially near = 0. Note that since the unforced oscillator
Co is mapped as a rigid rotation with rotation number by f. ., then
fCo (p=g0)g ( g) (assumingp=qis reduced).
Thus we de ne the componerts of ( g) which are of interest as

1.3) p=qg  the componert of ( q) containing fCo (p=g;0)a:

Previous results have establishedthat these componerts are distinct for
ead distinct rational number p=g For example, ;-3 and ,-3 are nec-
essarily distinct componerts of ( ). The proof of this fact involves the
de nition of a self rotation number for orbits of planar di eomorphisms
which is an extension of the usual rotation number for circle maps[P 1988,
P 1990].

1.4. \The" Resonance Surfaces. The surfaces -, are generically
orientable, C! , and contain a single boundary componert: fCqy (p=g 0)g.
This boundary componert is really the result of restricting the forcing
amplitude to [0;1 ), which in e ect cuts ead surfaceo at = 0. If we
were to allow negative values of , the resonancesurfaceswould have no
boundary componerts. The -, are typically bounded, but not closed
becausepoints on a period-g orbit may coalesceto a periodic orbit of a
lower period (which must be a divisor of the original period). This nally
leadsto the de nition of \the" p=qgresonancesurfaceswhosecomputation
we discussin this paper as:

\The" p=qgresonancesurface p=q;
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where the overbar indicates topological closure. In all exampleswhich we

have studied, - is @a compactsurfacefor g 2. We now precisely de ne
\the" p=gresonanceregion A,-, as

Ap=q ( p=a);
where  is projection to the parameter plane.

It has been previously shavn [P 1988, P 1990] that the closure op-
eration adds only xed points to . From a bifurcation viewpoint,
these xed points fall into two classes:q 3 andq= 2. Forq 3,
the xed points are (p=qresonan) Hopf bifurcation points | with eigen-
valuese 2 '¢. We denotethesepoints asH P=9. Such points are generically
isolated in two-parameter families, sotheir addition to -, via the closure
operation leaves -, orientable. For q= 2, the xed points addedto -,
via the closure operation are period-doubling points. They typically form
aclosedcurvein -, and their addition to -, typically causes ,-, to be
nonorientable, eventhough -, is orientable. In subsection3.4 we discuss
further a computational chedk \around the period doubling curve" which
can be doneto verify that a specic E is nonorientable.

Examples of periodically forced oscillators have been constructed [P,
in preparation] for which resonancesurfaceshave topological handles, but
no other examplesare known to the author. In the casewhere no handles
exist, howewer, the classi cation of compact surfacesimplies the surfaces
must be topological disks for ¢ 3, and, assumingnonoriertabilit y, mo-
bius strips for q = 2. The rest of the paper describes dierent global
parametrizations of thesesurfaces,how the parametrizations are related to
the dynamics of the family of stroboscopicmapsof eq. (1.2), and how these
parametrizations allow easyglobal computation of the respective surfaces.

2. Global parametrizations of resonance surfaces. In order to
better understand global parametrizations of resonancesurfacesfor a generidl
family of maps,we rst describe how it, and other parametrizations, relate
to resonancesurfacesfor an easily analyzed, but nongenericexample.

2.1. A simple but nongeneric example. We remind the reader
that the coarsestdescription of the dynamics of the maps as a function of
the parameters = ( ; ) isthat as increasesthe rotation of the corre-
sponding maps increases,and as increases,the invariant circle shrinks,
ewvertually collapsingto a point. This is a drastic oversimpli cation, but
it helpskeepthe more detailed dynamical bifurcations in perspective. The
following exampleis constructed to have preciselythesetwo properties. We
de ne the family of maps, T, . )(x), asthe \time-one" map of the following
family of planar di erential equations, givenin polar coordinates:

(2.1) (G=(@ r r%2 )

This is only a slight variation from the standard model for the Hopf
bifurcation for a planar dierential equation. In the standard form the
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parameter is a constart (leaving a one-parameterfamily) and (1 ) is
replacedby . For the ow of equation (2.1) the origin undergoesa Hopf
bifurcation at = 1, asindicated in Figures 1c and 1d. For > 1, the
origin is a globally attracting equilibriurB. For < 1,the ow hasthe
origin as a repelling equilibrium, and C(" 1 ), where C(a) is the circle
with certer at the origin and radius a, as a limit cycle which attracts all
other orbits.

