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Abstract

We define the swapping number of an arbitrary simple graph, which is related to edge
reconstruction, and involves a weakening of the concept of a graph automorphism. We
classify all 1-swappable trees and unicyclic graphs, and prove that the expected value of

the swapping number grows linearly with the size of the graph.
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1 Introduction

In what follows, all graphs are finite, undirected, and simple unless otherwise spec-
ified. If G = (V, E) is a graph and C V, then we will understand — S to mean
the graph induced by on the vertex set — S. By ('), we mean the set of all

2-combinations of/.

We recall that thedge-declf G is the multiset? D(G) of all isomorphism classes
of graphs of the formV(G), E(G) — e), wheree is an edge ofz. The Edge-
Reconstruction ConjecturHarary, 1964) states that every graph on 4 or more

edges is uniquely reconstructible, up to isomorphism, from its edge-deck (see e.g.

[3]).

If the Edge-Reconstruction Conjecture fails, then there are two non-isomorphic
graphs7 andH such that every member éfD(G) can be extended @ by adding

some edge;, and toH by adding some edge, wheree; # e,. By requiring this

latter situation to occur whefl = G, we arrive at the definition of &swappable
graph: namely, a graph in which every edge can be replaced with a non-edge (which
may depend on the edge chosen) to produce a graph isomorphic to the original

graph. More generally, we have the following:

Definition 1 Let G = (V, E) be a graph and let be a positive integer. We say

that G is k-swappableif for every edgee of G, there are two setd C E and

Bc () - Esuchthat € A, |A < k,andG = (V, (EU B) — A). Theswapping

numberof G is the minimumé such that- is k-swappable.

In the situation above, for a given edge £, we will usually writeG’ = (V, (E'U
B) — A) and denote the required isomorphismdyy: G — G’. Whenk = 1, we
refer too, as aswapping mapin this case, we can writ8 = {¢'}, and we calk’

thereplacementor e. We also say that is swappablewith ¢'.



We note that; is 1-swappable iff every member @& D(G) can be extended t@

in at least two different ways.

Example 1 Any path on three or more vertices is 1-swappable. The swapping num-
ber of ann-cycle is 2 whem > 4. However, any complete graph on two or more
vertices (which includes the cases of a path on two vertices and a 3-cycle) is not

k-swappable for any, since there are no non-edges to serve as replacements.

The previous example generalizes to the following class of 1-swappable graphs:

Example 2 Let T = (V, E) be an edge-transitive graph, anddébe any edge of
T.ThenG = (V, E —{¢'}) is 1-swappable. For if € E(G), then we may replace
e by ¢’ to produce a grapt’ with G’ = G.

By taking 7" to be a cycle in Example 2, we get a path as in Example 1. Next we
see that almost everirswappable tree is a path. Although the concept of swap-
ping number was not explicit in earlier work, its close relationship to the edge-
reconstruction problem allows us to classify Bl§wappable trees using a result of

Harary and Laury.
We introduce some terminology to facilitate our discussion:

Definition 2 A cometis a treel” in which exactly one vertex has degree greater
than 2. We callz the central vertexof 7. An arm of a cometT is a connected

component off’ — {x}.

We denote a comet with central vertex of degteby €(a,,as, ..., aq), Where
aj,as, . .., aq are the numbers of vertices in the arms; tHU& (a1, as, . . ., aq))| =

14+a,+as+---+ag.

Theorem 1 LetT be a tree on two or more vertices. Théns 1-swappable if and

only if one of the following holds:



(1) T is a path on at least three vertices;
(2) T=¢(21,1);
(3) T=¢(3,2,1).

PROOF. Theorem 4.4 of [2] gives that the graphs enumerated above (aplied
sipathsin that paper) are the only trees with the property that every edge meeting
an endnode of the graph is swappable with some non-edge. Conversely, one sees
easily that in fact every edge of the comé{®, 1,1) and€(3,2,1) is swappable

with some non-edge.

An alternate characterization of swappability comes from the following definition:

Definition 3 Let G = (V, E)) be a graph. Anear-automorphisnof G of discrep-
ancyk is a bijections : V' — V such thato(E) — E| = k.

Note that a near-automorphism of discrepaficy an automorphism. (We use here

our assumption that our graphs are finite.)

Lemma 1 A graphG is k-swappable if and only if for every € FE, there is a

near-automorphism of GG, of discrepancy at mogt, such that ¢ o(FE).

