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Abstract

In man y cases, a logic program can b e divided in to t w o parts, so that one

of them, the \b ottom" part, do es not refer to the predicates de�ned in the

\top" part. The \b ottom" rules can b e used then for the ev aluation of the

predicates that they de�ne, and the computed v alues can b e used to sim-

plify the \top" de�nitions. W e discuss this idea of splitting a program in

the con text of the answ er set seman tics. The main theorem sho ws ho w com-

puting the answ er sets for a program can b e simpli�ed when the program is

split in to parts. The programs co v ered b y the theorem ma y use b oth nega-

tion as failure and classical negation, and their rules ma y ha v e disjunctiv e

heads. The usefulness of the concept of splitting for the in v estigation of

answ er sets is illustrated b y sev eral applications. First, w e sho w that a con-

serv ativ e extension theorem b y Gelfond and Przym usinsk a and a theorem on

the closed w orld assumption b y Gelfond and Lifsc hitz are easy consequences

of the splitting theorem. Second, (lo cally) strati�ed programs are sho wn

to ha v e a simple c haracterization in terms of splitting. The existence and

uniqueness of an answ er set for suc h a program can b e easily deriv ed from

this c haracterization. Third, w e relate the idea of splitting to the notion of

order-consistency .

1 In tro duction

In man y cases, a logic program can b e divided in to t w o parts, so that one

of them, the \b ottom" part, do es not refer to the predicates de�ned in the

\top" part. The \b ottom" rules can b e used then for the ev aluation of the

predicates that they de�ne, and the computed v alues can b e used to simplify

the \top" de�nitions.

This idea of splitting a lo gic pr o gr am into p arts has a rather long history .

Although it is applicable ev en to p ositiv e programs, it turned out to b e



particularly useful when negation as failure is in v olv ed. The b est kno wn

application of splitting is found in the notion of a strati�cation

[

Apt et al. ,

1988

]

. In a strati�ed program P , the �rst stratum is a b ottom part that

do es not con tain negation as failure. Ha ving substituted the v alues of the

b ottom predicates in the b o dies of the remaining rules, w e reduce P to a

program with few er strata. By applying the splitting step sev eral times, and

computing ev ery time the \minimal mo del" of a p ositiv e b ottom, w e will

arriv e at the \in tended mo del" of P . In fact, this step-b y-step reduction

to a series of p ositiv e programs is sometimes applicable ev en when P is not

strati�ed. This observ ation leads to the notion of a w eakly strati�ed program

[

Przym usinsk a and Przym usinski, 1988

]

.

The notion of a strati�cation has b een also extended in t w o other direc-

tions. First, it ma y b e p ossible to split a program in to an in�nite|or ev en

trans�nite|sequence of parts, instead of a �nite n um b er. This is what hap-

p ens in lo cally strati�ed programs

[

Przym usinski, 1988

]

. (As observ ed ab o v e,

splitting a program in to �nitely man y parts can b e ac hiev ed b y rep eatedly

splitting in to t w o; in tro ducing in�nite splittings is a non trivial generaliza-

tion.) Second, the b ottom do es not need to b e a p ositiv e program. This idea

has led Sc hlipf [1992] to the de�nition of a \strati�ed pair," and Dix [1992]

to the de�nitions of \relev ance" and \mo dularit y ."

In this pap er, w e discuss splitting in the con text of the \answ er set se-

man tics" of

[

Gelfond and Lifsc hitz, 1991

]

. The main theorem sho ws ho w

computing the answ er sets for a program can b e simpli�ed when the pro-

gram is split in to parts. The programs co v ered b y the theorem ma y use

b oth negation as failure and classical negation, and their rules ma y ha v e

disjunctiv e heads.

The usefulness of the concept of splitting for the in v estigation of answ er

sets is illustrated b y sev eral applications. First, w e generalize a conserv ativ e

extension theorem from

[

Gelfond and Przym usinsk a, 1991

]

and the theo-

rem on the closed w orld assumption from

[

Gelfond and Lifsc hitz, 1991

]

, and

sho w that these generalizations can b e easily pro v ed as consequences of the

splitting theorem. Second, (lo cally) strati�ed programs are sho wn to ha v e a

simple c haracterization in terms of splitting. This c haracterization leads to

a new pro of of the existence and uniqueness of an answ er set for a strati�ed

program. Third, w e relate the idea of splitting to the syn tactic prop ert y of

programs called \order-consistency"; that prop ert y is imp ortan t in view of

the fact that it implies the existence of at least one answ er set

[

F ages, 1994

]

.

