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Abstract

Maps of the plane can be generatedby sampling the ow of peri-
odically forced planar oscillators at the period of forcing. Numerical
studies of the bifurcations preseri in a two-parameter family of such
maps, obtained by varying the forcing frequencyand amplitude, have
revealeda rich structure. Resonanceregionsin the parameter space,
corresponding to maps having periodic orbits of a certain period, are
always a part of the bifurcation picture.

Much insight has been gained into the bifurcation structure by
viewing resonanceregions as projections to the two-dimensional pa-
rameter spaceof \resonancesurfaces"from the four-dimensionalphase

parameter space. Here we cortin ue the study of these surfacesby
preserting an algorithm to determine their global topology from the
bifurcation diagram in the parameter plane and knowledge of generic
codimension-oneand -two bifurcations.



1 Background: Forced oscillators and reso-
nance surfaces

Di erential equationswhich canbe classi ed asperiodically forcedplanar os-
cillators are abundart in scienceand engineering.Theseoscillators are often
studied by doing a bifurcation analysison the mapsgenerated,as explained
in Section 1.1, by sampling the ow at the time period of forcing. As is
typical in studies of periodically forced oscillators, we usethe frequency of
forcing and amplitude of forcing as our two parameters.

Period-q \resonanceregions” (also called Arnold tongues, horns, or en-
trainment regions),de ned asthe regionsof parameterspacewherethe corre-
sponding maps have a period-q orbit, are always a prominent feature of the
bifurcation diagrams. In previous studies ([AMKA, 1986][P1, 1988], [P2,
1990]), it proved useful to considersets of period-q points in the phase
parameter spaceand view the resonanceregionsas projections of thesesets
to the parameter space. Becausethe parameter spaceis two-dimensional,
the period-g sets are two-dimensionalmanifolds which we call \resonance
surfaces."

In this paper, we look speci cally at the question of determining the
global topology of various period-g resonancesurfacesfrom the bifurcation
diagram in the parameter plane. This is similar to the problem of deter-
mining the topology of a surfacein three dimensionsfrom its shadav on a
plane, but the fact that the ambient spaceis four-dimensionalrather than
three-dimensionalmakesthe problem more challenging. We rely on the local
featuresof the resonancesurfaces,determined by normal forms and univer-
sal unfoldings of bifurcations, to arrive at their global topology. We hope
that an understanding of the topology of the resonancesurfacesand their
relationship to correspnding bifurcation diagramswill aid in understanding
of the underlying bifurcation theory.

1.1 The periodically forced oscillator model

A standard model of a periodically forced planar oscillator with parameters
(forcing amplitude) and ! (forcing frequency)is given by
dx

E:V(x)+ W (x;!t) Q)



wherex 2 R?;!; ;t2 R; and W is periodic with period onein its second
variable. The vector elds V and W are assumedo be smaoth. We assume
that for = 0 the nonautonomous ow of (1) has a repelling equilibrium

point ¢, insidea normally hyperbolic attracting limit cycleCy with frequency
I o> 0. We call Cy the unforced oscillator and the frequency! ( the natural

frequencyof the system. For simplicity we assumethat the unforced ow

travels courterclockwise around Cq, Cy is globally attracting exceptfor the

repelling equilibrium point ¢y, and! > 0. SeeFigure 1.

In performing a bifurcation study of (1), it turns out to be more corve-
nient to use! o=! than! asour rst parameter,andto restrict to [0;1 ),
sowedene = ('o=l; )2 (0;1) [0;1). Wedene (x;t) to bethe
ow of (1) satisfying (x;0) = x. We canthen reducethe study of (1) to a
two-parameterfamily f of di eomorphisms of the plane by consideringtime
1=! mapsof the ows:

f(x):= (x;1=) (2)

We assumethat for > 0the family f is generic(in the spaceof smooth
two-parameterfamilies of smaooth di eomorphisms of the plane) sothat only

codimension-oneand -two bifurcations needto be considered.(At = 0, f
is a time 1=! map of an autonomous o w, which is not generic: restricted
to the invariant circle Co, f(a,0) is conjugateto a rigid rotation of ! o=! = a

times around the circle; in particular, if ! o=! equalsthe rational number
p=q ewery point on the circle Cy is a period-g point.)

1.2 Small forcing amplitude

The normal hyperbolicity of Co at = 0 ensuresthat for small > 0,
f will cortinue to have an attracting invariant curve near Co. Since all
recurrence(other than the xed point which persistsfrom the unforcedvector
eld's repelling equilibrium cy) must be on this invariant curve, a bifurcation
analysis can be made via circle map theory. The assumptionsthat f is a
rigid rotation for = Oandthat f isgenericfor > 0imply that resonane
regions (horns, tongues), nonoverlapping for small , generically open into
the rst quadrart of the parameterplane from ewvery point onthe = 0 axis
where! (=!I = p=qis rational ([Ar, 1982],[Ha, 1984]). A period-gq resonance
regionis de ned asthe set of parametervaluesfor which the correspnding
map hasa \least-period-q orbit." (The persistenceof a period-q orbit implies



a constart ratio of the respnse frequencyto the forcing frequency! for
the original di erential equationin (1). The two frequenciesare said to
be entrained or locked or in resonane.) SeeFigure 2 for the low forcing
amplitude portion of a single (period-2) resonanceregion and some phase
portraits for the second iterate of the map which might correspnd to the
indicated parametervalues.

