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Chapter 1

Nonmonotonic Causal Logic

Hudson Turner

This chapter describes a nonmonotonic causal logic dedifpmeepresenting knowledge
about the effects of actions. A causal rule

¢=9

where¢ and+ are formulas of classical logic, is understood to expreas(the truth of)
1 is a sufficient condition fo's being caused. A causal thedFyis a set of causal rules,
and is assumed to describe all such sufficient conditionss,Tsiven an interpretatioh
the set of formulas

T'={¢|¢p<=veTandl v}

can be understood to describe everything caused in a wochl &8/ (according tor).
The modelsof causal theoryi” are those interpretations for which what is true is exactly
what is caused: that is, the interpretatidnsuch thatl is the unique model of’'/. This
fixpoint condition makes the logic nonmonotonic; addingsaduules tdl” may produce
new models.

Causal theories allow for convenient formalization of sabhllenging phenomena as
indirect effects of actions (ramifications), implied actipreconditions, concurrent inter-
acting effects of actions, and things that change by thereselThese capabilities stem
from a robust solution to the frame problem [33]: one canew@usal rules

Ft+1 = Ft+1 /\Ft

1.1
—Fip1 <= 2Fq A F (1.1)

saying that a sufficient cause for fluefts being true (respectively, false) at tinter- 1

is its being so at time and remaining so at time+ 1. In this way, persistent facts are
effectively said to have inertia as their cause. On the dthad, the fixpoint definition of a
model of a causal theof¥/ requires that everything have a cause (accordirif)i@nd so
any facts not explained by inertia must have some other eagitan. Consequently, in the
context of the fixpoint condition, the inertia rules (1.1pt&e the commonsense notion
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that things don’t change unless they're made to. (The frarablem is briefly discussed
in Chapter 6 as one of the motivations for nonmonotonic gand other solutions to the
frame problem are presented in Chapters 16-18.)

In a causal theory, one easily describes not only directtffef actions, but also their
indirect effects, and even interacting effects of conaureetions. For example, suppose
there is a large bowl of soup, with left and right handles. \Ale describe the direct effect
of lifting each side as follows.

up(left);11 < lift (left),

up(right),1 < lift(right), (1.2)

More interestingly, we can then describe, without refeegiocany action, that if only one
side of the bowl is up, then there is a cause for the soup’'gispilled.

spilled, <= up(left); # up(right); (1.3)

Under this description, if the soup is not already spilled &oth sides of the bowl are
lifted at once, the soup will remain unspilled. But if onlyeoside is lifted, the soup will be
spilled. Let’s consider these two scenarios in more deAaisume that initially neither side
is up and the soup is unspilled. In the first scenario, botlllesrare lifted concurrently,
and at the next time: by (1.2) there is a cause for both sidgagup, and by inertia—that
is, by (1.1) withspilledin place of '—there is a cause for the soup’s being unspilled. For
the second scenario, suppose instead that only the lefidhanlifted. Then, at the next
time: by (1.2) there is a cause for the left side’s being upinieytia there is a cause for
the right side’s remaining down, and by (1.3) there is a céoisthe soup’s being spilled.
Notice that the formalization does not support the incdradternative outcome in which,
after lifting only the left handle, both sides are up and thepsremains unspilled. Why
not? By (1.2) there would be a cause for the left side’s bemaud by inertia there would
be a cause the soup’s remaining unspilled, but there woutdloause for the right side to
be up (and the definition of a model requires that everythagla cause).

The prior example is meant to help with intuitions about thx@dint definition of a
model and its role in the expressive possibilities of catisries; in the interest of clarity,
it is important to emphasize that the example causal theoirnpcompletely specified. In-
deed, the fixpoint definition requires thaterythinghave a cause according to the theory.
Accordingly, about occurrences and nonoccurrences ajreeti, we often write that they
are caused in either case, as follows.

A = A (2.4)

That is, if A occurs at timé, there is a cause for this, and if, on the other hahdpesn’t
occur at timer, there is a cause for that. Similarly, we typically say tmatial facts about
fluentsF are caused.