The limit cycles of the ow become attracting invariant curves of
T¢ . ). Sincethe angular coordinate of this time-one map of eq. (2.1)
is ! +2 ,all T ., restricted to the corresponding invariant circles
are rigid rotations with rotation number . The origin is a xed point for
all parameter values. All periodic orbits exceptthe origin must lie on the
invariant curves. Thus, it is relatively easyto seethat the least-period-
g points with rotation number p=qform a surface which is the union of
all the invariant circles ( < 1) with = p=qg If we restrict the surface
to 0, as we did in de ning Epin the general setting above, then

p=qg = f(X1iXx2; ;) 1 (Xaix2) 2 CC 1 ), = p=q 2 [01)g. The
closureoperation addsto -4 only the point (0; 0; p=q 1), which is a xed
point. (That is, (0;0) is a xed point for T(p=q:.1).)

Thus, everyE is atopologicaldisk. Its certer is the Hopf bifurcation
point. Its boundary is the attracting invariant unit circle at zero forcing
amplitude: C(1) f(p=gO0)g. Projections to the ( ; ;x.) spaceof three
sudh p=qresonancesurfaces,with p=q= 1=4;1=3;1=2, are shown in Fig.
1c. Note that in this projection, the invariant circles{ four visible on the
1=2 surface, and one ead visible on the 1=3 and 1=4 surfaces{ collapse
to (vertical) line segmeits. Each E projects to the vertical line segmen
between(p=qg 0) and (p=q 1) in the parameter plane. This is illustrated in
Fig. 1d for the three indicated surfaces. Each E projects identically to
the unit disk in the phaseplane (Fig. 1le), and to a paraboloid in the three
dimensional (x1; ;X») space(Fig. 1f).

The dynamic center. The family of maps, T, . )(x) inducesa map
in the four-dimensional phase parameter spacevia

(2.2) GCs N7 (T, ()5 )):

Each resonancesurfaceis invariant under this induced map, which merely
rotates the corresponding paraboloid E by p=qof a complete rotation.
Thus all points on the p=qgsurfaceare period-q, exceptfor the origin, which
is xed. From a bifurcation standpoint, this xed point is a p=qgresonan
Hopf bifurcation point (although a nongeneric Hopf point for this non-
generic example), referred to as HP™¥ in subsection1.4 above. Thus we
think of the xed point as the dynamic center of the surface. For this
simple example, the dynamic certer, the geometric certer, and the certer
of all three parametrizations de ned below coincide, but this will not be
the casefor the genericexamplewhich is presened in subsection2.2 which
follows below.
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Global surface parametrizations. As noted above and illustrated
in Fig. le, eat resonancesurface projects homeomorphically to the unit
disk in the the phase plane. The inverse of this projection is a global
parametrization of that resonancesurface. We now formally de ne this and
two additional \pro jections," whoseinversesare ead global parametriza-
tions of that resonancesurface. In the formulas, x = (X1;X2), jXj is the
Euclidean norm of x in the plane, and Ar g(x) is the angle (mod (2 )) of x
in the plane.

1. Polar coordinate projection to the phaseplane:

(X1;X2; 5 )2 p=q 70 (r; ) (ixj; Arg(x)):

2. Constant  crosssections:

(X1iX2; 3 )2 p=q 7P (5 ) (GArgf (x)  x):
3.f x) x:

(X1;X2; 5 )2 p=q 7V (5 ) (f (x)  xj;Arg(f (x) x)):

From this point on in the paper, we will refer to the inversesof these
three maps, restricted to the images of the forward maps, as the phase
plane,constart ,andf (x) X parametrizations, respectively, or, equiv-
alertly, asthe (r; ), ( ; ), and (; ) parametrizations, respectively.