PROOF. Let G = (V, E) be a graph.£) Suppose thaf; is k-swappable, and
lete € E. Then there are setd € £ andB C (‘2/) — E such thate € A,
|A| < k,andG = G' = (V,(FUB) — A). Leto : V. — V be an isomorphism
of G onto G'. Now |E(G")| = |E(G)|, so we must havéB| = |A|. We have
o(F)— FE = E(G") — E(G) = B,so|o(F) — E| = |B| = |A| < k. Thus,o is
a near-automorphism a¥ of discrepancy at mogi. Sincee € A, it follows that

edo(E).

(<) Lete € E. By hypothesis, there is a near-automorphisof GG, of discrepancy



at mostk, suchthat ¢ o(F). SetB = o(F)— E andA = E—o(FE). Thene € A,
|A| = |B| < k,andG = (V,(E'U B) — A), as required.

2 1-swappable Unicyclic Graphs

Let G be a connected-swappable unicyclic graph having arcycle C' as an in-
duced subgraph, with > 3. Letvy,...,v, be the vertices of” with subscripts
in Z/nZ, and withv; adjacent tov;,; in C. Let G; be the unique component of
G —{v;} disjoint fromC', and letT; be the subgraph @f induced by (G;) U{v;}.

ThusT; is the tree pendant from} in G.

We first focus on the possibilities for the ordered sequénce. ., t¢,,), wheret; =
|V (T;)|. For each edge of G, fix a corresponding swapping map: G — G'. If
e¢ E(C), thenE(C) C E(G"), so, ag5 is unicyclic, we must have.(V (C)) =
V(C); that is, o, restricts to an automorphism 6f, namely, an element of the
dihedral groupDs,,. For such edges, we will considero, to act on the elements
of Z/nZ viao.(i) = j whereo.(v;) = v;. Recall thatD,, consists of: rotations

(shifts) andn reflections.

The following lemma says that a complete collection of swapping maps for the

leaf-edges of a tree cannot have a fixed point.

Lemma 2 LetT be a tree with more than one vertex, andddie any vertex of .
Suppose that for each le&t4 v of T', we are given a corresponding isomorphism
or: T — (V(T),E(T)— X+ X), where) is the leaf-edge df' containing/ and

N e (‘2/) — E(T). Then there is somgsuch thatr (v) # v.

PROOF. Suppose for a contradiction th&tis a minimal non-trivial (V' (T")| > 1)

tree with a distinguished vertex for which the lemma fails to hold. Let’ be



a minimal component of the grapghh = 7' — {v}. We must haveV (C)| > 1,
since a leaf-edge attached#aannot be swapped whenis required to be fixed
(consider the degree af before and after the swap). Let be the unique vertex
in V(C) which is adjacent t@ in T'. Pick any vertex in V(C') — {v;} which is
aleaf inC. Then/ is also a leaf inT’; let e € E(C) be the edge containing

V(T)
2

By hypothesis, there is att € ( ) — E(T) and an isomorphism : T" — T'
such thatr(v) = v, whereT” = (V(T), (E(T) U {e'}) — {e}). Sincec(v) = v
and we chosé&’ to be minimal, we must have C V(C). Now o permutes the
components ofr as vertex sets; 1t/ (C}), V(Cs), ..., V(Cy)) be the cycle ot
containingV (C'), whereC, = C. Letv; be the unique vertex it (C;) which is
adjacentta in 7', and letC? be the component &f’ — {v} containingy;. Note that
C; =Clifi # 1. Sowe have’, = O, = - - - = (), = (], where each isomorphism
is induced byo. We haveo(v;) = v;41 if 1 < i < k, ando(vg) = v;. Thus we
get an isomorphism’; = (' sendingy, to itself. Now we see that', violates the

lemma withv; as the fixed vertex, contradicting the minimality1of

Corollary 2 For everyi € Z/nZ with t; > 1, there is a leafl of T; meeting an
edgee of T; such that the swapping map replacese with an edge meeting (7})

for somei # j. We have; = ¢; — 1. In particular, o, acts non-trivially onC.

PROOF. Fixi € Z/nZ with t; > 1. For an edge of T}, if o.(v;) = v; theno; acts
onT; as a swapping map. By Lemma 2, this cannot happen for every leafkexge

T;, so there is am whose replacement does not Iie(ﬁj\). The result follows.

From now on, for each € Z/nZ with t; > 1, we fix a swapping map; with the
property of Corollary 2. We also let; denote the restriction of; to C', and¢(z)

denote the valug of Corollary 2.



Corollary 3 If i,j € Z/nZ witht;,t; > 1 andi # j, thenp; # p;. Further, if p; is
a reflection, ther (i) = p; (7).

