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Abstract

Let G = (V, E) be a graph of order n. A distance magic labeling of
G is a bijection £: V — {1,2,...,n} for which there exists a positive
integer k such that .y, ¢(z) =k for all v € V, where N(v) is the
open neighborhood of v. In this paper we deal with circulant graphs
C(1,p). The circulant graph C,(1,p) is the graph on the vertex set
V ={xo,21,...,Tn—1} with edges (z;, x;4p) for i =0,...,n—1 where
1+ p is taken modulo n. We completely characterize distance magic
graphs C,(1,p) for p odd. We also give some sufficient conditions for
p even. Moreover, we also consider a group distance magic labeling of

Cn(1,p).

1 Introduction

All graphs considered in this paper are simple finite graphs. Consider a sim-
ple graph G whose order we denote by n = |G|. Write V(G) for the vertex
set and E(G) for the edge set of a graph G. The open neighborhood N(z)
of a vertex z is the set of vertices adjacent to x, and the degree d(x) of x
is |[N(x)|, the size of the neighborhood of z. By C), we denote a cycle on n
vertices.

*The author was supported by National Science Centre grant nr 2011/01/D/ST/04104.
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In this paper we investigate distance magic labelings, which belong to
a large family of magic type labelings. Generally speaking, a magic type
labeling of a graph G(V, E) is a mapping from V, E, or V U FE to a set of
labels which most often is a set of integers or group elements. Then the
weight of a graph element is typically the sum of labels of the neighboring
elements of one or both types. If the weight of each element is required to
be equal, then we speak about magic-type labeling; when the weights are all
different (or even form an arithmetic progression), then we speak about an
anti-magic-type labeling. Probably the best known problem in this area is
the anti-magic conjecture by Hartsfield and Ringel [10], which claims that
the edges of every graph except K» can be labeled by integers 1,2,...,|E|
so that the weight of each vertex is different.

A comprehensive dynamic survey of graph labelings is maintained by
Gallian [9]. A more detailed survey related to our topic by Arumugam at
al. [1] was published recently.

A distance magic labeling (also called sigma labeling) of a graph G =
(V, E) of order n is a bijection ¢: V' — {1,2,...,n} with the property that
there is a positive integer k (called the magic constant) such that

w(x) = Z [(y) =k for every z € V(G),

yENG ()

where w(z) is the weight of vertex x. If a graph G admits a distance magic
labeling, then we say that G is a distance magic graph.

It is worth mentioning that finding an r-regular distance magic labeling
turns out equivalent to finding equalized incomplete tournament EIT(n,r)
[8]. In an equalized incomplete tournament EIT(n,r) of n teams with r
rounds, every team plays exactly r other teams and the total strength of the
opponents that team ¢ plays is k. Thus, it is easy to notice that finding an
EIT(n,r) is the same as finding a distance magic labeling of any r-regular
graph on n vertices.

The following observations were independently proved:

Observation 1 ([11], [12], [14], [15]) Let G be anr-reqular distance magic

graph on n vertices. Then k = @

Observation 2 ([11], [12], [14], [15]) There is no distance magic r-reqular
graph with r odd.
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The following cycle-related results were proved by Miller, Rodger, and
Simanjuntak, and by Rao, Singh, and Parameswaran, respectively.

Theorem 3 ([12]) The cycle C,, of length n is distance magic if and only
if n=4.

Theorem 4 ([13]) The cartesian product C,0C,,, n,m > 3 is distance
magic if and only if n =m =2 (mod 4).

Circulant graphs are another interesting family of vertex-transitive graphs.
These graphs arise in various settings; for instance, they are the Cayley
graphs over the cyclic group of order n. The circulant graph C,,(s1, S, . . ., k)
is the graph on the vertex set V' = {xo,x1,...,2,_1} with edges (z;, Ziys;)
fori=0,...,n—1,5=1,...,k where i + s; is taken modulo n. Moreover,
since there is no distance magic r-regular graph for » odd by Observation 2,
we can assume that n > 2s;, + 1.

It was shown in [2] that a graph C,(1,2) is not distance magic unless
n = 6. For p odd the following theorem was proved:

Theorem 5 ([2]) If p is odd, then C,,(1,2,...,p) is a distance magic graph

if and only if 2p(p+1) =0 (mod n), n > 2p+2 and sedmpn =0 (mod 2).

In this paper we consider the corresponding problem for circulant graphs
Cy(1,p). The motivation for considering circulants is a problem stated in [14].

Problem 6 ([14]) Characterize 4-reqular distance magic graphs.

We will also consider the notion of group distance magic labeling of graphs
that was introduced in [7]. A I'-distance magic labeling of a graph G(V, E)
with |V| = n is an injection from V' to an Abelian group I' of order n such
that the weight of every vertex x € V is equal to the same element p € T',
called the magic constant. Some families of graphs that are I'-distance magic
were studied in [4, 3, 5, 7]. The following result was proved in [7]:

Theorem 7 ([7]) The cartesian product C,[AC,,, n,m > 3 is a Zpm-distance
magic graph if and only if nm is even.