Note that the image of the phase plane map is a topological disk,
sincer 2 [0;1], 2 R and we identify (r; ) (r; + 2 ) and (0; ;)
(0; ) for any real ; and ,. This identi cation is, of courseautomatic
by mapping the polar coordinates to rectangular coordinates: (r; ) 7!
(rcos();rsin()).

Similarly, forthe ( ; ) and(; ) parametrizations, we make the iden-
tications: ( ;) (; +2)and(; ) (; +2),respectively. Anal-
ogousto the identi cation of all angles with r = 0, we must also make
identi cations for dierent angles inthe( ; )and(; ) parametrizations
whenf (x) x = 0. This identi cation involvesonly xed points onthe res-
onancesurfaces. Sincewe already know the resonancesurfacesfor this non-
genericmodel eadh have a single xed point (having = 0), and this point

isat = 1, for the ( ; ) parametrization we identify (1; 1) (1; 2),
and for the (; ) parametrization, we identify (0; 1) (0; 2). We will
seea much more interesting identi cation for valueswith = 0whenwe

compute the 1=2 resonancesurfacefor the genericexample below.

With the above identi cations, we assertthat the three maps enumer-
ated above are all injective. The proof of this assertionis mostly corntained
in the obsenations made at the beginning of this subsection about the
makeup of eadh P=9. We also note that this claim is corroborated for the
phase plane parametrization by Figs 1e and 1f. That the other two are
equivalent { for this nongenericexample{ to the phaseplane parametriza-
tion, we note that constart r circleson eat P9 arealsoconstart  circles
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and constart  circles. Similarly, constart  rays are also constart  rays.
The relationships between(r; ) and (; ) areillustrated in Fig. 2 for the
speci ¢ casep=q= 1=4. In general,a small amourt of trigpnometry shows

= - = q+2. p 1 indi
thatpwe haver = Zoos(2 ) % -2 . As indicated above,
r="1 , or, equivalertly, =1 r2. Notethat r and are restricted

to [0; 1], but 2 [0; o] where g is the distance from x to f (x) when x is
on the unit circle, and f (x) is obtained from x by rotating the unit circle
by p=qof a complete rotation. In formula: o= ZCOE(% ).

f {X)

Fig. 2. Relationship between (r; ) and (; ) for a rigid rotation of
a circle by 1=4.

Even better, the model is so simple that we can write down explicitly
the inversesof the three projections enumerated above. That is, we can
explicitly list the three parametrizations. They are

()7 (uxz ;)= (T cos();" T sin( )ip=q );

(r; )70 (X1;X2; ; ) = (rcos();rsin( );p=g1 r?);
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and
(; )7 (xaixz; 5 )= (reos()irsin( );p=g1 r?);

wherer isthe multiple of and isthe translate of givenin the preceding
paragraph.

We emphasizethe fact that the three parametrizations are essetially
the samefor this nongenericexample. The only dierence is that equal
spacingin the variable is not equal spacingin the other two: r and
For example, the circlesénﬁ Fig. 1le have equal r (and ) spacing (r =
1.0;:75;:5;:25, and = = 2r), but as we can seein Fig. 1c, they have
unequal spacingin  ( =1 r?).

As we shall seebelow, these parametrizations do not remain the same
for generic forced oscillator maps. In fact, not all even remain global
parametrizations, even when the surfacesremain topological disks, since
the three projection maps enumerated above do not always remain injec-
tive. When this happens, there is no inverse map, so the corresponding
global parametrization fails.

2.2. A generic caricature example. We investigate the resonance
surfaces -, for a family of maps that are not constructed exactly as in
the introduction, but are constructed with expectations of having generic
properties of such families of maps. This family wasalsostudied in [P 1988],
[P 1990], [MP 1994]and [MP 1995]. Instead of providing forcing via the
nonautonomousterm W in equation (1.1), we provide periodic \impulse"
forcing by composing the time-one o w of the autonomous equation x_ =
V (x) with a map which provides a periodic \kic k" to the solution. The
kick is de ned to be the identity for = 0 and increasingin magnitude as

increases.More speci cally, this map is de ned as

Hc.y 9 h;

where h (x) is the time-one map of the following di erential equation,
givenin polar coordinates:

r_r(l r3)y L1 r2
- 1+r2 T 1+r2’
and
g (X1;%x2) = (1 )(x12  ILxz) + (1;0)
Note that in this setup, is not restricted to be positive, but is allowed
to be any real number. So our parameter spaceis = (; )2 P
R [0;1).

