
Language Indep endence and Language

T olerance in Logic Programs

Norman McCain and Hudson T urner

Departmen t of Computer Sciences

Univ ersit y of T exas at Austin

Austin, TX 78712

Abstract

The consequences of a logic program dep end in general up on b oth the rules

of the program and its language. Ho w ev er the consequences of some pro-

grams are indep enden t of the c hoice of language, while others dep end on the

language of the program in only a restricted w a y . In this pap er, w e de�ne

notions of language indep endence and language tolerance corresp onding to

these t w o cases. F urthermore, w e sho w that there are syn tactically-de�ned

classes of programs that are language indep enden t and language toleran t. A

primary application of these results is to guaran tee that for some programs

it is p ermissible to ignore the fact that the language of the program is man y-

sorted. This is useful to kno w, since query ev aluation pro cedures generally

tak e no accoun t of sorts.

1 In tro duction

The consequences of a logic program dep end in general up on b oth the rules

of the program and its language. F or instance, consider the program P

1

whose only rule is

p ( X )  :

If the language of P

1

is unsorted and con tains, as its only ground terms, the

constan t sym b ols a and b , then its consequences are p ( a ) and p ( b ). Ho w ev er,

if b is replaced b y c , then instead its consequences are p ( a ) and p ( c ). As a

second example, consider the program P

2

,

p ( a )  not q ( X ) ;

q ( a )  :

Supp ose the language of P

2

is the unsorted language that includes only the

sym b ols used in the program; so the only ground term in the language is

the constan t sym b ol a . Then p ( a ) is not a consequence of P

2

. Ho w ev er, if

the language of P

2

includes in addition the constan t sym b ol b , then p ( a ) is

a consequence of P

2

.

Both programs illustrate the fact that the consequences of a program ma y

dep end on its language, but the programs di�er in one imp ortan t resp ect.



In the case of P

1

, the consequences of the program tak en with resp ect to

an y pair of languages inevitably agree in their in tersection; for example,

wrt the t w o languages discussed in relation to P

1

, the consequences agree

on f p ( a ) g . Ho w ev er, in the case of P

2

, this is not so. F or example, p ( a )

is in the in tersection of the languages discussed in relation to P

2

, but it

is a consequence wrt only one of them. Therefore, P

1

is, in a sense, more

toleran t of language c hanges than P

2

. In this pap er, w e will de�ne a notion

of language toler anc e suc h that P

1

is language toleran t but P

2

is not.

The consequences of some language toleran t programs do not dep end

at all on what language is tak en as the language of the program.

1

As an

example, consider the program P

3

,

p ( X )  r ( X ) ; not q ( X ) ;

r ( a )  :

The consequences of P

3

remain p ( a ) and r ( a ), regardless of the language of

the program. W e will de�ne a notion of language indep endenc e , generalizing

the de�nition in

[

Martens and De Sc hrey e, 1992

]

, suc h that P

3

is language

indep enden t but P

1

(and of course, P

2

) are not.

Our main purp ose in this pap er is to iden tify syn tactically-de�ned classes

of programs that are language indep enden t and language toleran t. One

reason for desiring suc h results is suggested in the follo wing paragraph.

In applications of logic programming to kno wledge represen tation, it is

often con v enien t to use a language with man y sorts. F or instance, a program

that represen ts kno wledge ab out actions in the situation calculus migh t in-

clude suc h sorts as; action , 
uent and situation . Since the standard query

ev aluation pro cedures for logic programs tak e no sp ecial accoun t of sorts,

this raises a basic question: What is the e�ect on the declarativ e meaning

of a program when w e ignore the fact that its language is man y-sorted and

replace the language of the program b y an unsorted language with the same

signature? F or a language indep enden t program, it is clear that the conse-

quences are not a�ected at all, while for a language toleran t program, the

result is a conserv ativ e extension of the program, with iden tical consequences

in the original man y-sorted language.

The question of when it is acceptable to \ignore sorts" in logic programs

w as the original motiv ation for these in v estigations, and it remains the pri-

mary application of our results.

In the follo wing section, w e sp ecify the syn tax and seman tics of logic

programs. W e then de�ne the notion of language indep endence (Section 3)

and a syn tactic class of language indep enden t programs (Section 4). W e

do the same for the notion of language tolerance in Sections 5 & 6. In

Section 7 w e sho w that ignoring sorts in a language toleran t program yields

1

Of course, an y candidate language m ust include the sym b ols that actually o ccur in

the program, and, if the language is man y-sorted, m ust sp ecify the sorts of these sym b ols

in w a ys that are compatible with their use.



a conserv ativ e extension, and w e apply this result to a program for reasoning

ab out actions. W e discuss related w ork in Section 8 and presen t conclusions

in Section 9. Pro ofs and pro of sk etc hes are giv en in Section 10.

2 Languages, Programs and Answ er Sets

T o sp ecify a language L for logic programs, w e sp ecify a signature �

L

, a

nonempt y set I

L

, whose mem b ers are called sorts, and a sort sp eci�cation

for eac h sym b ol of �

L

as follo ws.

A signatur e �

L

for a language L is a triple consisting of disjoin t sets of

predicate sym b ols (with arities), function sym b ols (with arities), and v ari-

ables. (Constan t sym b ols app ear in the signature as zero-ary function sym-

b ols.) L is said to b e one-sorte d (or unsorte d ), if I

L

con tains exactly one sort.

When the language is clear from the con text, w e ma y drop the subscript,

writing � or I .

W e assign a sort sp e ci�c ation to eac h sym b ol of � as follo ws. Eac h

v ariable is assigned a sort in I . Eac h n -ary function sym b ol is assigned an

n + 1-tuple h s

1

; : : : ; s

n

; s

n +1

i , where for eac h i , 1 � i � n + 1, s

i

2 I . Eac h

n -ary predicate sym b ol is assigned an n -tuple h s

1

; : : : ; s

n

i , where for eac h i ,

1 � i � n , s

i

2 I . It is stipulated that there m ust b e at least one constan t

sym b ol of eac h sort in I .

2

The terms and atomic form ulas (or atoms) of L

are recursiv ely de�ned in the usual w a y , resp ecting the sort sp eci�cations

of the sym b ols. Giv en the atoms, w e de�ne the set of literals of L as the

set including, for eac h atom A , b oth the atom A and the negated atom : A .

Finally , the rules of L are the expressions of the form

L

1

j : : : j L

l

 L

l +1

; : : : ; L

m

; not L

m +1

; : : : ; not L

n

(1)

with 0 � l � m � n , where eac h L

i

(1 � i � n ) is a literal.

A pr o gr am P is a set of rules in a language L

P

, whic h ma y b e one-

sorted or man y-sorted.

3

The rules of P inevitably b elong to a host of other

languages as w ell. These languages ma y di�er from L

P

in their sym b ols

or in their sorts (or b oth). W e will b e concerned with ho w the declarativ e

meaning of a program is a�ected b y c hoices among these languages.

De�nition . Let L b e an arbitrary language, and let P b e a program. If

ev ery rule in P is a rule of L , w e sa y that L is p ermissible for P . When the

program P is clear from the con text, w e sa y simply that L is p ermissible.

F or ev ery program P , L

P

is p ermissible for P .