Inside the \p eriod-q resonanceegion,"” the correspnding phaseportraits
genericallyinclude an attracting invariant \circle in resonance'with at least
one pair of period-q orbits, one of the pair attracting and one or the pair
repelling when restricted to the circle in resonance.Phaseportraits B and
C of Figure 2 include examplesof circles in resonance. The two sides of
the period-q resonanceaegion are saddle-nale bifurcation curvesfor the qgth
iterate of the map. As the parametersare varied to approad a saddle-nale
curve from inside a period-q resonanceegion, a pair of orbits coalescemto a
single period-q orbit, neutrally stable when restricted to the circle. Outside
the period-q resonanceregion, as in phaseportraits A and D of Figure 2,
there are no period-q orbits. Except for the number of orbits which exist at
points inside the resonanceegions,the collection of all resonancéhorns, one
for eat rational point onthe ! =!( axis, is the completebifurcation story for
small

1.3 Higher forcing amplitudes

As we increasethe forcing amplitude, the invariant circleswhich necessarily
persist for small forcing amplitude, can, and in many examplesdo, break
apart. Circle map theory is therefore no longer su cient to explain the
bifurcations.

The period-gq points whose existencedeterminesthe parameter values
that are inside a resonanceregion, however, can persist whether or not the
original invariant circle persists. The sameis true for the saddle-nale bi-
furcation curvesthat form the boundariesof the period-q resonanceregions
for small . Many researbers,in fact, were able to numerically \continue”
to higher forcing amplitude thesesaddle-nale curves ([KT, 1979],[AMKA,
1986], [KAS, 1986], [MSA, 1988], [P1, 1988], [SDCM, 1988], [VR, 1989]).
The numerical work leadsto somefascinating bifurcation diagrams. One
commonfeature of thesebifurcation diagramsis that, at leastfor q 3, the
two saddle-nale curves which begin as the two sidesof a resonanceregion
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almost always comebad together at somehigher forcing amplitude. As we
shall seein our application in Section 2, the compact region of parameter
spacebounded by the saddle-nale curvesis often the projection of a com-
pact surfacefrom the phase parameterspaceto the parameterspace.We
de ne thesesurfacesin the next subsection.

1.4 Resonance surfaces

As suggestedn [AMKA, 1986],becausea period-qresonanceegionis de ned
via the existenceof period-q points, it turns out to be morenatural to consider
the setsof period-q points in the four-dimensionalphase parameterspace
than just the correspnding setof parametervalues. Sowe make the following
de nitions:

(g9 = f(x; )2R?2 ((0;1) [0;1)): x isaleastperiod q
point of f g

Becausethe parameter spaceis two-dimensional, we expect these sets
to be two-dimensionalmanifolds or surfaces. We actually needto take the
closure of ( g) to Il in some\missing points" on the correspnding surfaces
forqg 2. (Weareusingthe subspacdopologyforR? (0;1) [0;1) R?%)

De nition: A perio d-q resonance surface is a componert of cl( ( q)).

De nition:  The projection to the parameter plane of a period-q resonance
surfaceis a perio d-q resonance region .

Becausewe are most interestedin the periodic point surfaceswhich em-
anate from the \unforced oscillator," asdescrited in the Small Forcing Am-
plitude subsectionabove, we make the following de nitions aswell.

De nition:  The p=qresonance surface := the period-q resonancesurface
containing Co  (p=q0);q 2.

De nition:  The projection to the parameter plane of the p=qgresonance
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surfaceis the p=qresonance region .

Remarks:

1. The de nition of p=qresonancesurfacesforcesp and g to be relatively
prime or the rigid rotation of Cy under f,-¢0) Would not have least
period g, asis required for points on a period-q resonancesurface.

2. Surfacescanbeidenti ed with a generalizedotation number [P2, 1990]
instead of merely a period. Among other things, this meansthat a p=q
surfaceand an r=qsurfacecannot connectif p6 r.

3. The fact that a period-q surface\continues" from Co; (p=q0), as
suggestedn the de nition of the p=qresonancesurface,is justi ed in
the Lemmain the following section.

2 ldentifying resonance surfaces

2.1 Local top ology

The rst order of businesss to justify that our resonancesurfacesarein fact
surfaces.This justi cation comesfrom a combination of the implicit function
theorem and bifurcation theory; we provide a brief outline of the argumernts
below. See[P2, 1990]for more details.

