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Abstract

This pap er explores mathematical relationships

b et w een the \causal theories" formalism re-

cen tly in tro duced b y the authors and sev eral

other (w ell-kno wn) formalism s. More sp eci�-

cally , it relates causal theories to default logic

and auto epistemic logic, and describ es trans-

lations bac k and forth b et w een causal theories

and classical prop ositional logic. It also relates

action represen tations in causal theories to t w o

previous causalit y-based prop osals, due to Lin

and to the authors.

1 In tro duction

Applications to reasoning ab out action ha v e motiv ated

m uc h of the w ork on nonmonotonic formalism s. This is

particularly true of the \causal theories" formalism dis-

cussed in this pap er. This mathematicall y simple sys-

tem, based on causalit y , is in tro duced in a companion

pap er

[

McCain and T urner, 1997

]

whic h emphasizes un-

derlying motiv ations and applications to commonsense

kno wledge ab out actions. By con trast, the curren t, com-

plemen tary pap er concen trates on mathematical issues.

Muc h w ork has b een done on establishing connections

b et w een di�eren t logical formalism s, and di�eren t ap-

proac hes to represen ting actions in those formalism s.

The curren t pap er con tin ues this direction of researc h,

relating causal theories to t w o w ell-kno wn nonmonotonic

formalism s | default logic and auto epistemic logic |

and to classical prop ositional logic. It also relates the

represen tation of commonsense kno wledge ab out actions

in causal theories to t w o previous, closely related ap-

proac hes

[

Lin, 1995; McCain and T urner, 1995

]

.

The mo dels of causal theories are in terpretations, in

the sense of prop ositional logic. They assign a truth

v alue to ev ery atom, and in this sense they are \com-

plete." In con trast, default logic and auto epistemic

logic are c haracterized b y \mo dels" that are, in gen-

eral, roughly sp eaking, \incomplete." W e will sho w that

causal theories are mathematicall y equiv alen t to syn tac-

tically restricted subsets of default logic and auto epis-

temic logic, in the sp ecial case when w e consider only

\mo dels" that are consisten t and \complete."

Causal theories can also b e translated in to classical

prop ositional logic. In one translation, applicable to a

syn tactically restricted class of causal theories, the re-

sulting classical prop ositional theories are of comparable

size. In another, more generally applicable, translation

| obtained indirectly through a translation in to second-

order prop ositional logic | the resulting theories are ex-

p onen tially larger. (This translation assumes only that

the signature of the language and the causal theory it-

self are �nite.) Con v ersely , there is a simple translation

of classical prop ositional theories in to causal theories,

in whic h the resulting causal theories are of compara-

ble size. These complemen tary em b eddings sho w that

the t w o formalism s are equiv alen t (when w e restrict our

consideration to �nite signatures and theories).

The approac h to represen ting actions in causal the-

ories describ ed in the companion pap er

[

McCain and

T urner, 1997

]

is closely related to a prop osal b y Lin

[1995] whic h is based on a similar form of causal kno wl-

edge. W e establish a precise sense in whic h the t w o pro-

p osals agree on the p ossible results of p erforming an ac-

tion in a giv en state. W e consider this question also

in regard to the prop osal in

[

McCain and T urner, 1995

]

,

whic h is based on causal kno wledge of a sligh tly di�eren t

form.

2 Preliminary De�nitions

W e b egin with a language of prop ositional logic, whic h

includes the zero-ary logical connectiv es T rue and F alse .

1

A liter al is an atom or its negation. W e will iden tify eac h

in terpretation with the set of literals true in it.

W e write inference rules as expressions of the form

�

 

where � and  are form ulas. W e often �nd it con v enien t

to iden tify a form ula � with the inference rule

T rue

�

:

Let R b e a set of inference rules and � a set of form ulas.

W e sa y � is close d under R if for all

�

 

2 R , if � 2 �

1

T rue and : F alse are tautologies in whic h no atoms o ccur.



then  2 �. By Cn ( R ) w e denote the least logically

closed set of form ulas that is closed under R . Notice

that Cn (�) = f � : � j = � g : Notice also that the set of

form ulas true in an in terpretation I is Cn ( I ).

2.1 Default Logic

Default logic is due to Reiter [1980]. A default rule is an

expression of the form

� : �

1

; : : : ; �

n




where all of �; �

1

; : : : ; �

n

; 
 are form ulas ( n � 0). Let r b e

suc h a default rule. By pr e ( r ) w e denote � , b y just ( r ) w e

denote the set f �

1

; : : : ; �

n

g , and b y c ons ( r ) w e denote 
 .