Fy < Fy

-y <= —F, (15)

So, although everything in a model must be caused, it is coaxeto take the view that
some causes are exogenous to our description, and we caly stipplate their existence,
by writing rules such as those in (1.4) and (1.5). Moreoves, iis only the most extreme



Hudson Turner 3

version of the general case. After all, the nonmonotonidclalgscribed here isausal
only in a limited sense: causal rules allow a distinctionNgstn being true and having a
cause. Causal theories do not grapple with the question af wicause may be, and do
not support direct reasoning about what causes what. Fglypnmany questions related
to reasoning about actions require only that we be able trahéne what are the causally
possible histories (of the world being described), andligg purpose it seems enough to
be able to describe the conditions under which facts areecaus

This strategic emphasis on the distinction between whatused and what is (merely)
true can be understood to follow Geffner [14, 15], whose waek influenced by Pearl [35].
(Pearl’'s ideas on causality have been extensively deveélsipee then. See, for instance,
[36].) In the reasoning about action community, this linenairk was motivated primar-
ily by the ramification problem—the problem of representmgl reasoning about indirect
effects of actions. For some time there were attempts toritbesielationships like those
described by (1.3) through the use of “state constraint#'mtilas of classical logic such
as

(up(left); # up(right);) D spilled, . (1.6)

It seems that the crucial shortcoming of a formula like (1fé) the purpose of reasoning
about ramifications, is that it simply doesn’t say enoughualdhat can (and cannot) cause
what. Indeed, it is equivalent to its contrapositive

=spilled, D (up(left), = up(right);) .

In the last 15 years, there have beeranyreasoning about action proposals incorporating
more explicitly causal notions. The nonmonotonic causgiclaescribed in this chapter
was introduced in [30]. The most relevant prior work appeéan®8, 29, 44]. A much
fuller account of causal theories was published in 2004, [@8hough a number of results
presented in this chapter do not appear there. Causal ¢isduaive been studied, applied
and extended in [24, 25, 17, 31, 45, 22, 27,47, 2, 3,4, 6, 72011, 5, 10, 21, 46, 13, 9,
42].

An implementation of causal theories—the Causal Calcul@&aLc)—is publicly-
available, and many of the above-cited papers describécatiphs of it. The key to this
implementation is an easy reduction from (a subclass ofaldaheories to classical propo-
sitional logic, by a method introduced in [30], closely tethto Clark’s completion [8] for
logic programs (discussed in Chapter 7). Thus, automagebreéng about causal theories
can be carried out via standard satisfiability solvers. (ifiiteal version of CQ\LC was
due primarily to Norm McCain, and is described in his PhD i532]. Since then it has
been maintained and developed by Vladimir Lifschitz andshislents at the University of
Texas at Austin.)

Subsequent sections of this chapter are organized as follow

e Section 1.1 defines causal theories (more adequately)deras few examples, and
remarks on several easy mathematical properties.

e Section 1.2 presents a “strong equivalence” result, whistifies a general replace-
ment property, despite the nonmonotonicity of the logic.

e Section 1.3 specifies the reduction to classical propasititngic that makes auto-
mated reasoning about causal theories convenient.
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e Section 1.4 demonstrates further expressive possibilitiecausal theories, such as
nondeterminism and things that change by themselves.

e Section 1.5 briefly describes the high-level action languag that is based on
causal theories.

e Section 1.6 characterizes the close mathematical rekdtipmetweeen causal theo-
ries and Reiter’s default logic, and notes the remarkaluletfeat inertia rules essen-
tially like (1.1) appear already in Reiter’s 1980 paper.

e Section 1.7 presents Lifschitz’s reformulation of caukebtries in higher-order clas-
sical logic, somewhat in the manner of circumscription.

e Section 1.8 presents the modal nonmonotonic logic UCL tindtides causal theo-
ries as a special case.

1.1 Fundamentals

We first define a slight extension of usual (Boolean) projpmsdt logic, convenient when
formulas are used to talk about states of a system. Then weedh& syntax and semantics
of causal theories, make some observations, and considerextimples, including a more
precise account of the soup-bowl example already discussed

1.1.1 Finite domain propositional logic

A (finite-domain)signatureis a seto of symbols, callecconstantswith each constant
associated with a nonempty finite &am(c) of symbols, called theomainof c¢. An atom
of signatures is an expression of the form

C="v

(“the value ofc is v") wherec € o andv € Dom(c). A formulaof ¢ is a propositional
combination of atoms.