Note rst that all points on a period-q resonancesurface (the period-q
points and any points in their closure)satisfy F(x; ) :=f 9(x) x = 0. The
implicit function theorem guararteesthat the period-q surfacehasa unique
local cortinuation wheneer the 2 4 Jacobianmatrix DF(x; ) hasrank 2.
In order to be surethe surfacehas a local homeomorphicprojection to the
parameterplane, howewer, we requirethe morerestrictive condition: the 2 2
Jacobianmatrix D,F = Df 9(x) | must be nonsingular. This is equivalert
to requiring that Df 9(x) not have an eigervalue of one. Consequetly, we
de ne the perio d-qresonance surface pro jection singularities (singular
with respect to projection to the parameterplane), Z(q), as

Z(q) = f(x; ) 2 aperiod-q resonancesurface: D,f 9(x)
has an eigervalue equalto ongy
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In the context of dynamical systems,the surfaceprojection singularities
are map bifurcation points, most of which have been extensiwely studied
in the literature. We assumethat by restricting ourselesto generic pe-
riodically forced oscillators, we can restrict our list of possible projection
singularities (corresponding to positive forcing amplitudes, at least) to those
of codimension-oneand -two. The list is even further restricted becausethe
corntinuity of a\self rotation number," de ned in [P2, 1990],allowsonly xed
points to be addedto the least-period-q points by the closureoperation in
the de nition of the resonancesurfaces. We then rely on existing normal
forms and universal unfoldings to seethat the period-q surfacesare mani-
folds near all relevant codimension-oneand -two bifurcation points. We list
the universal unfoldings of the relevant bifurcations, and explicit formulas
for the local piecesof period-q resonancesurfaces,n the Appendix.

Becauseof the special form at zeroforcing amplitude of mapsgenerated
by periodically forced oscillators (as described in Section 1.1), these points
cannotbe treated with genericmap bifurcation theory. The implicit function
theorem can still be used, howewer, to ensurethat the period-q surfacesex-
tend locally from the \unforced oscillator" to a topologicalcylinder. Because
this result is not aswell-known, we state it more formally.

Lemma: Let the family f (x) be de ned from a periodically forced planar
oscillator asin Section1.1. (This implies f (x) is C! as a function from
R? (parameter space)to R?). Then for ead rational p=q> 0, the set
of all least-period-q points near the unforced oscillator, C,  (p=q0), and
having 0,isa C! topologicalcylinder with Cy  (p=q0) asa boundary
componert.

Pro of: By the assumptionsin Sectionl.1,f -0 restrictedto Cy is conjugate
to a rigid rotation by p=qtimes around C,. In particular, all points on
Co (p=g0) are least-period-q points and satisfy F(x; ):=f 9x) x = 0.
We make a local changeof phasevariablesnear Cy by choosinga variablein
T := R (mod 1) alongCpy andanr variablein (1 4;1+ ;) (for some ; > 0)
transverseto Cy. AssumeCy is describedby r = 1. Let (R (r; ); (r; ))
be the new coordinates of f 9(x) where (r; ) are the new coordinates of x.
Then F(x; ) = 0is equivalert to the two scalarequations

R(;) r=0
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(r;) =0

Our assumptionthat the unforced oscillator was a normally hyperbolic at-
tracting limit cycleimplies &) < 1at ( 3; 2r; ) = (p=q0;1; ) for any

. The useof | o=! for our rst parameter ; implies that ") < 0 at
(15 2:r; ) = (p=q0;1; ) for any . Thesetwo partial derivativesimply,
via the implicit function theorem, that solutionsto the systemof equations
F(x; ) = 0canbelocally cortinuedfrom the unforcedoscillator Cy (p=q0),
parametrized by the forcing amplitude (i.e., ;) and the angular phase
variable . Since our map was assumedto be C! in both its phaseand
parametervariables,the implicit function theoremguararteesthat the set of
least-period-q points nearthe unforcedoscillatoris locally aC? two-manifold
parametrizedby ( ; )2 ( ; ) T, for somesmall . By restricting to

0, we are left with the C! cylinder with boundary correspnding to
= 0. This boundary is the unforcedoscillator Co  (p=q 0). 2

2.2 The algorithm for determining global top ology

We now present an algorithm to identify the global topology of an individual
p=q resonancesurface with q 2. The algorithm will be modied only
slightly for the xed point surface. Note that the completion of step 1,
determining all bifurcations assaiated with a p=qresonancesurface, may
be impossibleto justify in applications. Assuming step one, howewer, the
remaining stepscan be accomplished.We include step 1 in our \algorithm"
becausen practice, this is the rst step onewould perform.

1. Determine the bifurcation diagram in the parameterspacefor the
period-q resonancesurfacein question. In practice, this is doneby nu-
merically cortinuing the two period-q saddle-nale orbits which project
to the left and right side boundariesnear the zero-forcing-amplitude
tip of the correspnding period-g resonanceregion. Any other projec-
tion singularities which connectto the cortinuation of the saddle-nale
curves are also cortinued. If other componerts of projection singu-
larities exist on the surface, we usually locate them (or rule out the
likelihood of their existence)with additional numerics(computing var-
ious\constant  crosssections",for example).



2. Divide the surface into pieces by \cutting" the surfacealong the
curvesof thesesingularities. If necessaryto ensureead resulting sur-
face piece projects injectively to the parameter plane (it will be nec-
essaryfor the period-3 surfaces),make additional cuts which are not
necessarilyalong projection singularities. (The number of cuts on the
resonancesurface correspnding to ead bifurcation curve in the pa-
rameter planeis determinedfrom bifurcation theory; the number of re-
sulting piecesfrom the cuts is alsodeterminedfrom bifurcation theory.)
\Flatten" ead of the surfacepiecesby projecting into the parameter
plane.