Order-consisten t programs can b e c haracterized in terms of splitting also.

After a brief review of the syn tax and seman tics of (disjunctiv e) programs

(Section 2), w e state the sp ecial case of the main theorem that deals with

splitting a program in to t w o parts (Section 3) and sho w ho w it can b e applied

to the study of conserv ativ e extensions (Section 4) and of the closed w orld

assumption (Section 5). Then the main theorem is stated in full generalit y

(Section 6); it allo ws us to split a program in to a trans�nite sequence of

parts. The theorem is applied to strati�ed programs in Section 7 and to



order-consisten t programs in Section 8. W e conclude with Section 9.

2 Programs

W e b egin with a brief review of the syn tax and seman tics of disjunctiv e

logic programs. Consider a nonempt y set of sym b ols called atoms . A liter al

is an atom p ossibly preceded b y the classical negation sym b ol : . A rule

is determined b y three �nite sets of literals|the set of he ad liter als , the

set of p ositive sub go als and the set of ne gate d sub go als . The rule with the

head literals L

1

; : : : ; L

l

, the p ositiv e subgoals L

l +1

; : : : ; L

m

and the negated

subgoals L

m +1

; : : : ; L

n

is written as

L

1

j : : : j L

l

 L

l +1

; : : : ; L

m

; not L

m +1

; : : : ; not L

n

:

W e will denote the three parts of a rule r b y he ad ( r ), p os ( r ) and ne g ( r );

lit ( r ) stands for he ad ( r ) [ p os ( r ) [ ne g ( r ).

A pr o gr am is a set of rules. F or an y program P , b y lit ( P ) w e denote the

union of the sets lit ( r ) for all r 2 P ; the literals in this set are said to o c cur

in P .

Note that this description of the syn tax of programs is in some w a ys

di�eren t from what is usually found in the literature. First, a program is

a set of rules, rather than a list; similarly , the literals in the head and in

the b o dy of a rule are not supp osed to b e ordered. The order of rules and

subgoals is essen tial for query ev aluation, but it is irrelev an t as long as w e are

in terested in the declarativ e seman tics of the program. Second, w e accept

an abstract view of what atoms are and sa y nothing ab out their in ternal

structure. The most imp ortan t case is when the set of atoms is de�ned as

the set of ground atoms of a �rst-order language; then a large (ev en in�nite)

set of rules can b e sp eci�ed b y a single \sc hematic rule" with v ariables. Here

again, the di�erence b et w een a \sc hematic rule" and the set of its \ground

instances," fundamen tal for the pro cedural view, is irrelev an t for the study

of declarativ e prop erties.

A program P is p ositive if, for ev ery rule r 2 P , ne g ( r ) = ; . The notion

of an answ er set is �rst de�ned for p ositiv e programs, as follo ws. A set X of

literals is close d under a p ositiv e program P if, for ev ery rule r 2 P suc h that

p os ( r ) � X , he ad ( r ) \ X 6= ; . (W e write X � Y when X is a subset of Y ,

not necessarily prop er.) A set of literals is lo gic al ly close d if it is consisten t

or con tains all literals. An answer set for a p ositiv e program P is a minimal

set of literals that is b oth closed under P and logically closed.

No w let P b e an arbitrary program. T ak e a set X of literals. F or eac h

rule r 2 P suc h that ne g ( r ) \ X = ; , consider the rule r

0

de�ned b y

he ad ( r

0

) = he ad ( r ) ; p os ( r

0

) = p os ( r ) ; ne g ( r

0

) = ; :

The p ositiv e program consisting of all rules r

0

obtained in this w a y is the

r e duct of P relativ e to X , denoted b y P

X

. W e sa y that X is an answer set

for P if X is an answ er set for P

X

.