If pr e ( r ) = T rue w e often omit it, writing

: �

1

; : : : ; �

n




instead. Suc h rules are called pr er e quisite-fr e e . If just ( r )

is empt y , w e often �nd it con v enien t to iden tify r with

the inference rule

�




.

A default the ory is a set of default rules. A default

theory is pr er e quisite-fr e e if all of its rules are. Let D b e

a default theory and let E b e a set of form ulas. By D

E

w e denote the follo wing set of inference rules.

�

pr e ( r )

c ons ( r )

: r 2 D and for al l � 2 just ( r ) ; : � =2 E

�

W e sa y E is an extension of D if

E = Cn ( D

E

) :

W e sa y E is c omplete if there is an in terpretation I suc h

that E = Cn ( I ). W e will b e particularly in terested in

complete extensions of prerequisite-free default theories.

2.2 Auto epistemic Logic

Auto epistemic (AE) logic is due to Mo ore [1985]. Syn-

tactically , it is a mo dal logic, with mo dal op erator B .

W e can tak e AE structur es to b e pairs ( I ; S ), where I

is an in terpretation and S is a set of in terpretations

[

Lif-

sc hitz and Sc h w arz, 1993

]

. W e de�ne the truth of a AE

form ula in a AE structure ( I ; S ) as follo ws.

( I ; S ) j = p i� p 2 I ; p is an atom

( I ; S ) j = : � i� ( I ; S ) 6j = �

( I ; S ) j = � ^  i� ( I ; S ) j = � and ( I ; S ) j =  

( I ; S ) j = B � i� for al l I

0

2 S ; ( I

0

; S ) j = �

Let T b e an auto epistemic theory . A set S of in ter-

pretations is an AE mo del of T if

S = f I : ( I ; S ) j = T g :

W e sa y that S is c omplete if there is an in terpretation I

suc h that S = f I g . W e will b e particularly in terested in

complete AE mo dels of auto epistemic theories.

3 Causal Theories

W e b egin with brief informal motiv atio n. (F or a more

adequate accoun t of the in tuitions underlying causal the-

ories, please see the companion pap er.)

In tuitiv ely , a \causally p ossible" w orld history is one

that conforms to the true causal la ws, i.e., one in whic h

ev ery fact that is caused (according to the true causal

la ws) obtains. W e strengthen this idea b y assuming the

principle of universal c ausation , according to whic h ev-

ery fact that obtains is caused.

2

Th us, w e can sa y that

a causally p ossible w orld history is one in whic h exactly

the facts that obtain are caused.

No w assume that D is a complete description of the

conditions under whic h facts are caused. In this case,

w e can sa y that a causally p ossible w orld history is one

in whic h the facts that obtain are exactly those that are

caused according to D . This is the k ey to understanding

the formal de�nitions that follo w. Notice that w e mak e

t w o assumptions: the principle of univ ersal causation

and the completeness of D .

3.1 Syn tax

By a c ausal law w e mean an expression of the form

� )  (1)

where � and  are form ulas of the underlying prop o-

sitional language. By the ante c e dent and c onse quent

of (1), w e mean the form ulas � and  , resp ectiv ely . Note

that (1) is not the material conditional � �  .

The in tended reading of (1) is: Ne c essarily, if � then

the fact that  is c ause d. Often, but not alw a ys, w e write

(1) b ecause w e kno w something more, namely: The fact

that � c auses the fact that  . The term \causal la w" is

suggested b y this practice.

By a c ausal the ory w e mean a set of causal la ws.

3.2 Seman tics

F or ev ery causal theory D and in terpretation I , let

D

I

= f  : for some � , � )  2 D and I j = � g :

That is, D

I

is the set of consequen ts of all causal la ws

in D whose an teceden ts are true in I . In tuitiv ely then,

D

I

en tails exactly the form ulas that are caused to b e

true in I according to D .

Main de�niti on. Let D b e a causal theory , and I b e

an in terpretation. W e sa y that I is c ausal ly explaine d

according to D if I is the unique mo del of D

I

.

In tuitiv ely , when D describ es an action domain, the

causally explained in terpretations according to D corre-

sp ond to the causally p ossible w orld histories.