3. For eat surface piece which emanatesfrom the unforced oscillator
Co (p=q0) add an appropriate part of the unforced oscillator
which the Lemma of Section2.1 guararteesto be the boundary of the
p=qgsurface.

4. Lab el edges sothat pieceswhich were cut apart can later be glued
bad in place. (Familiarity with the \lo cal" surface features, deter-
mined by local bifurcation theory partially summarizedin the Ap-
pendix, and by the Lemma in section 2.1, is essetial for this iden-
ti cation.)

5. Reassemble the surface \in the parameter plane" by rearranging,
ipping, and stretching the at piecesso the identied edgescan be
reglued.

6. Identify the top ology of the surface.

2.3 An application

We usefor illustration a two-parameterfamily of mapswhich canbe thought
of as a model of a planar oscillator with periodic \impulse" forcing. This
model was preferable to using a standard planar oscillator with periodic
forcing asin equation (1) becausdt enabledusto usean explicit formula for
the maps, instead of computing ead iteration of the map by integrating the
di erential equationin the form of equation (1) for the time period of forcing.
The computational savings of this approad are considerable. Additionally,
the model waschosento guarartee the mapshad a unique globally attracting



xed point for high enoughvalue of a parameter which can be interpreted
as the amplitude of forcing. Consequetly, all resonanceregionsewerntually
terminate asthe forcing amplitude increases.

We de ne our family of maps,H , asthe compositong h,,, where
h,, is de ned asthe time onemap of the (integrable) ow described by

dar _r@@ r3) d _ +1 r2.
dt 1+r2 'dt ' 1+ r2’

andg (2 )((x1;%2) (1;0)+(1;0); 2 [0;1]. Note that this caricature
allows usto vary ! o=! by varying ! g insteadof ! . (! = 1 for all our maps
since we always take the time one map.) Consequetly, we can allow the
parameter! o=! to take on any real value. The parameter plays the role
of the forcing amplitude.

Guided by the knowledgeof the small amplitude of forcing theory, which
assureausthat a horn-shaped period-g resonanceaegionemanatedfrom eath
\rational” point onthe! ¢=! axis (of form (p=q 0)), we numerically followed
both (saddle-nale) sidesof ead resonancehorn for 1 q 5and0
p=g< 1. When the saddle-nale curves intersected other codimension-one
bifurcation curves(sudh asa xed-p oint \Hopf " curve or a xed-p oint period-
doubling curve), we cortinued these codimension-onecurves as well. The
result was Figure 3a. An enlargemen of a portion of Figure 3ais shown in
Figure 3b. We put the word Hopf in quotesbecausethe \Hopf" curve was
de ned numerically by requiring the product of the eigervaluesof the xed
point to be one. This condition allow the inclusion of three segmets of our
\Hopf" curvein Figure 3awhich are actually saddles:betweenthe two pairs
of \B" points and the one pair of \A" points.

02 R

2.4 Applying the identication algorithm

We now walk through the algorithm for seeral of the resonancesurfacesfor
our examplefamily of maps.

The 1=5 resonance surface

1. The two period-5 saddle-nale curveswhich markedthe boundary of the
period-5 resonanceregion at small forcing amplitude were cortinued
numerically from the parametervalue (1=5; 0). They joined a resonart
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Hopf bifurcation (a & 1 point). This formed the skinny 1=5 resonance
regionillistrated in Ejgure 3a. An enlargemehincluding the part of the
1=5 regionwith the ™ 1 point is showvn in Figure 3b. Sincesewral\ =
constart” crosssectionsof the 1=5 resonancesurfaceall turned out to
be qualitativ ely like the oneshown in Figure 4a, we are corvinced that
there are no other projection singularities on the 1=5 surface. More
speci cally, there are exactly ten singularities in the projection of the
slicein Figure 4ato the ! o=! axis: v e correspnding to one period-
v e saddle-nale orbit (all having a common parameter value on the
left side of the 1=5 resonanceegion) and v e correspnding to another
period- v e saddle-nale orbit (all having a commonparametervalue on
the right side of the 1=5 resonanceaegion).

2. Becausea pair of period-5 orbits is born asthe parametersare varied
from outsideto inside the 1=5 resonanceaegion by crossingthe saddle-
node boundary curve, there are ten saddle-nale cuts to be made on
the 1=5 surface: v e projecting to the left side of the 1=5 region and
Vv e projecting the the right side. This resultsin ten piecesof the 1=5
surface.

3. Weadd aboundary pieceat the \b ottom" of ead of the ten pieces.The
ten boundary piecesmake up the unforcedoscillator Co  (1=5;0). This
givesusthe shape of the ten pieceswe start with in Figure 5a. We have
labelled the surfaceswith \S" or \N," accordingto whether they are
saddlesor nodesin the correspnding phaseportraits for small forcing
amplitudes, although that designationis not necessarilyconstart on
the whole piece.