To distinguish formulas of usual propositional logic fronose defined here, we call
them “classical.”

An interpretationof o is a function mapping each element®to an element of its
domain. An interpretatiold satisfiesan atome=v (symbolically,! = c¢=v) if I(c) = v.
The satisfaction relation is extended from atoms to anbitfarmulas according to the
usual truth tables for the propositional connectives.

Also as usual, anodel of a setI’ of formulas is an interpretation that satisfies all
formulas inT". If " has a model, it is said to beonsistentor satisfiable If every model
of I satisfies a formuld’, then we say thaf' entails F' and writeI' = F'. Formulas, or
sets of formulas, arequivalentf they have the same models.

A Booleanconstant is one whose domain is the §ef} of truth values. ABoolean
signature is one whose constants are all Booleanislf Boolean constant, we sometimes
write ¢ as shorthand for the atom=t. When the syntax and semantics defined above are
restricted to Boolean signatures and to formulas that daootainf, they turn into the
usual syntax and semantics of classical propositionalditasa Even when the signature is
not Boolean, there are easy reductions from finite domaipgsitional logic to classical
propositional logic. (For more on this, see [18].)
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1.1.2 Causal theories
Syntax

A causal ruldof signaturer) is an expression of the form

o= (1.7)

where¢ and+ are formulas (of). We call ¢ the headof the rule, and) the body. The
intuitive reading of (1.7) is¢ is caused if)".
A causal theoryof o) is a set of causal rules (o).

Semantics

Consider any causal theofyand interpretatiod (of o). We define

T'={¢|p<=yeT,IE¢}.

Intuitively, 7T describes what is caused in a world likeaccording tdl.
An interpretation/ is amodelof a causal theor§' if I is the only model off /.

Observation 1 For any causal theory and interpretatiod, I is a model off" iff, for all
formulase,

ITEo¢iff T'=o¢.

This observation corresponds precisely to the informalattarization we began with—
the models of a causal thedFyare the interpretations for which what is true is exactly tvha
is caused (according ).

Observation 2 If I is a model of a causal theofy, then! = D ¢ foreveryp <= ¢ € T.

Examples

Take

o={p}, Domlp) ={1,2,3}, T1 ={p=1<=p=1}.

There are three interpretations ¢df, as follows:I; (p) = 1, I>(p) = 2, Is(p) = 3. Notice
thatT;" = {p=1}. ClearlyI, = T{", while I,  T}* andI;  T}*, which shows that
I, is a model ofTy. On the other hand> = T}* = (. So1, is not the unique model
of T{Q, nor isIs the unique model dffs. Consequently, neithdg norI5 is a model off;.

Consider the causal theofy obtained by adding the causal rgle-2 <= p=2to 7.
One easily verifies that both and/; are models ofi;, which shows that causal theories
are indeed nonmmonotonic: adding a ruldioproduced a new model.

Now let’s reconsider the soup-bowl domain, discussed sdraemformally in the
introductory remarks. Take the Boolean signature

o = {uply, UupRy, sp,, upL,, upR,, sp,, liftL ,, liftR } .
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Then following causal theory represents the soup-bowl domain, with constants abbrevi-
ated:upl, for up(left)o, sp; for spilled,, liftL , for lift (left)o, and so forth.

upl, < upl, upl, < upl; Aupl,

-upl, < —uply, —upl, < -uplL; A -upl liftL, < liftL,
upR, < upR, UpR, < upR A upR, —liftl, <= —liftl (1.8)
-UpR, < -upR, —UpR < —-UupR A -UpR, iftR, < IliftR, '
spy < sp Sp, < sp, Asp -liftR, < -liftR,
-Spy < -sp -Sp, < -sp, A —Sp
upL, < liftL, sp, < upl, # upR, (1.9)
upR, <« liftR, sp, < upl, # upR '

Most of the causal rules i are of the “standard” kinds already discussed: the firstrnalu
of (1.8) says that facts about the initial time are exogenthessecond column of (1.8) says
that fluentsupL upR sp are inertial; and the third column says that causes of oenog
and nonoccurrence of the actidifi_, liftR are exogenous. The “interesting” rules appear
in (1.9): the two on the left describe the direct effects fifrlg the left and right handles
of the bowl; and the other two say that, at both timemd1, if only one side of the bowl
is up, then there is a cause for the soup’s being spilled.

