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Abstract

This pap er presen ts mathematical results that

can sometimes b e used to simplify the task of

reasoning ab out a default theory , b y \splitting it

in to parts." These so-called Splitting Theorems

for default logic are related in spirit to \partial

ev aluation" in logic programming, in whic h re-

sults obtained from one part of a program are

used to simplify the remainder of the program.

In this pap er w e fo cus primarily on the statemen t

and pro of of the Splitting Theorems for default

logic. W e illustrate the usefulness of the results

b y applying them to an example default theory

for commonsense reasoning ab out action.

In tro duction

This pap er in tro duces so-called Splitting Theorems for

default logic, whic h can sometimes b e used to simplify

the task of reasoning ab out a default theory , b y \split-

ting it in to parts." These Splitting Theorems are re-

lated somewhat, in spirit, to \partial ev aluation" in

logic programming, in whic h results obtained from one

part of a program are used to simplify the remain-

der of the program.

1

In fact, the Splitting Theorems

for default logic closely resem ble the Splitting Theo-

rems for logic programming in tro duced in (Lifsc hitz &

T urner 1994), despite complications due to the pres-

ence of arbitrary form ulas in default theories.

2

Similar

results for auto epistemic logic can b e found in (Gel-

fond & Przym usi � nsk a 1992). Related, indep enden tly

obtained, results for default logic, restricted to the �-

nite case, app ear in (Cholewinski 1995).

In this pap er w e fo cus on the statemen t and pro of of

the Splitting Theorems for default logic.

3

W e illustrate

1

See, for example, (Komoro wski 1990).

2

In (Lifsc hitz & T urner 1994) w e presen ted without

pro of Splitting Theorems for logic programs with classical

negation and disjunction, under the answ er set seman tics

(Gelfond & Lifsc hitz 1991). The results for nondisjunctive

logic programs follo w from the Splitting Theorems for de-

fault logic. The de�nitions and pro ofs in this pap er can b e

adapted to the more general case of disjunctiv e default logic

(Gelfond et al. 1991), from whic h the Splitting Theorems

for disjunctiv e logic programs w ould follo w as w ell.

3

W e do not address the p ossible application of these

the usefulness of the results b y applying them to an

example default theory for reasoning ab out action. An

extended application of the Splitting Theorems to de-

fault theories for represen ting commonsense kno wledge

ab out actions will app ear in (T urner 1997).

The pap er is organized as follo ws. W e presen t pre-

liminary de�nitions. W e then in tro duce the Splitting

Set Theorem, follo w ed b y Splitting Sequence Theo-

rem, whic h generalizes it. W e exercise the Splitting

Sequence Theorem on an example default theory for

reasoning ab out action. W e presen t an abridged pro of

of the Splitting Set Theorem, follo w ed b y a detailed

pro of of the Splitting Sequence Theorem.

Preliminary De�nitions

Giv en a set U of atomic sym b ols (not including the

sp ecial constan ts > and ? ), w e denote b y L ( U ) the

language of prop ositional logic with exactly the atoms

U [ f> ; ?g .

4

W e sa y a set of form ulas from L ( U ) is

lo gic al ly close d if it is closed under prop ositional logic.

W e write inference rules o v er L ( U ) as expressions of

the form

�

 

where � and  are form ulas from L ( U ). When con v e-

nien t, w e iden tify a form ula � with the inference rule

>

�

. W e sa y a set � of form ulas is close d under a set R

of inference rules if for all

�

 

2 R , if � 2 � then  2 �.

By Cn

U

( R ) w e denote the least logically closed set of

form ulas from L ( U ) that is closed under R .

A default rule o v er L ( U ) is an expression of the form

� : �

1

; : : : ; �

n




(1)

where �; �

1

; : : : ; �

n

; 
 are form ulas from L ( U ) ( n � 0).

Let r b e a default rule of form (1). W e call � the

pr er e quisite of r , and denote it b y pr e ( r ). The form ulas

�

1

; : : : ; �

n

are the justi�c ations of r ; w e write just ( r ) to

denote the set f �

1

; : : : ; �

n

g . W e call 
 the c onse quent

of r , and denote it b y c ons ( r ). If pr e ( r ) is > w e often

ideas to the problem of automated default reasoning.

4

Th us, L ( ; ) consists of all form ulas in whic h the only

atoms are the constan ts > and ? .



omit it, writing

: �

1

; : : : ; �

n




instead. If just ( r ) = ; ,

w e iden tify r with the corresp onding inference rule

�




.

5

A default the ory o v er L ( U ) is a set of default rules

o v er L ( U ). Let D b e a default theory o v er L ( U ), and

E a set of form ulas from L ( U ). The r e duct of D by E ,

denoted b y D

E

, is the follo wing set of inference rules.