Tednical Note: Adding the boundary pieceto get the shapes of the
ten surfacepiecesin Figure 5asuggestghat aswe follow a saddle-nale
curvein the phase parameterspacewith parametervaluesapproad-
ing the tip, (p=q0), the correspnding phasecoordinates approat a
xed phasepoint on Cy. This limiting behavior is suggestedoy our
numerical studies (not preserted here) and we beliew it to be generic.
In any case,the Lemmain Section2.1 justi es the topology of Figure
5a, evenif the saddle-nale sidesof the surfacepiecesdidnt limit to a
xed phasepoint asthe parametersapproaded the tip.

R

4. The edgeiderti cations nearthe ~ 1 point and the fact that the ten
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The

saddle-nale curveson the 1=5 surfacecometogether at the R 1 point
arejusti ed by the local bifurcation analysisof a ° 1 point" [Ar, 1982].
The \cyclic" iderti cation of the saddleand node piecesds corroborated
by our crosssectionof Figure 4aand by the fact that the giveniderti -
cationsjoin the ten addedboundary piecesto make a singletopological
circle. After lling in somedetails, it is also corroborate%tly the for-
mula in the Appendix for the period-5 surfacenear the ~ 1 point: a
small circle around the origin in the phasespacetravelsbad and forth
v e times acrossthe 1=5 resonanceegion. For further illustration, yve
shov someprojections of a small part of the 1=5 surfacenearthe ° 1
point in Figure 4b.

. Reasserhle asindicated in the rest of Figure 5a.

. The 1=5 resonancesurfaceis a toplogical disk.

1=3 resonance surface

. The left-hand side period-3 saddle-nale curve which starts from pa-

rameter value (1=3;0) cortinues up, around, and badk down to the
right hand side saddle-nale curve. N?_codimension-t/vo points are en-
courtered on the way. An isolated ° 1 point, howewer, lies inside (in
the parameter space)the curve of saddle-nales. The existenceof this
isolated surfacesingularity point is guararteed by Theorem 2 in [P2,
1990];we wereableto easilylocateit becausat hadto be onthe xed-
point Hopf bifurcation curve; that it is,an isolated surfacesingularity
is consisten with the unfolding of the ~ 1 point in the Appendix. See
the enlargemen in Figure 3b whereit is apparen that the period-three
saddle-nale curve extendsabove the Hopf bifurcation curve; again, this
is consisten with the unfolding. As with the 1=5 resonancesurface,
various crosssectionscorvinced us that there are no other projection

singularities on the 1=3 surface.

. Becauseof the singular point on the interior, it is still possiblethat

after cutting along the three saddle-nale curves, the surface pieces
don't project injectively to the p@rgmeterplane. In fact, guided by the
local universal unfolding of the ™ 1 point, we know that the period-3

surfacenear the ~ 1 point, whoseformula is given in the Appendix,
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The

rojectsin a 3-1fashionto a deletedneighborhood (after removing the

1 point) of the pargmeter plane; all period-3 points in the deleted
neighborhood of the ° 1 point are saddles. So we make three extra
cuts on the saddlesurface,ﬁll_three projecting to the samecurve in the
parameter spacefrom the ~ 1 point to an arbitrarily chosenpoint on
the period-3 saddle-nale curve, asindicated in Figure 5b. This leaves
us with three \saddle" piecesto accompary the three \node" pieces.
All six piecesproject to the parameterplanein the \in verted teardrop”
shape of the 1=3 resonanceregion of Figure 3a, the saddlepieceseah

having an extra cut.

. Add the six piecescorrespnding to the boundary circle in a procedure

similar to that for the 1=5 surface.

. The cyclical identi cation of saddle piecesto ead other along Egg
1

\extra" cut is justied by the period-3 surfaceformula near the

point given in the Appendix: a closedloop on the period-three surface
parametrized by a small circle around the origin in tlée_phase plane
projectsto aloop which travelsthree times around the ~ 1 point in the
parameter plane. This forcesthe rest of the edgelabels given in the
rst step of Figure 5b. As with the 1=5 surface,the labelling is cor-
roborated becausethe six boundary piecesare joined to form a single

topological circle.

. Reasserhle asindicated in the rest of Figure 5b.

. The 1=3 surfaceis a topological disk. Notice that, similar to the 1=5

surface,the ~ 1 point can still be thought of asthe certer of the disk,
but, unlike the 1=5 surface, the saddle-nale curves don't meet this
point.

1=2 resonance surface

. The period-two saddle-nale curves on the sidesof the 1=2 horn for

small forcing amplitude eat terminate in a degenerateeriod-doubling
bifurcation, wherethe two points on the period-two orbit cometogether
to form a xed point. The local bifurcation analysisof sud a point
[PK, 1991]shows a period-doubling curve passingthrough sud a point.
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The

Continuation of this curve revealsthat both degeneratgeriod-doubling

points turn out to be on the sameperiod-doubling curve, which formsa

circle in the parameterspace.This give us the \ice creamcone" shape
for the 1=2 resonanceregion in Figure 3a. As for our other surfaces,
additional crosssectionscorvincedusthat there are no more projection

singularities on the 1=2 surface.

. After cutting along the saddle-nale curves and the period-doubling

curvesof the 1=2 surface,we areleft with four pieces:two which project
to the whole 1=2 resonanceregion, and two which project only to the
bottom triangular \cone" part of the region.

