Today’s topic:
frequency response



Small-signal analysis applies when transistors can be adequately characterized by their
operating points and small linear changes about the points.

The use of this technique has led to application of frequency-domain techniques to the
analysis of the linear equivalent circuits derived from small-signal models.

The transfer function of analog circuits to be discussed can be written in rational form
with real-valued coefficients, that is as a ratio of polynomials in Laplace Transform
variable s,
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The transfer function evaluated on the imaginary axis, H(jw,,), is its frequency response which may written in
terms of its magnitude response |H(jm,,)| and phase response ¢ = ZH(jom;,).

H(jmi,) = [H(jo,)e* 4.11)

zeros are —Z,,—Z,... and the poles are —®,, —m,.... It is also
common to refer to the frequencies of the zeros and poles which
are always positive quantities, |z,|, |z,|... and |®,/, |®,]..., since
these are physical frequencies of significance in describing the
system’s input-output behavior.

Key Point: The transfer functions in analog

circuits throughout this text:

a) are rational with m £ n

b) have real-valued coefficients, a; and b

c) have poles and zeros that are either real

oF appear in complex-conjugate pairs

Furthermore, if the system is stable,

d) all denominator coefficients b; > 0

e) the real part of all poles will be negative 3



4.1.2 First order circuits

A first-order transfer function has a first order denominator, n = 1. For example,
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It is a first-order low-pass transfer function.
It arises naturally when a resistance and capacitance are combined.
It is often used as a simple model of more complex circuits, such as OpAmp.
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Step response of first order circuits

Another common means of characterizing linear circuits is to excite the with step inputs
(such a square waveform).
Consider a step input X;(t) = A,,u(t) where u(t), the step-input function, is defined as

0, t<0
u(t) = '
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The step function u(t) has a Laplace transform given by
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Key Point: For a first-
order lowpass transfer
Sunction with dc gain
Ag>>1, the unity gain fre-
quency is o=Agm_sqg and
ZA(m,)=90°.



4.1.3 second order low-pass H(s) with real
poles
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The coefficients t,, 1, or w;;, m,, are either real and positive, or occur in complex-conjugate pairs.
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Here, wo is thé resonant o e frequency and Q the quality factor, K the DC gain of H(s).
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Wp1, Wp2 are widely-spaced real poles

For the special case of real poles m,, « ®,,, we have Q « 1,
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gy = Do
H(s) = K[ R o1 __ Op o :|
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The step response consists of two first-order terms, and when wp1 <<wpz, the
second settles fast and for t >>1/wp:, the first term dominates.



4.1.4 Bode plot
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4.1.5 Second-order low-pass H(s) with
complex poles
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where A, = 4/2-4Q" and 0 = tan J4Q" 1.
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4.1.5 Second-order low-pass H(s) with
complex poles

1. The step response in this case has sinusoidal term whose envelope
exponentially decays with a time constant equal to the inverse of real parts of
poles, 1/wr=2Q/wo.

2. A system with high Q factor will have oscillation and ringing for some time. The
oscillation frequency is determined by the imaginary parts of the poles.

3. Insummary, when Q<0.5, the poles are real-valued and there is no overshoot.

The borderline case Q=0.5 is called maximally-damped response. When Q>0,5,
there are overshoot and ringing.
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4.2. Freguency response of elementary
circuits

Small-signal analysis is implicitly assumed as only linear circuits can have well-defined
frequency response.

The procedure for small-signal analysis remains the same as that in Chapter 3 for
single-stage amplifiers, however parasitic capacitance are now included.

12



4.2.1 High freguency small-signal model
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4.2.2 Common-source amplfier

| | Note: assumed that Q1, Q2 are in active mode.
Q; | i Q
The capacitance C, is made up of the parallel connection of the drain-to-bulk capacitances

| of Q, and Q.. the gate-drain capacitance of Q-, and the load capacitance C,.
bias

¢ —0O V..