�

pr e ( r )

c ons ( r )

: r 2 D and for al l � 2 just ( r ) ; : � =2 E

�

W e sa y E is an extension of D if E = Cn

U

( D

E

) :

Default logic is due to Reiter (Reiter 1980). The

(essen tially equiv alen t) de�nitions giv en ab o v e follo w

(Gelfond et al. 1991). Although the de�nitions in this

section are stated for the prop ositional case, they are

tak en, in the standard w a y , to apply in the �rst-order,

quan ti�er-free case as w ell, b y taking eac h non-ground

expression to stand for all of its ground instances.

Splitting Sets

Let D b e a default theory o v er L ( U ) suc h that, for ev-

ery rule r 2 D , pr e ( r ) is in conjunctiv e normal form.

(Of course an y default theory can b e easily transformed

in to an equiv alen t default theory , o v er the same lan-

guage, satisfying this condition.) F or an y rule r 2 D ,

a form ula � is a c onstituent of r if at least one of the

follo wing conditions holds: ( i ) � is a conjunct of pr e ( r );

( ii ) � 2 just ( r ); ( iii ) � = c ons ( r ).

A splitting set for D is a subset A of U suc h that for

ev ery rule r 2 D the follo wing t w o conditions hold.

� Ev ery constituen t of r b elongs to L ( A ) [ L ( U n A ).

� If c ons ( r ) do es not b elong to L ( U n A ), then r is a

default rule o v er L ( A ).

If A is a splitting set for D , w e sa y that A splits D .

The b ase of D r elative to A , denoted b y b

A

( D ), is the

default theory o v er L ( A ) that consists of all mem b ers

of D that are default rules o v er L ( A ).

Let U

3

= f a; b; c; d g . Consider the follo wing default

theory D

3

o v er L ( U

3

).

: : b

a

: : a

b

a _ b : a; b

c _ d

a ^ ( c _ d ) : : d

: d

b ^ ( c _ d ) : : c

: c

T ak e A

3

= f a; b g . It's easy to v erify that A

3

splits D

3

,

with

b

A

3

( D

3

) =

�

: : b

a

;

: : a

b

�

:

Notice that default theory b

A

3

( D

3

) o v er L ( A

3

) has t w o

consisten t extensions: Cn

A

3

( f a g ) and Cn

A

3

( f b g ).

Giv en a splitting set A for D , and a set X of form u-

las from L ( A ), the p artial evaluation of D by X with

r esp e ct to A , denoted b y e

A

( D ; X ), is the default the-

ory o v er L ( U n A ) obtained from D in the follo wing

manner. F or eac h rule r 2 D n b

A

( D ) suc h that

5

Allo wing the empt y set of justi�cations is mathemat-

ically con v enien t (Brewk a 1991; Marek & T ruszczy � nski

1993), although it seems Reiter (Reiter 1980) ma y ha v e

mean t to prohibit it.

� ev ery conjunct of pr e ( r ) that b elongs to L ( A ) also

b elongs to Cn

A

( X ), and

� no mem b er of just ( r ) has its complemen t in Cn

A

( X )

there is a rule r

0

2 e

A

( D ; X ) suc h that

� pr e ( r

0

) is obtained from pr e ( r ) b y replacing eac h

conjunct of pr e ( r ) that b elongs to L ( A ) b y > , and

� just ( r

0

) = just ( r ) \ L ( U n A ), and

� c ons ( r

0

) = c ons ( r ) .

F or example, it is easy to v erify that

e

A

3

( D

3

; Cn

A

3

( f a g )) =

�

>

c _ d

;

> ^ ( c _ d ) : : d

: d

�

and that

e

A

3

( D

3

; Cn

A

3

( f b g )) =

�

>

c _ d

;

> ^ ( c _ d ) : : c

: c

�

:

Let A b e a splitting set for D . A solution to D

with r esp e ct to A is a pair h X ; Y i of sets of form ulas

satisfying the follo wing t w o prop erties.

� X is a consisten t extension of the default theory

b

A

( D ) o v er L ( A ).

� Y is a consisten t extension of the default theory

e

A

( D ; X ) o v er L ( U n A ).

F or example, giv en our previous observ ations, it is

easy to v erify that D

3

has t w o solutions with resp ect

to A

3

:

h Cn

A

3

( f a g ) ; Cn

U

3

n A

3

( f c; : d g ) i

and

h Cn

A

3

( f b g ) ; Cn

U

3

n A

3

( f: c; d g ) i :

Splitti ng Set Theorem. Let A b e a splitting set for

a default theory D o v er L ( U ) . A set E of form ulas is

a consisten t extension of D i� E = Cn

U

( X [ Y ) for

some solution h X ; Y i to D with resp ect to A .

Th us, for example, it follo ws from the Split-

ting Set Theorem that default theory D

3

has ex-

actly t w o consisten t extensions: Cn

U

3

( f a; c; : d g ) and

Cn

U

3

( f b; : c; d g ).

Splitti ng Set Corollary . Let A b e a splitting set for

a default theory D o v er L ( U ) . If E is a consisten t

extension of D , then the pair

h E \ L ( A ) ; E \ L ( U n A ) i

is a solution to D with resp ect to A .

