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Abstract. A canoe paddle is a pair of cycles joined by a path. It was

shown by Truszczyński that all canoe paddles are graceful and therefore
decompose complete graphs. A kayak paddle is a pair of cycles joined by a
path. We prove that the complete graph K2n+1 is decomposable into kayak
paddles with n edges whenever at least both cycles are odd.

1. Introduction

In 1967 A. Rosa [6] introduced some important types of vertex labelings
serving as tools for finding decompositions of complete graphs. Graceful
labeling (called β-valuation by Rosa) and rosy labeling (called ρ-valuation
by Rosa) are useful tools for decompositions of complete graphs K2n+1 into
graphs with n edges. Let G be a graph with at most n vertices. We say that
the complete graphKn has aG-decomposition (or that it isG-decomposable)
if there are subgraphs G0, G1, G2, . . . , Gs of Kn, all isomorphic to G, such
that each edge of Kn belongs to exactly one Gi.

A labeling of a graph G with n edges is an injection ρ from V (G), the
vertex set of G, into a subset S of the set {0, 1, 2, . . . , 2n} of elements of
the additive group Z2n+1. The length of an edge e = xy with endvertices
x and y is defined as ℓ(xy) = min{ρ(x) − ρ(y), ρ(y) − ρ(x)}. Notice that
the subtraction is performed in Z2n+1 and hence 1 ≤ ℓ(e) ≤ n. If the
set of all lengths of the n edges is equal to {1, 2, . . . , n}, then ρ is a rosy
labeling; if moreover S ⊆ {0, 1, . . . , n}, then ρ is a graceful labeling. A
graceful labeling α is called α-labeling if there exists a number α0 such that
for every edge e in G with endvertices x and y and with α(x) < α(y) it
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holds that α(x) ≤ α0 < α(y). Obviously, G must be bipartite to allow
an α-labeling. For an exhaustive survey of graph labelings, see [5] by J.
Gallian. For a survey of Rosa-type labelings, see [2] by S. El-Zanati and C.
Vanden Eynden.

A. Rosa observed that if a graph G with n edges has a graceful or rosy
labeling, then K2n+1 can be cyclically decomposed into 2n + 1 copies of
G. It is so because K2n+1 has exactly 2n + 1 edges of length i for every
i = 1, 2, . . . , n and each copy of G contains exactly one edge of each length.
The cyclic decomposition is constructed by taking a labeled copy of G, say
G0, and then adding a non-zero element i ∈ Z2n+1 to the label of each
vertex of G0 to obtain a copy Gi for i = 1, 2, . . . , 2n.

A canoe paddle (or a kite or dragon) is a cycle attached an end-vertex of
a path. It was shown by Truszczyński [8] that all canoe paddles are graceful.
A kayak paddle (or a double kite or double dragon) is a pair of cycles joined
by a path. In particular, KP(r, s, l) stands for cycles of lengths r and s
joined by a path of length l.

It was proved by the authors [3] that every kayak paddle KP(r, s, l)
with n = r + s + l edges and r even has a rosy labeling. In this paper
we complete the characterization and prove that also every KP(r, s, l) with
n = r + s + l edges and r, s odd has a rosy labeling and hence K2n+1 is
KP(r, s, l)-decomposable for every r ≥ 3, s ≥ 3, l ≥ 1.

2. Basic notions and auxiliary results

Some special cases of the rosy labeling that are “close” to graceful la-
beling were introduced by several authors. Rosa [6] introduced a ρ̂-labeling
(Frucht [4] used the term nearly graceful labeling). In a nearly graceful la-
beling the vertices are labeled by elements of the set {0, 1, 2, . . . , n, n + 1}
while the edge lengths are either {1, 2, . . . , n} or {1, 2, . . . , n− 1, n+1}. To
avoid confusion, we note that the edge length was in these papers defined

as ℓ̂(xy) = ρ̂(y) − ρ̂(x) for 0 ≤ ρ̂(x) < ρ̂(y) ≤ n + 1. We observe that for

an edge with ℓ̂(xy) = n + 1 the vertices would be labeled 0 and n + 1, re-
spectively. Using our definition of the edge length, we would conclude that
ℓ(xy) = min{ρ(y)− ρ(x), ρ(x)− ρ(y)} = n, since the subtraction is carried
out in Z2n+1. We will use this observation later in our constructions.