The p=qresonancesurfacesfor this caricature map are much too dif-
cult to compute analytically, but they can be computed numerically. We



10 BRUCE B. PECKHAM

have computed three surfaces,for p=q= 1=4;1=3;1=2. All three were al-
ready illustrated in Fig. la, projected to the three dimensional ( ; ;X2)
space. The Hopf bifurcation curve is also included, both for context and
for comparisonwith Fig.'s 1c and 1d. Their projection to the parameter
plane is in Fig. 1b. Further views of the individual surfacesare preseried
in gures 3{ 7.

A more detailed discussionof how these surfacesrelate to the dynam-
ics and bifurcations of the correspnding family of maps is contained in
previouswork [P 1988,P 1990,MP 1994,MP 1995]. Here we consideronly
various parametrizations of the surfacesand the e ect the parametrizations
have on computing the surfaces. We will seesituations in which ead of
the three parametrizations fails, but that the (; ) parametrization is in
somesensethe best of the three.

The organization of gures 3{5 are as follows:

Column 1: Projection to the phaseplane, (X1;X2).
Column 2: Projection to the (x1; ;X») space.
Column 3: Projection to the ( ; ;X») space.
Row 1: Full surface.

Row 2: (r; ) parametrization

Row 3: ( ; ) parametrization

Row 4: (; ) parametrization

2.2.1. The 1= surface. Figure 3 shows views of the 1=4 resonance
surfaceand the eight saddle-nale curvesthat meetat the Hopf bifurcation
point H =4, which we call the dynamic certer of the surface. When pro-
jected to the parameter plane, the saddle-nales becomethe boundary of
the 1=4 resonanceregion. SeeFig. 1b.

For increasedclarity in Fig. 3, the full 10 29 meshcomputed using
ead of the three parametrizations is not displayed. We display in row 2
only four of the ten constart r curves, equally spacedbetweenr = 1 and
r = 0:1. The constart curvesare connectedat r = 0.

Similarly, the third row displays only four constart  curves, equally
spacedbetween = 0and = 0:4. The constart curvesare connected
at the dynamic certer, H** sincethe constart  circles degenerateto a
point at the value of H ™4, which is approximately = 0:4194396819.

The fourH1_row displaysrpgly four constant  curves, equally spaced
between = 2and = 0:1 2. The constart curvesare connectedat
the dynamic certer, H 1% sincethe constart circlesdegenerateto a point
at =0.

In addition, all constart ( , , respectively) lines have beenremoved
from the six gures in Columns 2, 3, and rows 2, 3, 4. Saddle-nale curves
have beenleft in all gures for reference.

In summary, all three parametrizations are valid global parametriza-
tions for this surface, but the certer of the phase spaceparametrization
(r; ) doesnot match the dynamic certer, H'=*, of the surface.
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Fig. 3. The 1=4 resonance surface.
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2.2.2. The 1=3 surface. Figure 4 shows views of the 1=3 resonance
surfaceand the three period-three saddle-nale curveswhich \liv e" on the
surface. When projected to the parameter plane, the saddle-nalesbecome
the boundary of the 1=3 resonanceregion. SeeFig. 1b and an enlargemen
of the top of the 1=3 resonanceregion in Fig. 7a.

As for the 1=4 surface,we have not displayed the full meshthat was
computed for any of rows 2, 3, or 4. We have displayed in row 2 only four
constart r curvesbetweenr = 1 andr = 0:1, in row 3 only v e constant

curves, equally spacedbetween & Oand = OF')4§, and in row 4 only
four constant  curvesbetween = 3and = 01 3.