Splitting Sequences

A (trans�nite) se quenc e is a family whose index set

is an initial segmen t of ordinals f � : � < � g . W e

sa y that a sequence h A

�

i

�<�

of sets is monotone if

A

�

� A

�

whenev er � < � , and c ontinuous if, for eac h

limit ordinal � < � , A

�

=

S


 <�

A




.

A splitting se quenc e for a default theory D o v er

L ( U ) is a nonempt y , monotone, con tin uous sequence

h A

�

i

�<�

of splitting sets for D s.t.

S

�<�

A

�

= U .



: Holds ( Up ( L eft ) ; S

0

) ^ : Holds ( Up ( R ight ) ; S

0

) ^ : Holds ( Spil le d ; S

0

)

Pr e c e des ( S

0

; S

1

) ^ Oc curs ( R aise ( L eft ) ; S

0

) ^ Oc curs ( R aise ( R ight ) ; S

0

)

Pr e c e des ( S

1

; S

2

) ^ Oc curs ( L ower ( L eft ) ; S

1

)

Oc curs ( R aise ( x ) ; s ) ^ Pr e c e des ( s; s

0

)

Holds ( Up ( x ) ; s

0

)

Oc curs ( L ower ( x ) ; s ) ^ Pr e c e des ( s; s

0

)

: Holds ( Up ( x ) ; s

0

)

Holds ( Up ( L eft ) ; s ) 6� Holds ( Up ( R ight ) ; s )

Holds ( Spil le d ; s )

Holds ( f ; s ) ^ Pr e c e des ( s; s

0

) : Holds ( f ; s

0

)

Holds ( f ; s

0

)

: Holds ( f ; s ) ^ Pr e c e des ( s; s

0

) : : Holds ( f ; s

0

)

: Holds ( f ; s

0

)

Figure 1: Default theory D

1

The notion of a solution with resp ect to a splitting

set is extended to splitting sequences as follo ws. Let

A = h A

�

i

�<�

b e a splitting sequence for D . A solution

to D with r esp e ct to A is a sequence h E

�

i

�<�

of sets of

form ulas that satis�es the follo wing three conditions.

� E

0

is a consisten t extension of the default theory

b

A

0

( D ) o v er L ( A

0

).

� F or an y � suc h that � + 1 < � , E

� +1

is a consisten t

extension of the default theory

e

A

�

0

@

b

A

� +1

( D ) ;

[


 � �

E




1

A

o v er L ( A

� +1

n A

�

).

� F or an y limit ordinal � < � , E

�

= Cn

;

( ; ).

W e generalize the Splitting Set Theorem as follo ws.

Splitti ng Sequence Theorem. Let A = h A

�

i

�<�

b e a splitting sequence for a default theory D o v er

L ( U ) . A set E of form ulas is a consisten t extension of

D if and only if

E = Cn

U

 

[

�<�

E

�

!

for some solution h E

�

i

�<�

to D with resp ect to A .

The pro of of the Splitting Sequence Theorem, whic h

app ears in later in the pap er, relies on the Splitting

Set Theorem. W e also ha v e the follo wing coun terpart

to the Splitting Set Corollary .

Splitti ng Sequence Corollary . Let A = h A

�

i

�<�

b e a splitting sequence for a default theory D o v er

L ( U ) . Let h U

�

i

�<�

b e the sequence of pairwise disjoin t

subsets of U suc h that for all � < �

U

�

= A

�

n

[


 <�

A




:

If E is a consisten t extension of D , then the sequence

h E \ L ( U

�

) i

�<�

is a solution to D with resp ect to A .

Example: Splitting a Default Theory

for Reasoning Ab out Action

W e will illustrate the use of the Splitting Sequence

Theorem b y applying it to a default theory that for-

malizes commonsense kno wledge ab out actions. The

action domain w e formalize is based on the \Soup

Bo wl" example from (Baral & Gelfond 1993), whic h

in v olv es reasoning ab out the e�ects of concurren t

actions.

6

The default logic formalization w e con-

sider relies, implicitly , on the notion of \static causal

la ws," recen tly in v estigated in (McCain & T urner 1995;

T urner 1996).

Default Theory D

1

W e will formalize the follo wing action domain in de-

fault logic. There is a b o wl of soup. There are actions

that raise and lo w er its left and righ t sides. If one

side of the b o wl is up while the other is not up, the

soup is spilled. In the initial situation S

0

, b oth sides

of the b o wl are not up, and the soup is not spilled. W e

let S

1

b e the situation that w ould result from raising

b oth sides of the b o wl sim ultaneously . Notice that, in-

tuitiv ely sp eaking, it follo ws that in situation S

1

b oth

sides of the b o wl are up and the soup is not spilled.

W e also consider an additional situation S

2

that w ould

result from lo w ering the left side of the b o wl, when

in situation S

1

. In tuitiv ely sp eaking, w e can conclude

that in situation S

2

the left side of the b o wl is not up,

the righ t side is up, and the soup is spilled.