. Add the four piecescorrespnding to the boundary circle in a procedure

similar to that for the 1=5 surface.

. The edgeiderti cations are forced by the local bifurcation analysisof

the degenerateperiod-doubling points, where all four surfacescome
together, and by the fact that the four added boundary piecesmust
form a singletopological circle. Which piecesare labelled saddlesand
which are labelled nodescan be determinedfrom correspnding phase
portraits, but this doesnot a ect the topology This is the starting
point of Figure 5c.

. Reasserhle asindicated in the rest of Figure 5c.

. The surfaceis a mobius strip!! Note that the period-doubling circle is

a \generator" of the mobius strip.

xed point resonance surface

. The corntinuation of the two saddle-nae curves which emanatefrom

(p=1; 0) in the parameterplanefor any integer p resultsin a triangular
regionin the parameterspace.Trianglesfor p= 0and p = 1 are showvn
in Figure 3a. The two top \corners" of the p = 0 triangle, shown in
the enlargemen of Figure 3b, are cusp bifurcations. As for the other
surfaces,additional numerical crosssectionscorvinced us there are no
other xed point projection singularities.
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2. We make cuts along all the saddle-nale curves. We note that there
are two xed points born as we enter any one of the triangular re-
gions acrossa saddle-nale bifurcation, but there is a third one which
is involved in the cusp bifurcations. Thus there are three xed points
for parameter valuesinside the triangular regionsand one xed point
outside. The \outside" point can be thought of asthe cortinuation of
the repelling \center" xed point which camefrom the repelling equi-
librium point of the original unforced oscillator. For increasedclarity,
we chooseto make three extra cuts on the surfacefor ead triangular
region, one correspnding to the parametervaluesalong ead (saddle-
node) leg of the triangle but for the surfacewhich is not involvedin the
saddle-nale bifurcation. This leavesus with three pieceswhich cover
ead triangular region and a single piece which covers the rest of the
parameterspace(1 ;1) [0;1].

3. For ead triangular region, add the two boundary piecescorrespnding
to the boundary circle to two of the three trianguar surface pieces.
(The \center" xed point is not part of the unforced oscillator, sothe
boundary piecesare addedto the saddleand node piecesonly.)

4. We restrict our descriptionand guresto 1=2 ! ,=! 1=2 sothat
we are dealing with only one of the triangular regions. The saddle
piece and node piece are identi ed along the edgescorrespnding to
the two \legs" of the triangle. The local unfolding of the cusp points
implies that the saddle-nale pairings of the two surfacepieceschanges
at a cusp point. Sothe identi cation at the top of the triangle must
be betweenthe third piece (the \center" piece)and one of the other
two. As can be veri ed from phaseportraits, the saddlepieceis the
one which pairs with the \center" piece. The surfacenot involved in
the saddle-nale bifurcation must be the oneidenti ed with the sides
of the \hole" in the surfacewhich represets the unique xed point for
parametervaluesoutsidethe triangle. This providesthe starting point
for Figure 5d. The dotted lines indicate the cortinuation of the xed
point surfaceto j! o=!j > 1=2. Note also that the \center" piece of
xed points hasboundariesat = 0and = 1, whereour caricature's
parameterspacewascut o . This boundaryis uniqueto the xed point
surfacebecausefor all other p=qsurfacesboundary componerts exist
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only at Co (p=qgO0).

. Reasserhle the four piecesasin the rest of Figure 5d.

. The surfacerestrictedto 1=2 ! y=! 1=2 is an annulus. That is,

topologically, ead triangular region correspndsto a hole (a boundary
componert) in the singlesurfaceof xed points. The whole xed point
surface,then, is a strip with an in nite number of holes.

Remarks:

3

1. Becausdhe normal formsfor any R 1 point with q  5indicate pairings

f saddle surfacesand node surfacesanalogousto the pairings near a

1 point, the strategy to determinethe toplogy of surfaceswith q 5
is analogousto the strategy we usedfor the 1=5 surface. Likewise,we
expect the topology of all period-3 surfacesto be determined as was
our 1=3 surface,the topology of all period-2 surfacesto be determined
as was our 1=2 surface, and the topology of all xed-point surfaces
to be determined as was our xed-p oint surface. Depending on the
relative magnitude&of the normal form coe cien ts A and B (asin the
Appendix) neara * ]pp_oint, the period-4 surfacescould either be like
a 1=5 surface,with a “ 1 poiBt_connectedto the saddle-nale curves,or
like a 1=3 surface,with the * 1 point isolated from the other singular
points. The 1=4 surfaceand 3=4 surfacesof our caricature both appear

to be of the former variety.

. Although we have labelled most surfaceswith S (respectively N) for

saddle (respectively node), it is not necessarythat the cortinuation
of these surfacesstay saddles(respectively nodes)in all applications.
Period doubling bifurcations could causea change from one to the
other.