F or example, f a g is an answ er set for the program

a  not b;

b  not a;

b ecause the reduct of this program relativ e to f a g is f a  g , and f a g is

an answ er set for this reduct. The only other answ er set for this program is

f b g .

A literal L is a c onse quenc e of a program P if L b elongs to all answ er

sets for P .

F or future reference, w e will summarize here some simple facts ab out

answ er sets.

F act 1. If X is a consisten t answ er set for a program P , then ev ery literal

in X b elongs to the head of one of the rules of P .

F act 2. If a program P has a consisten t answ er set, then all answ er sets for

P are consisten t.

F act 3. A literal L is a consequence of a program P if and only if L b elongs

to all consisten t answ er sets for P .

3 Splitting Sets

A splitting set for a program P is an y set U of literals suc h that, for ev ery

rule r 2 P , if he ad ( r ) \ U 6= ; then lit ( r ) � U . If U is a splitting set for P ,

w e also sa y that U splits P . The set of rules r 2 P suc h that lit ( r ) � U is

called the b ottom of P relativ e to the splitting set U and denoted b y b

U

( P ).

The set P n b

U

( P ) is the top of P relativ e to U . It is clear that the head

literals of all rules in P n b

U

( P ) b elong to lit ( P ) n U .

Ev ery program P is split, trivially , b y the empt y set and b y lit ( P ). F or

an example of a non trivial splitting, consider the follo wing program P

1

:

a  b; not c;

b  c; not a;

c  :

The set U = f c g splits P

1

; the last rule of P

1

b elongs to the b ottom, and the

�rst t w o rules form the top.

A splitting set for a program P can b e used to break the task of com-

puting the answ er sets for P in to sev eral tasks of the same kind for smaller

programs. This pro cess in v olv es the \partial ev aluation" of the top of P

with resp ect to eac h of the answ er sets for the b ottom of P .

Consider, for instance, the unique answ er set for the b ottom of P

1

, whic h

is f c g . The \partial ev aluation" of the top part of P

1

consists in dropping its



�rst rule, b ecause the negated subgoal c mak es it \useless," and in dropping

the \trivial" p ositiv e subgoal c in the second rule. The result of simpli�cation

is the program consisting of one rule:

b  not a: (1)

The only answ er set for P

1

can b e obtained b y adding the only answ er set

for (1), whic h is f b g , to the answ er set for the b ottom used in the ev aluation

pro cess, f c g .

T o de�ne ho w this pro cedure w orks in general, w e need the follo wing

notation. Consider t w o sets of literals U , X and a program P . F or eac h rule

r 2 P suc h that p os ( r ) \ U is a part of X and ne g ( r ) \ U is disjoin t from X ,

tak e the rule r

0

de�ned b y

he ad ( r

0

) = he ad ( r ) ; p os ( r

0

) = p os ( r ) n U; ne g ( r

0

) = ne g ( r ) n U:

The program consisting of all rules r

0

obtained in this w a y will b e denoted

b y e

U

( P ; X ). F or example,

e

U

( P

1

n b

U

( P

1

) ; f c g ) = f b  not a g :

Let U b e a splitting set for a program P . A solution to P (with resp ect

to U ) is a pair h X ; Y i of sets of literals suc h that

� X is an answ er set for b

U

( P ),

� Y is an answ er set for e

U

( P n b

U

( P ) ; X ),

� X [ Y is consisten t.

F or example, hf c g ; f b gi is the only solution to P

1

(with resp ect to f c g ).

Ev ery literal o ccurring in b

U

( P ) b elongs to lit ( P ) \ U , and ev ery lit-

eral o ccurring in e

U

( P n b

U

( P ) ; X ) b elongs to lit ( P ) n U . In view of F act 1

(Section 2), it follo ws that, for an y solution h X ; Y i to P ,

X � lit ( P ) \ U;

Y � lit ( P ) n U;

and consequen tly X \ Y = ; .

Splitting Set Theorem. Let U b e a splitting set for a program P . A set

A of literals is a consisten t answ er set for P if and only if A = X [ Y for

some solution h X ; Y i to P with resp ect to U .