W e will use the Splitting Sequence Theorem to

demonstrate that the default theory D

1

, sho wn in Fig-

ure 1, is a correct formalization this action domain.

More precisely , what w e will sho w is that the lit-

erals Holds ( Up ( L eft ) ; S

1

), Holds ( Up ( R ight ) ; S

1

), and

: Holds ( Spil le d ; S

1

) are among the consequences of de-

fault theory D

1

, whic h establishes that D

1

correctly

describ es the v alues of the 
uen ts in situation S

1

.

6

W e will not attempt in this pap er a general analysis of

the problem of represen ting commonsense kno wledge ab out

concurren t actions. Nor will w e attempt a general justi�ca-

tion of the st yle of represen tation emplo y ed in the example

default theory itself. Suc h analysis and justi�cation is an

imp ortan t problem that is b ey ond the scop e of this pap er.



: Holds ( Up ( L eft ) ; S

0

) ^ : Holds ( Up ( R ight ) ; S

0

) ^ : Holds ( Spil le d ; S

0

)

Pr e c e des ( S

0

; S

1

) ^ Oc curs ( R aise ( L eft ) ; S

0

) ^ Oc curs ( R aise ( R ight ) ; S

0

)

Pr e c e des ( S

1

; S

2

) ^ Oc curs ( L ower ( L eft ) ; S

1

)

Holds ( Up ( L eft ) ; S

0

) 6� Holds ( Up ( R ight ) ; S

0

)

Holds ( Spil le d ; S

0

)

Figure 2: Default theory b

A

0

( D

1

)

Holds ( Up ( L eft ) ; S

1

) Holds ( Up ( R ight ) ; S

1

)

Holds ( Up ( L eft ) ; S

1

) 6� Holds ( Up ( R ight ) ; S

1

)

Holds ( Spil le d ; S

1

)

: : Holds ( Up ( L eft ) ; S

1

)

: Holds ( Up ( L eft ) ; S

1

)

: : Holds ( Up ( R ight ) ; S

1

)

: Holds ( Up ( R ight ) ; S

1

)

: : Holds ( Spil le d ; S

1

)

: Holds ( Spil le d ; S

1

)

Figure 3: Default theory e

A

0

( b

A

1

( D

1

) ; E

0

)

: Holds ( Up ( L eft ) ; S

2

)

Holds ( Up ( L eft ) ; S

2

) 6� Holds ( Up ( R ight ) ; S

2

)

Holds ( Spil le d ; S

2

)

: Holds ( Up ( L eft ) ; S

2

)

Holds ( Up ( L eft ) ; S

2

)

: Holds ( Up ( R ight ) ; S

2

)

Holds ( Up ( R ight ) ; S

2

)

: : Holds ( Spil le d ; S

2

)

: Holds ( Spil le d ; S

2

)

Figure 4: Default theory e

A

1

( b

A

2

( D

1

) ; E

0

[ E

1

)

Similarly , w e will also sho w that D

1

en tails the lit-

erals : Holds ( Up ( L eft ) ; S

2

), Holds ( Up ( R ight ) ; S

2

), and

Holds ( Spil le d ; S

2

), whic h establishes that D

1

also cor-

rectly describ es situation S

2

.

Splitting Default Theory D

1

Before applying the Splitting Sequence Theorem, w e

m ust b e more precise ab out the language of D

1

:

Let U

1

consist of all ground atoms of the follo wing

man y-sorted, �rst-order language L

1

. The sorts of L

1

are situation , action , 
uent and side . There are ob-

ject constan ts S

0

, S

1

and S

2

of sort situation , L eft and

R ight of sort side , and Spil le d of sort 
uent . There

is a unary function sym b ol Up of sort side ! 
uent ,

and unary function sym b ols R aise and L ower of sort

side ! action . There is a binary predicate sym b ol

Holds of sort 
uent � situation , a binary predicate

sym b ol Oc curs of sort action � situation , and a binary

predicate sym b ol Pr e c e des of sort situation � situation .

W e tak e D

1

to b e the (prop ositional) default theory

o v er L ( U

1

) consisting of all ground instances in L

1

of

the rules sho wn in Figure 1.

No w w e can sp ecify a splitting sequence for D

1

,

whic h will allo w us to break D

1

in to simpler parts.

T o b egin, let A

0

consist of all ground instances in L

1

of the follo wing atoms:

Holds ( f ; S

0

) ; Oc curs ( a; s ) ; Pr e c e des ( s; s

0

) :

Notice that A

0

splits D

1

, with b

A

0

( D

1

) the default the-

ory o v er L ( A

0

) sho wn in Figure 2.

W e obtain A

1

b y adding to A

0

all ground instances

in L

1

of Holds ( f ; S

1

). Finally , let A

2

= U

1

. One easily

c hec ks that h A

0

; A

1

; A

2

i is a splitting sequence for D

1

.