— CL Cz = Cdbl + Cdb: + ng: + CL
R, R; = rysi||Fasz

Ve 0—AN II: Q =

— _gn'llFt2£] —Sgi%j

Vi, l1+sa+s’b

AN - H & * +—o0 Vout

+
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Chapter 4 Figure 14 a = HE[CQSI + ngl{l + OmiR2) ] + H:[Cgm +C,)
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Assuming the poles are real and widely separated with m,; « m,,,
1 1
d Hs[cg5]+cgd](l +ngH2}]+F{2{ngI +C£)

M2 = ! M., = g"”CE‘:”
i pz _—
Cgslcgdl + Cgslcj + nglcz

gD

_Om
ngl

Since my, « My, M, , a dominant-pole approximation may be applied for frequencies  « m,,, m,,

M, =

A(S) ~ ALI' — _gmH:

i 1 +S{Hs[cgsl +ng](l +ngH2}]+H2{ngI +CE}}

1 +

]
Hs[cgsl + ch_:u:ll(I + ngHZ}] + HE(ngI + CJ)

(ﬂ—.’:dB = (ﬂp] =

If C, is large, we have

Note that both ®,, and ®, are proportional to the transistor’s transconductance
O having a large transconductance is important in minimizing the detrimental
effects of the second pole and the zero by pushing them to higher frequencies. 15



The high-frequency analysis of the common-source amplifier illustrates the
critical importance of utilizing approximations in analog circuits, both to expedite
analysis and to build intuition.

One more reason why analog design is tough.

16



4.2.3 Miller effect
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Miller effect applied to CS amplifier

Miller effect allows one to quickly estimate the 3dB bandwidth in many cases.

1
AN ° H ? ¢ +—o Vout

Vin @ Voo ——"981 g1V J,> R, 2 C, =

Vout

TR A A

ngl(1+gmlR2) ngl(l"'g IR)
mit 12

Chapter 4 Figure 18

19



4.2.4 Zero-value time constant method

Except Miller effect, the most common and powerful technique for frequency response
analysis of complex circuits is the zero-value time constant analysis method.

It is very powerful in estimating a circuit’s 3dB bandwidth with minimal complication and
also in determine which nodes are most important.

Generally, the approach is to calculate a time-constant for each capacitor in the circuit by
assuming all other capacitors are zero, then sum all time constants to estimate the 3dB
bandwidth.

Detailed procedure:

a. Set all independent sources to zero. That 1s, make all voltage sources into
short circuits and all current sources into open circuits.

b. For each capacitor C, in turn, with all other capacitors taken to be zero (mak-
g them open circuits), find a corresponding time-constant. To do this, replace
the capacitor in question with a voltage source, and then calculate the resis-
tance “seen by that capacitor,” Ry, by taking the ratio of the voltage source to
the current flowing from it. Note that in this analysis step, there are no capaci-
tors in the circuit. The corresponding time-constant 1s then simply the capacitor
multiplied by the resistance it sees: 1, = R,GC,.
¢. The -3dB frequency for the complete circuit is approximated by one over the sum of the individual capacitor
time-constants.®

! ! (4.14

ZT" Z R.C, 20
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Example 4.9 (page 174)
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Chapter 4 Figure 19 / |
The same as obtained previously Ru[Coer + Coar(1 + GmiR)] + Ro[Cs + Cgen] 21




Design example 4.11 (page 177)

o H—i o

Ibias
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W _ 348 = !
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Chanbter 4 Figure 13

We are to design the common source amplifier in Fig. 4.13 to provide a gain of 20 while driving a capacitive load
of G, = 100 fF with maximal bandwidth. The transistor parameters are those listed in Table 1.5 for the 0.18-um
CMOS technology. The input source resistance is R, = 40 kQ and the supply voltage is 1.8 V. The ideal current
source ly.e sinks 50 pA and the total power consumption is to be less than 1 mW.