In Section 6, this theorem is extended to sequences of splitting sets.

In view of F act 2 (Section 2), w e conclude:



Corollary 1. Let U b e a splitting set for a program P , suc h that there

exists at least one solution to P with resp ect to U . Program P is consisten t,

and a set A of literals is an answ er set for P if and only if A = X [ Y for

some solution h X ; Y i to P with resp ect to U .

As another example, tak e the follo wing program P

2

:

c  a;

c  b;

a  not b;

b  not a:

Let U = f a; b g . The b ottom consists of the last t w o rules and has t w o

answ er sets, f a g and f b g . Program e

U

( P

2

n b

U

( P

2

) ; f a g ) consists of one rule,

c  , and has one answ er set, f c g . Th us the �rst solution to P

2

is hf a g ; f c gi .

Similarly , the second solution is hf b g ; f c gi . By Corollary 1, the answ er sets

for P

2

are f a; c g and f b; c g .

In view of F act 3 (Section 2), the Splitting Set Theorem implies:

Corollary 2. Let U b e a splitting set for a program P . A literal L is a

consequence of P if and only if, for ev ery solution h X ; Y i to P with resp ect

to U , L 2 X [ Y .

The next example illustrates the role of the consistency condition in the

de�nition of a solution. Let P

3

b e the program

: b  ;

a j b  :

The only solution to P

3

with resp ect to f a; b g is hf a g ; f: b gi . The pair

hf b g ; f: b gi is not a solution, b ecause the set f b; : b g is inconsisten t. This

set is not an answ er set for P

3

.

The pro of of the Splitting Set Theorem is based on the follo wing obser-

v ations. The statemen t of the theorem can b e reform ulated as follo ws: If U

is a splitting set for P , then a consisten t set X of literals is an answ er set

for P

X

if and only if

� X \ U is an answ er set for b

U

( P )

X \ U

,

� X n U is an answ er set for e

U

( P n b

U

( P ) ; X \ U )

X n U

.

Since these reducts ha v e no common literals, the last t w o conditions can b e

com bined in to one: X is an answ er set for

b

U

( P )

X \ U

[ e

U

( P n b

U

( P ) ; X \ U )

X n U

: (2)

On the other hand, it is easy to see that P

X

is the same as

b

U

( P )

X \ U

[ ( P n b

U

( P ))

X

: (3)

In the pro of, w e v erify that X is an answ er set for (2) if and only if it is an

answ er set for (3).



4 Application: Conserv ativ e Extensions

If w e extend a program P b y rules whose heads do not o ccur in P , then,

t ypically , w e do not exp ect to see an y new consequences of the program

among the literals o ccurring in P . This conserv ativ e extension prop ert y

(called \the w eak principle of strati�cation" b y Sc hlipf [1992] and \relev ance"

b y Dix [1992]) is not v alid without additional restrictions, ho w ev er. F or

instance, after w e extend a program b y the con tradictory rules a  and

: a  , ev ery literal in the language will b ecome its consequence.

One case when the conserv ativ e extension prop ert y do es hold is describ ed

in

[

Gelfond and Przym usinsk a, 1991

]

, Prop osition 2.1. In this section, w e

state a sligh tly more general fact and pro v e it as a corollary to the Splitting

Set Theorem.

A program is nondisjunctive if the head of eac h of its rules is a singleton.

Prop osition 1. Let P b e a program, and let C b e a consisten t set of literals

that do not o ccur in P and whose complemen ts also do not o ccur in P . Let

Q b e a nondisjunctiv e program suc h that, for ev ery rule r 2 Q , he ad ( r ) � C

and ne g ( r ) � lit ( P ) . F or an y literal L =2 C , L is a consequence of P [ Q if

and only if L is a consequence of P .

F or instance, after adding the �rst t w o rules of program P

2

to its last

t w o rules, a and b cannot turn in to its consequences (tak e C = f c g ).

The theorem b y Gelfond and Przym usinsk a men tioned ab o v e is the sp e-

cial case when, additionally , P is assumed to b e nondisjunctiv e, neither P

nor Q uses classical negation, and p os ( r ) � lit ( P ) for ev ery r 2 Q .

