
Splitting a Default TheoryHudson TurnerDepartment of Computer SciencesUniversity of Texas at AustinAustin, TX 78712-1188, USAhudson@cs.utexas.eduAbstractThis paper presents mathematical results thatcan sometimes be used to simplify the task ofreasoning about a default theory, by \splitting itinto parts." These so-called Splitting Theoremsfor default logic are related in spirit to \partialevaluation" in logic programming, in which re-sults obtained from one part of a program areused to simplify the remainder of the program.In this paper we focus primarily on the statementand proof of the Splitting Theorems for defaultlogic. We illustrate the usefulness of the resultsby applying them to an example default theoryfor commonsense reasoning about action.IntroductionThis paper introduces so-called Splitting Theorems fordefault logic, which can sometimes be used to simplifythe task of reasoning about a default theory, by \split-ting it into parts." These Splitting Theorems are re-lated somewhat, in spirit, to \partial evaluation" inlogic programming, in which results obtained from onepart of a program are used to simplify the remain-der of the program.1 In fact, the Splitting Theoremsfor default logic closely resemble the Splitting Theo-rems for logic programming introduced in (Lifschitz &Turner 1994), despite complications due to the pres-ence of arbitrary formulas in default theories.2 Similarresults for autoepistemic logic can be found in (Gel-fond & Przymusi�nska 1992). Related, independentlyobtained, results for default logic, restricted to the �-nite case, appear in (Cholewinski 1995).In this paper we focus on the statement and proof ofthe Splitting Theorems for default logic.3 We illustrate1See, for example, (Komorowski 1990).2In (Lifschitz & Turner 1994) we presented withoutproof Splitting Theorems for logic programs with classicalnegation and disjunction, under the answer set semantics(Gelfond & Lifschitz 1991). The results for nondisjunctivelogic programs follow from the Splitting Theorems for de-fault logic. The de�nitions and proofs in this paper can beadapted to the more general case of disjunctive default logic(Gelfond et al. 1991), from which the Splitting Theoremsfor disjunctive logic programs would follow as well.3We do not address the possible application of these

the usefulness of the results by applying them to anexample default theory for reasoning about action. Anextended application of the Splitting Theorems to de-fault theories for representing commonsense knowledgeabout actions will appear in (Turner 1997).The paper is organized as follows. We present pre-liminary de�nitions. We then introduce the SplittingSet Theorem, followed by Splitting Sequence Theo-rem, which generalizes it. We exercise the SplittingSequence Theorem on an example default theory forreasoning about action. We present an abridged proofof the Splitting Set Theorem, followed by a detailedproof of the Splitting Sequence Theorem.Preliminary De�nitionsGiven a set U of atomic symbols (not including thespecial constants > and ?), we denote by L(U ) thelanguage of propositional logic with exactly the atomsU [ f>;?g.4 We say a set of formulas from L(U ) islogically closed if it is closed under propositional logic.We write inference rules over L(U ) as expressions ofthe form � where � and  are formulas from L(U ). When conve-nient, we identify a formula � with the inference rule>� . We say a set � of formulas is closed under a set Rof inference rules if for all � 2 R, if � 2 � then  2 �.By CnU (R) we denote the least logically closed set offormulas from L(U ) that is closed under R.A default rule over L(U ) is an expression of the form� : �1; : : : ; �n
 (1)where �; �1; : : : ; �n; 
 are formulas from L(U ) (n � 0).Let r be a default rule of form (1). We call � theprerequisite of r, and denote it by pre(r). The formulas�1; : : : ; �n are the justi�cations of r; we write just(r) todenote the set f �1; : : : ; �ng. We call 
 the consequentof r, and denote it by cons(r). If pre(r) is > we oftenideas to the problem of automated default reasoning.4Thus, L(;) consists of all formulas in which the onlyatoms are the constants > and ?.