In this example, the load capacitance is modest and source resistance is high, so Cgd1 may
become a major limitation of the bandwidth. This means that Wishould be small.
So, given a current, Vefi1 has to be relatively large: choose Vefi1 to be 0.3V
Then suppose Li<<L2 so that rds2>>rds1 SO R2=rds1 and Ao=-gm1irds1

21 1 2L
AU = —Omifgs) = = = - I 22
VE"_] -}L-IDI -}'-L1Vall,]




Design example 4.11 (page 177)

Then solve Lito be L = |AyfiLVey, = (20/2)-0.08 pm/V - 0.3 V = 0.24 um

Then note that increasing drain current of Q1 while keeping Ve1=0.3V will increase gm:
and reduce rdas1 roughly in proportion, which results in about the same gain, but a smaller
Rz is achieved which increase 3db bandwidth. So, bandwidth is maximized by maximizing
the drain current of Q1.

o, = “MW 50 1A = 500 pA

1.8V

Then, we can compute the required gate width

I W, 2
lpy = El-‘-nooxrllvéru
W, = 2lp,L,  _ 2-500 pA:{}.Zr-t prﬂn ~ 10 pm
anuxviff_l 2?0 HA‘H"'F_({)-3 V)L
To ensure L2>>L1, we can take L2=3L1=0.72pum
Then, we can arbitrarily and conveniently set W2=3W1
Finally, Q3 is sized to provide the desired current mirror ratio Ly = L, = 0.72 pm
W, =W (SD“A)_Zium
500 pA

Then, need to make sure that all transistors are in active region 23
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Design example 4.12 (page 178)
R:Cgsi + R.C, + [Ro(1 + 9. R2) + R,]C g,

W _ygp =
o 1 a
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Chapter 4 Figure 13

We wish to design the common source amplifier in Fig. 4.13 with minimal power consumption while providing a
3-dB bandwidth of 5 MHz and a gain of at least 20 using the transistor parameters listed in Table 1.5 for the 0.18-
um CMOS technology with G = 10 pF and R, = 1 k€. The ideal current source |y, is 50 pA.

In this example, the load capacitance is very large and source resistance is small, so Cz
may become a major limitation of the bandwidth, so
® g8 = 1/(Fgs1||fas2)CL = 27 -5 - 10° rad/sec
(Fos.1||Fus.2) = 3.2 kQ

Note that (rys 1| |Fgs.2) = 1/lg(k; + ;). To minimize |y and, hence, power consumption we require large A, and
A» which in turn demands small L, and L.. Therefore, we use the minimum possible in this CMOS process. 24



Design example 4.12 (page 178)

Q; E Q, L, = L, = 0.18 um
Ly = ko = (0.08 pm/V)/0.18 um = 0.44 V'
I ias
° ——o—0O V.. _ _ | _
drain current is found. lo = = 350 pA  rds=2rds1
| L C|_ ds
R . To meet the gain requirement,
Ve —AN—[C @ = 21, ] 2 1
|Au| = gm|{rd5.|||rda:) = . = : =20
— Verr.| (A + }b:)ID 1‘-"'aeﬂﬁ (A + As)
Chapter 4 Figure 13 — VE”-] - 2 - I 14 ]'n‘!.,-"
200044 V' +044 V'
For some margin, we take Vg, = 100 mV and the resulting transistor width is
W, = 21, L, _ 2-355 uA-0.18 pin ~ 47um
270 pA/VI(0.1 VY

l-l-ncoxviff. 1
The width of Q, may be chosen the same, W, = 47 um and the size of Q; chosen to provide the correct current

ratio in the current mirror formed by Q, and Q;:
(W,/L,) _ 50 pA
(W,/L,) 350 pA

= L; = 018 pm and W, = 6.7 pm

25



Comments

The above two design examples illustrate the manual analysis to provide an initial design

solution, which thereafter needs to be refined iteratively using simulation. A number of

challenges here:

1. there is no guarantee that the initial solution is valid or good;

2. the refinement may take many many iterations until a good design is achieved;

3. ateach iteration, what are not working or good in the circuit, what parameters to
modify, and how to modify them requires in depth understanding of analog circuits.

What about those cases when it is hard to decide which capacitance dominates?