Commen ts

This paper deals mainly with the topology of the resonancesurfaces,but
only hints at the geometry of the surfacesas they are situated in the four-
dimensionalphase parameterspace.Work in progresspresemns much more

15



of the geometry including variousthree-dimensionalprojections such asFig-
ure 4b (from the four-dimensionalphase parameter space)of global res-
onancesurfaceswhich have beennumerically computed [MP1, 1994and to
appear]. A better \feel" for the geometry of these surfacesis provided by
a movie illustrating thesenumerically computed surfaces|MP2, 1992]. Bet-
ter yet is the understandingobtained by usingthe computerto interactively
rotate the surfacesthrough various three- and four-dimensionalprojections.

In dealing with other forced oscillator families we note that for g 3
the p=qresonancesurfacesare genericallyorientable two-manifoldswith one
boundary componert. Thus they must be disks with somenumber of han-
dles. Sothe topology of resonancesurfacesfor other forced oscillators can
di er from oursonly in the number of handlesit may have. (This statemert
holds for g = 2 as well, if the conjecture that all period-two surfacesare
nonoriertable is true.) Although we have seenno \natural® exampleof a
forced oscillator family having a handle on any resonancesurface, we can
construct families having resonancesurfaceswith handlesby transforming
the parameter space. Other parameter spacediagrams of forced oscillators
[SDCM, 1988]appear to have setsof projection singularities more compli-
cated than in our application, but sud complicationsdo not correspnd to
handles;they can be thought of merely asextra folds with respectto projec-
tion to the parameterplane. Both thesehandlesand surface\folds" will be
treated in future work [MP 1995].

We point out that although this study targets bifurcations for periodically
forcedoscillator systemsiit is really applicableto generictwo-parameterfam-
ilies of maps of the plane. Forced oscillator families di er from the generic
caseonly becausethere is a known starting point: forcing amplitude ( )
equalszero. Becausethe correspnding map behavior at zero forcing am-
plitude is not generic,the \b oundary circles" we descrilked do not occur in
genericfamilies of maps. The other \lo cal" descriptionsof periodic surfaces,
howewer, still apply. For exampée_,a period-5 resonancesurface which is
\b orn" in a Hopf bifurcation at a * 1 point can\die" at a secondsud point.
This would result in a period-5 surfacewhich would be a topological sphere.
This is a typical scenariofor resonancehorns correspnding to \secondary"
Hopf bifurcations as studied in [PFK, to appear].

We alsoadknowledgethat our study is far from the nal word onthe study
of bifurcations of forcedoscillator systems.For example,we have said nothing
about the global bifurcations (invariant manifold crossings)the relationship
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of the resonancesurfacesto the global bifurcations, or the relationship of
the resonancesurfacesto assaiated phaseportraits. A completebifurcation
study doesn't yet exist. See,howewer, [VR, 1989]and [P1, 1988]for more
complete numerical studies of forced oscillator systems,and [ACHM, 1983]
for additional bifurcation featureswhich may be presen inside any given
resonanceegion.

In addition to providing a philosophical plug for resonancesurfacesas
more natural building blocks for bifurcation analysisthan the bifurcation
regionsobtained from their projectionsto the parameterplane, we note that
the use of these surfacesmay also provide some practical bene ts for nu-
merical computation of bifurcation diagrams. For example,it may be easier
numerically to locate the saddle-nae boundariesof a resonancesurfaceby
computing the whole resonancesurfacethan by computing the saddle-nale
boundariesdirectly. In order to do so, howewer, we must rst know the
topology of the surface,as studied in this paper, sothat we may succesfully
parametrizeit. Our real goalis to extendthe samephilosoply to the compu-
tation of global bifurcations: computing whole surfacesof homaoclinic points
may turn out to be a more tractable task than computing the curvesof ho-
moclinic tangenciesthat project to the boundariesof homaclinic regionsin
the parameter space. The further expectation that homoclinic surfacescan
be viewed in many corntexts aslimits of periodic point surfacesis even more
motivation for understandingthe topology of resonancesurfacesas presened
in this paper.
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son,G. R. Hall, and R. Moedel have beeninstrumental in the developmert
of the ideaspreserted in this paper. Work was partially supported by NSF
grant DMS-9020220.Figures 4a and 4b were obtained with the aid of \ge-
omview," an interactive geometryviewer deweloped by The Geometry Cen-
ter, Minneapolis, MN, a Scienceand Tednology Certer supported by the
National ScienceFoundation.

4  App endix

We list below a table of local represemation of period-q surfaces(actually
the closureof the least-period-g points) which exist in the neighborhood of
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the described xed-p oint bifurcation.