De�nition . Giv en a program P and a language L that is p ermissible for

P , H ( P ; L ) is the ground program, consisting of all ground instances, in the

2

This stipulation is analagous to the stipulation in classical logic that domains are

nonempt y .

3

So b y a program, unless w e sa y otherwise, w e shall mean an extended disjunctiv e logic

program

[

Gelfond and Lifsc hitz, 1991

]

.



language L , of rules in P . The language of the ground program H ( P ; L )

obtained in this manner is L .

In most declarativ e seman tics of logic programs, including the answ er set

seman tics, w e tak e a program P with v ariables to b e essen tially a shorthand

sp eci�cation of the ground program H ( P ; L

P

), where L

P

is the (often un-

sp eci�ed) language of P .

4

Th us, the answ er sets for a program P are the

answ er sets for the ground program H ( P ; L

P

).

In order to �nish de�ning the answ er set seman tics, w e in tro duce a few

more de�nitions and notational con v en tions. Giv en a rule r as in (1), b y the

subgoals of r w e mean

L

l +1

; : : : ; L

m

; not L

m +1

; : : : ; not L

n

:

W e de�ne the follo wing: he ad ( r ) = f L

1

; : : : ; L

l

g , b o dy ( r ) = f L

l +1

; : : : ; L

n

g ,

p os ( r ) = f L

l +1

; : : : ; L

m

g , and ne g ( r ) = f L

m +1

; : : : ; L

n

g . A program P is a

p ositive pr o gr am if, for ev ery rule r in P , ne g ( r ) = ; . F or a program P , b y

Lit ( P ) w e denote the set of ground literals that o ccur in P . F or a language

L , b y Lit ( L ) w e denote the set of ground literals of L .

No w, let P b e a p ositiv e ground program, with L a language p ermissible

for P . Let B b e a subset of Lit ( L ). B is close d under the rules of P if for

all rules r in P , he ad ( r ) \ B 6= ; whenev er b o dy ( r ) � B . B is c onsistent if B

do es not con tain a pair of complemen tary literals. B is lo gic al ly close d (wrt

L ) if either B is consisten t or B = Lit ( L ).

An answer set for a p ositiv e ground program P is a minimal subset of

Lit ( L

P

) that is b oth closed under P and logically closed (wrt L

P

).

Let P b e a ground program. Let X b e a subset of Lit ( L

P

). The r e duct

of P wrt X is the p ositiv e program P

X

, where

P

X

=

(

r

0

: 9 r 2 P : ne g ( r ) \ X = ; ^ he ad ( r

0

) = he ad ( r )

^ p os ( r

0

) = p os ( r ) ^ ne g ( r

0

) = ;

)

:

Giv en a ground program P , with B � Lit ( L

P

), B is an answer set for P i�

B is an answ er set for P

B

.

Example . Consider the program P

4

,

p ( X ; Y )  r ( X ) ; not q ( X ; Y ) ;

r ( a )  ;

q ( a; 0)  ;

where the signature �

L

P

4

is ( f p= 2 ; r = 1 ; q = 2 g ; f a= 0 ; 0 = 0 ; 1 = 0 ; 2 = 0 g ; f X; Y g ),

the set of sorts I

L

P

4

is f letter ; num g , and the sort sp eci�cations for the

sym b ols of L

P

4

are sort ( X ) = letter , sort ( Y ) = num , sort ( p ) = sort ( q ) =

4

By con v en tion, when the language L

P

of a program P is not otherwise sp eci�ed, w e

assume that L

P

is the minimal unsorted language that (i) is p ermissible for P , and (ii)

includes the constan t sym b ol a if no constan t sym b ol o ccurs in P .



h letter ; num i , sort ( r ) = h letter i , sort ( a ) = h letter i , and sort (0) = sort (1) =

sort (2) = h num i .

The ground program H ( P

4

; L

P

4

) is

p ( a; 0)  r ( a ) ; not q ( a; 0) ;

p ( a; 1)  r ( a ) ; not q ( a; 1) ;

p ( a; 2)  r ( a ) ; not q ( a; 2) ;

r ( a )  ;

q ( a; 0)  :

Let A = f p ( a; 1) ; p ( a; 2) ; r ( a ) ; q ( a; 0) g . The reduct P

A

4

is the p ositiv e pro-

gram

p ( a; 1)  r ( a ) ;

p ( a; 2)  r ( a ) ;

r ( a )  ;

q ( a; 0)  :

Since A is a minimal set that is b oth closed under the rules of P

A

4

and

logically closed, A is an answ er set for P

4

. It is, in fact, the only answ er set,

and of course it is consisten t.

A program P entails exactly those literals from Lit ( L

P

) that are included

in ev ery answ er set for P . W e denote the set of literals en tailed b y P b y

Cn ( P ). A program P is c onsistent if Cn ( P ) is consisten t, and inc onsistent

otherwise.

W e mak e t w o simple observ ations: (i) for a program P , Cn ( P ) is the set

of literals from Lit ( L

P

) that are included in ev ery consisten t answ er set for

P , and (ii) if a program P is inconsisten t, then either it has no answ er set

or its only answ er set is Lit ( L

P

).

W e will at times b e in terested in the class of normal programs. A program

P is a normal program if ev ery rule in P has the form

A

0

 A

1

; : : : ; A

m

; not A

m +1

; : : : ; not A

n

with 0 � m � n , where all A

i

( i = 0 ; : : : ; n ) are atoms of L

P

.

3 Language Indep endence

In this section w e de�ne the notion of language indep endence and state

a simple prop osition regarding the consequences of language indep enden t

programs.

De�nition . A program P is language indep endent if, for an y t w o lan-

guages L

1

; L

2

that are p ermissible for P , the ground programs H ( P ; L

1

) and

H ( P ; L

2

) ha v e the same consisten t answ er sets.

Prop osition 3.1 L et P b e a language indep endent pr o gr am, and let L

1

; L

2

b e p ermissible languages for P . Then Cn ( H ( P ; L

1

) ) = Cn ( H ( P ; L

2

) ) .



Ground programs are trivially language indep enden t. Let P b e a ground

program. F or an y language L that is p ermissible for P , w e ha v e P = H ( P ; L ).

Hence, for an y t w o languages L

1

; L

2

that are p ermissible for P , H ( P ; L

1

) =

H ( P ; L

2

). So P is language indep enden t. Th us, for the purp ose of determin-

ing answ er sets and consequences, there is no need to sp ecify the language

of a consisten t ground program.

W e will b e in terested in iden tifying additional classes of language inde-

p enden t and language toleran t programs.

4 Allo w ed Programs are Language Indep enden t

In this section w e presen t a theorem whic h states that al lowe d programs

are language indep enden t. The class of allo w ed programs is syn tactically-

de�ned and w as studied in

[

Llo yd and T op or, 1986

]

in connection with the

problem of 
oundering in SLDNF. The same class of programs is also kno wn

as r ange-r estricte d .

W e b egin b y generalizing the de�nition of an allo w ed program, whic h

w as originally de�ned for normal programs only .

De�nition . Let P b e a program. A rule R 2 P is al lowe d if ev ery v ariable

in R o ccurs in p os ( R ). The program P is al lowe d if ev ery rule in P is allo w ed.

The program P

3

is allo w ed, but the programs P

1

, P

2

and P

4

are not. W e

can no w state the follo wing theorem.