The paper is organized as follows. In the next three sections we consider
distance magic circulant graphs C,,(1,p). In the last section we consider a
[-distance magic labeling.
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2 Distance magic graphs C,(1,p)
We start with some observations:

Observation 8 Let C,(1,p) be a distance magic graph with magic constant
k. Then for anyi € {0,1,...,n— 1} and any v € N

g(%) + g(wiﬂofl) = g(xi+'y(2p+2)) + £<$i+p71+w(2p+2))'

Proof. Since C,,(1, p) is distance magic we obtain
w(zo) —w(xy) =w(xy) —w(zy) = ... = w(xr,_1) — w(ze) = 0.
Hence
w(xi) = w(Tispr1) = Uxia) + L(zip) — (UTitps2) + UTivopta)) =0
and
W(Titopsa) —w(Tivaprs) = L(Titpra) F0(Tivopt1) = (((Tirspra) H(Titaprs) = 0.
for i € {0,1,...,n}. So we obtain
0(@i) + U2igp-1) = UTirr2pr2) + UTisp-1450p+2))-
|

Observation 9 Let C,(1,p) be a distance magic graph with magic constant
k, then for anyi € {0,1,...,n— 1} and any v € N

U(@i) + L(@ispr1) = UZivr@p-2) + U Tispriy@p-2))-
Proof. Since C,,(1,p) is distance magic we obtain
w(z0) — war) = w(z1) — W) = .. = W(En ) — W(z0) = 0.
Hence

w(z;) — w(Tiyp-1) = Uzip1) + Uzip) — (UTivp—2) + U(Tiy2p-1)) = 0.



Distance magic circulant graphs D

Also
W(Titop2) =W (Tit3p-3) = U(Tivp2) +(Tirap—1) = (U(Tivzp—a) +(Tizap-3)) =0

and so on for ¢ € {0,1,...,n}. So we obtain

O(x;) + €<5Ui+p+1) = g(xiﬂ(?p—?)) + €($i+p+1+w(2p—2))'

Observations 8 and 9 imply the following corollary.

Corollary 10 IfC,(1,p) is a distance magic graph, then for anyi € {0,1,... ,n—
1} and for any o,y € N

(1) + UTir2041)0-1) = UTitr(2p12) + LTt 2ot 0D 4v(2042))s
Uas) + U@ir ot i) = UTityer-2) + Uit @otn) i) v(-2)-

Proof. Since C,,(1,p) is distance magic we obtain by Observation 8

U(z;) + U Tip1) = UTivy@pr2) + UTitp112p12))

Uzip-1) + UTivap-1)) = UTivp-144@p+2) T UTit20-1)47(20+2)):

f(i'fwz(pfl)) + €($i+3(p71)) = E(Ii+2(p*1)+’y(2p+2)) + f(iﬂi+3(p—1)+w(2p+2))7
UTis20p-1)) T L(Tit@at1)(p-1)) = L(ZTit2a(p—1)+v2p+2)) T U Tit2a+1)(p—1)41(2p+2))-

Alternatively subtracting and summarizing the above equations we obtain

UTirap-1)) + UTivap-1) = UTivap-1)+2p+2) T UTiv3-1)+(2p+2))-

Using Observation 9 by similar arguments we obtain

U(xi) + U@it2a+1)(p+1) = UTity@p-2) + UTir @at1)p+1)+v(20-2))-

Theorem 11 If C,(1,p) is distance magic then mod 2) and

m =0 (mod 2).

gcd(£p+1) =0 (
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Proof. Let k be a magic constant for C),(1,p). It is well known that if a,b €
Zn and ged(a,n) = ged(b,n), then a and b generate the same subgroup of
Zn, that is, (a) = (b). Suppose that wednp = 1 (mod 2), then we have
ged(n, p+1) = ged(n, 2p+2) and (2(p+1)) = (p+1). Hence, p+1 = 2¢(p+1)
for some ¢ > 1. Then we use Lemma 8, set v = ¢, i = 0,p — 1 and obtain
respectively:

U(x0) + E@p—l) = E(xZC(pH)) + g(xp71+20(p+1)) = e(xp-&-l) + E(f@p)a

U(zp1) + l(w2p-2) = L(Tp_112c(p+1)) + L T2p—2+2e(pt1)) = €(T2p) + £(T3p-1)-

Since N(z;) = {®i—p, Ti—1, Tit1, Titp} and Cy(1,p) is distance magic, we
obtain:

{Ga0) + Ly 1) = Uapyr) + Uamy) = 5.
k

Uzp-1) + Uw2p-2) = Uzp) + Uwspr) = 5.

Therefore ¢(xg) = {(x9,—2) and we have a contradiction, because n >
2p + 1.

Suppose now m =1 (mod 2), then ged(n,p—1) = ged(n, 2p — 2).
Thus, p — 1 = 2(p — 1) for some ¢ > 1. Then we use Lemma 9, set v = ¢,
1 =0,p+ 1 and obtain respectively:

£(x0) + g(xpﬂ) = E(I%(p—l)) + f(xp+1+20(p—1)) = é(xp—l) + E(@p)a

U(xp11) + Ux2pra) = UTpirtacp-1)) + UTopratacp-1)) = L(T2p) + E(T3p41).
Since N(x;) = {%i—p, Tiz1, Tit1, Tivp} and C,(1,p) is distance magic, we
obtain:

Eeo) + Utpir) = Hep) + €)= 5,

o

U(ap1) + Uz2pr2) = Ux2p) + L(T3p41) = 9

Therefore ((zo) = ¢(x9p42). For n # 2p + 2 we obtain a contradiction,
since the labeling £. For n = 2p + 2 we have —zt-7 =0 (mod 2), a con-
tradiction. m

From the above theorem the below observation easily follows:
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Observation 12 If C,(1,p) is a distance magic circulant graph, then n =0
(mod 2). Moreover, when p is odd, then n =0 (mod 8).