Pro of of Prop osition 1. Let U = lit ( P ). F rom the fact that no literal in

C o ccurs in P , w e conclude that U splits P [ Q , with the b ottom P and the

top Q . T ak e an y consisten t answ er set X for P . The program e

U

( Q; X ) is

nondisjunctiv e and p ositiv e, and the heads of all its rules are con tained in C .

Since C is consisten t, it follo ws that this program has a unique answ er set Y ,

and Y � C . F urthermore, since no literal in C has its complemen t in lit ( P ),

and since X � lit ( P ), the set X [ Y is consisten t. Th us, h X ; Y i is a solution

to P [ Q with resp ect to U . Consequen tly , for ev ery consisten t answ er set

X for P there exists a set Y � C suc h that h X ; Y i is a solution to P [ Q ;

moreo v er, if h X ; Y i is a solution to P [ Q , then Y � C . By Corollary 2 to

the Splitting Set Theorem, it follo ws that a literal L =2 C is a consequence

of P [ Q if and only if it is a consequence of P .

5 Application: Closed W orld Assumption

The close d world assumption rule for a literal L is the rule

L  not L;



where L stands for the literal complemen tary to L . Rules of this kind pla y an

imp ortan t part in kno wledge represen tation (

[

Gelfond and Lifsc hitz, 1991

]

,

Section 3).

The follo wing theorem describ es the e�ect of adding a set of closed w orld

assumption rules to a program:

Prop osition 2. Let P b e a program, let C b e a consisten t set of literals

that do not o ccur in P , and let P

0

b e the program obtained from P b y adding

the closed w orld assumption rules for all literals in C . If X is a consisten t

answ er set for P , then

X [ f L 2 C : L =2 X g (4)

is a consisten t answ er set for P

0

. Moreo v er, ev ery consisten t answ er set for

P

0

can b e represen ted in form (4) for some consisten t answ er set X for P .

This theorem can b e illustrated b y the follo wing example. Let the set of

atoms b e f p (1) ; p (2) ; q (1 ) ; q (2) g , let P

4

b e the program

p (1)  ;

: q (2)  ;

and let P

0

4

b e obtained from P

4

b y adding the closed w orld assumption rules

: p ( x )  not p ( x ) ;

q ( x )  not : q ( x ) ;

( x 2 f 1 ; 2 g ). Since the only answ er set for P

4

is f p (1) ; : q (2) g , Prop osition 2

sho ws that the only answ er set for P

0

4

is

f p (1) ; : q (2) g [ f: p (2) ; q (1) g :

Prop osition 4 from

[

Gelfond and Lifsc hitz, 1991

]

is the sp ecial case of

Prop osition 2 in whic h P is a nondisjunctiv e program without classical nega-

tion, and C is the set of all negativ e literals.

Pro of of Prop osition 2. Let U = lit ( P ). F rom the fact that no literal

in C o ccurs in P w e conclude that U splits P

0

and b

U

( P

0

) = P . T ak e an y

consisten t answ er set X for P . The program e

U

( P

0

n b

U

( P

0

) ; X ) consists of

the rules L  for all literals L 2 C suc h that L =2 X . Ob viously , the only

answ er set Y for this program is f L 2 C : L =2 X g . Since X and C are

consisten t, X [ Y is consisten t also. It follo ws that the solutions to P

0

are

the pairs h X ; f L 2 C : L =2 X gi , where X is an answ er set for P . No w the

assertion of Prop osition 2 follo ws from the Splitting Set Theorem.

6 Splitting Sequences

A (tr ans�nite) se quenc e is a family whose index set is an initial segmen t

of ordinals, f � : � < � g . The ordinal � is the length of the sequence. A



sequence h U

�

i

�<�

of sets is monotone if U

�

� U

�

whenev er � < � , and

c ontinuous if, for eac h limit ordinal � < � , U

�

=

S

� <�

U

�

.

A splitting se quenc e for a program P is a monotone, con tin uous sequence

h U

�

i

�<�

of splitting sets for P suc h that

S

�<�

U

�

= lit ( P ).