PROOF. Choosei € Z/nZ with t; > 1. Fork € Z/nZ, lett; denote the size of

the tree pendant from, in the range=’ of o;. Let p = p,. Then we have

tk—17 Ifkizl,

~
~~
I

tk—i-l, Ifk:¢(l),

ti, otherwise.

Since we have, = t;(k) for all k£, we see that

1, if p(k) = 1;
Loty =tk =\ =1, if p(k) = ¢(4);
0, otherwise.

Thusi is uniquely determined by;. If p is a reflection, the has order 2, so,
takingk = p~'(i) = p(i), we havet; — t,;) = 1, ort,;) — t; = —1, which implies

p(i) = ¢(i), as desired.

Definition 4 Letd € Z/nZ. A d-segmenin d € Z/nZ is an arithmetic progres-

sion inZ /nZ with common difference.
Definition 5 Letj, f,k € Z with f|n, let
Sy={i€Z/nZ : t; =k},

and let
Bjf={i€Z/nZ : i=j (mod f)}.
Let

Oj.rk = Bjs N Sk.



We say that); ;. is full, empty, or partial if the cardinality oD, ;. is | B; f|, 0, or
neither, respectively. We calt; ; an f-band For f dividing n, let P; . be the union

overj of the partialO; ;. sets.

Lemma 3 Suppose that > 1 and Sy is non-empty. The®,, is non-empty if
f < n. Further, there existd € Z/nZ — {0} such thatP; is the disjoint union of
at most twad-segments whefi = ged(d, n). If the rotation byd is equal top; for

somei € Sy, thenPy, is a singled-segment, where agaifi= gcd(d, n).

PROOF. Choosek € Z such thatSy, is non-empty. For a rotatiom € D,,,, set
Alp) ={i € Z/nZ : t; =k andt,; # k}.

Let d be the amount of rotation; i.ep(i) = i + d for all i. Let f = ged(d, n).
Then the orbits op onZ/nZ are the band®; ; for j : 0 < j < f. We have that
A(p) intersectsB; ; non-trivially iff O; ;,, is partial, and we see thah(p)]| is the
smallest numbed such that the union of the parti@; ;. sets can be written as the

disjoint union of§ distinctd-segments.

If |Sk| = 1 then the result is trivial, so assums;| > 1, and leta, b € Si. First
suppose that, is a rotation, and let = p,. If i € Z/nZ andt; # t,.), thenp(i) €
{a,0(a)}; if p(i) = a, thent; = t,;) — 1 =t, — 1 =k — 1, while if p(i) = ¢(a),
thent; = ¢, + 1 =ty + 1 = t, = k. Thus we have\(p) = {p~*(¢(a))}, so
[Ap)] = 1.

So we may assume that andp, are reflections. Let = p, o p,. Theno is a
rotation, and by Corollary 3 and the fact that reflections have ordenfnot the
identity. Let: € A(o). Thent,;) # t;, SO eithert,, ;) # t; OF t, ) F Loy(i)-
Therefore; € {b, pp(b), pp(a), pppal(a)}. NOW t, = t, = t; = k, S0i # py(b). If
i # b, then we must have,, ;) = t; = k andt, ;) = k — 1, S0py(i) = a and

i = pp(a). Therefore A(o) C {b, pp(a)}, SO|A(0)| < 2.



Finally, suppose thaf|n and f < n. The bandsB; ¢, for j : 0 < j < f, partition
Z/nZ, so the set®); ;. partition S,. Suppose thaD; ;, is full. Then|O; ;.| =
|B, | =n/f > 2, sowe can choose distinct elemeat$ € O, ;. Then we have
the isomorphisnw, : G — G', witht/, =t, — 1 = k — 1 andt;, = t, = k, wheret,
is as in the proof of Corollary 3. Therefore, the baw(d, , in G’ is partial. Sincer,
is an isomorphism ang|, permutes thg-bands inC', thenG must contain a partial

f-band, namely, ' (O ;).

Lemma 4 Letk > 1 with S, non-empty, letl € Z/nZ be as in Lemma 3, and let

f = ged(d,n).
(i) If Py is a singled-segment, then we haye; ;| € {1,2,n/f — 1}.

(if) Otherwise, Py, is the disjoint union of twd-segments; and/, with |1;| > ||

and (11, I) € {(1,1), (2, 1)}.