Proof. If n is odd, then is odd and C,,(1, p) cannot be distance magic
by Theorem 11. When p is od(f one of p—1, p+1 is congruent to 2 modulo
4 and we can write {p — 1,p+ 1} = {2q1,2tq2}, where t > 2 and ¢;, ¢o are

both odd. Let n = 2%¢3, where ¢3 is odd. Because m =0 (mod 2) and
— = = 0 (mod 2), we must have s > ¢ > 2. Hence 2° > 8 and n = 0
(mod 8). [

Observation 13 A graph Cy,12(1,p) is distance magic.

Proof. Let £(x;) = i+ 1,0(zj4pt1) = 2p+2 — ¢ for i = 0,1,...,p. Notice
that w(z;) = ((zi—p) + Uxip1) + Uxiz1) + U(zi4p) = 4p + 6 for every x; €
V(Copra(1,p)). u
2.1 C,(1,2p' + 1) distance magic graphs

Theorem 14 If p is odd and C,(1,p) is distance magic, then p* —1 =
(0modn).

Proof. Let k be a magic constant for C),(1, p).

Assume first that p = 3 (mod 4). By Observation 9 we obtain

U(z0) + L(xp1) = U(Ts(2p-2)) + UTps1442p-2)) = Ko,
U(z1) + U(xpr2) = U(T114(2p-2)) + UTprasy@p—2) = k1,

Uwap-3) + U(x3p—2) = U(T2p-34~2p-2)) + U T3p-24+~(20-2)) = K2p-3,

for any ~. It implies that

Uz (1)) = ko — L(x0),
g(x2(p+1)) = kpy1 — ko + (o),
U(z30p41)) = Kogp+1) mod(2p—2) + ko — Kkpy1 — U(x0) = ks + ko — kpy1 — €(z0).

Repeating the argument, we get

—_

j_

Uzipen) = Y (=1 kipa1)mod@p—2) + (—1)7 ().

I
o
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So in particular for j =p — 1,

[\

p—

Uzpe 1) = Y (1P Kigpr1) mod(zp—2) + £(x0) =
i=0
(r-1)/2-1 | p-2 |
Z (—1)p7271ki(p+1)mod(zp—2) + Z (_1)p7271ki(p+1)Inod(2p—2) + {(z0)
i=0 i=(p-1)/2

Hence if p = 3 (mod 4), then ged(p + 1,2(p — 1)) = 4 and 21 is odd. It is
known fact that the order of a subgroup generated by p + 1 in Zg,_o is %1
namely |(p+1)| = Z*. Moreover, notice that 2% (p+1) =0 (mod (2p—2)).

It implies that

(p—1)/2—1

> (1P ki) mod(zp-2) = —kotkpi1 ko) Fharn— - —k(@-1)/2-1m+1);
=0

p
> (P kit mod(zp-2) = ko—kps1tkagan —ksmen T - AR (p-1)/2-1)041)-
i=(p—1)/2

Hence ((x,2_1) = £(x0).

Assume now that p =1 (mod 4). By Observation 8 we obtain
Uzo) + Uxp1) = UTyepr2) + UTp-14(2p+2)) = Ko,
U(z1) + U(zp) = UT14y2p12) T U Tpir(2pr2) = ki,
Uazp1) + Uxsp) = UTopiriqpr2) T UTspiqepr2) = kopt,

for any . It implies that

g(l’(p 1 ) = k?() — é(l’o)
U(Top-1)) = kp—1 — ko + €(z0),
U(z3(p-1)) = Kop—1) mod(2p+2) + ko — kpy1 — £(0).

Repeating the argument, we get

—_

j_

Uzip-1) = > (=1 kip—1) mod(zp+2) + (—1)7 ().

I
o
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So in particular for j =p + 1:

p

(1) = D (=1 iyt moatapsa) + L) =
=0
(p+1)/2—-1 ' p )
Z (_ 1)p_lki(p71) mod(2p+2) + Z <_ 1)]?—7«]%(])71) mod(2p+2) + f(l’o)
i=0 i=(p+1)/2

Hence if p = 1 (mod 4) then ged(p — 1,2(p 4+ 1)) = 4 and 2+ is odd. As
above, we obtain
(p+1)/2-1

Y (VP ki1 moaps2) = —kothp1—kap- K- n— - -~k 2-1m-1),
=0

p

> (=D i1y mod(zp+2) = ko—kp_1+kap—1)—ksgp-1)+- - - HE(p1)/2-1)-1)-
i=(p11)/2

Hence (z,2_1) = £(x0). |

Observation 15 If p is odd, p> — 1 = 0 (mod n)
and

;=0 (mod 2)
ged(n,p+1)
0 (mod 2), then C,(1,p) is a distance magic graph.