F or instance, if U

0

is a splitting set for P , then h U

0

; lit ( P ) i is a splitting

sequence for P of length 2. Consider the w ell-kno wn \ev en n um b er" program

P

5

:

p (0)  ;

p ( S ( x ))  not p ( x )

( x = 0 ; S (0) ; S ( S ( 0)) ; : : : ). The follo wing sequence of length ! is a splitting

sequence for P

5

:

hf p (0) g ; f p (0) ; p ( S ( 0)) g ; f p ( 0) ; p ( S (0) ) ; p ( S ( S (0) )) g ; : : : i : (5)

The de�nition of a solution with resp ect to a splitting set is extended to

splitting sequences as follo ws. Let U = h U

�

i

�<�

b e a splitting sequence for

a program P . A solution to P (with resp ect to U ) is a sequence h X

�

i

�<�

of

sets of literals suc h that

� X

0

is an answ er set for b

U

0

( P ),

� for an y � suc h that � + 1 < � , X

� +1

is an answ er set for

e

U

�

( b

U

� +1

( P ) n b

U

�

( P ) ;

[

� � �

X

�

) ;

� for an y limit ordinal � < � , X

�

= ; ,

�

S

�<�

X

�

is consisten t.

It is easy to see that the solutions to P with resp ect to a splitting sequence

h U

0

; lit ( P ) i are the same as the solutions to P with resp ect to the splitting

set U

0

. The only solution h X

0

; X

1

; : : : i to P

5

with resp ect to (5) is de�ned

b y the equations:

X

n

=

(

f p ( S

n

(0)) g ; if n is ev en ;

; ; otherwise :

This is easy to c hec k b y induction on n .

Let U = h U

�

i

�<�

b e a splitting sequence for a program P , and let

h X

�

i

�<�

b e a sequence of sets of literals. Ev ery literal o ccurring in b

U

0

( P )

b elongs to lit ( P ) \ U

0

, and ev ery literal o ccurring in

e

U

�

( b

U

� +1

( P ) n b

U

�

( P ) ;

[

� � �

X

�

)



( � + 1 < � ) b elongs to lit ( P ) \ ( U

� +1

n U

�

). In view of F act 1 (Section 2),

it follo ws that, if h X

�

i

�<�

is a solution, then

X

0

� lit ( P ) \ U

0

;

X

� +1

� lit ( P ) \ ( U

� +1

n U

�

) :

It follo ws that the mem b ers of an y solution are pairwise disjoin t.

The follo wing prop ositions generalize the Splitting Set Theorem and its

corollaries.

Splitting Sequence Theorem. Let U = h U

�

i

�<�

b e a splitting sequence

for a program P . A set A of literals is a consisten t answ er set for P if and

only if A =

S

�<�

X

�

for some solution h X

�

i

�<�

to P with resp ect to U .

Corollary 1. Let U = h U

�

i

�<�

b e a splitting sequence for a program P ,

suc h that there exists at least one solution to P with resp ect to U . Program

P is consisten t, and a set A of literals is an answ er set for P if and only if

A =

S

�<�

X

�

for some solution h X

�

i

�<�

to P with resp ect to U .

Corollary 2. Let U = h U

�

i

�<�

b e a splitting sequence for a program P . A

literal L is a consequence of P if and only if, for ev ery solution h X

�

i

�<�

to

P with resp ect to U , L 2

S

�<�

X

�

.

By Corollary 1, it follo ws that the only answ er set for P

5

is

f p ( S

n

(0)) : n is ev en g :

The pro of of the Splitting Sequence Theorem is based on the Splitting

Set Theorem.

7 Comp onen ts

Let U = h U

�

i

�<�

b e a splitting sequence for a program P , and let h X

�

i

�<�

b e a sequence of sets of literals. Some applications of the Splitting Sequence

Theorem dep end on the syn tactic form of the programs whose answ er sets

can b e mem b ers of a solution:

b

U

0

( P ) ;

e

U

�

( b

U

� +1

( P ) n b

U

�

( P ) ;

S

� � �

X

�

) ( � + 1 < � ) :

(6)

It is clear that eac h rule of eac h of these programs is obtained from a rule

of P b y remo ving some of its subgoals. A more sp eci�c claim regarding the

structure of programs (6) can b e made, using the follo wing terminology .