PROOF. (i) Suppose thaf’;;, is a singled-segment. Then we can write;, =
{i,i+dyi+2d,...,i+0d}witht; = kforj =i+ mdwith0 <m < ¢and
ti—a # k, tize11)a 7 k. We may suppose thaps ;| > 2. Choose an interior point
Jj=1i+mdwith1 <m < /-1, and consider the swapping map: G — G'. We
must have that’; , is a singled-segment in’. Now the only way to fill the gap in
Py, left by loweringt; tot; — 1 is by havingg(j) =i —d =i+ (£ + 1)d, so we
must havg Py ;| = |Bj | —1=n/f — 1.

(i) By Lemma 3, we can say tha®; is the disjoint union of twai-segments
I = {iy, iy +d, ... 01+ 0d} andly = {ig,ia + d, . .., is + l2d}, where without
loss of generality|/,| > |I,|. Suppose for a contradiction thgt| > 3. Then
choosing a point of /; and consideringr;, we see by counting the number of
partial d-segments ir5;, and S}, that /; and I, must lie in the samg-band, with

o(j) € X :={iy —d,is — d,iy + ({1 + 1)d, is + ({5 + 1)d}. Choosingj to be an

10



interior point of I;, we see further thgtX'| < 3 and|»| < |I;| — 2. On the other
hand, considering = i; whenis + ({5 + 1)d = iy —d andj = i, + (¢; + 1)d when
i —d =11+ ({1 + 1)d, we find that I5| + 1 = |I;|, a contradiction.

Finally, we eliminate the possibility thaf;| = |I,|] = 2. So suppose that, =
{i1,41 +d} andl, = {is, i + d}. The only way to preserve two partidlsegments
of length 2 under the swapping mag;, ., is by moving an edge frornt;, ., to
T;,_4, SO we must have(i; + d) = iy — d. By Lemma 3, we can say that, 4
is a reflection, so by Corollary 3, we havgi, + d) = p;,+a(i1 + d). Since a
reflection in D,,, has the formz — —z + r for some fixedr € Z/nZ, we find
thatp;, +a(x) = —x + 2i, for all x € Z/nZ. Now asT;, andT},,, are not affected
by swapping an edge frorh, ., to 7;, 4, we can say that;, 4 acts as a 2-cycle
on {is, s + d} (a non-identity reflection inD,, cannot have3 fixed points), so

pi1+d(i2) = —222 + 221 = ’ég + d, and
2i; — 3iy = d 1)

in Z/nZ. On the other hand, considering, shows thatp;, (i1) = i; + 2d, so
pi, () = —x + 2i; + 2d for anyx € Z/nZ. Since we must havg, (i2) = i + d,

this gives

—2iy + 26y = d. (2)
By symmetry, we also have

2y — 3iy = d (3)
and

—2iy +2iy = d (4)

Subtracting (1) from (4) giveg = 0, while subtracting (3) from (2) gives = 0,

S01%; = 19, a contradiction.

11



Lemmab Letk € Z, k > 1, and suppose th&i; is non-empty. Let be as in the

statement of Lemma 3 and Igt= ged(d, n). Set
F, = {0‘ €Dy, 0 7é e anda(Sk) = Sk},

wheree is the identity element ab,,; that is, F}, is the set of all non-identity

elements oD,,, which fix Sy as a set. ThefF| < 1.

PROOF. Leto € F;. We proceed using the five cases listed in Lemma 4, writing
I, and I, for the (up to) twod-segments comprising’y;, with |I;| > ||, and

possibly with|I,| = 0.
Case 11/,| = 1 and|;| = 0.

Then there is a uniqugsuch that); ; ;. is non-empty, and we havg; ; ,, = {a} for
somea € Z/nZ. Becauser permutes thg-bands ofZ /nZ, this forcess (B; ) =
B; ¢, and sincer (Sy,) = Sy, we must have (a) = a. Thuso is the unique reflection

abouta Iin D,,,.
Case 2]/,| = 2 and|,| = 0.

Then there is a uniqug such thatO; ;;, is non-empty, and we can write; ;, =
{a,b} for somea,b € Z/nZ with a # b. Again we must have (B, ;) = B, s,
and soc acts on{a, b}. There is a unique reflectionin D,, which sends: to

b. Suppose that # 7. Then eithers is a reflection which fixes andb, or else
o is a rotation which sends to b andb to a. In both casesp must be even, say
n = 2m, andb = a + m. We must havel # m, since otherwise, we would have
f = d, and thef-band containing would be full, whereas we know thatc P; .