W e ha v e the follo wing alternativ e c haracterization. An

in terpretation I is causally explained according to D if

and only if for ev ery form ula �

I j = � i� D

I

j = � :

Th us, in tuitiv ely , I is causally explained according to D

if and only if the form ulas that are true in I are exactly

2

This rather strong philosophi cal commitmen t is rew arded

b y mathematical simplicit y in the main de�nition of causal

theories. Moreo v er, in applicatio ns it is easily relaxed. (See

the companion pap er.)



the form ulas that are caused to b e true in I according

to D . Notice that this condition can also b e written as

Cn ( I ) = Cn ( D

I

) :

4 Causal Theories as Default Theories

W e translate a causal theory D in to a prerequisite-free

default theory d ( D ) as follo ws.

d ( D ) =

�

: �

 

: � )  2 D

�

The follo wing theorem sho ws that the causally explained

in terpretations according to causal theory D corresp ond

to the complete extensions of default theory d ( D ).

Theorem 4.1 A n interpr etation I is c ausal ly explaine d

ac c or ding to a c ausal the ory D if and only if Cn ( I ) is an

extension of the default the ory d ( D ) .

Pr o of . It is easy to v erify that for an y in terpretation I

Cn

�

D

I

�

= Cn

�

d ( D )

Cn ( I )

�

whic h is su�cien t to establish the theorem. 2

5 Causal Theories as Auto epistemic

Theories

W e translate a causal theory D in to an auto epistemic

theory ae ( D ) as follo ws.

ae ( D ) = f B � �  : � )  2 D g

The follo wing theorem sho ws that the causally explained

in terpretations according to causal theory D corresp ond

to the complete AE mo dels of AE theory ae ( D ).

Theorem 5.1 A n interpr etation I is c ausal ly explaine d

ac c or ding to a c ausal the ory D if and only if f I g is an

AE mo del of the auto epistemic the ory ae ( D ) .

Pr o of . Notice that for an y nonmo dal form ulas � and  

( I

0

; f I g ) j = B � �  i� I 6j = � or I

0

j =  :

It follo ws that

( I

0

; f I g ) j = ae ( D ) i� I

0

j = D

I

:

So f I g = f I

0

: ( I

0

; f I g ) j = ae ( D ) g if and only if I is the

unique mo del of D

I

. 2

6 Causal Theories as Classical Theories

W e sp ecify t w o translations of causal theories in to theo-

ries of classical prop ositional logic. The �rst translation,

applicable to a syn tactically restricted class of causal the-

ories, is an elab oration of the Clark completion metho d

[

Clark, 1978

]

. The second, due to Vladimir Lifsc hitz

[1997], is obtained indirectly b y means of a translation

in to second-order prop ositional logic. W e also sp ecify

a translation of classical prop ositional logic in to causal

theories.

6.1 Literal Completion

Let D b e a causal theory in whic h ( i ) the consequen t

of ev ery causal la w is a literal, and ( ii ) ev ery literal is

the consequen t of �nitely man y causal la ws. By the lit-

er al c ompletion of D w e mean the classical prop ositional

theory obtained as follo ws: F or eac h literal L in the lan-

guage of D , include the form ula

L � ( �

1

_ � � � _ �

n

)

where �

1

; : : : ; �

n

are the an teceden ts of the causal la ws

with consequen t L . W e call this form ula the char acter-

istic formula of L .

Theorem 6.1 L et D b e a c ausal the ory that satis�es

c onditions ( i ) and ( ii ) ab ove. The c ausal ly explaine d in-

terpr etations ac c or ding to D ar e pr e cisely the mo dels of

its liter al c ompletion.

Pr o of . Due to the �rst restriction on the form of D , w e

kno w that I is causally explained according to D if and

only if I = D

I

. Assume I = D

I

. Then for ev ery L 2 I

� there is a causal la w � ) L in D s.t. I j = � , and

� there is no causal la w � ) L in D s.t. I j = � .

(W e write L to denote the literal complemen tary to L .)

It follo ws that for ev ery L 2 I

� I satis�es the c haracteristic form ula of L , and

� I satis�es the c haracteristic form ula of L .

Hence I is a mo del of the literal completion of D .