F or an y program P and an y set X of literals, let rm ( P ; X ) b e the part

of P obtained b y remo ving all subgoals that b elong to X , b oth p ositiv e and

negated, from eac h of the rules of P . F or an y program P and an y splitting

sequence U = h U

�

i

�<�

for P , the programs

b

U

0

( P ) ;

rm ( b

U

� +1

( P ) n b

U

�

( P ) ; U

�

) ( � + 1 < � )



will b e called the U -c omp onents of P .

F or example, the U -comp onen ts of P

5

are the programs f p ( S

n

(0))  g

for all n .

It is easy to see that for an y set X of literals, e

U

�

( b

U

� +1

( P ) n b

U

�

( P ) ; X )

is a subset of rm ( b

U

� +1

( P ) n b

U

�

( P ) ; U

�

). Consequen tly , eac h program in (6)

is a subset of a U -comp onen t of P .

T o demonstrate the usefulness of the notion of a U -comp onen t, w e will

sho w no w that it leads to a simple c haracterization of the class of strati�ed

programs.

A lev el mapping is a function from literals to ordinals. A program P is

strati�ed if there exists a lev el mapping f suc h that, for ev ery rule r 2 P

and an y literals L

1

, L

2

,

� if L

1

; L

2

2 he ad ( r ) then f ( L

1

) = f ( L

2

),

� if L

1

2 he ad ( r ) and L

2

2 p os ( r ) then f ( L

1

) � f ( L

2

),

� if L

1

2 he ad ( r ) and L

2

2 ne g ( r ) then f ( L

1

) > f ( L

2

).

F or instance, ev ery p ositiv e program is strati�ed: tak e f ( L ) = 0 for

ev ery literal L . Program P

5

is a strati�ed program: tak e f ( p ( S

n

(0))) = n .

Programs P

1

and P

2

are not strati�ed.

The de�nition giv en ab o v e is equiv alen t to the usual de�nition of a \lo-

cally strati�ed" program

[

Przym usinski, 1988

]

when the set of atoms is de-

�ned as the set of ground atoms of a �rst-order language, and there is no

classical negation. (A \nonlo cal strati�cation" do es not mak e sense in the

con text of the abstract view of atoms accepted here.)

A rule r is a c onstr aint if he ad ( r ) = ; . Clearly , if a program is strati�ed,

this prop ert y will not b e a�ected b y adding or deleting constrain ts.

Prop osition 3. A program P that do es not con tain constrain ts is strati�ed

if and only if it has a splitting sequence U suc h that all U -comp onen ts of P

are p ositiv e.

Pro of. Assume that P is strati�ed, and let f b e the corresp onding lev el

mapping. T ak e � to b e the smallest ordinal that is greater than all v alues

of f , and de�ne, for ev ery � < � ,

U

�

= f L : f ( L ) < � g :

It is easy to c hec k that U = h U

�

i

�<�

is a splitting sequence for P , and that

all U -comp onen ts of P are p ositiv e. Con v ersely , if U = h U

�

i

�<�

is a splitting

sequence for P suc h that all U -comp onen ts of P are p ositiv e, then w e can

de�ne f ( L ) as the smallest � suc h that L 2 U

�

.

Prop osition 3 leads to a new pro of of a familiar prop ert y of strati�ed

nondisjunctiv e programs without classical negation (

[

Gelfond and Lifsc hitz,

1988

]

, Corollary 1):



Prop osition 4. Ev ery strati�ed, nondisjunctiv e program without classical

negation has a unique answ er set.