Without much difficulty, one can verify that the models ofstliormalization are as
previously described. For instance, consider the intéaiom in which both sides are
initially down, the soup is initially unspilled, the left hdle is lifted at time O, and at
time 1 the left side is up, the right side is not, and the sowgpikked. That is, take

I = {-uply, ~upR,, =sp, liftL ;, - liftR, upL;, ~UpR,, sp; } .
Then
T = {-upL,, ~upR,, —sp,, liftL ,, -liftR, upL,, ~UpR , sp, } ,

and sof is a model of". (Thatis,I is the unique model df'’.) By comparison, consider
the interpretation

I = {—upl,, “upR,, =sp,, liftL ,, —liftR,, upL,, upR , —~sp, } .
Then
T! = {-upLy, ~UpR,, —sp, liftL ,, -liftR,, upL,, =sp, } ,
and so this interpretatioh is not a model ofl’, since it is not the unique model @t’.
(Intuitively, there is no explanation for the right side®ibg up at timel.)
Constraints
A causal rule with head. is called aconstraint A constraint
Leo (1.10)

can be understood to say thap must be the case, but without asserting the existence of a
cause for¢. Constraints behave monotonically; that is, adding (1t&@& causal theory
simply rules out those models that satigfy
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Definitional extensions and defaults

It is straightforward to add a new Boolean constéatu the signature and define it using
a formulag of the original signature; simply add the rule

d=¢<=T. (1.11)

Indeed, letl’ be a causal theory (@f), with T,; the causal theory (of U {d}) obtained by
adding (1.11) tdI'. For any interpretatiod of o, let I; be the interpretation of U {d}
such that (i)I;(c) = I(c), for all ¢ € o, and (ii) I;(d) = tiff I = ¢. Then,I is a model
of T iff I is a model ofTy;. Moreover, every model of; has the form/;, for some
interpretation/ of o.

More generally, we can add toa new constard with Dom(d) = {v1,...,v,} and
defined using formulasps, . . . , ¢, of o, no two of which are jointly satisfiable, by adding
the following causal rules.

d=v1 < d=u

1=t = 0 (1.12)

d=v, <= ¢n

Indeed, letl’ be a causal theory (af), with T; the causal theory (of U {d}) obtained
by adding the rules (1.12) t&. For any interpretatiod of o, let I; be the interpreta-
tion of o U {d} such that (i)I;(c) = I(c), for all ¢ € o, and (i) for alli € {2,...,n},
I4(d) = v; iff I = ¢;. Then,I is a model ofT iff I, is a model ofT;. Moreover, every
model of Ty has the forml;, for some interpretatiof of o.

Notice that this latter technique can also be understoodveayaof giving new con-
stantd a default value which is overridden just in case oneégf . ., ¢, is true.

1.2 Strong equivalence

Equivalenceof causal theories is defined in the usual way—as having time saodels—

but since the logic is nonmonotonic, equivalence does redtlya replacement property.
That is, it is not generally safe to replace a subset of thesrof a causal theory with
an equivalent set of rules. For example, assume that thatsignis Boolean, with two
constantsp andq. Let S be the causal theory with rules

P < q,
q < p,

and letT" be the causal theory with rules

p <D,
q < q.

Causal theorie§ andT are equivalent; for each the unique mode{jsq}. Now, letR
consist of the single rule
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Notice thatSU R still has only the mode]p, ¢}, whileT' U R has a second mod€k-p, ¢}.
Thus, in the context of U R it is not safe to replacd with 7', even thouglt andT are
equivalent.

Of course itis clear that we can always safely replace ajfrute ¢ with a ruleg’ < ¢’
if ¢ is equivalent tay’ andv is equivalent ta)’. But we can do better.

The crucial notion is “strong equivalence”, introduced (fmic programming) in [23].
(See Chapter 7.) We say causal theoSesdT arestrongly equivalenif, for every causal
theoryR, S U R is equivalent tdl" U R.