Let X

0

consist of the follo wing literals:

: Holds ( Up ( L eft ) ; S

0

) ; : Holds ( Up ( R ight ) ; S

0

) ;

: Holds ( Spil le d ; S

0

) ; Pr e c e des ( S

0

; S

1

) ;

Oc curs ( R aise ( L eft ) ; S

0

) ; Oc curs ( R aise ( R ight ) ; S

0

) ;

Pr e c e des ( S

1

; S

2

) ; Oc curs ( L ower ( L eft ) ; S

1

) :

T ak e

E

0

= Cn

A

0

( X

0

) :

Notice that E

0

is the unique extension of b

A

0

( D

1

).

The default theory e

A

0

( b

A

1

( D

1

) ; E

0

) o v er L ( A

1

n A

0

)

is (essen tially) as sho wn in Figure 3.

Th us, if w e tak e X

1

to consist of the literals

Holds ( Up ( L eft ) ; S

1

) ; Holds ( Up ( R ight ) ; S

1

) ;

: Holds ( Spil le d ; S

1

) ;

and let

E

1

= Cn

A

1

n A

0

( X

1

)

w e �nd that E

1

is the unique extension of default the-

ory e

A

0

( b

A

1

( D

1

) ; E

0

).

Finally , observ e that the default theory

e

A

1

( b

A

2

( D

1

) ; E

0

[ E

1

) o v er L ( A

2

n A

1

) is essen tially

as sho wn in Figure 4.

Let X

2

consist of the literals

: Holds ( Up ( L eft ) ; S

2

) ; Holds ( Up ( R ight ) ; S

2

) ;

Holds ( Spil le d ; S

2

) :

T ak e

E

2

= Cn

A

2

n A

1

( X

2

) :

It is not di�cult to v erify that E

2

is the unique exten-

sion of e

A

1

( b

A

2

( D

1

) ; E

0

[ E

1

).

W e ha v e sho wn that h E

0

; E

1

; E

2

i is a solution to de-

fault theory D

1

with resp ect to h A

0

; A

1

; A

2

i . In fact it

is the unique solution. It follo ws b y the Splitting Se-

quence Theorem that Cn

U

1

( E

0

[ E

1

[ E

2

) is the unique

consisten t extension of D

1

.

This sho ws that the literals Holds ( Up ( L eft ) ; S

1

),

Holds ( Up ( R ight ) ; S

1

), and : Holds ( Spil le d ; S

1

) are

among the consequences of D

1

, whic h, as w e discussed

previously , is in tuitiv ely correct.

W e ha v e similarly established that the liter-

als : Holds ( Up ( L eft ) ; S

2

), Holds ( Up ( R ight ) ; S

2

), and

Holds ( Spil le d ; S

2

) are among the consequences of D

1

,

whic h is again the in tuitiv ely correct result.



Pro of of the Splitting Set Theorem

Due to space constrain ts, w e presen t an abridged pro of

of the Splitting Set Theorem, omitting sev eral in terme-

diate lemmas, and pro ofs of the remaining lemmas.

Lemma 1 L et U; U

0

b e disjoint sets of atoms. L et R

b e a set of infer enc e rules over L ( U ) , and R

0

a set of

infer enc e rules over L ( U

0

) . L et X = Cn

U [ U

0

( R [ R

0

) .

� If X is c onsistent, then X \ L ( U ) = Cn

U

( R ) .

� X = Cn

U [ U

0

( Cn

U

( R ) [ R

0

) .

In pro ving the Splitting Set Theorem it is con v enien t

to in tro duce a set of alternativ e de�nitions, di�ering

v ery sligh tly from those used in stating the theorem.

(W e nonetheless prefer the original de�nitions, b ecause

they are more con v enien t in applications of the Split-

ting Theorems.)

Let D b e a default theory o v er L ( U ) split b y A . W e

de�ne the follo wing.

� t

�

A

( D ) = f r 2 D : c ons ( r ) 2 L ( U n A ) g

� b

�

A

( D ) = D n t

�

A

( D )

The adv an tage of these alternativ e de�nitions is cap-

tured in the follo wing k ey lemma, whic h fails to hold

for their coun terparts b

A

( D ) and D n b

A

( D ).

Lemma 2 L et D b e a default the ory over L ( U ) with

splitting set A . F or any set X of formulas fr om L ( U ) ,

b

�

A

( D )

X

= b

�

A

( D

X

) and t

�

A

( D )

X

= t

�

A

( D

X

) .

The pro of will also mak e use of the follo wing addi-

tional alternativ e de�nitions.

Giv en a set X of form ulas from L ( A ), let e

�

A

( D ; X )

b e the default theory o v er L ( U n A ) obtained from D

in the follo wing manner. F or eac h rule r 2 t

�

A

( D ) s.t.

� ev ery conjunct of pr e ( r ) that b elongs to L ( A ) also

b elongs to Cn

A

( X ), and

� no mem b er of just ( r ) has its complemen t in Cn

A

( X )

there is a rule r

0

2 e

�

A

( D ; X ) suc h that

� pr e ( r

0

) is obtained from pr e ( r ) b y replacing eac h

conjunct of pr e ( r ) that b elongs to L ( A ) b y > , and

� just ( r

0

) = just ( r ) \ L ( U n A ), and

� c ons ( r

0

) = c ons ( r ) .