Experience counts here, after you had many designs and were aware of the biasing
conditions, capacitance conditions?

The time domain response of common-source amplifier? (two widely spaced poles)

26



4.2.6 Common-gate amplifier

-~ Active load

| L 4 V
O out

lin Rs C,=Cup+CL+ ng

Chapter 4 Figure 20
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We estimate the time constant associated with Cgs (note that Cgs is connected between
source and ground therefore may need to include Csb).

1 A
T—— _(] + i
gm - rds
. _ , . .
R, = r|Rs = —[|Rs = —  Under the assumption that R, is not too much bigger than r,,
m m
Cos -
T, = (1 | Re)Cys = assumes i, « R,
m
HE = IqL” Fa fa = rds{] +gmH5)

T: = (RL” rd'|)CE = HLCE

| -I? *
Vgs = —Vs A
i Vs <> grds § R
® ———
Fin f Vg -
(" ——
' T 5 The —3dB frequency will be approximately given by 1./(1, + 1,).
R : : : : :
vi O * Superior 3dB bandwidth, but input impedance is too small.
i 28

Chapter 4 Figure 21



4.3 Cascode gain stage

Compared to CS amplifier, CG amplifier has much better 3dB bandwidth, but much
smaller input impedance.

To achieve a good tradeoff, we can combine a CG amplifier with a CS amplifier.

& Ibias Ibias,1

—>  [in2
¢ —o0 Vout
Q,
Vbias O_l : C)2 — CL Vin O_/V\/_l 01 jI_O Vbias
RS
— = ¢ —O Vo
Vin Q V'V |

o,
R :IT— lbias2 C*) T Cu

(a) (b)
Chapter 4 Figure 22

Telescopic Folded-cascode



Small-sighnal model for the cascode

P ® —0O Vout
gm2vs2 <f> 5 i §
R v CQC” Fds2 Cout__ I:{L

Vin O—AN ® 1 ® oV, —— —
L; I"in2
Cgs;1 gm1vg1 Fds1 CSQ

Chapter 4 Figure 23
Cout=Cgd2+Cdb2+ Cr+Cbias
Using zero-value time constant method Cs2=Cdb1+Csb2+Cgs2

Tout = Romcoul = {rdEHRL)Cam Please derive Rout
teer = CouiRs D See slides 30 (Ch3)

The resistance seen by C, is the parallel combination of r;,, and rg,,.

Tsas = (Minal[Fas1)Csa = Y= The total resistance seen at the drain of Q1 is foollr
Qinz + Qas in2 [l Tdsg1-
T, = [R(1+gm R+ R,]Cq, Vg i
Tgd1 = {R,[1 +gm|{rin2||rd51)]+(rin:”rdsl)}cgdl Vo = F 2

@ -
= RJ[1+ Qm|(rm2||ru5|]]cgd| See Slide 21
R, GeniVign R:
Tiotal = Tout ¥ Tgs) + Taa ¥ Tgay \ Miller effect



On the Miller effect on Cgat

gdl

C
Vin Rs I_. Foer
AN
Vg1

Q,
h e

Vso 0——¢

=

=

Vs2 0o——¢ u

— " . Vg1 m
AN T I: Q,

[1 _(Vsz/vgl)]cgdl
= [1 + gml(rinZHrdsl)]ngl
Chapter 4 Figure 24
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Example 4.13, 4.14 (page 184-185)

Estimate the —3dB frequency of the cascode amplifier of Fig. 4.22(a). Assume that the current source |y, has a
high output impedance, on the order of R, =g,,,ri,. Further assume that for all transistors, g, = 1 mA/V,

ras = 100kQ, Cy = 0.2 pF, Cyy = 151F, Gy, = 40 fF, and Cy, = 20 fF. The other component values are
R, = 180 kQ,C, = 5pF,and C,,. = 20 fF.