Pro of in the other direction is similar. 2

6.2 Via Second-Order Prop ositional Logic

Let D b e a �nite causal theory whose underlying

language has a �nite signature f P

1

; : : : ; P

n

g . Let

f p

1

; : : : ; p

n

g b e a corresp onding set of prop ositional v ari-

ables. F or eac h causal la w � )  2 D , let c ( � )  )

stand for the form ula of second-order prop ositional logic

obtained b y replacing ) b y � and also replacing eac h

o ccurrence of eac h atom P

i

in  b y the corresp onding

prop ositional v ariable p

i

. The translation c ( D ) of causal

theory D is the follo wing sen tence of second-order prop o-

sitional logic.

8 p

1

; : : : ; p

n

2

4

0

@

^

� )  2 D

c ( � )  )

1

A

�

0

@

^

1 � i � n

p

i

� P

i

1

A

3

5

Theorem 6.2

[

Lifschitz, 1997

]

L et D b e a �nite c ausal

the ory whose underlying language has a �nite signatur e.

The c ausal ly explaine d interpr etations ac c or ding to D

ar e pr e cisely the mo dels of the se c ond-or der pr op ositional

sentenc e c ( D ) .

The prop ositional v ariables in the sen tence c ( D ) can

b e eliminated, at the cost of an exp onen tial increase in

length, as follo ws. F or eac h in terpretation I , let p ( D ; I )

b e the sen tence of prop ositional logic obtained from

0

@

^

� )  2 D

c ( � )  )

1

A

�

0

@

^

1 � i � n

p

i

� P

i

1

A



b y replacing eac h o ccurrence of eac h prop ositional v ari-

able p

i

b y T rue if I j = P

i

and b y F alse otherwise.

Corollary 6.2.1 L et D b e a �nite c ausal the ory whose

underlying language has a �nite signatur e. The c ausal ly

explaine d interpr etations ac c or ding to D ar e pr e cisely the

mo dels of the pr op ositional sentenc e

^

I

p ( D ; I ) :

Although the corollary follo ws from Theorem 6.2, the

follo wing observ ations help explain indep enden tly wh y it

holds. F or an y in terpretation I , I j = p ( D ; I ) i� I j = D

I

.

Moreo v er, for an y I

0

6= I , I j = p ( D ; I

0

) i� I

0

6j = D

I

.

Hence I j =

V

I

p ( D ; I ) i� I is the unique mo del of D

I

.

6.3 Classical Theories as Causal Theories

There is an extremely simple em b edding of classical

prop ositional theories in causal theories. (W e omit the

easy pro of.) Giv en a classical prop ositional theory �, let

ct (�) denote the follo wing causal theory .

f T rue ) � : � 2 � g [ f L ) L : L is a liter al g

Theorem 6.3 L et � b e a classic al pr op ositional the ory.

The mo dels of � ar e pr e cisely the c ausal ly explaine d in-

terpr etations ac c or ding to the c ausal the ory ct (�) .

7 Comparisons with Previous Causal

Approac hes to Represen ting Actions

In the represen tations of commonsense kno wledge ab out

actions prop osed in

[

Lin, 1995

]

and

[

McCain and T urner,

1995

]

, the cen tral di�cult y is understo o d to b e the de�ni-

tion of \p ossible next states" | the states that can p os-

sibly result from p erforming an action in a giv en state.

The causal theories for represen ting actions describ ed in

the companion pap er

[

McCain and T urner, 1997

]

re
ect

a somewhat di�eren t view of things. But for the purp ose

of comparison, w e fo cus here on the question of de�ning

p ossible next states.

Also for the purp ose of comparison, w e presen t a sim-

pli�ed accoun t of Lin's prop osal. Most notably , w e sup-

press the role of the situation calculus, and do not con-

sider non-prop ositional 
uen t and action sym b ols.

Begin with a nonempt y set of 
uen t atoms. The 
u-

ent language is the language of prop ositional logic whose

atoms are the 
uen t atoms. A 
uent formula ( liter al ) is

a form ula (literal) in the 
uen t language. A state is an

in terpretation of the 
uen t language.

3

W e will compare three de�nitions of p ossible next

states, eac h based on the follo wing three parameters.

� An initial state S in whic h the action is p erformed.

� An explicit e�e ct E : a set of form ulas caused to b e

true as a direct e�ect of the action.

4

3

In tuitiv ely , some in terpretations ma y not corresp ond to

p ossible states, but w e ignore this complication .

4

W e ignore the p ossibil it y that the explicit e�ect dep ends

on the state in whic h an action is p erformed.