It is clear that strong equivalence yields the replacemespgrty we want. IfS and
T are strongly equivalent, we can safely replateith T no matter the context: doing
so will not affect the set of models. But the definition is ingenient to check, since it
requires reasoning about all possible contékts R. For convenience, we want a rather
different characterization of strong equivalence.

An SE-modelof causal theory” is a pair(Z, J) of interpretations such that

e [ =T!, and

o J =TI

Strong Equivalence Theorem46]
Causal theories are strongly equivalent iff their SE-msdeé the same.

While deciding equivalence of causal theories iEla-complete problem, deciding
strongequivalence is co-NP-complete.
1.3 Completion
A causal theory iglefiniteif

e the head of every rule is either an atomlgrand

e no atom occurs in the head of infinitely many rules.

We say an atom = v is trivial if Domc¢) = {v}. If a causal theory is definite, its
completionconsists of the following formulas.

e For each constraint < ¢, include the formula¢.
e For each nontrivial atom of the signature, include the formula
A= (¢1V--Von)

wheregq, . .., ¢, are the bodies of the rules with hedd (If n = 0, the rhsisl .)

Completion Theorem[30, 18]
If a causal theory is definite, its models are exactly the nwoafets completion.
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Assume that the signature has three atgm;, andag, with Dom(pg) = Dom(p;) =
{1,2,3} andDom(ag) = {t,f}. Consider the following (definite) causal theory.

po=0 <= po=0

po=1 <= pog=1 ag <= ag
pPo=2 <= pp=2 ag=F < —ag
(1.13)
p1=0 <= p1=0Apy=0 p1=1 <= po=0Aag
=1 <=pi=1Apy= pP1=2 <= po=1Aap
p1=2 <= p1=2Apy=2 =0 <= po=2ANap

Its completion is as follows.

po=0 = pg=0 ag = agp
po=1 = po=1 ag=Ff = —ag
Po=2 = pop=2

p1=0 = (p1:0/\p0:0)\/(p0:2/\a0)
p1=1 = (p1=1Apo=1)V (po=0A ag)
p1=2 = (p1=2Apo=2)V (po=1Aao)

All but three of these formulas are tautological. Thosedhogether can be simplified as
follows.

Po=0D (p1=0A—ag) V (p1=1Aao)
Po=1D (p1=1A-ag)V (p1=2 A ao)
Po=2D (p1=2A—ag) V (p1=0A ap)

The Completion Theorem would not be correct if we did notrieisthe completion
process to nontrivial atoms. Consider, for instance, thisaktheory with no rules whose
signatures has only one constamt with Dom(c) = {0}. This causal theory has one
model—the only interpretation af. But if the definition of completion did not exclude
trivial atoms, then the completion of this theory woulddse0 = 1, which is unsatisfiable.

The Completion Theorem implies that the satisfiability peotfor definite causal the-
ories belongs to class NP. In fact, it is NP-complete. Indem@een any formulap of
Boolean signature, the causal theory L <= —¢} U{c=v < c=v|c € o,v € {t,f}}is
definite and has the same modelsyas

As mentioned previously, the Causal Calculator uses cdiopl® automate reasoning
about definite causal theories via standard satisfiabitityess for propositional logic. In
relation to this, there are two complications to considérthe completion formulas are
not in clausal form, and (ii) the completion formulas are Boblean. Both these obstacles
can be efficiently overcome, as long as we are willing to extidre signature, with the
result that all models of the resulting set of clauses cpoed to models of the definite
causal theory, and vice versa. (For more detail, see [18].)

1.4 Expressiveness

We have already seen an example involving conditional ¢tireffects of actions (1.13),
and have discussed at some length an example with indifectebf actions and interact-
ing effects of concurrent actions (1.8,1.9). We have meetibother possibilities, such as
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nondeterminism, implied action preconditions, and thitigg change by themselves. A
few examples follow. Many additional examples, of these atier kinds, can be found
in the cited papers on causal theories, including some dpirgj the theme of “elabora-
tion tolerance”, which is crucial to the long-term succelsagproaches to reasoning about
action, but beyond the scope of this chapter.