Seoud and Elsakhawi [7] have shown that all cycles are nearly grace-
ful, and Barrientos [1] proved that Cn is nearly graceful with edge lengths
{1, 2, . . . , n− 1, n+ 1} if and only if n ≡ 1 or 2 (mod 4).

The authors defined in [3] a gap graceful labeling, denoted β̈. The ver-
tices are labeled by elements of the set {0, 1, 2, . . . , n+1} while the set of the
edge lengths is an n-element subset of {1, 2, . . . , n+1}. Here we generalize
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this definition one step further. For 1 ≤ p < n+1, a p-gap graceful labeling
of G is an injection from the vertex set of G to the set {0, 1, 2, . . . , n + 1}
while the set of the edge lengths is an n-element set {1, 2, . . . , n, n+1}\{p}.

For 1 ≤ p < q ≤ n+ 1, a (p, q)-gap graceful labeling of G is an injection
from the vertex set of G to the set {0, 1, 2, . . . , n + 1, n + 2} while the set
of the edge lengths is an n-element set {1, 2, . . . , n + 1, n + 2} \ {p, q}. A
p-gap α-labeling or a (p, q)-gap α-labeling can be defined analogously. One
can notice that in our terminology, the nearly graceful labeling is an n-gap
graceful labeling.

The following observations are analogues of a well-know construction
described independently by many authors.

Observation 1. Let G be a p-gap graceful graph with t edges, β̈p(x0) = 0,

β̈p(x1) = t+ 1 and H a graph with an α-labeling with α(y0) = α0, α(y1) =
α0 + 1. For i ∈ {0, 1} denote by Fi = (G ⊙ H)i the graph with V (Fi) =
V (G)∪V (H) where the vertex xi is identified with yi. Then each of F0 and
F1 has a p-gap graceful labeling. Moreover, when H ∼= Ps, the labeling can
be chosen so that the label of the single vertex of degree one is n+ s.

Observation 2. Let G be a graph with t edges and a (p, q)-gap graceful
labeling β such that β(x0) = 0, β(x1) = t + 2 and H a graph with an α-
labeling with α(y0) = α0, α(y1) = α0 +1. Let Fi = (G⊙H)i. Then each of
F0 and F1 has a (p, q)-gap graceful labeling. Moreover, when H ∼= Ps, the
labeling can be chosen so that the label of the single vertex of degree one is
n+ s+ 1.

The existence of rosy labelings of kayak paddles with at least one even
cycle was proved by the authors in [3].

Theorem 3. Let r be even, r ≥ 4, s ≥ 3, l ≥ 1, and n = r+s+ l. Then the
kayak paddle KP(r, s, l) has a rosy labeling and the complete graph K2n+1

is KP(r, s, l)-decomposable.

3. Some useful lemmas

We first prove some lemmas that we will need in our constructions of
rosy kayak paddles later.

Lemma 4. The cycle C4k+1 has a (2i− 1)-gap graceful labeling for every
k > 0 and 1 ≤ i ≤ k or k + 2 ≤ i ≤ 2k + 1.
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Proof. For 1 ≤ i ≤ k, the vertex labels of the cycle are {0, 1, 2, . . . , 4k +
1, 4k + 2} \ {2k + i, 3k + 1}. First part of the cycle is labeled

(0)[4k + 2](4k + 2)[4k + 1](1)[4k](4k + 1) . . .

. . .(3k + 3)[2k + 3](k)[2k + 2](3k + 2)[2k + 1](k + 1).