� Backgr ound know le dge C : a set of causal la ws c har-

acterizing the causal relationships b et w een 
uen ts.

This comparison framew ork is mo deled after the de�ni-

tions in

[

McCain and T urner, 1995

]

.

7.1 P ossible Next States: Causal Theories

F or initial state S , explicit e�ect E , and bac kground

kno wledge C , let �

1

( S; E ; C ) b e the set consisting of all

states that are causally explained b y the causal theory

f L ) L : L 2 S g [ f T rue ) � : � 2 E g [ C :

Notice that for an y state S

0

w e ha v e

f L ) L : L 2 S g

S

0

= S \ S

0

:

In tuitiv ely , S \ S

0

consists of precisely the 
uen t literals

that p ersist when mo ving from S to S

0

. So this comp o-

nen t of the causal theory sa ys that whenev er the truth

of a 
uen t literal p ersists, it is (\trivially") caused.

Notice also that for an y state S

0

f T rue ) � : � 2 E g

S

0

= E :

So the second comp onen t of the causal theory simply

sa ys that the explicit e�ect is caused.

W e see that S

0

2 �

1

( S; E ; C ) if and only if S

0

is the

unique mo del of ( S \ S

0

) [ E [ C

S

0

. This condition can

b e brok en in to t w o parts, as follo ws.

Lemma 7.1 F or any initial state S , explicit e�e ct E ,

and b ackgr ound know le dge C , a state S

0

b elongs

to �

1

( S; E ; C ) if and only if

� S

0

j = E [ C

S

0

and

� S

0

n S � Cn (( S \ S

0

) [ E [ C

S

0

) :

7.2 P ossible Next States: Lin's Approac h

W e describ e a simpli�cation of the prop osal from

[

Lin,

1995

]

that is adequate for de�ning p ossible next states.

W e will emplo y circumscription on a �rst-order theory

in a man y-sorted language with t w o sorts, 
uent and

value . W e construct this language on the basis of our

(prop ositional) 
uen t language. W e need to assume that

the 
uen t language has a �nite signature f F

1

; : : : ; F

n

g .

The 
uen t atoms F

1

; : : : ; F

n

serv e, in the �rst-order lan-

guage, as the ob ject constan ts of sort 
uent . The ob ject

constan ts of sort value are > and ? . W e include axioms

expressing domain closure and unique names assump-

tions for b oth sorts, as follo ws, where f is a v ariable of

sort 
uent and v is a v ariable of sort value .

8 f ( f = F

1

_ � � � _ f = F

n

) (2)

V

1 � i < j � n

F

i

6= F

j

(3)

8 v ( v = > 6� v = ? ) (4)

The �rst-order language also includes t w o predicates |

Holds and Cause d | whose arities and sorts are clear in

ligh t of the follo wing t w o additional axioms, whic h sa y



that a 
uen t is true whenev er it is caused to b e true, and

false whenev er it is caused to b e false.

8 f ( Cause d ( f ; > ) � Holds ( f )) (5)

8 f ( Cause d ( f ; ? ) � : Holds ( f )) (6)

Giv en a 
uen t form ula � , Holds ( � ) stands for the for-

m ula obtained b y replacing ev ery o ccurrence of ev ery 
u-

en t atom F in � b y Holds ( F ). F or ev ery 
uen t atom F ,

Cause d ( F ) stands for Cause d ( F ; > ), and Cause d ( : F )

stands for Cause d ( F ; ? ).

W e need to assume that the explicit e�ect E is a �nite

set of literals. W e also need to assume that the bac k-

ground kno wledge C is �nite, and that the consequen ts

of all causal la ws in C are literals. Let th ( E ; C ) b e the

�rst-order theory obtained b y adding to axioms (2){(6)

the translations of E and C , sp eci�ed as follo ws.

� T ranslate ev ery 
uen t literal L in E as Cause d ( L ).