Theorem 4.1 Every al lowe d pr o gr am is language indep endent.

The theorem sho ws that for allo w ed programs, as for ground programs, con-

sisten t answ er sets are una�ected b y the c hoice of language. Ho w ev er, the

reason for this is di�eren t in the case of allo w ed programs, since the c hoice

of language L for an allo w ed program P generally do es a�ect H ( P ; L ). As

an example, supp ose that L

1

and L

2

are p ermissible languages for P

3

, with

a as the only ground term in L

1

, and a and b as the only ground terms in

L

2

. Then, although the ground program H ( P

3

; L

1

) is

p ( a )  r ( a ) ; not q ( a ) ;

r ( a )  ;

and the ground program H ( P

3

; L

2

) is

p ( a )  r ( a ) ; not q ( a ) ;

p ( b )  r ( b ) ; not q ( b ) ;

r ( a )  ;

the answ er sets and consequences for the t w o programs are iden tical. Theo-

rem 4.1 implies that the same result holds for all allo w ed programs and their

p ermissible languages.



5 Language T olerance

In this section w e de�ne the notion of language tolerance and state a simple

prop osition regarding the consequences of language toleran t programs.

De�nition . A program P is language toler ant if, for an y t w o languages

L

1

; L

2

that are p ermissible for P the follo wing holds: If A

1

is a consisten t

answ er set for the ground program H ( P ; L

1

), then there is a consisten t answ er

set A

2

for the ground program H ( P ; L

2

) s.t. A

1

\ Lit ( L

2

) = A

2

\ Lit ( L

1

).

Prop osition 5.1 L et P b e a language toler ant pr o gr am, and let L

1

; L

2

b e

p ermissible languages for P . Then Cn ( H ( P ; L

1

) ) \ Lit ( L

2

) = Cn ( H ( P ; L

2

) ) \

Lit ( L

1

) .

Let X = Lit ( L

1

) \ Lit ( L

2

). Since the answ er sets for H ( P ; L

1

) are subsets

of Lit ( L

1

) and the answ er sets for H ( P ; L

2

) are subsets of Lit ( L

2

), the equal-

it y expressions in the previous de�nition and prop osition can b e replaced b y

A

1

\ X = A

2

\ X and Cn ( H ( P ; L

1

) ) \ X = Cn ( H ( P ; L

2

)) \ X , resp ectiv ely .

Th us, if P is language toleran t, the consequences of P , determined wrt an y

pair of p ermissible languages, agree in the in tersection of the languages.

Clearly , ev ery language indep enden t program is language toleran t, but

the con v erse do es not hold. This is illustrated b y the programs P

1

and P

4

.

It is easy to sho w that these programs are not language indep enden t.

Example . [con t.] Let L b e the language that di�ers from L

P

4

b y including

an additional constan t sym b ol b of sort letter and b y replacing the con-

stan t sym b ol 1 in L

P

4

b y 4. The ground program H ( P

4

; L ), whic h con tains

eigh t rules, has the unique answ er set f p ( a; 2) ; p ( a; 4) ; r ( a ) ; q ( a; 0) g . The

unique answ er set for H ( P

4

; L

P

4

) is f p ( a; 1) ; p ( a; 2 ) ; r ( a ) ; q ( a; 0) g , as giv en

in Section 2. Since these answ er sets di�er, P

4

is not language indep en-

den t. Ho w ev er, the t w o answ er sets agree in the the in tersection of the t w o

languages.

It will b e easy to sho w that P

1

and P

4

are language toleran t, using the

results obtained in the next section.

6 Some Stable Programs are Language T oleran t

The class of stable programs

[

Stro etman, 1993

]

prop erly includes the class

of allo w ed programs. Under a rather strong restriction, w e can sho w that

stable programs are language toleran t. The restriction is stated after the

follo wing de�nition.

De�nition . A program Q is a p art of a program P if Q can b e obtained

from P b y (i) selecting a subset of the rules in P and (ii) deleting zero or

more subgoals from eac h selected rule.

W e can sho w that a stable program is language toleran t if, for ev ery

language L that is p ermissible for P , ev ery part of H ( P ; L ) has a consisten t



answ er set. In general of course it ma y b e di�cult determine whether a

program has this prop ert y , but there are some easily recognized classes of

programs that do; for instance, strati�ed normal programs. Later in this

section w e will de�ne a larger class of normal programs with this prop ert y ,

namely , the class of predicate-order-consisten t programs.

W e b egin our discussion of stable programs b y generalizing a n um b er of

de�nitions giv en originally in

[

Stro etman, 1993

]

in the framew ork of normal

programs.

An I/O sp eci�cation � for a program P is a function that maps ev ery

n -ary predicate sym b ol Q that o ccurs in P to a pair of mo des | �

Q

and

�

: Q

| eac h of whic h is a function from the set f 1 ; : : : ; n g to f + ; �g .

5

The mo de �

Q

can b e con v enien tly written as Q ( �

Q

(1) ; : : : ; �

Q

( n )). F or

example, : Holds ( � ; +) means that �

: Holds

(1) = � and �

: Holds

(2) = +.

De�nition . Let P b e a program with I/O sp eci�cation � and p ermissible

language L . F or an y expression E from L , b y FV ( E ) w e designate the set of

free v ariables that o ccur in E . F or an y atom Q ( t

1

; : : : ; t

n

) in L s.t. Q o ccurs

in P ,

F V

+

( Q ( t

1

; : : : ; t

n

)) =

[

f F V ( t

i

) : i 2 f 1 ; : : : ; n g and �

Q

( i ) = + g

F V

�

( Q ( t

1

; : : : ; t

n

)) =

[

f F V ( t

i

) : i 2 f 1 ; : : : ; n g and �

Q

( i ) = �g :

F or an y negated atom : Q ( t

1

; : : : ; t

n

) in L , s.t. Q o ccurs in P ,

F V

+

( : Q ( t

1

; : : : ; t

n

)) =

[

f F V ( t

i

) : i 2 f 1 ; : : : ; n g and �

: Q

( i ) = + g

F V

�

( : Q ( t

1

; : : : ; t

n

)) =

[

f F V ( t

i

) : i 2 f 1 ; : : : ; n g and �

: Q

( i ) = �g :

De�nition . Let P b e a program. A rule R 2 P is stable wrt an I/O

sp eci�cation � if there exists an ordering L

1

; : : : ; L

k

of p os ( R ) suc h that at

least one of the follo wing conditions is satis�ed for ev ery v ariable x that

o ccurs in R :

(i) he ad ( R ) 6= ; ^ 8 L 2 he ad ( R )[ x 2 F V

+

( L )],

(ii) 9 i 2 f 1 ; : : : ; k g [ x 2 F V

�

( L

i

) ^ 8 j 2 f 1 ; : : : ; i g [ x 62 F V

+

( L

j

)]].

Program P is stable wrt � if ev ery rule in P is stable wrt � , and P is stable

if for some � , P is stable wrt � .

The programs P

1

, P

3

, and P

4

are stable. P

1

is stable wrt the I/O sp eci�-

cation p (+). P

3

is stable wrt p ( � ), q ( � ), and r ( � ). P

4

is stable wrt p ( � ; +),

q ( � ; � ), and r ( � ). The program P

2

is not stable.