For i = k, we have a (2k− 1)-gap graceful labeling and the second part
is labeled

(k + 1)[2k − 2](3k − 1)[2k − 3](k + 2)[2k − 4](3k − 2) . . .

. . .(2k − 2)[4](2k + 2)[3](2k − 1)[2](2k + 1)[1](2k)[2k](0).

For 1 < i < k, we have a (2k − i)-gap graceful labeling and the second
part is labeled

(k + 1)[2k − 1](3k)[2k − 2](k + 2)[2k − 3](3k − 1) . . .

. . .(2k − i)[2i+ 1](2k + i+ 1)[2i](2k − i+ 1)[2i− 2](2k + i− 1) . . .

. . .(2k − 2)[4](2k + 2)[3](2k − 1)[2](2k + 1)[1](2k)[2k](0).

For i = 1, we have a 1-gap graceful labeling and the second part is
labeled

(k + 1)[2k − 1](3k)[2k − 2](k + 2)[2k − 3](3k − 1) . . .

. . .(2k − 2)[5](2k + 3)[4](2k − 1)[3](2k + 2)[2](2k)[2k](0).

For k + 1 ≤ i ≤ 2k + 1, the vertex labels of the cycle are {0, 1, 2, . . . ,
4k+1, 4k+2}\{2k− i+2, 3k+2}. The “lower” part of the cycle is labeled

(3k + 3)[2k + 2](k + 1)[2k](3k + 1)[2k − 1](k + 2)[2k − 2](3k) . . .

(2k + 3)[3](2k)[2](2k + 2)[1](2k + 1)[2k + 1](0)

For i = 2k + 1, the “upper” part of the cycle is labeled

(0)[4k + 2](4k + 2)[4k](2)[4k − 1](4k + 1)[4k − 2](3)[4k − 3](4k) . . .

(k − 1)[2k + 5](3k + 4)[2k + 4](k)[2k + 3](3k + 3).

For k + 2 ≤ i < 2k + 1, it is labeled

(0)[4k + 2](4k + 2)[4k + 1](1)[4k](4k + 1)[4k − 1](2)[4k − 2](4k) . . .

(2k + i+ 2)[2i](2k − i+ 1)[2i− 2](2k + i+ 1)[2i− 3](2k − i+ 3)[2i− 4]

. . .

(k − 1)[2k + 5](3k + 4)[2k + 4](k)[2k + 3](3k + 3).

For i = k + 1, it is labeled

(0)[4k + 2](4k + 2)[4k + 1](1)[4k](4k + 1)[4k − 1](2)[4k − 2](4k) . . .

(k − 2)[2k + 6](3k + 4)[2k + 5](k − 1)[2k + 4](3k + 3). �



5

Lemma 5. The cycle C4k+1 has a (1, 2k+1)-gap graceful labeling for every
k > 0.

Proof. For k = 1, the cycle C5 is labeled

(0)[7](7)[6](1)[5](6)[4](2)[2](0).

For k ≥ 2, the vertex labels of the cycle are {0, 1, 2, . . . , 4k+2, 4k+3} \
{2k + 1, 3k + 1, 3k + 2}. The cycle is labeled

(0)[4k + 3](4k + 3)[4k + 2](1)[4k + 1](4k + 2) . . .

(k)[2k + 3](3k + 3)[2k + 2](k + 1)[2k − 1](3k)[2k − 2](k + 2)

. . .

(2k − 2)[5](2k + 3)[4](2k − 1)[3](2k + 2)[2](2k)[2k](0). �

Lemma 6. The cycle C4k+3 has a (2i−1, 2i)-gap graceful labeling for every
1 ≤ i ≤ k.

Proof. The vertex labels of the cycle are {0, 1, 2, . . . , 4k + 4, 4k + 5} \ {k +
2, 2k + i+ 2, 2k + i+ 3}. First part of the cycle is labeled

(0)[4k + 5](4k + 5)[4k + 4](1)[4k + 3](4k + 4)[4k + 2](2)[4k + 1](4k + 3) . . .