Note that in row 3, column 1, we have not connectedthe constart
curvesto the Hopf point H1=3. This is becausethe numerical cortin uation
failed for  values slightly above 0:43. This failure is discussedfurther
below in subsection2.2.4, and is related to the fact that the saddle-nale
curvesdo not meet at the Hopf point H=3. It is also consistert with the
genericunfolding of a 1=3 resonart Hopf point.

The other two parametrizations, by projection to the phaseplane and
by f (x) x, are both valid global parametrizations for the 1=3 surface,
but the certer of the phasespaceparametrization (r; ) doesnot match the
dynamic certer, H =3, of the surface.

2.2.3. The 1=2 surface. Becausethis surfaceturns out to be a topo-
logical mobius strip, there is no way any of the three global parametriza-
tions we have been considering could be valid without alteration. The
mobius strip and disk are topologically inequivalert. Thuswhat is surpris-
ing is that the f (x) x parametrization \w orks" rather than that the
other two parametrizations fail.

Figure 5 shows views of the 1=2 resonancesurface,the two period-two
saddle-nale curves which \liv e" on the surface, and the period-doubling
circle. From the 1=2 resonanceegionin Fig. 1b and the enlargemen of its
top portion in Fig. 7c, we seethat the boundary of the 1=2 resonanceegion
comprisesthe saddle-nalesand the \top" part of the period-doubling circle.
As for the 1=4 and 1=3 surfaces,we have not displayed the full meshthat
was computed for any of rows 2, 3, or 4. We have displayed in row 2
only three constart r curves, equally spacedbetweenbetweenr = 1 and
r = 0:41,in row 3 only three constart  curves: = 0;0:2;0:4, and in row
4 only six constart  curves, equally spacedbetween = 2and = 0:1.

The (r; ) and ( ; ) parametrizations do not extend to the full 1=2
surface, as is suggestedby the \holes" in the certer of the meshesdis-
played in rows 2 and 3 of column 1. Thesefailures are discussedfurther in
subsection2.2.4 below.

The reasonf (x) x parametrization can be a global parametrization
for both adisk (asit wasfor the 1=4 and 1=3 surfaces)and a mobius strip, is
becausehe identi cation at = Oisdierent for the two cases.To become
a disk, all points correspondingto = 0,forany 2 R wereidentied to a
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Fig. 4. The 1=3 resonance surface.
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Fig. 5. The 1=2 resonance surface.
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single point. The identi cation for the mobius strip is instead to a double
coverofacircle: (; )= (0; ) (0; + ). Even better, the circle on
which the identi cation is made( = 0) is dynamically signi cant: it is the
period doubling circle. Moreover, sensecan be made of the angle , even
at = 0by dening it asthe argumert of the negative one eigervector in
the phaseplane. Note that if is the argument of an eigervector, then so
alsois + . This is exactly the identi cation which leaves us with the
mobius strip.

Of the Fig. 5 views, the identication at = 0 is best seenin the
row 4, column 3 gure. The largest constart  circle is, as always for the
( ; ;X2) projection, collapsedto a vertical line segmen. The next ve
circles appear in this projection as gure-eight curves, the intersection at
the certer of the gure-eight being an intersection in projection only. The
fth gure eight curve (counting the line segmei) has started to fold over
slightly at its certer. This sixth one has folded over almost completely.
Although it appearsthat this smallest gure eight has three, rather than
two, loops, this is becausethe middle loop (labelled PD) is the period-
doubling circle. Thus, this gure eight is about to collapseonto the period
doubling circle, in the processwrapping twice around the period doubling
circle.