omit it, writing : �1; : : : ; �n
 instead. If just(r) = ;,we identify r with the corresponding inference rule �
 .5A default theory over L(U ) is a set of default rulesover L(U ). Let D be a default theory over L(U ), andE a set of formulas from L(U ). The reduct of D by E,denoted by DE , is the following set of inference rules.� pre(r)cons(r) : r 2 D and for all � 2 just(r); :� =2 E�We say E is an extension of D if E = CnU (DE ) :Default logic is due to Reiter (Reiter 1980). The(essentially equivalent) de�nitions given above follow(Gelfond et al. 1991). Although the de�nitions in thissection are stated for the propositional case, they aretaken, in the standard way, to apply in the �rst-order,quanti�er-free case as well, by taking each non-groundexpression to stand for all of its ground instances.Splitting SetsLet D be a default theory over L(U ) such that, for ev-ery rule r 2 D, pre(r) is in conjunctive normal form.(Of course any default theory can be easily transformedinto an equivalent default theory, over the same lan-guage, satisfying this condition.) For any rule r 2 D,a formula � is a constituent of r if at least one of thefollowing conditions holds: (i) � is a conjunct of pre(r);(ii) � 2 just(r); (iii) � = cons(r).A splitting set for D is a subset A of U such that forevery rule r 2 D the following two conditions hold.� Every constituent of r belongs to L(A) [ L(U nA).� If cons(r) does not belong to L(U n A), then r is adefault rule over L(A).If A is a splitting set for D, we say that A splits D.The base of D relative to A, denoted by bA(D), is thedefault theory over L(A) that consists of all membersof D that are default rules over L(A).Let U3 = fa; b; c; dg. Consider the following defaulttheory D3 over L(U3).: :ba : :ab a _ b : a; bc _ d a ^ (c _ d) : :d:d b ^ (c _ d) : :c:cTake A3 = fa; bg. It's easy to verify that A3 splits D3,with bA3(D3) = � : :ba ; : :ab � :Notice that default theory bA3(D3) over L(A3) has twoconsistent extensions: CnA3(fag) and CnA3(fbg).Given a splitting set A for D, and a set X of formu-las from L(A), the partial evaluation of D by X withrespect to A, denoted by eA (D;X), is the default the-ory over L(U n A) obtained from D in the followingmanner. For each rule r 2 D n bA(D) such that5Allowing the empty set of justi�cations is mathemat-ically convenient (Brewka 1991; Marek & Truszczy�nski1993), although it seems Reiter (Reiter 1980) may havemeant to prohibit it.

� every conjunct of pre(r) that belongs to L(A) alsobelongs to CnA(X), and� no member of just(r) has its complement in CnA(X)there is a rule r0 2 eA (D;X) such that� pre(r0) is obtained from pre(r) by replacing eachconjunct of pre(r) that belongs to L(A) by >, and� just(r0) = just(r) \ L(U nA), and� cons(r0) = cons(r) .For example, it is easy to verify thateA3 (D3;CnA3 (fag)) = � >c _ d ; >^ (c _ d) : :d:d �and thateA3 (D3;CnA3 (fbg)) = � >c _ d ; >^ (c _ d) : :c:c � :Let A be a splitting set for D. A solution to Dwith respect to A is a pair hX;Y i of sets of formulassatisfying the following two properties.� X is a consistent extension of the default theorybA(D) over L(A).� Y is a consistent extension of the default theoryeA (D;X) over L(U nA).For example, given our previous observations, it iseasy to verify that D3 has two solutions with respectto A3: hCnA3 (fag) ; CnU3nA3(fc;:dg) iand hCnA3(fbg) ; CnU3nA3(f:c; dg) i :Splitting Set Theorem. Let A be a splitting set fora default theory D over L(U ). A set E of formulas isa consistent extension of D i� E = CnU (X [ Y ) forsome solution hX;Y i to D with respect to A.Thus, for example, it follows from the Split-ting Set Theorem that default theory D3 has ex-actly two consistent extensions: CnU3(fa; c;:dg) andCnU3(fb;:c; dg).Splitting Set Corollary. Let A be a splitting set fora default theory D over L(U ). If E is a consistentextension of D, then the pairh E \ L(A) ; E \ L(U nA) iis a solution to D with respect to A.Splitting SequencesA (trans�nite) sequence is a family whose index setis an initial segment of ordinals f� : � < �g. Wesay that a sequence hA�i�<� of sets is monotone ifA� � A� whenever � < �, and continuous if, for eachlimit ordinal � < �, A� = S
<�A
 .A splitting sequence for a default theory D overL(U ) is a nonempty, monotone, continuous sequencehA�i�<� of splitting sets for D s.t. S�<�A� = U .