ng = Cdbl + Csb? + Cgsj = 026 PF
Ccrm = ngl + Cdb} + CL + Cbias = 5.055 pF

when l,.s has high output resistance, fiq, = lge.
Tgs1 = RsCysi = 36 ns

ri i . : L oy .
Toar = %Cgm = 75ns This approximation is valid since Rs is the same order as ras

%CSE = 13 ns
2
Tout = [gmrés”gmrésjcout = 253 s

Tgr =

1
W 34 = = 2n x 6.3 kHz
Tgsr + Tgar + Teo + Tout

Recall that a large gain of the cascode amplifier requires the Ibias to have an
output resistance on the order of R, =~ g,,ri,. In this case, and especially when

there is also a large load capacitance Ci, the output time constant tou = 9nlesCou/2

would dominate. -



4.3 Source follower amplifier

The SF amplifier may have complex poles and therefore ringing and overshoot may
happen for a pulse input.

=|_: a1

/ Chapter 4 Figure 26

Norton equivalent circuit
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Chapter 4 Figure 27

V
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N, 1
+ =
— Vgs1 f Fds1
- Im1Vgs1 Os1Vs1
® O Vout
— C,

Cs=C.+GCsb1

Chapter 4 Figure 28

Hsl = Tygs: ”rl':|52 ||[ If’fgsl)
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Vour _ scgsl + Qm)
Ugl E'::'ci_:gsl + Cs) + gn‘l] + lG‘s‘.l

Next we find the admittance Yg looking into the gate of Q1 (but not
including Cga1 as it is already combined into Cin’).

i sC...(sC. + G,
ig| = (Vgl_vout)scgsl SYQ = 1 _ g I{ + 1)

/ 1I"'rlgl S(CQS]+CS}+QI‘HI +G91
I = UQI{SC'In'FGin“‘“Yg)ﬂ h = S(CQS|+CS)+9’”' + G,
lin a+sb+s’c

a= G(gm + Gy )
b = Gin{Cgs] +C)+ C'in(gml +Gg)) + 0951651
c = CQEICE + C1in{cg51 + CS)

A{E) - IIIl"Inctu1 - chsl +an_|
I a+sb+s’c

N(s)
A(s A(GJ] .s .8 Recall Q<0.5 if no overshoot
®m,Q  ®]
-

Wy = J Gin(gml + Gs])
095105 + Clin(Cgsl + CS}

O = '\/Gin(gml + Gsl}[cgﬁlcs + Clin{cgsl + Cs)]
Gincs + CTin(gmL + Gsl) + Cgslel

35



If load capacitor Cs is very large compared to other capacitors such that

Gsl “ an and Cs"’gml » Hir1(c;4_:|sl + Cin') that {:} «0.5

lG:‘irm(grrll + G5I) ~ le
G'in"r:'s‘l' Clin{gml + Gs]) + Cgs]GSI - Cs

then ®, = Quo, =

the zero-value time constant corresponding to the load capacitance C..

I
Note tcs = Cs * Rs, where Rs = L || ras2 = —|

/ ngll gml

The resistance looking into the source of Q1

fin = i = (ill ill rdsl)(l + ::) = gl (l + rlj:.] = $| As RL = 0 in this case

[f Q is greater than 0.5, the poles will be complex-conjugate and the circuit will exhibit overshoot. For exam-
ple, when C';, and G, become small® then the circuit will have a large Q (i.c., large ringing) when G;, becomes
small and C, = C,. Fortunately, the parasitic capacitances and output impedances in practical microcircuits typi-
cally result in only moderate overshoot for worst-case conditions.
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4.5 Differential pair

When using T model for differential pair, the analysis may be simpler compared to the
hybird-pi model.

Vs

Ibias

Chapter 4 Figure 32
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4.5.2 Symmetric differential pair

In the small-signal model, half circuit is analyzed to allow simpler analysis.

Also note that the Vs node is small-signal ground due to symmetry, so Csb1 and Csb2 can
be neglected.

The half circuit corresponds to that of a CS amplifier, so the 3dB bandwidth is either

1
0 g = _ S
= BICon+t Con(1+ 9mRY] Where R2= Ro| | rds

or  1/[R2* (Cgd1 + Cdb1 + CL)]

Which one is the 3dB bandwidth depends on the C..

