Alphabets and strings

Strings are a simpler version of lists, in which all list elements come from a
finite set of symbols, called an alphabet.

Because of this simpler structure, there is no need to use " (", “)" and “”
when representing strings.

For example, if the alphabet is {0, 1}, we write

010
to represent the string of length 3 that corresponds to the list (0,1, 0).
But this simplified notation for strings imposes a slight cost. We need a
notation for the empty string — the string of length 0. It is written

A.

Eventually we will work with strings alot, and so we also introduce a convenient
notation for the length of a string s:

Is] -



Languages, string concatenation

Given an alphabet A, a language over A is a set of strings over A.

For example, 0, {A},{a}, {A, a, aa} are all languages over the alphabet {a}.

We write A* to denote the set of all strings over alphabet A.

Notice that A* itself is a language over A.

If x and y are strings, we denote their concatenation by writing
Xy .
For example, if x =01 and y = 10, then

xy = 0110, yx = 1001, xx = 0101, yy = 1010, xyx = 011001 .

Notice that, for all strings s,
Ns =s=3sA.

For any string s and n € NV, s” denotes the concatenation of s with itself n
times:
s° :/\,s1 :s,s2 = ss,s3 = sSs, ...



Here are some examples of the use of exponent notation for string
concatenation:

{a"|neN}=
{ab" |neN}=
{a"b" |neN}=

{(ab)" | neN} =

{xx" | ne N,xe{a b} } ={a,b}*?



Products of languages
The product of languages L and M is the language

IM={xy |xel,yeM}.

For example, if L = {0,1} and M = {A, 0}, then
LM = and ML =

Notice: For all languages L,
L{A} ={A}L =

and

L) =0L=
We also have exponent notation for language products:
L"={x1-xp|forall i (1<i<n), xe€L}.
The special case when n =0 is given by
L°={A}.
What is L ?

Notice that L™L" = ™",



(Kleene) closure of a language
The closure of a language L, written L*, is defined as follows.
=
ieN

Consider some examples:

{0}

{00}"
{0.1)"

{0y {1y =
Ay =

0" =



Positive closure of a language

The positive closure of a language L, written L™, is defined as follows.
Lt = igf Lt
For all languages L, LT U {A} =
If A€ L, then LT =L*7?
L =
(L) =

LTLT =

(L) =



Counting strings

How many strings of length k over alphabet A?

How many strings of length 5 over {a, b, ¢, d} that end with a or b?

How many strings of length 5 over {a, b, ¢, d} that end with a or b and contain
at least one ¢?



How many strings of length 5 over {a, b, ¢, d} contain at least one ¢ and at
least one d?

We can begin by subtracting from {a, b, ¢, d}° the strings that either lack ¢ or
lack d.

{a,b.c,d}* — ({a,b,d}° U{a, b, c}")|
= |{a, b,c,d}’| — [{a, b,d}° U {a, b, c}®|
= 45 - ‘{‘37 b7 d}s U {37 b7 C}5|
(and because |[AU B| |A| + |B| —|AN BJ)
=4°—([{a,b,d}° |+|{a b, c}’| - [{a, b}*|)
— 4 (343 -2
=4°—2(3°)+2°