:Holds(Up(Left); S0) ^ :Holds(Up(Right); S0) ^ :Holds(Spilled ; S0)Precedes(S0; S1) ^Occurs(Raise(Left); S0) ^Occurs(Raise(Right ); S0)Precedes(S1; S2) ^Occurs(Lower(Left); S1)Occurs(Raise(x); s) ^ Precedes(s; s0)Holds(Up(x); s0) Occurs(Lower(x); s) ^ Precedes(s; s0):Holds(Up(x); s0)Holds(Up(Left); s) 6� Holds(Up(Right); s)Holds(Spilled ; s)Holds(f; s) ^ Precedes(s; s0) : Holds(f; s0)Holds(f; s0) :Holds(f; s) ^ Precedes(s; s0) : :Holds(f; s0):Holds(f; s0)Figure 1: Default theory D1The notion of a solution with respect to a splittingset is extended to splitting sequences as follows. LetA = hA�i�<� be a splitting sequence for D. A solutionto D with respect to A is a sequence hE�i�<� of sets offormulas that satis�es the following three conditions.� E0 is a consistent extension of the default theorybA0(D) over L(A0).� For any � such that �+ 1 < �, E�+1 is a consistentextension of the default theoryeA� 0@bA�+1(D); [
��E
1Aover L(A�+1 nA�).� For any limit ordinal � < �, E� = Cn;(;).We generalize the Splitting Set Theorem as follows.Splitting Sequence Theorem. Let A = hA�i�<�be a splitting sequence for a default theory D overL(U ). A set E of formulas is a consistent extension ofD if and only if E = CnU  [�<�E�!for some solution hE�i�<� to D with respect to A.The proof of the Splitting Sequence Theorem, whichappears in later in the paper, relies on the SplittingSet Theorem. We also have the following counterpartto the Splitting Set Corollary.Splitting Sequence Corollary. Let A = hA�i�<�be a splitting sequence for a default theory D overL(U ). Let hU�i�<� be the sequence of pairwise disjointsubsets of U such that for all � < �U� = A� n [
<�A
 :If E is a consistent extension of D, then the sequencehE \L(U�) i�<� is a solution to D with respect to A.

Example: Splitting a Default Theoryfor Reasoning About ActionWe will illustrate the use of the Splitting SequenceTheorem by applying it to a default theory that for-malizes commonsense knowledge about actions. Theaction domain we formalize is based on the \SoupBowl" example from (Baral & Gelfond 1993), whichinvolves reasoning about the e�ects of concurrentactions.6 The default logic formalization we con-sider relies, implicitly, on the notion of \static causallaws," recently investigated in (McCain & Turner 1995;Turner 1996).Default Theory D1We will formalize the following action domain in de-fault logic. There is a bowl of soup. There are actionsthat raise and lower its left and right sides. If oneside of the bowl is up while the other is not up, thesoup is spilled. In the initial situation S0, both sidesof the bowl are not up, and the soup is not spilled. Welet S1 be the situation that would result from raisingboth sides of the bowl simultaneously. Notice that, in-tuitively speaking, it follows that in situation S1 bothsides of the bowl are up and the soup is not spilled.We also consider an additional situation S2 that wouldresult from lowering the left side of the bowl, whenin situation S1. Intuitively speaking, we can concludethat in situation S2 the left side of the bowl is not up,the right side is up, and the soup is spilled.We will use the Splitting Sequence Theorem todemonstrate that the default theory D1, shown in Fig-ure 1, is a correct formalization this action domain.More precisely, what we will show is that the lit-erals Holds(Up(Left); S1), Holds(Up(Right); S1), and:Holds(Spilled ; S1) are among the consequences of de-fault theory D1, which establishes that D1 correctlydescribes the values of the 
uents in situation S1.6We will not attempt in this paper a general analysis ofthe problem of representing commonsense knowledge aboutconcurrent actions. Nor will we attempt a general justi�ca-tion of the style of representation employed in the exampledefault theory itself. Such analysis and justi�cation is animportant problem that is beyond the scope of this paper.