5

In tuitiv ely , if �

Q

( i ) = +, then i is an input p osition for an y atom with the predicate

Q , and if �

Q

( i ) = � , then i is an output p osition. Similarl y , if �

: Q

( i ) = +, then i is an

input p osition for an y negated atom with the predicate Q , and if �

: Q

( i ) = � , then i is

an output p osition. An input p osition is an argumen t place that should b e a ground term

in an y call to Q . An output p osition need not b e ground. These concepts are asso ciated

with the pro cedural seman tics of normal logic programs.



It is easy to see that a program P is allo w ed i� it is stable wrt the I/O

sp eci�cation that maps ev ery argumen t place to � . So the class of stable

programs is a sup erset of the class of allo w ed programs.

The preceding de�nition generalizes the de�nition in

[

Stro etman, 1993

]

to the class of extended disjunctiv e programs. But ev en in the sp ecial case

of normal programs, the de�nition is more general. In

[

Stro etman, 1993

]

the b o dy of a rule is an ordered sequence rather than a set, and whether or

not a rule is stable ma y dep end on this ordering. F or instance, according

to the original de�nition, the rule p  not r ( X ) ; q ( X ) is not stable. By

the de�nition giv en here, on the other hand, the rule is stable wrt an y I/O

sp eci�cation � suc h that �

q

(1) = � .

It is not the case that ev ery stable program is language toleran t, as the

follo wing program P

5

illustrates,

p ( X )  not p ( X ) ;

p ( a )  :

P

5

is stable wrt the I/O sp eci�cation p (+). Supp ose that L

1

is the minimal

unsorted p ermissible language for P

5

and that L

2

is the same as L

1

except

that it con tains the additional constan t sym b ol b . Then H ( P

5

; L

1

) has a

single answ er set f p ( a ) g , but H ( P

5

; L

2

) is inconsisten t and has no answ er

sets at all. This sho ws that P

5

is not language toleran t.

It is also not the case that ev ery stable program that is consisten t wrt

ev ery p ermissible language is language toleran t. This is illustrated b y the

program P

6

.

p ( X )  d; not p ( X ) ;

p ( a )  ;

c j d  :

P

6

is stable wrt the I/O sp eci�cation p (+), and for ev ery p ermissible lan-

guage L for P

6

, f p ( a ) ; c g is an answ er set for H ( P

6

; L ). Supp ose that L

1

is

the minimal unsorted p ermissible language for P

6

and that L

2

is the same as

L

1

except that it con tains the additional constan t sym b ol b . Then H ( P

6

; L

1

)

has t w o answ er sets f p ( a ) ; c g and f p ( a ) ; d g , but H ( P

6

; L

2

) has only the an-

sw er set f p ( a ) ; c g . This sho ws that P

6

is not language toleran t and motiv ates

the stronger condition stated in the follo wing theorem.

Theorem 6.1 If a pr o gr am P is stable and, for every p ermissible language L

for P , every p art of H ( P ; L ) has a c onsistent answer set, then P is language

toler ant.

As giv en, Theorem 6.1 is di�cult to apply b ecause of the consistency

condition in the statemen t of the theorem. W e no w turn to the problem

of de�ning a general syn tactic class of programs that satisfy this condition.

F or this purp ose, w e de�ne the prop ert y of predicate-order-consistency in



a manner analogous to the de�nition of order-consistency in

[

F ages, 1993

]

.

Unlik e the de�nition of order-consistency , the de�nition of predicate-order-

consistency do es not refer to the language of the program, but only to the

predicate sym b ols that o ccur in the program.

Let P b e a normal program. The prop ert y of predicate-order-consistency

is de�ned in terms of the pr e dic ate dep endency gr aph G ( P ) of P . The no des

of the graph are the predicate sym b ols that o ccur in P .

Let p; q b e predicate sym b ols that o ccur in P . There is a p ositiv e edge

in G ( P ) from p to q if there is a rule R 2 P with p o ccurring in p os ( R ) and

q o ccurring in he ad ( R ), and there is a negativ e edge in G ( P ) from p to q if

there a rule R 2 P with p o ccurring in ne g ( R ) and q o ccurring in he ad ( R ).

De�nition . Giv en G ( P ), w e de�ne t w o relations. F or all predicate sym b ols

p; q that o ccur in P ,

(i) p �

+

q if there is a path in G ( P ) from p to q with an ev en n um b er of

negativ e edges,

(ii) p �

�

q if there is a path in G ( P ) from p to q with an o dd n um b er of

negativ e edges.

Finally , a third relation �

�

is de�ned in terms of the previous t w o: F or all

predicate sym b ols p; q that o ccur in P , p �

�

q � [ p �

+

q and p �

�

q ] :

De�nition . A normal program P is pr e dic ate-or der-c onsistent if the re-

lation �

�

in G ( P ) is w ell-founded and there is no predicate sym b ol p that

o ccurs in P s.t. p �

�

p .

The follo wing prop osition is pro v ed b y using the result from

[

F ages, 1993

]

whic h states that ev ery order-consisten t normal program has an answ er set.

Prop osition 6.1 If P is a pr e dic ate-or der-c onsistent normal pr o gr am, then

for every p ermissible language L for P , every p art of H ( P ; L ) has a c onsistent

answer set.

Theorem 6.2 If normal pr o gr am P is stable and pr e dic ate-or der-c onsistent,

then P is language toler ant.

Since the programs P

1

and P

4

clearly satisfy the conditions of Theo-

rem 6.2, they are language toleran t.

7 Ignoring Sorts

In this section, w e de�ne the notion of \ignoring sorts" and state a theorem

that justi�es ignoring sorts in language toleran t programs.

De�nition . Let P and P

0

b e ground programs suc h that P � P

0

. W e sa y

that P

0

is a c onservative extension of P if the follo wing condition holds: A

is a consisten t answ er set for P i� there is a consisten t answ er set A

0

for P

0

suc h that A = A

0

\ Lit ( L

P

).



Prop osition 7.1 If a pr o gr am P

0

is a c onservative extension of a pr o gr am

P , then Cn ( P ) = Cn ( P

0

) \ Lit ( L

P

) .

De�nition . Let L ; L

0

b e languages. W e sa y that L

0

is obtained from L b y

ignoring sorts if �

L

= �

L

0
and L

0

is one-sorted.

Prop osition 7.2 L et P b e a language toler ant pr o gr am. If L is obtaine d

fr om L

P

by ignoring sorts, then H ( P ; L ) is a c onservative extension of

H ( P ; L

P

) .

W e no w apply Prop osition 7.2 to a program for reasoning ab out actions

from

[

Lifsc hitz et al. , 1993

]

. The language of the program is a man y-sorted

language with four sorts: 
uent , action , truth-value , and situation . The

language con tains the follo wing constan t sym b ols: Loaded and Al iv e of sort


uent ; Load , W ait , and S hoot of sort action ; 0 and 1 of sort truth-value ; and

S 0 of sort situation . In addition, the language con tains the function sym b ol

R esult , where

sort ( R esult ) = h action ; situation ; situation i ;

and the predicate sym b ols, Holds , Holds

0

, Noninertial , and R el , where

sort ( Holds ) = sort ( Holds

0

) = h 
uent ; situation i

sort ( Noninertial ) = h 
uent ; action ; situation ; truth-value i

sort ( R el ) = h situation i :

The sorts of the v ariables, f , a , and s , can b e inferred from their use.