In order to better visualizehow the constart  sliceslimit to the period-
doubling curveas ! 0, we have recomputed just the part of the surface
betweenthe sixth gure eight and the period doubling circle referred to in
the previous paragraph. This correspondsto 2 [0; 0:1]. The computation
of the circle for = 0 was done separately and then added to the mesh
computedwith the f (x) x parametrization for = 0:1;0:2=3;0:1=3. The
parametrization on the period doubling curve was by the argumert of the
negative one eigervector. The result is displayed in Fig. 6. This gure
corroborates our claim that the negative one eigervalue parametrization is
the limiting parametrization of the f (x) x parametrization as ! 0:
the constart  rays do extend smoothly to = 0in the gure. Becausewe
haveuseda meshsizeof 29, which is odd, it is more obvious that constart

curveswhich are apart limit to the samepoint on the period doubling

circle, but from opposite sides. For example,the = 22 = 132 +
ray, which would be betweenthe = 282 and = Zl2 curvesin Fig.
6, would limit on the samepoint on the period doubling circle ( = 0) as
doesthe = 232 ray.

A sidebene t of understandingthis identi cation at the period-doublingll
circle is the suggestionof a computational chedk on whether a given 1=2
surfaceis orientable. This is discussedfurther in section 3.4 below.

2.2.4. Failure of global parametrizations.  We now describe why
the three parametrizations which fail do, in fact, fail.

Constant for the 1=3 surface. The constart parametrization
almost succeedsfor the 1=3 surface, but it will necessarilyfail for any
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Fig. 6. The 1=2 resonance surface near the perio d-doubling circle.
The angle has been extended to = Oasthe argumen t of the negativ e
one eigenvector.

genericperiod-three surface. This is becauseperiod-three resonanceregions
generically extend above the Hopf bifurcation curve. This leadsto the
fact that constart  crosssectionschange from being a single topological
circle for  values below the  value of the Hopf point H"3, to being
three distinct topological circles above H 13, This changeis illustrated in
Figures 7a and 7b. Fig. 7ais essetially an enlargemen of the top of the
1=3 resonanceregion of Fig. 1b, near the Hopf curve. The Hopf curve is
not shawvn in Fig. 7a, but the + marks H =3, the relevant point on the
curve. The two constart  slicesand H '™ from Fig. 7a are displayed
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projected to the phaseplane in Fig. 7b. The outermost constart  curve
is for = 0:43, which was the innermost curve in the third row of Fig.
4. The constart  slice for the transition value, the value of H =3, has
three petals (not shown) which connect at H'=3. Note that the ( ; )
parametrization actually breaksdown beforereaching the transition value.
This is becausethe angle , of f (x) x, doesnot vary monotonically as
x variesaround a constart  circle if is closeenoughto (but below) the
transition value.

Constan t for the 1=2 surface. Constant  slices of the 1=2
resonancesurface are all topological circles in the full four-dimensional
phase parameterspaceexceptfor thetwo valuesfor which the constart

curvesin the parameter plane are tangert to the period-doubling circle.
The slice corresponding to the lower tangency (between = 0:4 and 0:43
in Fig. 7c) is a gure eight; the slice corresponding to the upper tangency
(above = 0:5in Fig. 7c)isapoint. The circlesthat correspondto values
below the lower tangency, like = 0:4, wrap twice around the mobius strip,
while the circleswhich corresppndto  valueswhich are betweenthe upper
and lower tangencyvalues,like = 0:43and 0:5, are contractible to a point.
These statemerts are justi ed in the next paragraph.

Becausethe projection to the phaseplane is not a global parametriza-
tion either, we must explain the failure of the constart  parametrization
not by looking at how the constart  circles project to the phaseplane,
but instead, by looking at how the constart  circles project to the \nat-
ural" parameter space,(; ). This is donein Fig. 7d. With the right
and left edgesidenti ed as indicated by the arrows, one can seethat the

= 0:4 circle wraps twice around the mobius strip, while the = 0:43
and 0:5 circles are cortractible to points. It is alsoeasyto visualize on Fig.
7d the two critical slices: one between = 0:4 and 0:43 which is a gure
eight, and the other insidethe = 0:5 circle which is a single point on the
period-doubling curve, = 0.

Pro jection to phase plane for the 1=2 surface. This is perhaps
easierto visualize that the other two failures. The projection of the surface
shown in row 1, column 1 of Fig. 5 is obviously not one-to-one: the surface
folds over itself near the certer. The innermost constart r curve shown in
row 2, column 1 is near the region wherethe folds begin. Thus the surface
continuation can be expectedto fail for lower valuesof r.