_n
ged(n,p—1) —

Proof. Because we always suppose that n > 2p and the case n = 2p + 2 was
treated in Observation 13, we will assume that n > 2p + 2.

By the assumption p — 1 and p + 1 are even and hence one of them is
congruent to 0 modulo 4. Moreover, by Observation 12 we know that n =0
(mod 8). We will further assume that p+1 =0 (mod 4) and leave the other
case to the reader, since it is essentially similar.

It is well known that when a,b € 7, and ged(n, a) = ged(n, b), then (a) =
(b). Obviously, ged(n, ged(n, p+1)) = ged(n, p+1). Hence, (ged(n,p+1)) =
(p+1) and |(ged(n, p+1))| = [(p + 1)|. Because oty =0 (mod 2) and
we assumed that p+ 1 =0 (mod 4), we observe that ged(n,p + 1) = 4s for
some s and that the subgroup H = (p + 1) = (4s) of Z, is of order 2k for
some k.

Let us denote by X, for j = 0,1,2,...,4s — 1 the set of all vertices
whose subscripts belong to the coset H + j. First we label vertices of
X0, Xo, ..., X4s_9. Notice that there are 2s of them.
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Case 1: k=0 (mod 2).
Label the vertices of X, as follows:
If k=2, then l(zg) = 1, l(xpt1) =n — 1, Uxapr1)) = 2, UZ30p41)) = N
If k=4, then l(zg) = 1, l(xpy1) = n — 1, Uz2pp41)) = 3, U(T30p41)) =1 — 3,
Uzap+1) =4, Uz5041) =0 — 2, K(xﬁ(pﬂ ) =2, {z7(p41)) = N
For k > 6 let:
@(SL’O) =1, K(xg(erl)) = 3,€(I4(p+1)) =9,... ,f(xgi(pﬂ)) =21+1,...,
U@ g-aypin) = k= 3, 0zk-2)p41) = k =1,
(ki) = B 0@ k) = F = 2, 0@ p) =k =4,
Uz r-1)(p11)) = 4 UT2k—2)(p+1)) = 2,
and
U(wps1) = n — LL3p4)) =n = 3, 0(@5041) =1 —5,...,
(x(21+1)p+1)—n—2i—1,...,
Urg-z)pr) =1 — Kk + 3, Lx@-1)pr1) =n —k+ 1,
U Ty pr1) =N — b+ 2, 0@ sa)pry) =n —k+4.. .,
U2 @r-3)pr1) =1 — 2,L(T@k-1)(p+1)) = 1.

Notice that a vertex wx,, belongs to X if the vertex ,,_o4ip41) for any 4
belongs to X;_». The vertices in Xy, Xy ..., Xy45_o will be labeled recursively
as follows:

Uxy,) = €($m72+(k+1)(p+1)) + k when £($m—2+(k+1)(p+1)) <
U(xm) = UTm-2t (k1) pr1) — F When £(zm 24 (e11)pr1)) >

and

WISNI3

In particular, we have
UTypi1)+2:) = UTopr1) a1 p+1) + 25 when U@y pr1) 42011 (p+1)) < 5 and

e(ffv(p+1)+2z) = €($v(p+1)+z(k+1)(p+1)) — zk when é(xv(p+1)+z(k+1)(p+l)) > %
We notice that the sum of two consecutive labels in each X falls into one

of three cases. For instance, in Xy we have

Uzo) + U (ps1)) = UZ2ps1)) + UT30041)) =
= f(%’(k 2)(p+1) T UTE-1) 1) =1
and also
Uz ) + LT prn) = - = UTEe-3)p+1) + UZ@R-2)p11)) = 1

Then we have

Uz pr1)) + UTapr1)) = UT3p11)) + U(Taprr) =
= U@ (-3)(p+1)) + L(TE-2)p41)) =1 + 2



Distance magic circulant graphs 11

and also
g(mk(pﬂ)) + 5(93(k+1)(p+1)) == g(x(zk—z)(pﬂ)) + g(iv(qu)(pﬂ)) =n+2.
Finally, we have
U2 @r-1)p+1)) + U(@0) = U@ 1) 1)) + UTrgpen) =1+ 1.

In X5 we have

5(372) + €($2+(p+1)) = €($2+2(p+1)) + €($2+3(p+1)) =
= Uy oty (pr1)) + T2 (k-3)(pr1)) = 1,

U(Tog (k1) (p4+1)) T U T2 (k2) (1))

( +2k-3)(p+1)) F U T2y 2h—2)(p+1)) = 1,

U2y 2h-1)(pt1)) + U(T2) = U(Toy (pr1)) + L(T2r20011)

) —
= U T4 (k1) (p+1)) T ($2+k (p+1)) =N+ 2,

U k(pen)) + T2t (k1) 1) =
= U(Tot(2h—2)(p+1)) + UTop2k—1)(p11)) = 1 + 2.

And we again have
(@21 @h-2)(p+1)) H (T2 2h-1) (p+1)) = U Tor(k—2) (1)) H( T2 (k1) (py1)) = N1

Now we look at the weights of vertices in X;. We have

w(z1) = Uxo) + Uz pr1)) HU T2t 26-2)(p+1)) TU(T2) = N+ (n+2) = 2n+2.