38



Active loaded differential pair

Again note that Vs is at small-signal ground, so half circuit can be used for analysis.

Again the load capacitor will determine which one is the 3dB bandwidth.

Vourt o—l B « I—o Vourz
C

LI Vm"—":lu, ng:"—" VmI “
o
1 ()

f
oL~ 277 (1o 1 1)[C +C gy +Cys + Cypp + Cps]

1
f
27 27 R[(L+ Gy (T / 1,3))C oy + Coa]
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Current-mirror loaded differential pair

Capacitance at input node of the current mirror: C, = @ Capr + Cipz + Cpz + Cpyy +

Capacitance at the output node: ¢, = + C i ++ Cups+ C,

From Miller effect

t_>|Q$ Q4Elis1 -T—
‘ | 4_||‘0m =0 I—'v—IItQ o

Vin Q1 PA Q2 +Viu/2 C}_II:QI QzZII—O —V./2
O RS
(') | [ Note that Q1 will conduct an current of gmVis/2
flowing through Q3 (the parallel of 1/gm3 and Cm),
v where we neglected the effect of ras1 and rdsz2, so
Chapter 3 Figure 19 V./2
Va — g.ﬂ‘] HF

Em3 +5Cm



Capacitance at input node of the current mirror: C, = Coa + Cupr + Cips + Cps + Cos
Capacitance at the output node: ¢, = C,,, + Cppo + oy + Cupu + C,

In response to va transistor (J, conducts a drain current

| = g Va = Emi Em V.'J‘f;z
X " ° Em3 + SCFH‘
l . Since g, . = g, this equation reduces to
T E
rsSE: Va | F égmdva I _ ng.iu"fz
- _ -Ix4 . C
Cm T led | +5—=
lo Ems

Now, at the output node the total output current

J{U = -|x4-|x3

' Via! 2

= g F1(-|- +gm{ V.i-.n”/z}
1 +s5—
gml

C

| + 5—=
‘fu zgml
— =g, —

1 +5

l Chapter 3 Figure 20

&y
I
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gm}
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Capacitance at input node of the current mirror:
Capacitance at the output node:

r53

- .
:‘L"'Va . i: égmdva
T Cm 1 s
t —
s
N
M E—

Cp=Cn+Cu +Cu+Co 5+ C iy

Cr=Cop+CpatCopy+Cupy+C,

Ve can them multiply Gm with the total load
mpedance to obtain the voltage Vo

V=1,
R—U ‘|'.!|-'[:ll,u_

R

[

= G,V
"+ sCLR,

-I Cﬂ‘]
+ 5
I"’ 2}{ 1 i I !
2 — r R — L |
V.iu' {.é'ﬂ' ”) | +S(-‘m t\l +I5I[1LR|-_J/I
Em3

Ru = Fa2 || Fod

Compared to the fully differential version, the current-mirror differential amplifier
adds one more pole to the transfer function, therefore may significantly affect the

frequency response.
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Simplified small-signal model for

If output load capacitance is dominated, then the following simple model can be used.

Vout
A'u = = = O Zout

Vin

zvul = ru.'.n.,|1 || I”,(SCL}

1 1
rCIIJICL (rdsﬂ || rd54)CL

(U__;UB =

+ O— ® —0O Vout
Vin gm1Vin<vl> rout$ CL
- O— |
= _— _—

Chapter 4 Figure 37



A
+—oO _ Ro 2
" o—AMHL Q Qi — 0 Vo
Rs - Om1Vgsi
lpia Rs T <¢> ngVgs2<¢> T ™
Vin O—/A ® ¢ * -
+ __Cgs, Cgsq__ + =
T A
o o
Vs
(@) (b)

Chapter 4 Figure 34
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Vin O—ANA ® ® ®

ngl

ANN—
e

ST I

Chapter 4 Figure 35




Vin C

A1 gV

Chapter 4 Figure 36
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