2.3. Computation of the surfaces. All numerical cortinuations
performed for this paper were done using the author's cortinuation soft-
ware padkage, To Be Continued [P 1987{presert]. Most computations of
points on the surfacesfor the generic example just described above were
doneusing a globally cornvergert versionof Newton's method in four dimen-
sions. The four variableswerethe two phasevariables(x1; x»), and the two
parameter variables ( ; ). There were four equations whosesimultaneous
solution Newton's method sough. Two were determined by the periodic
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Fig. 7. Failure of the constant parmetrization. a) 1=3 surface,

parameter plane pro jection: ( ; ), b) 1=3 surface, phase plane pro jec-
tion: (x1;x2), ¢) 1=2 surface, parameter plane pro jection: ( ; ), d) 1=2
surface, pro jection to (; ) space. Arro ws indicate the iden tication
of the right and left edges, ( =2; ) ( =2; ), to form a mobius strip.
The axis is the perio d-doubling circle.

point condition f 9(x) x = 0, and the other two were determined by the
speci ¢ global surface parametrization used (for example, specifying the
(r; ) valuesfor the phaseplane parametrization). An alternative to the
f9(x) x = 0 condition wassometimesusedaswell. This involved keeping
track of the whole periodic orbit instead of just onepoint onit. It therefore
useda higher dimensional version of Newton's method.

The computation using the f (x) x parametrization worked auto-
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matically in our genericexamplefor most of the resonancesurfaceshaving
periods lessthan 10. Manual adjustments were sometimesnecessaryat

= 0 sincethe surfacesare more degeneratethere (constart  crosssec-
tions that project to a line segmen in the parameter plane for > 0
degenerateto a point at = 0.)

3. Remarks and Conclusions.

3.1. Implications for other PF O maps. We have comparedglobal
parametrizations of three resonancesurfacesfor a specic caricature of
maps obtained from a periodically forced planar oscillator. It is clear espe-
cially for the period-two surface,that usingthe f (x) x parametrization is
a great advantage. A natural questionis whether these samecomparisons
would hold for other periodically forced oscillator resonancesurfaces.

Local theory implies that constart  crosssectionswill always work
for small  on resonancesurfacesof all periods greater than or equal to
2;f (x) x will always work near the resonant Hopf bifurcation points,
which exist on the surfacesof period 3 or higher. Projection to the phase
plane will alsowork near the resonart Hopf points with the condition that
the xed point not vary \to o much" with the system parameters. We
believe f (x) x will usually work near the period-doubling circle. The
other parametrizations have no chanceof working near the period-doubling
circle.

The question then becomeswhether the constart- parametrization
canbe extendedup to higher valuesof to obtain a global parametrization,
or whether the other two can be extendeddown to = 0to obtain a global
parametrization. In general,the f (x) x parametrization appearsto be
globally extendible in the greatestnumber of cases.It requiresonly that the
\size" of the periodic orbit shrinks as is increasedfrom zero. The phase
plane parametrization appearsto be extendible only if the \size" of the
periodic orbit shrinksas isincreasedandthe \center of the periodic orbit"
doesn'tdrift too much. The phaseplane parametrization, of course,is never
useful near the period-doubling circle. The constart- parametrization
appearsto work for period-5 and above (and period-4 whenit is like period-
5) but never for period 3 and never for q= 2.

In gereral, the conclusionis that the f (x) x parametrization is the
most likely to work in most scenarios.

3.2. The superiorit y of f (x) x: two additional scenarios. We
have presened a caseabove for the superiority of the f (x) x parametriza-
tion over the constart  and projection to phase plane parmetrizations.
We considerthe three resonancesurfacesexamined for our generic exam-
ple to be of the simplest form possiblefor generic maps generatedby pe-
riodically forced oscillators. In this subsection, we further support our
claim by presering two further complications, one which causesa con-
stant parametrization to fail, and the other which causesa projection to
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phaseplane parametrization to fail. In both caseshowewer, the f (x) x
parametrization remains intact.