Similarly, we have

W(Troprn) = 0 = W@G-2)p+n) = N+ (0 +2) = 2n + 2.

and also

WT g piy) = 0 = WEek-gee)) =m0+ 2) = 204 2,
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Then we have

W(T14(pr1)) = LT pa1)) T UT2p41)) + U(22) + UT24 p41))
=n+2)+n=2n+2.

Similarly, we have

w(T1t3pn) = 0 = W(Trg-ne+y) = (M +2) +n = 2n+ 2
and also
w(Tikprn) = 0 = wEekgpe)) = (0 +2) F o= 20+ 2,

Finally, the two special vertices are x4 (ok—1)(p+1) and T14x—1)(p+1) With

W(T142k-1)(p+1))
= Uz @p-1)p+1) T UTEr1)) + UTas@r-2)p+1) T U T2 2k-1)(p+1))
=n+1)+(n+1)=2n+2.

and

W14 (k-1)p+1)) = LT E-1)p+1)) T Tr+1) H @24 (k-2) (p+1)) H( T2 (k-1) 1))

=(n+1)+(n+1)=2n+2.

Using similar reasoning, one can verify that the weights of all vertices
with odd subscripts will be equal to 2n+ 2. In particular, using the recursive
nature of the labeling, we have

W(L(2i41)+r(p+1))
:£($2i+r(p+1)) + €($2i+(r+1)(p+1))
+ Uz @i+ Ern) T UT i) rE)
=U(T2i 2t (rikr1)(pr1) B+ U T2 0y (rirr2) i) — F
+ U2+ iy p+1) + 5+ U @204 k1) p41) — K
=(Zoi—o4 (rh41) (p+1)) T L T2i—24 (r4k+2) (p+1))
+ U2t (r iy pr1) + @2t (bt 1))
=W(T2i—14(rk+1)(p+1)) = 2N + 2.
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The roles of k and —k may be interchanged, depending on the value of r.
Finally, the vertices in Xy, X3, ..., X451 will be labeled as
U(2m) = l(Tm-1) + 25k when ((z,,_1) < § and
U(zm) = £(Tm-1) — 25k when ((x,,_1) > 5.
Obviously, ¢ is a bijection. Using similar arguments as above one can
check that w(z;) = 2(n + 1) for z; € Xo, Xo, ..., Xys_2.
The case of p —1 = 0 (mod 4) is essentially the same and is left to the
reader.

Case 2: k=1 (mod 2).

Label the vertices of X as follows:
If k=1, then l(x¢) =1, l(xps1) = n.
If k=3, then {(zo) = 1, l(xpy1) = n — 1, U(zop41)) = 3, L(T30p1+1)) = N — 2,
£($4(p+1)) = 2, é(l’go) =n.
For k > 5 let:
U(zo) = 1, l(x20p+1)) = 3, U(xapr1)) = 5, .. U(Toipr1y) =20+ 1,
Uz g-3)pr1) =k = 2,0z 0-1)p+1) = K,
U1y prn) =k —1 5($(k+3)<p+ ) = k=3, L@k ) =k =5,
é(x(% 4)(p+1) ) =4 f( T(2k—2 (p+1))
and
U(Tpi1) =n — 1 l(x3p11)) =1 — 3, 0(X5p41)) =N — 5, ...,
(I(22+1 p+1) 7”L—27,—1,,
(Th-n)p1) =1 =k + 4 U2@-2prn) =n—k+2,
(
(

[\3

I

12
él‘ p+1)—n—k+1€( k+2 p+1)>:n—k+3...,
(T (2k—3)(p+1)) = 1 — 2, 0(2 (25— 1(p+1))=n-

The vertices in X5 will be labeled as
U(wm) = (T mi2-20p+1)) + k When Uz iz o(p41)) <
é(l’m) = é(I_m+2_2(p+1)) — k when E(I_m+2_2(p+1)) >

and

ISIN3

Notice that a vertex z,, belongs to X, if the vertex z,,42,-2 belongs to
Xjy—4. The vertices in Xy, X, ..., X,_3 will be labeled recursively as follows.
U(x) = U(Tpmi2p—2) + k when £(2,,50,-2) < Z and
U(x) = U(Tpsop—2) — k when U(z,,49p—2) >

NI
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As above, notice that the sum of two consecutive labels in each X falls
into one of three cases. For instance, in X, we have

U(w0) + U(T(pi1)) = UTopr1y) + E(T30011)) =
ﬁ(l’uﬂ 3><p+1>) + Uz E-2)(p+1)) = 1
and also
Uz pe1) F LT Ee1)pr1) = - = L@ @r-3)p+1)) T LT @R-2)(p1)) = T-
Then we have
U2 pr1)) + UT20p11)) = L@30p11)) + L(Za(p1)) =
= Uz @-2)(p+1) T UTE-1)(p+1)) = N+ 2
and also
U2 e rn) + U@ a2 pen) = - = Uz -2 p4) T HTER-DE) =7+ 2.
Finally, we have
Uz @r-1)pr1)) +L(x0) = LZR-1)(ps1)) + U(Th(ps1)) =0+ 1.
In X, we have