Pro of. Let P b e a strati�ed, nondisjunctiv e program without classical nega-

tion, and let U = h U

�

i

�<�

b e a splitting sequence for P suc h that all U -

comp onen ts of P are p ositiv e. Then, for an y sequence h X

�

i

�<�

of sets of

literals, ev ery program in (6) is a p ositiv e nondisjunctiv e program without

classical negation. Consequen tly , eac h of these programs has a unique an-

sw er set. It follo ws that the de�nition of a solution can b e reform ulated in

this case as follo ws: h X

�

i

�<�

is a solution to P if

� X

0

is the answ er set for b

U

0

( P ),

� for an y � suc h that � + 1 < � , X

� +1

is the answ er set for

e

U

�

( b

U

� +1

( P ) n b

U

�

( P ) ;

[

� � �

X

�

) ;

� for an y limit ordinal � < � , X

�

= ; ,

�

S

�<�

X

�

is consisten t.

The �rst three conditions pro vide a recursiv e de�nition of h X

�

i

�<�

. Con-

sequen tly , there is exactly one sequence satisfying these conditions. Ev ery

elemen t of ev ery mem b er of this sequence is an atom, so that the last con-

dition is satis�ed also.

8 Splitting and Order-Consistency

The notions of a \signed" program (program with a signing)

[

Kunen, 1989

]

and an \order-consisten t" program

[

Sato, 1990

]

can b e de�ned as follo ws.

In the de�nitions, P is assumed to b e a nondisjunctiv e program without

classical negation.

W e sa y that P is signe d if there exists a set S of atoms suc h that, for

ev ery rule r in P ,

he ad ( r ) [ p os ( r ) � S; ne g ( r ) \ S = ;

or

( he ad ( r ) [ p os ( r )) \ S = ; ; ne g ( r ) � S .

T o de�ne the m uc h wider class of order-consisten t programs, w e need

the follo wing notation. F or an y atom A , P

+

A

and P

�

A

are the smallest sets of

atoms suc h that A 2 P

+

A

and, for ev ery rule r 2 P ,

� if he ad ( r ) � P

+

A

then p os ( r ) � P

+

A

and ne g ( r ) � P

�

A

,

� if he ad ( r ) � P

�

A

then p os ( r ) � P

�

A

and ne g ( r ) � P

+

A

.

Program P is called order-consisten t if there exists a lev el mapping f suc h

that f ( B ) < f ( A ) whenev er B 2 P

+

A

\ P

�

A

.

The follo wing theorem describ es the relationship b et w een these classes

of programs:



Prop osition 5. Let P b e a nondisjunctiv e program without classical nega-

tion. Program P is order-consisten t if and only if it has a splitting sequence

U suc h that all U -comp onen ts of P are signed.

F or instance, the follo wing program P

6

is order-consisten t, but not signed:

a  b;

a  not b:

Let U b e the sequence hf b g ; f a; b g i . This sequence splits P

6

, and the U -

comp onen ts of P

6

are the signed programs f a  g and ; .

Using Prop osition 5 and the Splitting Sequence Theorem, w e can de-

riv e F ages's theorem

[

F ages, 1994

]

on the existence of an answ er set for an

order-consisten t program from a similar|and easier|theorem for signed

programs.

Pro of of Prop osition 5 (sk etc h). Let P b e a program with a splitting

sequence U = h U

�

i

�<�

suc h that all U -comp onen ts of P are signed. A lev el

mapping f required in the de�nition of order-consistency can b e de�ned as

follo ws: F or eac h atom A , f ( A ) is the least ordinal � suc h that A 2 U

�

.

Assume, on the other hand, that P is order-consisten t, and let f b e the

corresp onding lev el mapping. Arrange all atoms in a trans�nite sequence

h A

�

i

�<�

so that f ( A

�

) < f ( A

�

) whenev er � < � . A splitting sequence

for P can b e de�ned b y U

�

=

S

� <�

( P

+

A

�

[ P

�

A

�

). F or this sequence U , all

U -comp onen ts of P are signed.

9 Conclusion

The usefulness of splitting is illustrated in this pap er b y sev eral applications.

The Splitting Set Theorem is also emplo y ed in the pap er \Language Inde-

p endence and Language T olerance in Logic Programs"

[

McCain and T urner,

1993

]

, whic h app ears in this v olume. It is used there to pro v e one of the

cen tral results|Theorem 6.1, whic h sho ws that, under some conditions, one

can ignore the fact that the language of a logic program is man y-sorted. W e

exp ect that, in the future, the idea of splitting will �nd man y other uses.
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