1.4.1 Nondeterminism: coin tossing

The nondeterminism of coin tossing is easily representetthe signature consist of three
constants—oiny, coin;, tosg—where the first two constants have doméheadstails}
and the third constant is Boolean. Etbe as follows.

Ccoing=v < coinp=v
tosg <« tosg
—tosg < —tosg
coinp=v <= coinp=v A Ccoing=v
coinp=v <= coin =v A tosg

(Each line above in whiclh appears represents two causal rules, one for each appropri-
ate value of the metavariable) As discussed previously, the first line expresses that
causes for initial facts are exogenous; the next two thagesfor action occurrences (and
nonoccurrences) are exogenous; the fourth that the valceinfs inertial. The two rules
represented by the fifth line rather resemble the inertiasiudxcept that they say: if the
coin is heads after toss, then there is a cause for this, artiecother hand, if the coin is
tails after toss, then there is a cause for that. One eadilijagethatT” has six models. In

two of them, the coin is not tossed and so remains either haatddls. In the other four,

the coin is initially heads or tails, and after being tosdesl @again either heads or tails.

1.4.2 Implied action preconditions: moving an object

There arek Boolean constantgut(v),, forv € {1,...,k} (k > 1), along with two addi-
tional constantdpcy, loc,, whose domains argl, ... ., k}.

locg=v < locy=v

put(v)o <= put(v)o
—put(v)o < —put(v)o

loci=v < loc;=v Alocg=v
loc; =v <= put(v)o

(Here,v is a metavariable ranging ovét, ..., k}, so the five lines above represeiit
causal rules.) The first three lines express the exogentityit@l facts and actions in
the standard way; the fourth line expresses inertia; thie $détys that putting the object
in locationv causes it to be there. This causal theory h@is+ 1) models: there are

k possible initial locations of the block, and for each of #hethere aré: + 1 possible
continuations—either zero or one of th@ut actions occurs, with the appropriate outcome
at time 1. Although concurrent actions are, in generalwaibin causal theories, in this
case the conflicting outcomes of theput actions make it impossible to execute two of
them at once. It is not necessary to includefﬁ%ﬂ causal rules that would be required
to explicitly state these impossibilities. Instead, theyianplied by the description.
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1.4.3 Things that change by themselves: falling dominos

We wish to describe the chain reactionkoflominos falling over one after the other, after
the first domino is tipped over at tinle In this description, for simplicity, we will stipulate
that all dominos are initially up, and we will describe ontetpossibility of the tip action
occurring at time). So the signature consiststid, along withup(d); ford € {1,...,k}
andt € {0, ..., k}.

up(d)y <= T (1<d<hk)
tip, <= tip,
—tipy < —tip,
up(d)t+1 <= up(d)ey1 Aup(d)e (1<d<k0<t<k-1)
—up(d)iy1 <= —up(d)irr A-up(d);  (1<d<k,0<t<k-1)
—up(l); <= tip,

—up(d+1)i42 <= —up(d)i4+1 A up(d)y (1<d<k-1,0<t<k-2)

The first line says that initially all dominos are up; the setand third that the tip action
may or may not occur at time 0; the fourth and fifth lines pasértia for the dominos’
being up or down; and the sixth line describes the directetiethe tip action (executed
at time 0). The seventh and last line is of particular interéssays that if dominal is
up at timet and down at timeg + 1, then there is a cause for domidot 1 to be down
at timet + 2. Notice that this rule mentions three successive time ppit no actions.
Once the first domino is tipped, the others fall successiwélly no further action taken.
This causal theory has two models. In the first, the tip actioes not occur at timé
and all dominos are up at all times. In the second, all domaresinitially up, and at
each time point (1 < ¢ < k) theith domino has fallen. (That is, in this modglfor all
te€{0,...,k}andd € {1,...,k}, I =up(d); iff d > t.)

1.4.4 Things that tend to change by themselves: pendulum

So far all examples have postulated commonsense inertia istandard way: things don’t
change unless made to. But we can easily take a more geneval some things will
change unless made not to. For example, we can describe alpamthat, if left alone,
will oscillate between being on the left and not being on #fe But if held, the pendulum
will not change position.

left, < left,
-lefty, < —left,
hold; < hold;
—hold, < -hold,
left, , < left,_ , A -left,
—left,, , < —left,, , Aleft,
left, ., < hold; A left,

—left,, ; < hold; A —left,

The first four lines express the usual assumptions aboutemeity. The next two lines
express that the pendulum will tend to change position fromtome to the next. That is,
if it changes position between timeésndt + 1, then there is a cause for its position at
timet+1. The last two lines say that when the pendulum is held, itwatichange position.
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In all models of this causal theory, the pendulum changetipoetween timesandt+ 1
iff it is not held at timet.