:Holds(Up(Left); S0) ^ :Holds(Up(Right); S0) ^ :Holds(Spilled ; S0)Precedes(S0; S1) ^Occurs(Raise(Left); S0) ^Occurs(Raise(Right ); S0)Precedes(S1; S2) ^Occurs(Lower(Left); S1)Holds(Up(Left); S0) 6� Holds(Up(Right); S0)Holds(Spilled ; S0)Figure 2: Default theory bA0(D1)Holds(Up(Left); S1) Holds(Up(Right); S1)Holds(Up(Left); S1) 6� Holds(Up(Right); S1)Holds(Spilled ; S1): :Holds(Up(Left); S1):Holds(Up(Left); S1) : :Holds(Up(Right); S1):Holds(Up(Right); S1): :Holds(Spilled ; S1):Holds(Spilled ; S1)Figure 3: Default theory eA0 (bA1(D1); E0):Holds(Up(Left); S2)Holds(Up(Left); S2) 6� Holds(Up(Right); S2)Holds(Spilled ; S2): Holds(Up(Left); S2)Holds(Up(Left); S2) : Holds(Up(Right); S2)Holds(Up(Right); S2): :Holds(Spilled ; S2):Holds(Spilled ; S2)Figure 4: Default theory eA1(bA2(D1); E0 [E1)Similarly, we will also show that D1 entails the lit-erals :Holds(Up(Left); S2), Holds(Up(Right); S2), andHolds(Spilled ; S2), which establishes that D1 also cor-rectly describes situation S2.Splitting Default Theory D1Before applying the Splitting Sequence Theorem, wemust be more precise about the language of D1:Let U1 consist of all ground atoms of the followingmany-sorted, �rst-order language L1. The sorts of L1are situation, action , 
uent and side. There are ob-ject constants S0, S1 and S2 of sort situation, Left andRight of sort side, and Spilled of sort 
uent . Thereis a unary function symbol Up of sort side ! 