(k)[2k + 5](3k + 5)[2k + 4](k + 1)[2k + 3](3k + 4)[24 + 1](k + 3).

For i = k, we have a (2k, 2k − 1)-gap graceful labeling and the second
part is labeled

(k + 3)[2k − 2](3k + 1)[2k − 3](k + 4)[2k − 4](3k)[2k − 5](k + 5) . . .

(2k)[4](2k + 4)[3](2k + 1)[2](2k + 3)[1](2k + 2)[2k + 2](0).

For 1 < i < k, we have a (2i−1, 2i)-gap graceful labeling and the second
part is labeled

(k + 3)[2k](3k + 3)[2k − 1](k + 4)[2k − 2](3k + 2)[2k − 3](k + 5) . . .

(2k + i+ 4)[2i+ 1](2k − i+ 3)[2i− 2](2k + i+ 1)[2i− 3](2k − i+ 4) . . .

(2k)[4](2k + 4)[3](2k + 1)[2](2k + 3)[1](2k + 2)[2k + 2](0).

For i = 1, we have a (1, 2)-gap graceful labeling and the second part is
labeled

(k + 3)[2k](3k + 3)[2k − 1](k + 4)[2k − 2](3k + 2)[2k − 3](k + 5) . . .

(2k)[6](2k + 6)[5](2k + 1)[4](2k + 5)[3](2k + 2)[2k + 2](0). �
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Lemma 7. The cycle C4k+3 has a (2, 2k+1)-gap graceful labeling for every
k ≥ 0.

Proof. The vertex labels of the cycle are {0, 1, 2, . . . , 4k + 4, 4k + 5} \ {k +
2, 2k + 2, 3k + 4}. The cycle is labeled

(0)[4k + 5](4k + 5)[4k + 4](1)[4k + 3](4k + 4)[4k + 2](2)[4k + 1](4k + 3) . . .

(k)[2k + 5](3k + 5)[2k + 4](k + 1)[2k + 2](3k + 3)[2k](k + 3)[2k − 1] . . .

(2k + 5)[4](2k + 1)[3](2k + 4)[1](2k + 3)[2k + 3](0). �

4. Main results

Theorem 8. The kayak paddle KP(4k + 3, 4m + 3, l) has a rosy labeling
for any k,m ≥ 0, l ≥ 1.

Proof. First we prove the case k = m = 0. For l = 1, we label C3 by
0, 2, 5, C ′

3 by 6, 7, 13 and join the vertices 2 and 6. One can check that this
KP(3, 3, 1) has a rosy labeling.

When l > 1, we again use the (1, 4)-gap labeling of C3 as above and
construct (1, 4)-gap labeling of C3⊙Pl with the vertex of degree one labeled
l+4 and longest edge l+4. Then we label C ′

3 by l+8, l+9, 2l+9 obtaining
edge lengths 1, l, l+1 and join vertices l+4 and l+8 by the edge with the
unused length 4. Because 2l+9 < 2(3+ 3+ l) = 2n, this is a rosy labeling.

Now we assume k > m. Hence, we have 2m + 2 ≤ 2k and by Lemma
6, K4k+3 has a (2m + 1, 2m+ 2)-gap graceful labeling. By Observation 2,
K3k+3⊙Pl has also a (2m+1, 2m+2)-gap graceful labeling. Moreover, we
can choose the labeling so that the vertex of degree one (or the vertex of
K4k+3 with the highest label, if l = 1) is labeled 4k+ l+4. Now we take a
path P4m+3 with α-labeling

(0)[4m+ 2](4m+ 2)[4m+ 1](1)[4m](4m+ 1)[4m− 1](2) . . .