1.5 High-level action language®+

High-level action languages feature a concise, restrisyediax for describing the effects
of actions, and often benefit from a relatively simple, weiderstood semantics, typically
defined in terms of a transition system whose nodes are thabp@states and whose
directed edges are labelled with the actions whose execintithe source state can result
in the target state. STRIPS [12] and ADL [37, 38] can be se¢heBrst high-level action
languages.

LanguageC+ [18] is a descendant of the action langua$¢16]. The semantics of
C+ is given by reduction to causal theories: for each actiorcrilgson D of C+ and
each natural number, there is a corresponding causal the®iyD, n). The states of the
transition system described Hy are given by the models df (D, 0), and the possible
transitions are given by the models B{ D, 1). The paths of length in the transition
system correspond to the models®fD,n). For instance, the causal theory (1.13) is
T(D, 1) for the following domain descriptio®

inertial p

€X0genous a
acausesp=1if p=0
acausesp=2if p=1
a causes p=0if p=2

wherep is designated a “simple fluent constant” with doméin1,2} anda a Boolean
“action constant”. Similarly, the causal theory (1.8,%®&)the soup bowl example corre-
sponds to the domain description

inertial upL upR sp
exogenous liftL | liftR
liftL causes upL

liftR causes UpR
caused spif upL # upR

where upL, upR and sp are Boolean “simple fluent constants” ahfiL and liftR are
Boolean “action constants”. Here, as elsewhere, the hegéllaction language provides
an especially nice syntax for representing action domadimdeed, many of the published
applications of the Causal Calculator use, or its immediate predecessof17], as the
“input language”.

1.6 Relationship to default logic

A causal theory of a Boolean signature can be viewed as alt#faory in the sense of
Reiter [41]. (The syntax and semantics of propositionaadkftheories are reviewed in
Chapter 6.) Let us agree to identify a causal khile= ¢ with the default

L

¢
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In the statement of the following theorem, we identify areipretation/ with the set of
formulas satisfied by.

Default Logic Theorem Let T be a causal theory of a Boolean signature. An interpreta-
tion I is a model ofT" iff I is an extension df” in the sense of default logic.

This theorem shows that causal rules are essentially prisitetfree defaults with a
single justification, so long as we are interested only irs¢éhextensions that correspond to
interpretations (that is to say, in the extensions that ansistent and complete).

For instance, the causal theory

p=q a&=q ~q&=q} (1.14)

corresponds to the default theory

{ tq 1q g }
p’ g —q )
which has two extensions: the set of all consequences @gfand the set of all conse-
guences ofq. The first extension is complete, and corresponds to thermnatlel of (1.14).
Remarkably, the causal rules (1.1) used in the solutionagdrdime problem that has
been adopted in causal theories were, in essence, prodosadlan Reiter’s original 1980
paper on default logic. But an account of how to successfulhe” such default rules to
express commonsense inertia in reasoning about actioroti@bpear until [43, 44]. (This
use of such default rules was derived from a similar appboan the setting of knowl-
edge update [39, 40].) In this connection, it may be helpduitention the historically
important “Yale Shooting” paper of Hanks and McDermott [1®ho argued that neither
default logic nor circumscription were suitable formalisfar reasoning about action. The
Yale Shooting paper considered a rather different attemgblve the frame problem in
default logic, and demonstrated thtaat attempiwvas unsatisfactory. A brief account of
this appears in [26]. For more detail, see [44].

1.7 Causal theories in higher-order classical logic

Lifschitz [24] extended causal theories to the nonprojpwsitl case using higher-order
classical logic to express the fixpoint condition on a modwlch in the manner of cir-
cumscription. His definition can be understood to provideaggal method for translating
finite Boolean causal theories into classical proposititowac.