� T ranslate ev ery causal la w � ) L in C as

Holds ( � ) � Cause d ( L ) :

The complete translation th ( S; E ; C ) is obtained b y cir-

cumscribing Cause d , with Holds �xed, in th ( E ; C ), and

adding the appropriate frame axioms to the result, as

follo ws. F or eac h 
uen t atom F , if F 2 S , include the

axiom

: Holds ( F ) � Cause d ( F ; ? ) (7)

otherwise include the axiom

Holds ( F ) � Cause d ( F ; > ) : (8)

Let �

2

( S; E ; C ) denote the set of all states S

0

for whic h

there is a mo del M of th ( S; E ; C ) suc h that

M j =

^

L 2 S

0

Holds ( L ) :

Theorem 7.1 Assume that the 
uent language has a

�nite signatur e. Given an initial state S , a �nite ex-

plicit e�e ct E c onsisting solely of liter als, and �nite b ack-

gr ound know le dge C such that al l c ausal laws in C have

liter al c onse quents, �

2

( S; E ; C ) = �

1

( S; E ; C ) :

Pr o of . Axioms (2){(4) guaran tee that ev ery mo del of

th ( E ; C ) is isomorphic to a Herbrand mo del. Therefore

w e can restrict our atten tion to Herbrand in terpretations

and otherwise forget axioms (2){(4) in what follo ws.

Giv en a state S

0

and a set X of 
uen t literals, let

M ( S

0

; X ) denote the Herbrand in terpretation that sat-

is�es the follo wing conditions, for all 
uen t atoms F .

� M ( S

0

; X ) j = Holds ( F ) i� F 2 S

0

� M ( S

0

; X ) j = Cause d ( F ; > ) i� F 2 X

� M ( S

0

; X ) j = Cause d ( F ; ? ) i� : F 2 X

Ev ery Herbrand in terpretation can b e expressed in this

manner. Notice that M ( S

0

; X ) satis�es axioms (5) and

(6) i� X � S

0

. It is easy to v erify that M ( S

0

; X ) satis-

�es the translations of E and C i� E [ C

S

0

� X . Since

the circumscriptiv e p olicy e�ectiv ely minimi zes X , for a

�xed S

0

, it is clear from the previous observ ations that

ev ery Herbrand mo del of th ( S; E ; C ) can b e written in

the form M ( S

0

; E [ C

S

0

), where S

0

j = E [ C

S

0

. More-

o v er, one easily c hec ks that M ( S

0

; E [ C

S

0

) satis�es the

axioms of forms (7) and (8) i� S

0

n S � E [ C

S

0

. Th us,

b y Lemma 7.1, w e ha v e established that M ( S

0

; E [ C

S

0

)

is a mo del of th ( S; E ; C ) i� S

0

2 �

1

( S; E ; C ). Finally ,

observ e that M ( S

0

; E [ C

S

0

) j =

V

L 2 S

0

Holds ( L ). 2

7.3 P ossible Next States: Inference Rules

The de�nition of p ossible next states from

[

McCain and

T urner, 1995

]

uses a set R of inference rules | not a

set C of causal la ws | to represen t bac kground kno wl-

edge of the causal relations b et w een 
uen ts. In that

pap er, S

0

is a p ossible next state if and only if

Cn ( S

0

) = Cn (( S \ S

0

) [ E [ R ) :

This is similar to the condition de�ning p ossible next

states in Section 7.1, whic h can b e written as

Cn ( S

0

) = Cn (( S \ S

0

) [ E [ C

S

0

) :

In tuitiv ely , an inference rule

�

 

in R expresses that in

ev ery state in whic h � is caused to b e true,  is caused to

b e true. The corresp onding causal la w � )  expresses

something stronger | in ev ery state in whic h � is true ,

 is caused to b e true.

Let S b e an initial state, and E an explicit e�ect. Let

C b e bac kground kno wledge (in the form of causal la ws).

T ak e

R ( C ) =

�

�

 

: � )  2 C

�

and let �

3

( S; E ; C ) b e the set of states S

0

suc h that

Cn ( S

0

) = Cn (( S \ S

0

) [ E [ R ( C )) :

W e will sa y that E [ C is str ati�e d if there is a mapping

from the set of 
uen t atoms to the ordinals suc h that

� for ev ery form ula � that b elongs to E or is the con-

sequen t of a causal la w in C , all atoms that o ccur

in � are mapp ed to the same ordinal, and

� for ev ery causal la w � )  in C , ev ery atom that

o ccurs in  is mapp ed to a greater ordinal than

ev ery atom that o ccurs in � .

The follo wing theorem sho ws that substituting infer-

ence rules for causal la ws in bac kground kno wledge can

only eliminate p ossible next states. Moreo v er, if the ex-

plicit e�ect and bac kground kno wledge are strati�ed, the

substitution do es not c hange the p ossible next states.