Bifurcation: [o} Univ ersal Period-q Reference
unfolding Surface

Saddle-node 1 x;y)! 1= x%y=0 Ar,GH
(ev*=1) (x+ 1 x2;by)
Cusp 1 x;y) ! 1= (2x x5 Ar, GH
(ev=1 (1+ (2+Dx x3by)

and hod*)
Takens- 1 (x;y) = 1= x%y=0 Ar,Bo
Bogdanov (y; 1+ 2y+ X2 xy) GH, Ta
(both ev*=1)
Period- 2 x;y)! 1= X%y= Ar,GH
doubling (1 Dx x5 ay)

(ev*=-1)
Degenerate 2 x;y) ! 1= (2x2 x%);y=0 PK
period (1 Lx+ 2x3 x5 ay)
doubling

(ev*=-1

and hod*)
Double -1 2 xy) = 1= x%y=0 Ar, Ta
(both ev*=1) (y; 1x+ 22y x3 2x%y)

%71 point 3 z= z+ Azjzj?+ BZ2 = Ajzj? Bz%=z Ar, Ta
(ev* = 4 z= z+ Azjzji?+ Bz = Ajzj2 Bz%=z Ar, Ta
e 2 ip=q)
5| z= z+ z2zA(jzj?)+ Bz9 1 = j zj?A(jzj?®) Bz% 1=z | Ar, Ta

* ev = eigenvalue(s) of the xed point, hod = higher order degeneracy

Commerts:

1. For the universal unfoldings given as di erential equations, the time
one map of the di erential equation agreeswith the " iterate of the
original map (after a coordinate change)up to arbitrarily high order.

2. The period-g surfaceformulas are determineddirectly from the univer-
sal unfoldings. For g 2, the xed point at the origin of the phase
plane must be \divided out" to leave us with a represemation of the
closureof the least-period-q surface.
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Figure Captions

1. Phaseportrait of the \unforced" oscillator.

2. The low forcing amplitude part of a period-two resonancehorn in the
parameter spaceand accomparying phaseportraits for the secondit-
erate of the map.

3. (a) Partial parameterspacebifurcation diagram:
A - Double -1 point
B - Takens-Bogdanwe point (double +1 point)
C - Cusp point
D - Degenerateperiod-doubling point
gth root of onepoints - Resonamn Hopf points
\Hopf curve" - de ned by product of eigervalues= 1
Period-doubling curve - de ned by an eigervalue = -1
All other curvesare saddle-nale curvesde ned by an eigervalue of the
gth iterate of the map = 1. (The appropriate value of q is given by the
denominator of the label at the bottom tip of the respective resonance
regions.)

(b) Enlargemen of a part of Figure 3a.

4. (a) An = :38crosssectionof the 1=5 surface.

(b) The projection of the 1=5 resonancesurface near the R 1 point
from the four-dimensional (x;y;! o=!; ) spaceto the three di-
mensional (x;! o=!; ) spaceand its \shadow," part of the 1=5
resonanceregion, a further projection to (! o=!; ) space. The
v e curves along the surface\folds" are period- v e saddle-nale
curves; they all project to the left side of the 1=5 resonancere-
gion.

5. (a) The 1=5 surface.Linesa and b are period- v e saddle-nales.

(b) The 1=3 surface.Linesa;, b, and ¢, are period-three saddle-nales;
linesd, e, andf are\extra" cuts.

(c) The 1=2 surface.Linesa, b, ¢, and d are period-two saddle-nales;
linese and f are period doublings.
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(d) The xed-point surfacerestrictedto 1=2 ! o=! 1=2. Lines
a, b, and d are saddle-nales;linesc, e, and f are\extra" cuts.
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Figure 1

Phase portrait oht "unforced' osciator.

Figure 1:
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Figure 2

The low forcing amiitude part of a peod-two resonanceegion in the
paraneter space and amopanying phase paits for the seard iterate
of the map.

Figure 2:
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5 = 3\]_ 5\]_ ~-— Period-doubling cuve
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Al e Ty,
D 1
c 1 c
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Figure 3¢

Partial Paranter Sace bifurcation digram:

A - Double -1 point

B - Takens-Bogdanowpoint (double +1 gint)

C - Cusp point

D - Degenerate pead-doubling point

gth root of one paits - Resonant Hoppoints (eigenvalueqth root of unity

- "Hopf curve' - defined by product ofigenvalues = 1
- Period-doubling aurve - defined by a eigenvalue = -1
- All other curvesare saddle-node cues defined by anigenvalue othe gthiterate ofthe map = 1.

(Theappropriate valuefay is given by thelenominatoof the label at théip of the respeate
resonance regits.)

Figure 3:
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Figure 3k

Enlargement of a paof Figure 3a.

Figure 3:
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Figure 4¢

An a = .38 cross sectipof the 1/5 surfae

Figure 4.
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W/w

Figure 4k

The projection offte 1/5 resonance gace near the fift root of one point
from thefour-dimensional (xy,w /w,a) space to the thredgimensional

(x,wyw,a) and its “'shadow," @rt of the 1/5 resmance region, a fther
projection tathe (v,/w,a) parameter planeThe five curves alog the surface
“folds' are period-fivesaddle-node curveghey all projecto the left side of
the 1/5 resonanaggion.

Figure 4:
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Figure 5¢

The 1/5 surface. bies :fland k?are period-five sddle-nodes.

Figure 5:
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Figure 5k
The 1/3 surface. bies 2 bI and care period-three addle-nodes; linesl, e,

and f are “efxa’ cuts.

Figure 5:
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Figure 5c

The 1/2 surface. bies a, b, ¢, andate period-two sadié-nodes; lines e rad
f are period-dowlings.

Figure 5:
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Figure 5¢

The fixed point suface restricted tel/2<=w<=1/2. Lines a, b, and dra
saddle-nodes; hies c, e, and f arextra' cuts.

Figure 5:
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