It follows thata + d # a — din Z/nZ, anda + d,a — d ¢ Si. Likewise, we have
b+d#b—dinZ/nZ,andb+ d,b — d ¢ Si. Consider the grapty’ which is the

result of applying the swapping map. In G/, at least on&-neighbor ofy, that is,

12



one ofb +d orb — d, is still not in Sy, andb € S, sob € P} . SincePy is closed
under addition byn, so isP} ;, and it follows that +m € P}, i.e.,a € Pj;. So

t;, = k, contradicting, = k — 1.
Case 3]I;| =n/f —1and|ly| = 0.

Then we can writé?;, = O; s for a uniquej, and we haveB; ; — O; s = {a}
for somea € Z/nZ. It follows thato(B; ;) = B,y ando(a) = a. Thuso is the

unique reflection about.
Case 4{I,| = | 5| = 1.

Then writel; = {a} andl, = {b}. As in Case 2, we have thatacts on{a, b}, so

we can proceed as in that case.
Case 5{;| =2 and|;| = 1.

Then writel; = {a}. We havet, = k, t,_q # k, torq # k. Further,a is the unique
element ofZ /nZ with this property. Since (S;) = Sy ando sendsi-segments to

d-segments, then fixesa, soo is the reflection about.

Corollary 4 We havesSy| = 0if £ > 4. Further, if |S3| > 0, then we havéS;| =
| S| = 1.

PROOF. Letk € Z, k > 3, and suppose th&}, is non-empty. Let? = {p; : 2 <
t; < k} and choose € H. Setc = Y-y, |S;]. By Corollary 3, we haveH | = c.
Also, fori € Z/nZ, we have that; = t,;) unless; < k. Thereforep(Sy,) = S;. It
follows from Lemma 5 that < 1. Since|S;| > 0 = |S;_1| > 0 (by Corollary

2), we also have > k — 2, so the desired result follows.

In the following theoremA(G) is, as usual, the degree of the graph

13



Theorem 5 Let G be a connected unicyclic graph with ancycle C, V(C) =
U1, Vg, ..., U, {0,041} € E(C). Lett; be the number of vertices in the trée
pendant fromy; in G. ThenG is 1-swappable if and only if it is isomorphic to one

of the following types:

(i) n =2mandt; = 2for j € {4,6,...,2m}, t; = 1 otherwise;
(i)n=3,t1=2,t,=1,t3=1;

(i) n=3,A(G) =3,t; =3,t = 2,t3 = 1.

(iv)n =5, A(G) = 3,t; = 2,ty = 3,t; = 1 otherwise;
(V)n=5,A(G) =3,t; =2,t3 = 3,t; = 1 otherwise.

We prove Theorem 5 using three claims. Some notatibf::, y) is the graphGy
with the edge{z,y} removed. Once{z,y} is specified, we may use onli.
G'(x,y) is the graph isomorphic t6 arising from H (z, y). The vertices on the
cycle C,, are denoted, 2,...,n, and a vertex of degree one T is denoted by

i’ or”. A vertex of degree two ifT; is denoted by*. By dist¢/ (7}, 7)) we mean
distg: (0(i), o (k)). Without loss of generality, in Claims 1 and 2 we assume that

n > 2j.

Claim 1 SupposeS,| = 0fork > 3,|S3| = |92 = 1,|S1| =n—2,t, = 2,t; = 3.
ThenA(G) # 4.

PROOF. We observe that if. = 27, then we cannot find’(n,n’) sinces(j) = j

ando(n) cannot be equal ta. Hencen > 25 anddistg(n, j) = j.

To show thatj < 2, we proceed by contradiction. L¢t> 3. Thenn > 7. Observe
that in H(j — 1, j) there are two vertices of degree 3, namelgnd;. If we want

to completeH (j — 1,7) into G’, we must join one of:, j to a vertex of degree

14



one. Becauseccy(n) < n — 2, joining n to any vertex will produce a cycl€),
for £ < n, a contradiction. Hence we must jojnto a vertex of degree one. The
edges{j — 1,5}, {7,7'},{4, 4"} all belong toG and{j, n'} produces a cyclé’; for

k < n, a contradiction.

Now let; = 2, and first suppose > 5. Then inH(2,3) we need to join one of
the vertices of degree three, namelyr n, to a vertex of degree one. All edges
{2,3},{2,2'},{2,2"} belong toG while adding{2, »'} produceg’}, a contradic-
tion. Joiningn to 2’ or 2” produceg”}, joining n to 3 produces”,, ,, and{n, n’}
belongs toG. Therefore;n < 5. Because: cannot be equal to 4 for the reasons
stated above, we have = 5. One can check that with these parameters is not

swappable.