Begin with a signature of classical logic, with a finite suttesfedhe nonlogical constants
designated “explainable”. Aonpropositional causal ruie an expression of the form

o=

where¢ and are classical formulas. Aonpropositional causal theoiy a finite set of
nonpropositional causal rules.

The special case of nonpropositional causal theories ietwdll nonlogical constants
are explainable propositional constants coincides withgpecial case of the previously
defined (finite-domain propositional) causal theories incitall constants are Boolean
and causal theories are assumed to be finite.
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In what follows, letN be a list of all explainable nonlogical constants. We say éha
list of nonlogical constants or variablessgnilarto N if it has the same length &€ and
each of its members is of the same sort as the correspondimiper®fN. We can denote
a formula (in which none, some, or all explainable nonloicastants appear) by(V).
Then for any listd/ that is similar taV, we can writep(M ) to denote the formula obtained
by simultaneously replacing each occurrence of each meafl€rby the corresponding
member ofM.

Consider a nonpropositional causal the@rwith rules

¢1(N,77) < 1(N,77)

oo (N 7)< vn(N,70)

wherez; is the list of aluree variables for th&h causal rule. Lew be a list of new
variables that is similar t&V. By T*(n) we denote the formula

1<i<k
An interpretation is anodelof T' if it is a model of
v (T*(m)=n=N) (1.15)

where® = N stands for the conjunction of the equalities between mesntist and the
corresponding members of.

Where the definitions overlap syntactically, this defimitif model of a causal theory
agrees with the definition given earlier.

Notice that for finite Boolean propositional causal thesriee corresponding sen-
tence (1.15) is a quantified Boolean formula, from which qifi@ns can be eliminated
(with worst-case exponential increase in size). Thus tfs@ach yields a general transla-
tion of finite Boolean propositional causal theories intassical propositional logic.

The completion method from Section 1.3 can be extended tbnite nonproposi-
tional causal theories, so that a “first-order” causal théloihas the same models as the
corresponding completion (which is a classical first-ofdemula) [24].

1.8 Alogic of universal causation

UCL is a modal nonmonotonic logic obtained from standard Slahlogic (see Chap-
ter 15) by imposing a simple fixpoint condition that refledte t'principle of universal
causation”—the requirement that everything true in a mba@eke a cause. In [45], UCL
was defined not only in the (Boolean) propositional casealtaat for nonpropositional lan-
guages, and was shown to subsume the nonpropositional thegees described in the
previous section. Here, we consider a different extensigBaolean) propositional UCL,
introduced in [46], built from finite-domain propositiorfarmulas.

The fundamental distinction in UCL—between propositionatthave a cause and
propositions that (merely) obtain—is expressed by meartkeofnodal operato€, read
as “caused.” For example, one can write

Y D Co (1.16)
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to say thaty is caused whenever obtains. UCL formula (1.16) corresponds to the causal
rule ¢ < 1. This claim is made precise in the UCL Theorem below.

UCL formulasare obtained by extending the recursive definition of a fdamtith an
additional case for the modal opera€grin the usual way for modal logic:

o If ¢is a UCL formula, then so i€¢.

A UCL theoryis a set of UCL formulas.

An S5-structuras a pair(I,.S) such thatl is an interpretation anfl is a set of inter-
pretations (all of the same signature) to whicbelongs. Satisfactionof a UCL formula
by an S5-structure is defined by the standard recursiongloe@ropositional connectives,
plus the following two conditions:

o if pisanatom(I,S) =¢ iff I=¢,
o (I,S)=Co iff forall J €S, (J,5) =¢.

For a UCL theoryT', if (1,.5) =T, we say thatl, S) is an/-modelof T, thus emphasiz-
ing the distinguished interpretatidn
We say thaf is causal modedf T'if (I,{I}) is the unique-model ofT.

UCL Theorem For any causal theory, the models of” are precisely the causal models
of the corresponding UCL theory

(VDOCo:p<=ypeT} .

It is possible to characterize strong equivalence for UGtoties, much as was done
in Section 1.2 for causal theories. Interestingly, thisuiegs a slight strengthening of S5.
The SE-models of a UCL theory are a subset of the S5 modelset86 model$I, S)
such tha{7,{I}) is also an S5 model [46].
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