Theorem 7.2 F or any initial state S , explicit e�e ct E ,

and b ackgr ound know le dge C , �

3

( S; E ; C ) is a subset

of �

1

( S; E ; C ) . Mor e over, if E [ C is str ati�e d, then

�

3

( S; E ; C ) = �

1

( S; E ; C ) .

Due to space constrain ts, w e do not presen t a pro of

of this theorem. W e outline a pro of for the �rst claim,

as follo ws. Let X = Cn (( S \ S

0

) [ E [ R ( C )) and Y =

Cn (( S [ S

0

) [ E [ C

S

0

). Assume Cn ( S

0

) = X . Sho w that



X is closed under C

S

0

. It follo ws that Y � X . Sho w

that Y is closed under R ( C ). It follo ws that X � Y . So

X = Y and th us Cn ( S

0

) = Y . W e describ e the elemen ts

of a pro of for the second claim, as follo ws. Theorem 4.1

sho ws that S

0

b elongs to �

1

( S; E ; C ) i� Cn ( S

0

) is an

extension of the default theory

�

: L

L

: L 2 S

�

[ E [

�

: �

 

: � )  2 C

�

:

On the other hand, a theorem in

[

Przym usinski and

T urner, 1997

]

sho ws that S

0

b elongs to �

3

( S; E ; C ) i�

Cn ( S

0

) is an extension of the default theory

�

: L

L

: L 2 S

�

[ E [ R ( C ) :

The Splitting Sequence Theorem from

[

T urner, 1996

]

can

b e used to sho w that these t w o default theories ha v e the

same complete extensions when E [ C is strati�ed.

Theorem 7.2 sho ws that sev eral results established

in

[

McCain and T urner, 1995

]

for �

3

( S; E ; C ) hold

for �

1

( S; E ; C ) as w ell. Th us, causal la ws of the

forms T rue )  and � ) F alse can b e understo o d to

corresp ond to \rami�cation constrain ts" and \quali�-

cation constrain ts" (resp ectiv ely) in the sense of Lin

and Reiter [1994]. In fact, giv en bac kground kno wl-

edge C expressed as causal la ws of the form T rue )  ,

and the corresp onding set B = f  : T rue )  2 C g of

state constrain ts, the p ossible next states according to

�

1

( S; E ; C ) are precisely those obtained using the state

constrain ts B under Winslett's classic de�nition [1988].

8 Concluding Remarks

W e ha v e established em b eddings of causal theories in de-

fault logic and auto epistemic logic. Th us, causal theories

can b e understo o d as a mathematically simple sp ecializa-

tion of these highly expressiv e nonmonotonic formalism s.

W e ha v e also sp eci�ed translations bac k and forth b e-

t w een causal theories and classical prop ositional logic.

Th us, these formalism s are equiv alen t (assuming �nite

signatures and theories as in Theorem 6.2), although

the size explosion in the general translation of causal

theories in to prop ositional logic supp orts the claim that

causal theories pro vide a more con v enien t represen tation

of causal kno wledge of the kind that concerns us.

These mathematical relationships sho w that computa-

tional metho ds dev elop ed for these standard formalism s

are applicable as w ell to causal theories.

5

F or instance,

this means that under certain restrictions on the action

domain | guaran teeing a complete sp eci�cation of the

initial state of the w orld accompanied b y a complete ab-

sence of nondeterminism | it is p ossible to do satis�a-

bilit y planning, in the sense of Kautz and Selman [1992],

on the basis of action descriptions in causal theories.

W e ha v e demonstrated that action represen tations

in causal theories are closely related to t w o previous

5

One easily mo di�es the translations to obtain only the

complete extensions and AE mo dels.

causal approac hes, due to Lin and to the authors.

W e sho w ed that, in Lin's prop osal, sen tences of the

form Holds ( � ) � Cause d ( L ) corresp ond in straigh tfor-

w ard fashion to causal la ws � ) L . W e also sho w ed

that causal la ws are closely related to the inference rules

used previously b y the authors. W e note that the def-

inition of strati�cation in tro duced in Section 7 can b e

extended to the causal theories for represen ting actions

describ ed in the companion pap er, in order to in v estigate

in that more general setting the relationship b et w een the

follo wing t w o closely related forms of causal kno wledge.

� In ev ery w orld in whic h � is true,  is caused.

� In ev ery w orld in whic h � is caused,  is caused.
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