Finally, we need to show thgt cannot be equal to one. Suppose that 1, so
n > 3, and remove the eddg:, 1}. ThenH (n, 1) has one vertex of degree three,
namelyl, and all other vertices of degree less than three. To compléte1) into
G', we need to joirl to a vertex of degree two other thanThis produceg’;, for

k < n or a multiple edge, a contradiction.

Claim 2 SupposeSy| =0fork > 3, |Ss3| = [S2| =1,|S1| =n—2,t, =2,t; =3
andA(G) =3.Thenn =3 andj =1,orn=>5andj € {1,2}.

PROOF. Asin Claim 1, we haver > 2j anddistg(n, j) = j.

Assumej > 4 and observe that to complet®j — 1, j) into G’, we need to join one
of the vertices of degree one, namelyj — 1, j' to a vertex of degree two to obtain
C, in G'. The only vertex at distance— 1 from j — 1is j, but{j — 1, j} € E(G).
At the same timegccy (n’) = max{n — j + 3,j} = n — j + 3. Forj > 5, thisis
less tham — 1, hence adding an edge adjacentit@roduces’ for £ < n. For

j = 4 the unique vertex at distanee— 1 from »’ is j/, which is also of degree

15



one. Finally, considej’. The only possibility here is to joi/ to j — 3, but then

dist(77,T3) = 3, which is not allowed.

If j = 3, we proceed similarly and investigaté(2, 3). We need to join one of
n',2,3' to a vertex of degree two to cloge,. The only vertex at distance — 1
from2is 3, but{j — 1,j} € E(G). The only vertex at distance — 1 from 3’
is n, which is of degree three. The only vertex at distance 1 from n’ is 3%,
and in the graphi’ arising from H(2,3) by adding the edgédn’, 3*} we have
dist (T, T;) = 2 < dist¢(T,,,T;) = j = 3. This is impossible.

Therefore; < 3. Supposg = 2. One can check thatif = 5, thenG is swappable.

If n > 5, look atH (n, 1). We again need to add an edge joining a vertex of degree
one,n’, 1, or2’, to a vertex of degree two. The only vertex at distancel from 1

isn, but{n,1} € E(G). The only vertex at distanee— 1 from »’ is 2, but it is of
degree three. The only vertex at distamce 1 from 2" isn — 1, but by adding the
edge(2’,n—1) to H(n, 1) we obtainH’ in whichdist ;s (7,,—1, T) = min{3, n—3}.
Becauselists(7,,7;) = j = 2, we must have: — 3 = 2 andn = 5, which

contradicts our assumption that> 5.

Finally, supposg = 1. Forn = 3, G is swappable. Ih = 4, thenH(1,2) cannot

be completed, s& with these parameters is not swappable.

Forn = 5, G is again swappable. Far> 6, we checkH (1,2) and try to join one
of the vertices of degree one’, 1, 2, to a vertex of degree two at distance- 1.

There is no such vertex far, since the only vertex at distange- 1 is 2. The only
vertex at distance — 1 from 1’ is 4. Adding the edg€ 1, 4} we obtainH’. But then
dist (75, Ty) = min{4, n — 4}, which must equallist(7},,7;) = j = 1. So we
must have: — 4 = 1 andn = 5, which contradicts our assumption that- 6. The
only vertex of degre@ at distance: — 1 from 2 is 1 and becaus¢l, 2} € E(G),

this edge cannot be added. This completes the proof.
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Claim 3 SupposgS;| = 0 for £ > 2 and|Sy| > 2. Thenn = 2m, andG is
isomorphic to the unicyclic graph withh = 2 for j € {4,6,...,2m} andt; = 1

otherwise.

PROOF. We prove this Claim in four steps.
Subclaim ISupposé,, =t; =2andt; =t, =--- =t;_; = 1. Thenj < 4.

Assume thay > 4 and look atH (2, 3). We need to join two vertices of degree one
to obtainC,, in G'. However, for anyi’ € V(H(2,3)) we haveeccy (i) < n — 1
and hence none of them can be used to prodycelhus we are left only witl2

and3, but{2,3} € F(G). Therefore,j < 4.
Subclaim 2Suppose,, = t; = 2. Then( is not swappable.

In H(n,1) the number of vertices of degree one is the same &5 therefore, we
need to join two vertices of degree greater than one to prodiycélowever, the
only such pair of vertices with eccentricities at least 1 isn, 1, and{n, 1} €

E(G). Hence G is not swappable.
Subclaim 3Supposé,, = t3 = 2 andt; = t, = 1. ThenG is not swappable.