U(z2) + U224 (py1)) = UT242p11)) + U(T2430p41)) =
Uzos (k-3)p+1)) T UT24 -2y 1) = 1,

UTo1k(p1) + U T2 (1) 1) =

= U(T2+@r-3)(p+1)) + @21 2h-2)(p+1) = 1,

(Tt @h-1)(pr1)) T U(T2) = UToy (p11)) + UT2120011)) =
= U(Tot(k—1)(p+1)) + U T2t (k—3)(p41)) = N + 2,

ot (k1) (p+1)) + f(x2+k(p+1)) =
( +@2k-2)(p+1)) T U T2 2k—3)(p+1)) = 1+ 2.
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And we again have
Uy (2r—2) (1)) H(Tag 2h-1)p11)) = T2 (k-2 (1)) T T2 -1y py1)) = NHL
Now we look at the weights of vertices in X;. We have
w(zn) = £(z0) + U2 (p11)) H(T24 k-2 1)) +E(22) = N+ (n+2) = 2n+2.

Similarly, we have

w(T12p1)) = 0 = W(@E-2pry) = n A+ (n+2) = 2n + 2.
and also
W(T1 (k1) pry) = 0 = WAk pr)) = 1+ (n+2) = 2n + 2.

Then we have

w(T11(pr1)) = LT 1)) + UT2pr1)) + U2) + U(T24 (p11))
=(n+2)+n=2n+2.

Similarly, we have

w(Tit3prn) = 0 = W(Ta-ne+y) = M+ 2) +n = 2n + 2
and also
W(T1tkpry) = 0 = W(TrEk-2p+n) = (R +2) +n = 2n 4+ 2.

Finally, the two special vertices are 14 (ox—1)(p+1) and T14(x—1)(p+1) With

W(T14(2k-1)(p+1))
= Uz @r-1)p+1) T UT 1) + UT24 2h-2)p+1)) + UT21@0-1) (1))
=n+1)+(n+1)=2n+2.

and

W(T11 (k1) pr1) = LT r-1) 1) H( Th(pr1)) H(Top (h—2) (pr 1)) H( T2 (k1) (pr1))
=n+1)+(n+1)=2n+2.

As in Case 1, using similar reasoning one can verify that the weights of
all vertices with odd subscripts will be equal to 2n + 2. [ |
By Theorems 11 and Observation 14 and 15 we obtain the following:

Theorem 16 If p is odd, then C,(1,p) is distance magic graph if and only
ifp* —1=0 (mod n) =0 (mod 2) and =0 (mod 2).

__n_ N (S
’ ng(TL,p—‘rl ng(TL,p—l)
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Figure 1: Distance magic labeling for Cyy(1,5).

2.2 (C,(1,2p) distance magic graphs
Observation 17 If p is even, then Cyyp2_1)(1,p) is distance magic.

Proof. Let n = 2(p?> — 1) and H = (p + 1) be the subgroup of Z, of order
2(p — 1). Since it was proved that C,(1,2) is distance magic if and only if
n =6 (see [2]) we can assume that p > 4.

As before, denote for j = 1,2,...,2(p — 1) by X, the set of all vertices
whose subscripts belong to coset H + j and by ¢; the set of all labels of
vertices in Xj.

Label the vertices of X as follows:
g(l’o) = 1, £($2(p+1)) = 3, £($4(p+1)) = 5, c. ,g(xgi(erl)) =2t + 1, ey
Uz p-npn) =P = 3, U2p-2p+1) =P — 1,
Uppin) = 2, 6T praypin) = 4,
Uz prapr) =6, ...,
Uz @p-6)pt1) =P = 4 UZ@p-0)pr1) =P = 2,
and
for p =4 we put (x5) = 29, {(x15) = 30 and {(xqe5) = 28.
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For p > 6

U(xp11) = 2p* = 3 €($3(p+1)) =2p° — 5, l(w50p11)) = 2" =T, .,
(l‘(gl 1) p+1)/2> == 2p — 21— 3 <y

(Zp-5)pr1)) = 20> —p — 1,{(x p3p+1))—2p —p—3,

(x(p 1)(p+1) ) = 2]7 -2 e(x(p+1 p+1)) = 2p —4,.

(T(2p-—5)pr1)) = 20" — P+ 2,0(T(2p-3)(p41)) = 2% —p.

S S S

Notice that since p is even then in 7,; we have (2) = 7,1 and moreover
a vertex x,, belongs to Xy if the vertex x,,(,—1)p+2) belongs to X 5. The
vertices in X1, X, ..., X, will be labeled recursively as follows:
U @m) = UTmip-1)pe2)) + P — 1 when £z 4 (p-1)(pr2)) < p* — 1 and
U(xm) = U Tpr(p-1)(pr2)) — P+ 1 when €Ty (p-1)(pr2)) > P — 1.

As in Observation 15 one can check that the weights of all vertices will
be equal to 2n + 2. [ |

3 Group distance magic C,(1,p)

The notion of group distance magic labeling of graphs was introduced in [7].
Let G be a graph with n vertices and I" an Abelian group with n elements. We
call a bijection g: V(G) — I' a I-distance magic labeling if for all z € V(G)
we have w(x) = p for some p in I'. Obviously, every graph with n vertices
and a distance magic labeling also admits a 7Z,-distance magic labeling. The
converse is not necessarily true (see, e.g., Theorems 4 and 7).