The program P

7

is the p ositive form of an extended program giv en in

[

Lifsc hitz et al. , 1993

]

.

6

It formalizes the so-called Murder Mystery v arian t

of the Y ale Sho oting Problem

[

Hanks and McDermott, 1987

]

.

1. Holds ( A live ; S 0).

2. Holds

0

( A live ; R esult ( Wait ; R esult ( Sho ot ; S 0))).

2a. R el ( R esult ( Wait ; R esult ( Sho ot ; S 0))) :

2b. R el ( R esult ( Sho ot ; S 0)) :

3. Holds ( L o ade d ; R esult ( L o ad ; s )).

4. Noninertial ( L o ade d ; L o ad ; s; 1).

5. Holds

0

( A live ; R esult ( Sho ot ; s ))  Holds ( L o ade d ; s ).

6. Noninertial ( A live ; Sho ot ; s; 0)  not Holds

0

( L o ade d ; s ).

7. Holds

0

( L o ade d ; s )  R el ( R esult ( Sho ot ; s )) ; Holds ( A live ; R esult ( Sho ot ; s )).

6

The p ositiv e form w as obtained b y replacing eac h literal of the form : Holds ( ; ) b y

an atom of the form Holds

0

( ; ), where Holds

0

is a new predicate sym b ol. See

[

Gelfond

and Lifsc hitz, 1991

]

.



8. Holds ( L o ade d ; s )  R el ( R esult ( Sho ot ; s )) ; Holds ( A live ; s ) ;

Holds

0

( A live ; R esult ( Sho ot ; s )).

9. Holds

0

( L o ade d ; R esult ( Sho ot ; s )).

10. Noninertial ( L o ade d ; Sho ot ; s; 0).

11. Holds ( f ; R esult ( a; s ))  Holds ( f ; s ) ; not Noninertial ( f ; a; s; 0).

12. Holds

0

( f ; R esult ( a; s ))  Holds

0

( f ; s ) ; not Noninertial ( f ; a; s; 1).

13. Holds ( f ; s )  R el ( R esult ( a; s )) ; Holds ( f ; R esult ( a; s )) ;

not Noninertial ( f ; a; s; 1).

14. Holds

0

( f ; s )  R el ( R esult ( a; s )) ; Holds

0

( f ; R esult ( a; s )) ;

not Noninertial ( f ; a; s; 0).

The program is not allo w ed, b ecause in eac h of the rules 3, 4, 6, 9, 10,

11 and 12 there is a v ariable that do es not o ccur in the p ositiv e part of the

b o dy .

Let � b e the follo wing I/O sp eci�cation: Holds ( � ; +), Holds

0

( � ; +),

Noninertial (+ ; + ; + ; +), and R el ( � ). It is easy to c hec k that the program

is stable wrt � . Also, it is easy to see that the program is predicate-order-

consisten t; in fact, the relation �

�

, whic h is de�ned wrt the predicate de-

p endency graph G ( P

7

), is empt y . Th us, b y Theorem 6.2, P

7

is language

toleran t.

Let L

0

P

7

b e the language that is obtained from L

P

7

b y ignoring sorts. By

Prop osition 7.2, H ( P

7

; L

0

P

7

) is a conserv ativ e extension of H ( P

7

; L

P

7

). So

ignoring sorts in L

P

7

has no e�ect on whether or not an atom in the original

man y-sorted language is a consequence of the program. F or P

7

, this justi�es

the use of query ev aluation pro cedures that tak e no accoun t of sorts.

8 Discussion

A notion of language indep endenc e is de�ned for strati�ed normal programs

in

[

Martens and De Sc hrey e, 1992

]

as follo ws: \A strati�ed program P with

underlying language L

P

is called language indep endent i� for an y extension

L

0

for L

P

, its p erfect L

0

-Herbrand mo del is equal to its p erfect L

P

-Herbrand

mo del." (Here L

P

is the minimal (unsorted) p ermissible language for P .)

F urthermore, the follo wing result is stated as Prop osition 2.5: \Let P b e a

strati�ed program. If P is range-restricted then P is language-indep enden t."

Note that the class of allo w ed programs and the class of range-restricted

programs are the same.

Since the p erfect mo del seman tics and the answ er set seman tics agree for

the class of strati�ed normal programs, it is p ossible to compare the preced-

ing prop osition with our Theorem 4.1. First, our theorem applies to sorted

as w ell as unsorted languages. Secondly , it applies to non-strati�ed normal

programs and more generally to the en tire class of extended disjunctiv e pro-

grams. In these resp ects, Theorem 4.1 is more general than Prop osition 2.5.



Since our notion of language indep endence considers all pairs of p ermissible

languages, not only the minimal unsorted p ermissible language and eac h of

its unsorted extensions, Theorem 4.1 is at least as strong as Prop osition 2.5.

There is no de�nition in

[

Martens and De Sc hrey e, 1992

]

analogous to our

notion of language tolerance.

T o our kno wledge, the closest analogues to our de�nition of language tol-

erance app ear in

[

T op or and Sonen b erg, 1988

]

and

[

Ross, 1993

]

. In

[

T op or

and Sonen b erg, 1988

]

, a concept called \domain indep endence" is de�ned

as follo ws: \A strati�ed database D is domain indep endent if, for all lan-

guages L

1

and L

2

extending that of D , and for all atoms A in L

1

and L

2

,

ans ( A; D ; L

1

) = ans ( A; D ; L

2

)." (Here ans ( A; D ; L ) ma y b e tak en to b e the

set of ground instances of A that are consequences of H ( D ; L ) according

to an y of the v arious seman tics that coincide on strati�ed programs.) This

de�nition resem bles our de�nition of language tolerance in its fo cus on the

in tersections of pairs of languages. Ho w ev er, sorted languages and extended

or disjunctiv e programs are not co v ered, and the largest syn tactic class of

programs sho wn to b e domain indep enden t is the class of allo w ed strati�ed

programs.

In

[

Ross, 1993

]

, de�nitions and results b earing a family resem blance to

ours are presen ted, but in the framew ork of HiLog languages rather than

sorted �rst-order languages. While it is clear that these ideas are related

to our notions of language tolerance and stabilit y , w e are not y et able to

describ e the relationships precisely . This is a topic for further study .

9 Conclusion

The classes of allo w ed and stable programs ha v e b een previously studied in

connection with the problem of 
oundering in SLDNF. W e ha v e generalized

these classes to include extended disjunctiv e programs and sho wn results re-

lating them to the notions of language indep endence and language tolerance.

W e ha v e applied these results to sho w that the practice of \ignoring sorts"

when ev aluating queries wrt a logic program in a man y-sorted language can

sometimes b e justi�ed declarativ ely , in the sense that the program that re-

sults from ignoring sorts is a conserv ativ e extension of the original program.

It is in teresting to note that the class of stable programs do es not include

all p ositiv e programs, whic h in tuitiv ely are also language toleran t. It should

b e p ossible, therefore, to �nd y et larger classes of programs that are language

toleran t. This is a topic for further study .