In H(2,3) the number of vertices of degree one is one more thar ifiherefore,
we need to join a vertex of degree one to a vertex of degree two to praduce
There are only two vertices of degree two with eccentricity at least in H(2, 3),
namelyl and3. Vertex 3 would have to be joined back to 2, which is not allowed.
The only vertex at distance— 1 from 1 in H (2, 3) is 3’, but adding the edggl, 3’}
would produce two neighboring vertices of degree thre&'iBy Claim 2,G' = G

cannot contain such vertices.

Subclaim 4Suppose€,, = t, = 2,t; = t, = t3 = 1, and there exist$ > 4 such
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thatt; ., = t;1» = t;13 = 1. ThenG is not swappable.

By Subclaim 1 we have;,, = 2 = t,. We can assume without loss of generality
that the segments of three consecutive vertices of degree two are “closest” to each
other inG in the sense that if there ate# s such thatt, = ¢4 = 2,1 =

tk+2 = tk+3 =1 andts = t5+4 = 2,t8+1 = ts+2 = ts+3 = 1, thendlstc(k, S) Z j

As before, inH(3,4) the number of vertices of degree one is one more than in
G. Therefore, we need to join a vertex of degree one to a vertex of degree two
to produceC’,. There are only two vertices of degree two with eccentricity at least
n—1in H(3,4), namely2 and4. Vertex 4 would have to be joined back to 3, which

is not allowed. The only vertex at distanee- 1 from2in H(3,4) is4". If j = 4,

then adding the edgg, 4'} would produce five consecutive vertices of degree two
in G’, namely4’,4,5,6,7, which is impossible by Subclaim 1. jf > 4, then by
Subclaim 2 we havg > 6. But then we have two segments of three consecutive
vertices of degree two at distange- 2, namely4’,4,5andj + 1, 7+ 2,7 + 3. This

contradicts our choice gfas the minimum distance between them.

Therefore, we can conclude that there is only one segment of three consecutive

vertices of degree two and the assertion follows immediately.

3 Asymptotic Growth of the Swapping Number

In this section, we give a linear upper bound on the swapping number of a graph
in terms of the size of its vertex set, and then we show that the average swapping

number comes close to this worst-case bound, in the sense that it grows linearly.

Lemma 6 LetG = (V, E) be a graph om vertices . > 5), not isomorphic to

K,. Then the swapping numbkrnof G satisfiest < 2n — 7.
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PROOF. Lete = {x,y} be an edge of:.

Case ldeg(z) < n — 1 ordeg(y) < n — 1. Say without loss of generality that
deg(x) < n — 1, and leta be a vertex not adjacent ta Leto : V. — V be
the permutatiorfy, a) switchingy with «. The discrepancy of is |0(E) — E| =

|E —o(E)| =|{q € V : qis adjacent to exactly one afory} < n — 2.

Case 2deg(z) = deg(y) = n — 1. Let{a,b} € (‘2/) — E.Leto : V — V be the
permutationz, a)(y, b) switchingz with a« andy with b. LetQ =V — {a, b, z,y}.
The only edge inF — ¢(E) contained in{a, b, z,y} is {z,y}. All other edges in
E —o(E) meet{a, b, z,y} in one vertex, and the discrepancyoois 1 + {q € Q :

qis notadjacentta} + {q € Q : gis notadjacenttd} <1+ 2|Q|=2n—7.

We note that this bound is achieved wh@ris the complete bipartite graphi, ,

(r > 1) with the edge in the partite set of size 2 added.

Theorem 6 There is a positive constaatsuch thatPr(sw(G,) > en) — 1 as
n — oo, wWhereG,, is a graph chosen uniformly at random from the set of all
graphs onn vertices{1, 2, ...,n}, sw(G) is the swapping number ¢, andPr is

the probability function.

PROOF. Fix a positive integer and setV = [n|] = {1,2,...,n}. Letk be a
positive integerk < (g) /2. Let o be a permutation of . Let us count the number

of graphsG with V' (G) = V for which ¢ has discrepancy.