Notice that e

�

A

di�ers from e

A

only in starting with

the rules in t

�

A

( D ) instead of the rules in D n b

A

( D ).

Finally , let s

�

A

( D ) b e the set of all pairs h X ; Y i s.t.

� X is a consisten t extension of b

�

A

( D ), and

� Y is a consisten t extension of e

�

A

( D ; X ) .

The follo wing lemma sho ws that these alternativ e

de�nitions are indeed suitable for our purp ose.

Lemma 3 If a default the ory D over L ( U ) is split by

A , then s

�

A

( D ) is pr e cisely the set of solutions to D

with r esp e ct to A .

No w w e presen t the t w o main lemmas, and then use

them to pro v e the Splitting Set Theorem.

Lemma 4 L et D b e a default the ory over L ( U ) with

splitting set A . L et E b e a c onsistent set of formulas

fr om L ( U ) . E = Cn

U

( D

E

) if and only if

� E \ L ( A ) = Cn

A

[ b

�

A

( D )

E \L ( A )

] and

� E = Cn

U

[( E \ L ( A )) [ t

�

A

( D )

E

] .

Lemma 5 L et D b e a default the ory over L ( U ) split

by A . L et E b e a lo gic al ly close d set of formulas fr om

L ( U ) , with X = E \ L ( A ) and Y = E \ L ( U n A ) . We

have Cn

U

[ X [ e

�

A

( D ; X )

Y

] = Cn

U

[ X [ t

�

A

( D )

E

] :

Pr o of of Splitting Set The or em. Giv en a default the-

ory D o v er L ( U ) with splitting set A , w e kno w b y

Lemma 3 that s

�

A

( D ) is precisely the set of solutions

to D with resp ect to A . W e will sho w that E is a con-

sisten t extension of D if and only if E = Cn

U

( X [ Y )

for some h X ; Y i 2 s

�

A

( D ).

( ) ) Assume E is a consisten t extension of D .

Let X = E \ L ( A ) and Y = E \ L ( U n A ).

By Lemma 4, X = Cn

A

( b

�

A

( D )

X

) and E =

Cn

U

( X [ t

�

A

( D )

E

). By Lemma 5, E = Cn

U

( X [

e

�

A

( D ; X )

Y

). By Lemma 1, w e can conclude that

Y = Cn

U n A

( e

�

A

( D ; X )

Y

). So w e ha v e established that

h X ; Y i 2 s

�

A

( D ). W e can also conclude b y Lemma 1

that E = Cn

U

[ X [ Cn

U n A

( e

�

A

( D ; X )

Y

)]. And since

Y = Cn

U n A

( e

�

A

( D ; X )

Y

), w e ha v e E = Cn

U

( X [ Y ).

( ( ) Assume E = Cn

U

( X [ Y ) for some

h X ; Y i 2 s

�

A

( D ). Since h X ; Y i 2 s

�

A

( D ), w e ha v e

Y = Cn

U n A

( e

�

A

( D ; X )

Y

). Hence E = Cn

U

[ X [

Cn

U n A

( e

�

A

( D ; X )

Y

)]. By Lemma 1, w e can conclude

that E = Cn

U

( X [ e

�

A

( D ; X )

Y

). Th us, b y Lemma 5,

E = Cn

U

( X [ t

�

A

( D )

E

). By Lemma 1, E \ L ( A ) =

Cn

A

( X ), and since X is logically closed, Cn

A

( X ) = X .

So E \ L ( A ) = X . Since h X ; Y i 2 s

�

A

( D ), w e ha v e

X = Cn

A

( b

�

A

( D )

X

). W e can conclude b y Lemma 4

that E = Cn

U

( D

E

). 2

Pr o of of Splitting Set Cor ol lary. Assume that E is a

consisten t extension of D . By the Splitting Set The-

orem, there is a solution h X ; Y i to D with resp ect to

A suc h that E = Cn

U

( X [ Y ). Since X � L ( A ) and

Y � L ( U n A ), w e can conclude b y Lemma 1 that

E \ L ( A ) = Cn

A

( X ). And since X is logically closed,

Cn

A

( X ) = X . So E \ L ( A ) = X . A symmetric argu-

men t sho ws that E \ L ( U n A ) = Y . 2

Pro of of Splitting Sequence Theorem

Lemma 6 L et D b e a default the ory over L ( U ) with

splitting se quenc e A = h A

�

i

�<�

. L et E b e a set of

formulas fr om L ( U ) . L et X = h X

�

i

�<�

b e a se quenc e

of sets of formulas fr om L ( U ) such that

� X

0

= E \ L ( A

0

) ,

� for al l � s.t. � + 1 < � , X

� +1

= E \ L ( A

� +1

n A

�

) ,

� for any limit or dinal � < � , X

�

= Cn

;

( ; ) .