10 Pro ofs

De�nition . Giv en a ground program P , a p ermissible language L , and a

set X � Lit ( L ), w e sa y that a rule r 2 P is c on�ne d to X if either p os ( r ) 6� X



or he ad ( r ) � X . W e sa y that P is c on�ne d to X , if ev ery rule in P is con�ned

to X .

De�nition . F or ground program P and X � Lit ( P ), let c

X

( P ) = f r 2 P :

p os ( r ) � X g .

Prop osition 10.1 If gr ound pr o gr am P is c on�ne d to X , then the c onsis-

tent answer sets for P ar e the c onsistent answer sets for c

X

( P ) .

The pro of of this prop osition is straigh tforw ard. The follo wing lemma is

asserted without pro of. Note that FV ( L ) denotes the set of free v ariables in

the literal L , as de�ned in Section 6.

Lemma 10.1 L et L

1

; L

2

b e languages. If A

1

; : : : ; A

k

; B ar e liter als of L

1

and L

2

, � is a substitution in L

1

, and

FV ( B ) �

k

[

i =1

FV ( A

i

) ;

then if A

1

� ; : : : ; A

k

� 2 Lit ( L

2

) then B � 2 Lit ( L

2

) .

Lemma 10.2 L et P b e an al lowe d pr o gr am with p ermissible languages L

1

and L

2

. L et X = Lit ( L

1

) \ Lit ( L

2

) . Pr o gr ams H ( P ; L

1

) and H ( P ; L

2

) ar e

e ach c on�ne d to X .

Pro of . Supp ose r 2 H ( P ; L

1

). Then there is a rule R 2 P and a substitu-

tion � in L

1

s.t. r = R� . W e will sho w that if p os ( r ) � X then he ad ( r ) � X .

Supp ose p os ( r ) � X . Clearly , he ad ( r ) � Lit ( L

1

). It remains to sho w that

he ad ( r ) � Lit ( L

2

). So, supp ose L 2 he ad ( r ). Then for some literal B in

he ad ( R ), L = B � . Let A

1

; : : : ; A

k

b e the literals in p os ( R ). Since L

1

; L

2

are p ermissible, A

1

; : : : ; A

k

; B are literals of L

1

; L

2

. Since r 2 H ( P ; L

1

),

A

1

� ; : : : ; A

k

� 2 Lit ( L

1

). Since R is allo w ed,

FV ( B ) �

k

[

i =1

FV ( A

i

) :

Since A

1

� ; : : : ; A

k

� 2 p os ( r ) � X � Lit ( L

2

), w e conclude b y Lemma 10.1

that B � 2 Lit ( L

2

). It follo ws that he ad ( r ) � Lit ( L

2

). So H ( P ; L

1

) is con�ned

to X . By symmetry , H ( P ; L

2

) is con�ned to X . 2

Lemma 10.3 L et P b e a pr o gr am with p ermissible languages L

1

and L

2

. L et

X = Lit ( L

1

) \ Lit ( L

2

) . If P is al lowe d, then c

X

( H ( P ; L

1

) ) = c

X

( H ( P ; L

2

) ) :

Pro of . Supp ose r 2 c

X

( H ( P ; L

1

)). Then p os ( r ) � X . By Lemma 10.2,

H ( P ; L

1

) is con�ned to X , so he ad ( r ) � X . It remains to sho w that ne g ( r ) �

X . This is pro v ed, using Lemma 10.1, in a manner similar to that used in

pro ving the previous lemma. So he ad ( r ) [ b o dy ( r ) � X � Lit ( L

2

). So

r 2 H ( P ; L

2

). Since p os ( r ) � X , r 2 c

X

( H ( P ; L

2

)). Th us, c

X

( H ( P ; L

1

) ) �

c

X

( H ( P ; L

2

)). By symmetry , c

X

( H ( P ; L

2

)) � c

X

( H ( P ; L

1

)). 2



Pro of . (of Theorem 4.1) Supp ose P is an allo w ed program. T o sho w that

P is language indep enden t, w e sho w that for an y t w o p ermissible languages

L

1

; L

2

, H ( P ; L

1

) and H ( P ; L

2

) ha v e the same consisten t answ er sets. Let

X = Lit ( L

1

) \ Lit ( L

2

). By Lemma 10.3, c

X

( H ( P ; L

1

)) = c

X

( H ( P ; L

2

)). By

Prop osition 10.1, the consisten t answ er sets for H ( P ; L

1

) are the consisten t

answ er sets for c

X

( H ( P ; L

1

)), and the consisten t answ er sets for H ( P ; L

2

) are

the consisten t answ er sets for c

X

( H ( P ; L

2

)). It follo ws that H ( P ; L

1

) and

H ( P ; L

2

) ha v e the same consisten t answ er sets. Therefore, P is language

indep enden t. 2

The follo wing de�nitions and theorem from

[

Lifsc hitz and T urner, 1994

]

are used in the pro of of Theorem 6.1.

De�nition . Giv en a rule r , lit ( r ) stands for he ad ( r ) [ b o dy ( r ). A splitting

set for a ground program P is an y set U of ground literals suc h that, for

ev ery rule r 2 P , if he ad ( r ) \ U is nonempt y then lit ( r ) � U . The set of rules

r 2 P suc h that lit ( r ) � U is called the b ottom of P relativ e to the splitting

set U and denoted b y b

U

( P ). The set t

U

( P ) is the top of P relativ e to U .

Consider t w o sets of literals U , X and a program P . F or eac h rule r 2 P

suc h that p os ( r ) \ U is a subset of X and ne g ( r ) \ U is disjoin t from X , tak e

the rule r

0

de�ned b y

he ad ( r

0

) = he ad ( r ) ; p os ( r

0

) = p os ( r ) n U; ne g ( r

0

) = ne g ( r ) n U:

The program consisting of all rules r

0

obtained in this w a y will b e denoted

b y e

U

( P ; X ). Let U b e a splitting set for a program P . A solution to P

(with resp ect to U ) is a pair h X ; Y i of sets of literals suc h that

� X is an answ er set for b

U

( P ),

� Y is an answ er set for e

U

( t

U

( P ) ; X ),

� X [ Y is consisten t.

Splitting Set Theorem

[

Lifsc hitz and T urner, 1994

]

. Let U b e a split-

ting set for a program P . A set A of literals is a consisten t answ er set for P

if and only if A = X [ Y for some solution h X ; Y i to P with resp ect to U .

W e pro v e the follo wing corollary to the Splitting Set Theorem.

Corollary 10.4 L et P b e a gr ound pr o gr am with splitting set U s.t. every

liter al in U has its c omplement in U . If every p art of P has a c onsistent

answer set, then the sets f A \ U : A is a c onsistent answer set for P g and

f B : B is a c onsistent answer set for b

U

( P ) g c oincide.

Pro of . Left-to-righ t follo ws immediately from the Splitting Set Theorem.

T o see the other direction, assume that B is a consisten t answ er set for

b

U

( P ). W e m ust sho w that there is a consisten t answ er set A for P s.t.