Recall that any group element ¢ € T" of order 2 (i.e., ¢+ # 0 such that
21 = 0) is called an involution, and that a non-trivial finite group has elements
of order 2 if and only if the order of the group is even. Moreover every cyclic
group of even order has exactly one involution. The fundamental theorem of
finite Abelian groups states that the finite Abelian group I' can be expressed
as the direct sum of cyclic subgroups of prime-power order. This product
is unique up to the order of the direct product. When ¢ is the number of
these cyclic components whose order is a power of 2, then I' has 2t — 1
involutions. Moreover the sum of all the group elements is equal to the
sum of the involutions and the neutral element. Let us denote this sum as
S(0) = ¥yer 9

The following lemma was proved in [6] (see [6], Lemma 8).

Lemma 18 ([6]) Let I' be an Abelian group.
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(i) If T has exactly one involution t, then s(I') = i.

(ii) If ' has no involutions, or more than one involution, then s(I') = 0.

We start by proving a general theorem for I'-distance magic labeling sim-
ilar to Theorem 2.

Theorem 19 Let G be an r-reqular distance magic graph on n vertices,
where 1 is odd. There does not exists an Abelian group I' having exactly
one involution , |I'| = n such that G is I'-distance magic.

Proof. Since r is odd, it implies that n is even. Let I be an Abelian group of
order n having exactly one involution i. Suppose that GG is I'-distance magic.
Recall that ng = 0 for any g € I'. Let now w(G) = > oy gy w(z) =n-p = 0.
On the other hand w(G) = 3 cy(g) 2yen@ W(y) = rs(l'). By Lemma 18
we obtain that w(G) = rv. Therefore since r is odd, we have rt = ¢, hence
v = 0, a contradiction. [ |

Theorem 19 implies immediately the following observations:

Observation 20 Let G be an r-reqular distance magic graph on n = 2
(mod 4) vertices, where r is odd. There does not exists an Abelian group T’
of order n such that G is I'-distance magic.

The condition n = 2 (mod 4) is necessary. For example, a graph K3333
has a Z3 X Zsa X Zs-distance magic labeling with the magic constant py =
(0,1,1) presented in the table, where columns correspond to the partition
sets.

(0,0,0) [ (0,1,0) [ (0,1,1) [ (0,0,1)
(1,1,0) | (1,0,1) | (1,1,1) | (1,0,0)
(2,0,1) | (2,0,0) | (2,1,1) | (2,1,0)

Observation 21 If G is an r-reqular distance magic graph on n vertices,
where r is odd, then G is not Z,-distance magic.

Another observation can be easily proved.

Observation 22 If C,(1,p) is a I'-distance magic circulant graph for a
group T', then n 1is even.
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Proof. Let u be a magic constant for C,(1,p). Suppose that n is odd, then

sednprD) = 1 (mod 2). Thus ged(n,p+1) = ged(n,2p+2) and (2(p+1)) =
(p+1). Hence, p+1 = 2¢(p+ 1) for some ¢ > 1. Then we use Lemma 8, set

v=c¢,1=0,p—1 and obtain respectively:
Uzo) + U(wp-1) = UTaep+1)) + U(Tp-1420(p+1)) = L(Tpr1) + UT2p),

U(p1) + U(2p—2) = L(Tp-112e(p11)) + U(T2p—2120(p11)) = L(T2p) + €(T3p-1).

Since N(z;) = {%i—p, Ti—1, Tiy1, Tirp} and C,(1,p) is I'-distance magic,
we obtain for ¢ = p and ¢ = 2p — 1:

= o) + o) + Upsn) + asy) = 2(E(x0) + pr)),

o= U(wp-1) + Ux2p-2) + L(22p) + Uw3p-1) = 2(U(p-1) + L(T2p-2))-

Therefore 2(¢(xg) — ¢(x9,—2)) = 0. Recall that n being odd implies that
there does not exists an element g # 0, g € I' such that 2g = 0. Thus
l(xg) = l(x9,—2) and we have a contradiction, because n > 2p + 1. |

Theorem 23 If ged(n,p+ 1) = 2k + 1, p and n are both even, and n =
2r(2k+1) then C,(1,p) has a Zsa X A-magic labeling for any « =0 (mod )
and any Abelian group A of order r(2k +1)/a.

Proof. Let | = r(2k + 1)/« Since I' =2 Zs, XA, thus if g € ', then we can
write that g = (j,a;) for j € Zss and a; € A for i =0,1,...,0 — 1. We can
assume that ag =0 € A. Let {(z) = ({1(x), la(x)).

Let X = (p+ 1) be the subgroup of 7, of order 2r. Let us denote for
Jj=1,2,...,2k by X, the set of all vertices whose subscripts belong to coset
X +7.

Notice that o = rh for some h. Let H = (2h) be the subgroup of Zs, of
order 7.

Label the vertices of X, as follows:

g(l’gi(erl)) = (2lh, 0), e(x(2i+1)(p+1)) = (—2lh — 1, O)

1=0,1,...,k—1.
If a subscript m belongs to coset X + 7, then denote it by m;. Notice that a
vertex ,,, belongs to X; if the vertex T, —p belongs to X;_;. The vertices
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in X1, Xy, X3..., Xor will be labeled recursively as follows.