If E is a c onsistent extension of D , then X is a solution

to D with r esp e ct to A .



Pr o of . There are three things to c hec k.

First, b y the Splitting Set Corollary , w e can conclude

that E \ L ( A

0

) is a consisten t extension of b

A

0

( D ).

Second, c ho ose � suc h that � + 1 < � . W e m ust

sho w that X

� +1

is a consisten t extension of

e

A

�

0

@

b

A

� +1

( D ) ;

[


 � �

X




1

A

: (2)

Let � = � + 1. By the Splitting Set Corollary , E \

L ( A

�

) is a consisten t extension of b

A

�

( D ). Let D

0

=

b

A

�

( D ) and let E

0

= E \ L ( A

�

). By the Splitting

Set Corollary , since A

�

splits D

0

, E

0

\ L ( A

�

n A

�

) is

a consisten t extension of e

A

�

( D

0

; E

0

\ L ( A

�

)). It is

easy to v erify that X

� +1

= E

0

\ L ( A

�

n A

�

). It is not

di�cult to v erify also that e

A

�

( D

0

; E

0

\ L ( A

�

)) is the

same as (2).

Third, for an y limit ordinal � < � , X

�

= Cn

;

( ; ).

2

Lemma 7 L et D b e a default the ory over L ( U ) with

splitting se quenc e A = h A

�

i

�<�

. L et h E

�

i

�<�

b e a

solution to D with r esp e ct to A . F or al l � < �

Cn

A

�

0

@

[


 � �

E




1

A

is a c onsistent extension of b

A

�

( D ) .

Pr o of . F or all � < � , let

X

�

= Cn

A

�

0

@

[


 � �

E




1

A

:

Pro of is b y induction on � . Assume that for all 
 < � ,

X




is a consisten t extension of b

A




( D ). W e'll sho w

that X

�

is a consisten t extension of b

A

�

( D ). There

are t w o cases to consider.

Case 1: � is not a limit ordinal. Cho ose 
 suc h that


 + 1 = � . By the inductiv e h yp othesis, X




is a con-

sisten t extension of b

A




( D ). W e also kno w that E

�

is

a consisten t extension of e

A




( b

A

�

( D ) ;

S

� � 


E

�

). Let

D

0

= b

A

�

( D ). It is clear that b

A




( D ) = b

A




( D

0

). It

is not di�cult to v erify that e

A




( b

A

�

( D ) ;

S

� � 


E

�

) is

the same as e

A




( D

0

; X




). So w e'v e sho wn that X




is a

consisten t extension of b

A




( D

0

) and that E

�

is a con-

sisten t extension of e

A




( D

0

; X




). By the Splitting Set

Theorem, it follo ws that Cn

A

�

( X




[ E

�

) is a consis-

ten t extension of D

0

. And since it's easy to c hec k that

Cn

A

�

( X




[ E

�

) = X

�

, w e're done with the �rst case.

Case 2: � is a limit ordinal. First w e sho w that X

�

is closed under b

A

�

( D )

X

�

. So supp ose the con trary .

Th us there is an r 2 b

A

�

( D )

X

�

suc h that pr e ( r ) 2 X

�

and c ons ( r ) =2 X

�

. Since A is con tin uous and � is a

limit ordinal, w e kno w there m ust b e a 
 < � suc h

that r 2 b

A




( D )

X

�

. Since b

A




( D ) is a default theory

o v er L ( A




), w e ha v e b

A




( D )

X

�

= b

A




( D )

X




. So r 2

b

A




( D )

X




. F urthermore, it follo ws that pr e ( r ) 2 X




and c ons ( r ) =2 X




. This sho ws that X




is not closed

under b

A




( D )

X




, whic h con tradicts the fact that, b y

the inductiv e h yp othesis, X




is a consisten t extension

of b

A




( D ). So w e ha v e sho wn that X

�

is closed under

b

A

�

( D )

X

�

.

No w, let E = Cn

A

�

( b

A

�

( D )

X

�

). W e will sho w that

E = X

�

, from whic h it follo ws that X

�

is a consisten t

extension of b

A

�

( D ). Since X

�

is logically closed and

closed under b

A

�

( D )

X

�

, w e kno w that E � X

�

. Sup-

p ose E 6= X

�

, and consider an y form ula � 2 X

�

n E .