A \ U = B . Since ev ery part of P has a consisten t answ er set, and since

e

U

( t

U

( P ) ; B ) is a part of P , e

U

( t

U

( P ) ; B ) has a consisten t answ er set. Let C



b e a consisten t answ er set for e

U

( t

U

( P ) ; B ). Let A = B [ C . W e need to sho w

that A is a consisten t set. W e kno w that ev ery consisten t answ er set for a

program is a subset of the literals in the program. So, since Lit ( b

U

( P )) � U

and Lit ( e

U

( t

U

( P ) ; X )) � Lit ( L

P

) n U , w e conclude that B � U and C �

Lit ( L

P

) n U . Because ev ery literal in U has its complemen t in U , w e kno w

that ev ery literal in B has its complemen t in U , and it follo ws that no literal

in B has its complemen t in C . So B [ C = A is a consisten t set, and w e ha v e

sho wn that h B ; C i is a solution to P with resp ect to U . By the Splitting Set

Theorem w e conclude that A is a consisten t answ er set for P . F urthermore,

A \ U = B . 2

De�nition . A ground program P is stable wrt ( U; X ), U � X � Lit ( L

P

),

if for ev ery rule r 2 P , at least one of the follo wing three conditions holds:

(i) he ad ( r ) [ b o dy ( r ) � U

(ii) he ad ( r ) � X n U

(iii) p os ( r ) 6� X .

Lemma 10.5 A gr ound pr o gr am P is stable wrt ( U; X ) i� P is c on�ne d to

X and U splits c

X

( P ) .

Pro of . T o pro v e the left-to-righ t direction, supp ose P is stable wrt ( U; X ).

Let r b e a rule in P . If r satis�es condition (iii) then r is trivially con�ned to

X . If r satis�es condition (i) or (ii) then he ad ( r ) � X , so again r is con�ned

to X . So P is con�ned to X . Ev ery rule in c

X

( P ) satis�es either condition

(i) or (ii). These rules are clearly split b y U . T o pro v e the righ t-to-left

direction, supp ose P is con�ned to X and U splits c

X

( P ). W e m ust sho w

that eac h rule in P satis�es one of the three conditions in the de�nition of

stable wrt ( U; X ). Supp ose r is a rule in P . If r satis�es condition (iii), w e are

done. So supp ose it do es not. Then since P is con�ned to X , he ad ( r ) � X .

Since U splits c

X

( P ), either he ad ( r ) \ U = ; or he ad ( r ) [ b o dy ( r ) � U . If

he ad ( r ) \ U = ; then r satis�es condition (ii). If he ad ( r ) [ b o dy ( r ) � U then

r satis�es condition (i). 2

Prop osition 10.2 L et P b e a gr ound pr o gr am. L et U � X � Lit ( L

P

) s.t.

every liter al in U has its c omplement in U . If P is stable wrt ( U; X ) , and if

every p art of P has a c onsistent answer set, then B is a c onsistent answer

set for b

U

( P ) i� ther e is a c onsistent answer set A for P s.t. A \ U = B .

Pro of . Supp ose P is stable wrt ( U; X ) and that ev ery part of P has a

consisten t answ er set. By Lemma 10.5, P is con�ned to X and U splits

c

X

( P ). Since c

X

( P ) � P , ev ery part of c

X

( P ) has a consisten t answ er set.

By Corollary 10.4, the sets f A \ U : A is a consisten t answ er set for c

X

( P ) g

and f B : B is a consisten t answ er set for b

U

( c

X

( P )) g coincide. F urther-

more, b

U

( c

X

( P )) = b

U

( P ), since

b

U

( c

X

( P )) = f r 2 c

X

( P ) : he ad ( r ) [ b o dy ( r ) � U g



= f r 2 P : p os ( r ) � X ^ he ad ( r ) [ b o dy ( r ) � U g

= f r 2 P : he ad ( r ) [ b o dy ( r ) � U g

= b

U

( P ) :

The third step is justi�ed b y the de�nition of stable wrt ( U; X ), whic h re-

quires that U � X , and b y the fact that p os ( r ) � b o dy ( r ). By Prop osi-

tion 10.1, the consisten t answ er sets for c

X

( P ) are the consisten t answ er sets

for P . So w e'v e sho wn that B is a consisten t answ er set for b

U

( P ) i� there

is a consisten t answ er set A for P s.t. A \ U = B . 2

De�nition . Let x b e a v ariable and t b e a ground term in L

1

. Then

same-sort

L

2

( x; t ) if x is a v ariable in L

2

, t is a ground term in L

2

and t has

the same sort in L

2

as x do es.

De�nition . Let [ : ] Q ( t

1

; : : : ; t

n

) 2 Lit ( L

1

). F or all i (1 � i � n ),

wel l-sorte d

L

2

([ : ] Q ( t

1

; : : : ; t

n

) ; i ) if there is a literal [ : ] Q ( t

0

1

; : : : ; t

0

n

) 2 Lit ( L

2

)

s.t. t

i

= t

0

i

.

In tuitiv ely , wel l-sorte d

L

2

([ : ] Q ( t

1

; : : : ; t

n

) ; i ) holds if Q is an n -ary pred-

icate sym b ol of L

2

and t

i

is a term of L

2

of the prop er sort for the i th

argumen t of Q in L

2

.

De�nition . Let P b e a program with I/O sp eci�cation � . Let L

1

; L

2

b e

p ermissible languages for P .

G

+

�

( H ( P ; L

1

) ; L

2

) =

8

>

<

>

:

[ : ] Q ( t

1

; : : : ; t

n

) 2 Lit ( H ( P ; L

1

)) :

for al l i ( 1 � i � n ), if �

[ : ] Q

( i ) = + ;

then wel l-sorte d

L

2

([ : ] Q ( t

1

; : : : ; t

n

) ; i )

9

>

=

>

;

In tuitiv ely , G

+

�

( H ( P ; L

1

) ; L

2

) is the set of literals in H ( P ; L

1

) that are

w ell-sorted in L

2

in all argumen t places that are assigned + b y � .

Lemma 10.6 L et P b e a pr o gr am that is stable wrt I/O sp e ci�c ation � ,

with p ermissible languages L

1

; L

2

. L et U = Lit ( L

1

) \ Lit ( L

2

) . L et X =

U [ ( Lit ( L

1

) n G

+

�

( H ( P ; L

1

) ; L

2

)) . Pr o gr am H ( P ; L

1

) is stable wrt ( U; X ) .

Pro of . Assume r 2 H ( P ; L

1

) s.t. he ad ( r ) [ b o dy ( r ) 6� U and he ad ( r ) 6�

X n U . W e m ust sho w that p os ( r ) 6� X . There is a rule R 2 P , whic h

is stable wrt � , and for some ground substitution � in L

1

, r = R� . Since

he ad ( r ) [ b o dy ( r ) � Lit ( L

1

) but he ad ( r ) [ b o dy ( r ) 6� U , w e conclude that

there is a v ariable z in R s.t. : same-sort

L

2

( z ; z � ). Since he ad ( R� ) 6� X n U ,

there is a literal L 2 he ad ( R ) s.t. L� 62 X n U . Th us, L� 62 X or L� 2 U . If

L� 62 X , then L� 2 G

+

�

( H ( P ; L

1

) ; L

2

). If L� 2 U = Lit ( L

1

) \ Lit ( L

2

), then

clearly , b y the de�nition of G

+

�

, w e again ha v e L� 2 G

+

�

( H ( P ; L

1

) ; L

2

). W e

can conclude that z 62 FV

+

( L ), since : same-sort

L

2

( z ; z � ). By the de�nition

of stable wrt � , there is an ordering L

1

; : : : ; L

k

of the literals of p os ( R ) s.t.