The rst caseis that of a resonancesurface for which the Hopf bi-
furcation is subcritical instead of supercritical. Without describing all the
details, the signi cant result for usis that, nearthe Hopf bifurcation curve
where the resonanceregion terminates, the Arnold tongue opensup rather
than down. The tongue then \turns around" and headsbad down toward

= 0. It is clear that the topology of constart  crosssectionschanges
when is increasedthrough the value of the Hopf point HP=9. The
constart  parametrization thus fails. The projection to phaseplane and
f (x) x parametrizations, however, remain intact.

The secondcaseinvolvesaddingan dependert translation to a family
of maps for which the phaseplane and f (x) x parametrizations both
work. Phaseplane parametrization will then fail for the newfamily, but the
f (x) x parametrization will still work. For example,if we took the maps
from our genericexample, and translated to the right as increased,and
we translated somuch that the Hopf point H 1= was completely outside the
unit circle, then there would be no way that the 1=3 surfacewould project
in a one-to-onefashion to the phaseplane. The constat andf (x) x
parametrizations, however, would remain intact. In fact, the f (x) x
parametrization is una ected by translations. Its = 0 points are always
the (dynamically signi cant) xed points.

3.3. Failure of all three parametrizations. It is possibleto con-
struct examples where none of the three parametrizations compared in
this paper extend to a global parametrization of a given resonancesurface.
For example,resonancesurfacescan be constructed which have topological
handles[P, in preparation].

3.4. Determining the nonorien tabilit y of the perio d-2 surface.
In the processof computing the period-two surface using the f (x) x
parametrization, we noted that the constart  circleslimit on the period-
doubling circle as = jf (x) xj approaceszero. In addition, the > 0
circleswrap around the period doubling circle twice. It turns out that if one
xes = gpandlets approad zero,the limiting point z, on the resonance
surface is a period-doubling point, with a negative one eigervalue. The
corresponding eigervector has angle in the phaseplane. Note that the
eigervector could also be represenied by the angle ¢+ . In fact, if we
X = o+ andlet approac zero, then the limiting point on the
resonancesurfaceis the samepoint z;.

From the unfoldings of period-doubling points, it is clear that the
surfaceof period-two points near a period-doubling point is tangert to the
negative one eigervector. The period-doubling curve itself also lies in the
resonancesurface;, and this curveis transverseto all the corresponding
negative one eigervectors, sincethe eigervectors are con ned to the phase
plane. Therefore the two vectors: one in the direction tangent to the
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period-doubling curve (oriented, say, by requiring that the projection to
the parameter planeis traversedcounterclockwise) and the other a negative
oneeigervector (with either oneof the two of ¢ or g+ chosen)form an
oriented frame for the surface of period-two points. Let us keeptrack of
this frame as we travel once around the period doubling circle. When we
reach the starting point, the vector parallel to the period-doubling circle
must be bad to whereit started. The other vector, however, could either
correspond to the samedirection ( o+ 2k ) or the opposite direction ( ¢+

+ 2k ). In the former case,the frame haskept its original orientation. In
the latter case,the frame has reversedits orientation, indicating that the
period-two surface near the period-doubling circle is nonorientable. That
iS, p=2 is nonorientable.

This cortinuation oncearound a period-doubling circle to seewhether
orientation is presened or reversedis easily performed by numerical con-
tinuation. Thus we have a quick, computable chedk on whether a given
period-two surface near a period-two circle is nonorientable. Recall that,
beforeadding the period-doubling points to -, via the closureoperation,

p=2 is orientable. In the casethat the period-two surfacecontains a nite
number of topologically circular period-doubling curves (all exampleswe
know of have a single period-doubling curve), we can perform this ched on
ead period-doubling circle. If any one of them indicates nonorientabilit y,
the whole surfaceis nonorientable. If, near eat period-doubling circle, the
surfaceis orientable, then the whole surfaceis orientable.
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