() = O (2, —p) + 1 if b (2,—p) =Jj — 1 (mod 2h)
BT (@ —p) — 1 A 4 (@,—p) Z 5 — 1 (mod 2h)

aj; it O (zm,)
/ ) = Li/r] : 1\Ltm;
2(.1' J) { —Q|j/r if él(l‘mj)
Obviously ¢ is bijection and ¢(x;_,) + {(zi+1) =
(2h — 1,0).

We will consider now two cases:

—
I
~
o
]
="
—~
&
|
=
N
_|_
~
—~
&
+
—
~
Il

Case 1. X = (p+1) =7Z,.

Notice that then [ = 1 and h = 1. Suppose that there exists ¢ such
that I(z;—p) + (xiz1) = (1,0) and I(z;-1) + l(zi4p) = (1,0), or similarly
Uzi—p) + Hxix1) = (—1,0) and l(z;—1) + l(xi1p) = (—1,0). Recall that
U(x2ip1)) + Uz @it prn) = (=1,0) and Lz@irnen) + Lz p) =
(1,0). It implies that there exists 5 € Z such that i —p+25 = (i — 1) mod n.
It means that 28 = (p—1) mod n. Since n is even, p—1 odd, a contradiction.
It follows that w(z;) = (0,0) for every i and the graph is ['-distance magic
with u = (0,0).

Case 2. X = (p+ 1) # Z,.

Then (x;—p) + £(xit1) = U@iyr(j—1)p)) + €(Tipjpt1) for any j = 1,2,...,2k.
Thus for j = 2 we have {(z;_,) + l(zi+1) = xiyp) + U(Titop+1). Since
U(xic1) + Uxitp) # U(xigp) + U(Tip2p+1) We obtain that w(x;) = €(x;—p) +
g(;l'lurl) + g(iliz;l) + €<xi+p) = (2h — 2, O)

Thus p = (2h — 2,0) and the graph is ['-distance magic. [ ]

Corollary 24 [f ged(n,p + 1) = 2k + 1, p is even, n = 2a(2k + 1) and
ged(2k + 1,2a) = 1, then C,(1,p) has a Z,-magic labeling.

Proof. By Theorem 23 there exists Zaq X Zok4+1-magic labeling. Since ged(2k+
1,2a) = 1, the group Zasa X Zog+1 is isomorphic to the group 7Z,. [ |

Corollary 25 Ifn = a(p® —1) and:

e a=1ifpisodd
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e =20 and ged(p + 1,28) =1 if p is even
then Cy,(1,p) is Zn-distance magic.

Proof. If « = 1 and p is odd, then since C,(1,p) is distance magic by The-
orem 16, then C,(1,p) is Z,-distance magic. If a = 25, ged(p + 1,20) =1
and p is even, then ged(n,p+1) = p+ 1 and C,(1, p) has Z,-magic labeling
by Corollary 24. [ |

Using the same arguments as in the proof of Theorem 14 we obtain corol-
lary:

Corollary 26 If p is odd and 2p* — 2 # (Omodn) then C,(1,p) is not T-
distance magic for any Abelian group I" of order n.

Observation 27 If p = 5, then Cyp_((1,p) is I-distance magic for any
Abelian group T' of order p* — 1.

Proof. The fundamental theorem of finite Abelian groups states that the fi-
nite Abelian group I' can be expressed as the direct sum of cyclic subgroups
of prime-power order. Since the order of I' is 24 we have the following pos-
sibilities: I' = Zg X Z3 = Zoa, I' = 7o X iz X 7y = T X Za = 7o X Z12 and
I' 2 Zo XT3 X Zo X To = Zg X Ta X Zo. It T' = Zg X 73 = Zog4, then since
Cy4(1,5) is distance magic by Theorem 5 it implies that it is Za4-distance
magic. We will show now that Cy4(1,5) is Zg x.A-distance magic for any
Abelian group A of order 4. If g € I, then we can write that g = (j, a;) for
j € Ze and a; € A for i = 0,1,2,3. Define the following labeling.

(.I‘ ) (0 )7 g(x8) = (47 aO)? é(xlﬁ) = (27@0)7
U(xe) = (5,a1), L(r14) = (1,a1), (w22) = (3,a1),
U(r19) = (2,a2), {(w0) = (0,a2), {(x4)= (4,a2),
U(x1s) = (3,a3), l(x2) = (5,a3), {(z10)=(1,a3),
5(1‘1) = (07&1)7 g(x9) = (47 a’l)v £($17) = (27@1)7
€<I’7) = (5 CLQ), g(l‘w) (]. CLQ) £($23) = (3,@2),
U(x13) = (2,a3), (v21) = (0,a3), L(z5)=(4,a3),
l(r19) = (3,a0), €(x3) = (5,a0), {(r11)= (1,a0).

Taking now a; = i if A = Z4 or ap = (0,0), a; = (0,1), ax = (1,1),
as = (1,0) A = 7y X Zs one can check the graph Cyy(1,5) is Zg x.A-distance
magic with the magic constant (4, 2a). [ |
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