[ he ad ( R ) 6= ; ^ 8 b 2 he ad ( R )[ z 2 FV

+

( b )]]

_

9 i 2 f 1 ; : : : ; k g [ z 2 F V

�

( L

i

) ^ 8 j 2 f 1 ; : : : ; i g [ z 62 F V

+

( L

j

)]] :



Since w e ha v e sho wn that z 62 FV

+

( L ) and L 2 he ad ( R ), it follo ws that

9 i 2 f 1 ; : : : ; k g [ z 2 F V

�

( L

i

) ^ 8 j 2 f 1 ; : : : ; i g [ z 62 F V

+

( L

j

)]] :

Th us, w e ha v e sho wn that z o ccurs in some literal in p os ( R ) and also that

: same-sort

L

2

( z ; z � ). No w, let L

i

b e the leftmost literal from L

1

; : : : ; L

k

with a y 2 FV ( L

i

) s.t. : same-sort

L

2

( y ; y � ). Clearly L

i

� 62 Lit ( L

2

), so

L

i

� 62 U . It remains to sho w that L

i

� 2 G

+

�

( H ( P ; L

1

) ; L

2

). Since L

i

is

a literal in L

2

, if, for ev ery x 2 F V

+

( L

i

), same-sort

L

2

( x; x� ), then L

i

� 2

G

+

�

( H ( P ; L

1

) ; L

2

), and w e are done. So supp ose there is an x 2 F V

+

( L

i

)

s.t. : same-sort

L

2

( x; x� ). By the de�nition of stable, w e can conclude

that 9 i

0

2 f 1 ; : : : ; i � 1 g [ x 2 F V

�

( L

i

0
)], whic h con tradicts our c hoice of

L

i

, since L

i

is the leftmost literal from L

1

; : : : ; L

k

with a y 2 FV ( L

i

) s.t.

: same-sort

L

2

( y ; y � ). So L

i

� 2 G

+

�

( H ( P ; L

1

) ; L

2

). W e ha v e sho wn that

L

i

� 62 U and also that L

i

� 62 Lit ( L

1

) n G

+

�

( H ( P ; L

1

) ; L

2

). That is, L

i

� 62 X .

Since L

i

� 2 p os ( r ), w e'v e sho wn that p os ( r ) 6� X , whic h w as our goal. 2

Lemma 10.7 L et P b e a stable pr o gr am such that, for every p ermissible

language L for P , every p art of H ( P ; L ) has a c onsistent answer set. L et

L

1

; L

2

b e p ermissible languages for P , and let U = Lit ( L

1

) \ Lit ( L

2

) . Then

B is a c onsistent answer set for b

U

( H ( P ; L

1

)) i� ther e is a c onsistent answer

set A for H ( P ; L

1

) s.t. A \ U = B .

Pro of . Supp ose P is stable wrt the I/O sp eci�cation � . Let X =

U [ ( Lit ( L

1

) n G

+

�

( H ( P ; L

1

) ; L

2

)). By Lemma 10.6, H ( P ; L

1

) is stable wrt

( U; X ). Since for ev ery p ermissible language L for P , ev ery part of H ( P ; L )

has a consisten t answ er set, ev ery part of H ( P ; L

1

) has a consisten t answ er

set. Since U = Lit ( L

1

) \ Lit ( L

2

), it is clear that ev ery literal in U has

its complemen t in U . So, b y Prop osition 10.2, B is a consisten t answ er

set for b

U

( H ( P ; L

1

)) i� there is a consisten t answ er set A for H ( P ; L

1

) s.t.

A \ U = B . 2

Pro of . (of Theorem 6.1) Supp ose P is stable and for ev ery p ermissi-

ble language L for P ev ery part of H ( P ; L ) has a consisten t answ er set.

Let L

1

; L

2

b e p ermissible languages for P . Let U = Lit ( L

1

) \ Lit ( L

2

).

Then b

U

( H ( P ; L

1

) ) = b

U

( H ( P ; L

2

)). Supp ose A

1

is a consisten t answ er

set for H ( P ; L

1

). By Lemma 10.7, A

1

\ U is a consisten t answ er set for

b

U

( H ( P ; L

1

)). Since b

U

( H ( P ; L

1

)) = b

U

( H ( P ; L

2

)), A

1

\ U is a consisten t an-

sw er set for b

U

( H ( P ; L

2

)). By Lemma 10.7, there is a consisten t answ er set

A

2

for H ( P ; L

2

) s.t. A

2

\ U = A

1

\ U . Since A

1

� Lit ( L

1

) and A

2

� Lit ( L

2

),

it follo ws that A

1

\ Lit ( L

2

) = A

2

\ Lit ( L

1

). So P is language toleran t. 2

The follo wing straigh tforw ard lemmas are used in the pro of of Prop osi-

tion 6.1 and are giv en here without pro of.

Lemma 10.8 If P is a pr e dic ate-or der-c onsistent normal pr o gr am, then for

every p ermissible language L for P , H ( P ; L ) is an or der c onsistent normal

pr o gr am.



Lemma 10.9 Every p art of an or der-c onsistent normal pr o gr am is also an

or der-c onsistent normal pr o gr am.

Prop osition 10.3 (

[

F ages, 1993

]

) Every or der-c onsistent normal pr o gr am

has an answer set.

Pro of . (of Prop osition 6.1) Supp ose P is a predicate-order-consisten t nor-

mal program. By Lemma 10.8, for ev ery p ermissible language L for P ,

H ( P ; L ) is an order-consisten t normal program. By Lemma 10.9, ev ery part

of H ( P ; L ) is also an order-consisten t normal program. So, b y Prop osi-

tion 10.3, for ev ery p ermissible language L , ev ery part of H ( P ; L ) has an

answ er set. Since normal programs ha v e only consisten t answ er sets, the

prop osition is pro v ed. 2

Pro of . (of Theorem 6.2) The theorem follo ws immediately b y Prop osi-

tion 6.1 and Theorem 6.1. 2

Pro of . (of Prop osition 7.2) Let P b e a language toleran t program, and let

L b e the language that is obtained from L

P

b y ignoring sorts. F or the left-

to-righ t direction, supp ose that A is a consisten t answ er set for H ( P ; L

P

).

By the de�nition of language tolerance, there is a consisten t answ er set A

0

for H ( P ; L ) s.t. A \ Lit ( L ) = A

0

\ Lit ( L

P

). Since A � Lit ( L

P

) � Lit ( L ),

A \ Lit ( L ) = A . So A = A

0

\ Lit ( L

P

). F or the righ t-to-left direction, supp ose

there is a consisten t answ er set A

0

for H ( P ; L ), and let A = A

0

\ Lit ( L

P

).

Since P is language toleran t, there is a consisten t answ er set A

00

for H ( P ; L

P

)

s.t. A

0

\ Lit ( L

P

) = A

00

\ Lit ( L ). Since A

00

� Lit ( L

P

) � Lit ( L ), A

0

\ Lit ( L

P

) =

A

00

. So, A = A

00

. Th us, A is a consisten t answ er set for H ( P ; L

P

). 2
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