Form a directed graph (with loops allowed) as follows. Sét(T") = ([’2"‘]), the
set of all potential edges @f. Note thats acts onV/ (I') in a natural way, namely
o({a,b}) = {o(a),c(b)}. SetE(I") = {(e,0(e)) : e € V(I')}. Thus,I" is a

collection of disjoint cycles, namely, the orbits@bn ([g]).
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LetT'y,...,T'. be the components df, and choose a representative € V (I';)
for each i. Letf be the number of fixed points ef acting onV'. Let ¢; be the
number of components df of size 1. Note that; = (5) + t, wheret is the
number of2-cycles ofo acting onV. We havet < (n — f)/2 andc < ¢ +
((5) =) /2 < ((5) + (5) + *5L) /2. Wiiting r = n — f and simplifying, we

findc < (3) — "2

We next designate the elements of the symmetric differ¢hee (E — o(E)) U
(c(E) — E), by selecting a set afk vertices ofl". The only restriction is that there
must be arevennumber of elements of in each component df. In particular,

we cannot choose elements®to be edges both of whose endpoints are fixed by

o, and so the number of choices f6ris at most(@);k(g)). Since (’2‘) - (J;) —

r(2n—r—1)

5 < nr, the number of choices fdf is at most(;‘;).

Finally, we determin&z completely by specifying, for eaghwhether or notn; is

an edge of7. The number of choices hereds

Therefore, the number of graplis for which ¢ has discrepancy is at most
o(5)-"5 (37)- The number of permutations of with £ fixed points is at most
(’;) (n — f)! (first choose thef fixed points, then choose a permutation of the re-

mainingn — f points)= (’j)r! = #’T), < n’". Letg(n, k) denote the total number
of graphsG such thatV’(G) = V andG has swapping numbdr. Summing over

all o, we find

D o (r) =2 [nr ") e~ (ol tloes(m)—2\T [T
g(n7 k;) S Zn 2(2) 4 (2]{:) :2(2)2 (22+1 g2 (n) 4) <2k,>

r=2

Forn large enough, we have+ log,(n) — % < —%, so we can write

g(n, k) < 2(2) Zn: o—rn/5 (g}:)



From Stirling’s formulan! ~ (%)n V2mn, we deduce

() <e-ary

enr

for any fixedes with 0 < e < 0.5, r > 2, andn large enough. Since

lim e (1 —¢g) =1
S

we can choose ansmall enough that=(1 — £)°~! < 21/ ande < 0.1.

Let &(n, k) denote the number of all graplis such thatV'(G) = V andG has
swapping numbeat mostk. Fix a k£ with & < en. Then we haveb(n, k) =
Stoag(n, 0). 11 < £ <k, then(5)/(/7) = (nr = 20+ 1)/(20) > (nr —
20)/(2¢) > (1 —¢€)/e > (1 —-0.1)/0.1 = 9. So we have

() =3 el < (oo 2(2)

Therefore,
(") = 77“n/59 nr (") = frn/59 nr/10
@(n,k)§22 22 — < 2\2 22 -2
r=2 8\2k r=2 8
B 9 (n) n /10 9 (n) 27211/10
=g2¢ 7;22 < 2%
Thus,

lim &(n, k)/2(2) =0,

n—oo

which completes the proof.

4 Conclusion

The classification of-swappable trees fdr > 2 requires further study. In addition,
we are unaware of any infinite families dfswappable graphs other than those

described by Example 2.
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Until now, the prevailing definitions of network reliability have focussed on pre-
serving connectivity of the network, and not on preserving its logical structure [1].

By changing this focus, a possible application of 1-swappable graphs to network
design is as follows. Assuming that the physical location of nodes in a network is
immaterial, but that maintaining the logical topology of the network is critical, and
that connections between nodes are expensive to add or remove, then a 1-swappable
graph gives an optimal design for the problem of correcting for an arbitrary faulty
connection. This is because a 1-swappable graph provides a network topology in
which a faulty connection may be replaced by a single new connection (as the faulty

one is being repaired, say) to produce an equivalent logical topology.

It is possible to define several natural variations of the notion of swappability. To
definevertex swappabilitywe require that for every € V(G), there is an element

w ¢ V(@) and an isomorphist& — G’ = (V', E'), whereV’ = (V(G) — {v}) U

{w}, E(G —v) C E', and the neighborhoodS(v) and N¢/(w) are distinct. In
view of this definition, we use the teredge-swappablto refer to the notion which

we have employed in the preceding sections of this paper.

Stronger than vertex swappability but weaker than 1-edge-swappability is the con-
dition that for everyv € V(G), there is an edge € E(G) meetingv such that
can be replaced by a non-edge(oto produce a graph isomorphic & We may

term this conditiorweak edge-swappability

To strengthen the notion of edge-swappability, we defin be r-fold 1-edge-
swappable if for every € E(G), there are at leastdistinct elements’ (‘2/) —
E(G) such thate’ is swappable withe. A somewhat trivial example of an-fold
1-edge-swappable graph is the graphrovertices with only one edge, where we

may taker = (;‘) - 1.
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