Since A is con tin uous and � is a limit ordinal, there

m ust b e a 
 < � suc h that � is from L ( A




) and

therefore � 2 X




. Th us, X




is a prop er sup erset of

E \ L ( A




). By the inductiv e h yp othesis, w e kno w

that X




is a consisten t extension of b

A




( D ). Th us,

X




= Cn

A




( b

A




( D )

X




). And since b

A




( D )

X




=

b

A




( D )

X

�

, w e ha v e X




= Cn

A




( b

A




( D )

X

�

). Since

E = Cn

A

�

( b

A

�

( D )

X

�

) and b

A




( D )

X

�

� b

A

�

( D )

X

�

,

w e kno w that E is closed under b

A




( D )

X

�

. More-

o v er, since b

A




( D )

X

�

is a default theory o v er L ( A




),

E \ L ( A




) is closed under b

A




( D )

X

�

. But X




is the

least logically closed set closed under b

A




( D )

X

�

, so

X




� E \ L ( A




), whic h con tradicts the fact that X




is

a prop er sup erset of E \ L ( A




). W e can conclude that

E = X

�

, whic h completes the second case. 2

Let D b e a default theory o v er L ( U ) with splitting

sequence A = h A

�

i

�<�

. The standar d extension of A

is the sequence B = h B

�

i

�<� +1

suc h that

� for all � < � , B

�

= A

�

, and

� B

�

= U .

Notice that the standard extension of A is itself a

splitting sequence for D .

Lemma 8 L et D b e a default the ory over L ( U ) with

splitting se quenc e A = h A

�

i

�<�

. L et B = h B

�

i

�<� +1

b e the standar d extension of A . L et X = h X

�

i

�<�

b e

a se quenc e of sets of formulas fr om L ( U ) . L et Y =

h Y

�

i

�<� +1

b e de�ne d as fol lows.

� F or al l � < � , Y

�

= X

�

.

� Y

�

= Cn

;

( ; ) .

If X is a solution to D with r esp e ct to A , then Y is a

solution to D with r esp e ct to B .

Pr o of . First, it's clear that Y

0

is a consisten t exten-

sion of b

B

0

( D ), since Y

0

= X

0

, b

B

0

( D ) = b

A

0

( D ), and

X

0

is a consisten t extension of b

A

0

( D ). Similarl y , it's

clear that for an y � suc h that � + 1 < � , Y

� +1

is a

consisten t extension of

e

B

�

0

@

b

B

� +1

( D ) ;

[


 � �

Y




1

A

:

W e also kno w that for an y limit ordinal � < � , Y

�

=

Cn

;

( ; ). It remains to sho w that w e handle � correctly .

There are t w o cases to consider.

Case 1: � is a limit ordinal. In this case w e m ust

sho w that Y

�

= Cn

;

( ; ), whic h it do es.



Case 2: � is not a limit ordinal. In this case, c ho ose

� suc h that � + 1 = � . W e m ust sho w that Y

�

is a

consisten t extension of the default theory

e

B

�

0

@

b

B

�

( D ) ;

[


 � �

Y




1

A

(3)

o v er L ( B

�

n B

�

). Since A is a splitting sequence for a

default theory o v er L ( U ), w e kno w that

S


 <�

A




= U .

Moreo v er, since A is monotone and � is not a limit

ordinal, it follo ws that A

�

= U . And since B

�

= A

�

,

w e kno w that b

B

�

( D ) = D . It follo ws that default

theory (3) is empt y . It also follo ws that B

�

n B

�

= ; ,

so the language of (3) is L ( ; ). Since Y

�

= Cn

;

( ; ), w e

ha v e sho wn that Y

�

is a consisten t extension of (3). 2

Pr o of of Splitting Se quenc e The or em. ( ) ) Assume

that E is a consisten t extension of D . By Lemma 6,

there is a solution h E

�

i

�<�

to D with resp ect to

h A

�

i

�<�

for whic h it is not di�cult to v erify that

E = Cn

U

 

[

�<�

E

�

!

:

( ( ) Assume that X = h X

�

i

�<�

is a solution to D

with resp ect to h A

�

i

�<�

. Let

E = Cn

U

 

[

�<�

X

�

!

:

Let B = h B

�

i

�<� +1

b e the standard extension of

h A

�

i

�<�

. By Lemma 8, w e kno w there is a solution

h Y

�

i

�<� +1

to D with resp ect to B suc h that

E = Cn

U

 

[

�<� +1

Y

�

!

:

Moreo v er, w e kno w there is an � < � + 1 suc h that

B

�

= U . Th us b

B

�

( D ) = D and

E = Cn

B

�

0

@

[


 � �

Y




1

A

:

It follo ws b y Lemma 7 that E is a consisten t extension

of D . 2

Pr o of of Splitting Se quenc e Cor ol lary. Assume that

E is a consisten t extension of D . By the Splitting

Sequence Theorem, there is a solution h X

�

i

�<�

to D

with resp ect to A suc h that E = Cn

U

�

S

�<�

X

�

�

.

W e will sho w that for all � < � , E \ L ( U

�

) = X

�

.

Let X =

S

�<�

X

�

. Consider an y � < � . W e

ha v e X

�

� L ( U

�

), X n X

�

� L ( U n U

�

), and E =

Cn

U

( X

�

[ X n X

�

). Th us, b y Lemma 1 w e can con-

clude that E \ L ( U

�

) = Cn

U

�

( X

�

). And since X

�

is

logically closed, w e ha v e Cn

U

�

( X

�

) = X

�

. 2
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