(2m)[4](2m+ 4)[3](2m+ 1)[2](2m+ 3)[1](2m+ 2)

and increase each of the labels 0, 1, 2, . . . , 2m + 1 by 4k + l + 5 and all
remaining labels by (4k + l + 5) + (4k + l + 4) = 8k + 2l + 9. The edge
lengths in P4m+3 are now 4k + l + 5, 4k + l + 6, . . . , 4k + 4m + l + 6 and
we use the so far unused edge length 2m+ 1 to join vertices 4k+ l+ 5 and
4k + 2m + l + 6 to close the cycle C4m+3. Finally, we use the last unused
edge length 2m+2 and join the vertex of degree one of K3k+3 ⊙Pl labeled
4k + l + 4 with vertex 4k + 2m + l + 6 in C4m+3. The resulting graph is
KP(4k + 1, 4m+ 1, l) as desired.
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Next we check the case k = m > 0. We know by Lemma 7 that C4k+3

has a (2, 2k+1)-gap graceful labeling, hence for l > 1 the graph C4k+3⊙Pl

also has a (2, 2k + 1)-gap graceful labeling with the vertex of degree one
labeled 4k + l + 4. Notice that for l = 1 the highest label of C4k+3 is also
4k+ l+4. We use the same labeling of C4m+3 = C ′

4k+3 as above. The only
unused edge length is now 2, hence we join the vertex 4k + l + 4 of degree
one with 4k + l + 6, which belongs to C4m+3 = C ′

4k+3. Therefore, we have
constructed KP(4k + 1, 4k + 1, l).

In both cases the highest vertex label is 8k + 4m + 2l + 11 < 2(4k +
4m+ l + 6) = 2n, hence the labeling is rosy. �
Theorem 9. The kayak paddle KP(4k + 1, 4m + 1, l) has a rosy labeling
for any k > m ≥ 1, l ≥ 1.

Proof. First we solve the case k > m. By Lemma 4, C4k+1 has a (2i− 1)-
gap graceful labeling for any i ≤ k, hence it has a (2m + 1)-gap labeling
when m < k. Similarly as in the previous proof, we find a (2m + 1)-gap
labeling of C4k+1 ⊙ Pl+1 with the vertex of degree one labeled 4k + l + 2.
Then we label a path P4m+1 as

(4k + l + 2)[4k + 4m+ l + 3](8k + 4m+ 2l + 5)[4k + 4m+ l + 1]

(4k + l + 4)[4k + 4m+ l](8k + 4m+ 2l + 4)[4k + 4m+ l − 1](4k + l + 5)

. . .

(4k + l + 2m+ 1)[4k + l + 6](8k + 2m+ 2l + 7)[4k + l + 5]

(4k + l + 2m+ 2)[4k + l + 4](8k + 2m+ 2l + 6)[4k + l + 3]

(4k + l + 2m+ 3)

and join vertices (4k + l + 2) and (4k + l + 2m + 3) by an edge with the
unused length 2m + 1. Notice that the actual length of the edge between
vertices 4k+ l+2 and 8k+4m+2l+5 is 4k+4m+ l+2, as the subtraction
is performed in Z2n+1 with n = 4k + 4m+ l + 2.

We check that the maximum label satisfies 8k + 4m + 2l + 5 < 8k +
8m+ 2l + 2 = 2n, since m > 0, and conclude that the labeling is rosy.

For k = m, we use Lemma 5. Because C4k+1 has a (1, 2k + 1)-gap
graceful labeling, similarly as above, we find a (1, 2k + 1)-gap labeling of
C4k+1 ⊙Pl with the vertex of degree one labeled 4k+ l+2. Then we label
a path P4m+1 as

(4k + l + 3)[8k + l + 3](12k + 2l + 6)[8k + l + 1]

(4k + l + 5)[8k + l](12k + 2l + 5)[8k + l − 1](4k + l + 6)

. . .
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(6k + l + 2)[4k + l + 6](10k + 2l + 8)[4k + l + 5]

(6k + l + 3)[4k + l + 4](10k + 2l + 7)[4k + l + 3](6k + l + 4)

and join vertices (4k + l + 3) and (6k + l + 4) by an edge with the unused
length 2k + 1. The actual length of the edge between vertices (4k + l + 3)
and (6k + l + 4) is 8k + l + 2 = 4k + 4m + l + 2, as the subtraction is
performed in Z2n+1 with n = 8k + l + 2 = 4k + 4m+ l + 2.

The maximum label satisfies 12k + 2l + 6 ≤ 16k + 2l + 2 = 2n, since
k ≥ 1, and the labeling is rosy. This completes the proof �

Theorem 10. The kayak paddle KP(4k + 3, 4m+ 1, l) has a rosy labeling
for any k ≥ 0,m ≥ 1, l ≥ 1.

Proof. First we look at the case k ≥ m. By Lemma 6, C4k+3 has a (2i −
1, 2i)-gap graceful labeling for 1 ≤ i ≤ k. Hence, C4k+3 ⊙ Pl has a (2m −
1, 2m)-gap graceful labeling with the vertex of degree one labeled 4k+ l+4.
We label a path P4m+1 as

(4k + l + 5)[4k + 4m+ l + 4](8k + 4m+ 2l + 9)[4k + 4m+ l + 3]

(4k + l + 6)[4k + 4m+ l + 2](8k + 4m+ 2l + 8)[4k + 4m+ l + 1]

(4k + l + 7)

. . .

(4k + 2m+ l + 3)[4k + l + 8](8k + 2m+ 2l + 11)[4k + l + 7]

(4k + 2m+ l + 4)[4k + l + 6](8k + 2m+ 2l + 10)[4k + l + 5]

(4k + 2m+ l + 5)

and join vertices (4k + l + 5) and (4k + 2m + l + 5) by an edge with the
unused length 2m. Then we join the vertex of C4k+3 ⊙ Pl of degree one,
(4k+ l+4), with the vertex of C4m+1 labeled (4k+2m+ l+3) by an edge
with the last unused length 2m− 1.

As the maximum used label satisfies 8k+4m+2l+9 < 8k+8m+2l+8 =
2n for every m ≥ 1, the labeling is rosy.

Now we solve the case when k < m. By Lemma 4, the cycle C4m+1 has
a (2i − 1)-gap graceful labeling for every 1 ≤ i ≤ m. Because k < m, we
have a (2k + 1)-gap graceful labeling of C4m+1 and also of C4m+1 ⊙ Pl+1

with the vertex od degree one labeled 4m+ l + 2.
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Then we label a path P4k+1 as

(4m+ l + 2)[4m+ 4k + l + 4](8m+ 4k + 2l + 6)[4m+ 4k + l + 3]

(4m+ l + 3)[4m+ 4k + l + 2](8m+ 4k + 2l + 5)[4m+ 4k + l + 1]

(4m+ l + 4)

. . .

(4k + l + 2m+ 1)[4m+ l + 6](8m+ 2k + 2l + 7)[4m+ l + 5]

(4m+ 2k + l + 2)[4m+ l + 4](8m+ 2k + 2l + 6)[4m+ l + 3]

(4m+ 2k + l + 3)

and join the vertices (4m + l + 2) and (4m + 2k + l + 3) by an edge with
the unused length 2k + 1.

Because the largest label satisfies 8m+4k+2l+6 < 8m+8k+2l+8 = 2n
for every m ≥ 1, k ≥ 0, the labeling is rosy. �

Our main result now follows immediately.

Theorem 11. Let r, s be odd, r ≥ s ≥ 3, l ≥ 1, and n = r + s + l. Then
the complete graph K2n+1 is decomposable into kayak paddles KP(r, s, l).

Combining Theorem 11 with the result obtained by the authors in [3],
we can see that every kayak paddle has a rosy labeling and decomposes the
corresponding complete graph.

Theorem 12. Let r ≥ s ≥ 3, l ≥ 1, and n = r + s + l. Then the kayak
paddle KP(r, s, l) has a rosy labeling and therefore the complete graph K2n+1

is KP(r, s, l)-decomposable.
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