uent ,and unary function symbols Raise and Lower of sortside ! action. There is a binary predicate symbolHolds of sort 
uent � situation, a binary predicatesymbol Occurs of sort action � situation, and a binarypredicate symbol Precedes of sort situation�situation .We take D1 to be the (propositional) default theoryover L(U1) consisting of all ground instances in L1 ofthe rules shown in Figure 1.Now we can specify a splitting sequence for D1,which will allow us to break D1 into simpler parts.To begin, let A0 consist of all ground instances in L1of the following atoms:Holds(f; S0) ; Occurs(a; s) ; Precedes(s; s0) :

Notice that A0 splitsD1, with bA0(D1) the default the-ory over L(A0) shown in Figure 2.We obtain A1 by adding to A0 all ground instancesin L1 of Holds(f; S1). Finally, let A2 = U1. One easilychecks that hA0; A1; A2i is a splitting sequence for D1.Let X0 consist of the following literals::Holds(Up(Left); S0) ; :Holds(Up(Right); S0) ;:Holds(Spilled ; S0) ; Precedes(S0; S1) ;Occurs(Raise(Left); S0) ; Occurs(Raise(Right ); S0) ;Precedes(S1; S2) ; Occurs(Lower(Left); S1) :Take E0 = CnA0(X0) :Notice that E0 is the unique extension of bA0(D1).The default theory eA0(bA1 (D1); E0) over L(A1nA0)is (essentially) as shown in Figure 3.Thus, if we take X1 to consist of the literalsHolds(Up(Left); S1) ; Holds(Up(Right); S1) ;:Holds(Spilled ; S1) ;and let E1 = CnA1nA0(X1)we �nd that E1 is the unique extension of default the-ory eA0 (bA1(D1); E0).Finally, observe that the default theoryeA1 (bA2(D1); E0 [ E1) over L(A2 n A1) is essentiallyas shown in Figure 4.Let X2 consist of the literals:Holds(Up(Left); S2) ; Holds(Up(Right); S2) ;Holds(Spilled ; S2) :Take E2 = CnA2nA1(X2) :It is not di�cult to verify that E2 is the unique exten-sion of eA1 (bA2(D1); E0 [E1).We have shown that hE0; E1; E2i is a solution to de-fault theory D1 with respect to hA0; A1; A2i. In fact itis the unique solution. It follows by the Splitting Se-quence Theorem that CnU1(E0[E1[E2) is the uniqueconsistent extension of D1.This shows that the literals Holds(Up(Left); S1),Holds(Up(Right); S1), and :Holds(Spilled ; S1) areamong the consequences of D1, which, as we discussedpreviously, is intuitively correct.We have similarly established that the liter-als :Holds(Up(Left); S2), Holds(Up(Right); S2), andHolds(Spilled ; S2) are among the consequences of D1,which is again the intuitively correct result.



Proof of the Splitting Set TheoremDue to space constraints, we present an abridged proofof the Splitting Set Theorem, omitting several interme-diate lemmas, and proofs of the remaining lemmas.Lemma 1 Let U;U 0 be disjoint sets of atoms. Let Rbe a set of inference rules over L(U ), and R0 a set ofinference rules over L(U 0). Let X = CnU[U 0(R [R0).� If X is consistent, then X \ L(U ) = CnU (R) .� X = CnU[U 0 (CnU(R) [R0) .In proving the Splitting Set Theorem it is convenientto introduce a set of alternative de�nitions, di�eringvery slightly from those used in stating the theorem.(We nonetheless prefer the original de�nitions, becausethey are more convenient in applications of the Split-ting Theorems.)Let D be a default theory over L(U ) split by A. Wede�ne the following.� t�A(D) = f r 2 D : cons(r) 2 L(U nA) g� b�A(D) = D n t�A(D)The advantage of these alternative de�nitions is cap-tured in the following key lemma, which fails to holdfor their counterparts bA(D) and D n bA(D).Lemma 2 Let D be a default theory over L(U ) withsplitting set A. For any set X of formulas from L(U ),b�A(D)X = b�A(DX ) and t�A(D)X = t�A(DX ).The proof will also make use of the following addi-tional alternative de�nitions.Given a set X of formulas from L(A), let e�A(D;X)be the default theory over L(U n A) obtained from Din the following manner. For each rule r 2 t�A(D) s.t.� every conjunct of pre(r) that belongs to L(A) alsobelongs to CnA(X), and� no member of just(r) has its complement in CnA(X)there is a rule r0 2 e�A (D;X) such that� pre(r0) is obtained from pre(r) by replacing eachconjunct of pre(r) that belongs to L(A) by >, and� just(r0) = just(r) \ L(U nA), and� cons(r0) = cons(r) .Notice that e�A di�ers from eA only in starting withthe rules in t�A(D) instead of the rules in D n bA(D).Finally, let s�A(D) be the set of all pairs hX;Y i s.t.� X is a consistent extension of b�A(D), and� Y is a consistent extension of e�A (D;X) .The following lemma shows that these alternativede�nitions are indeed suitable for our purpose.Lemma 3 If a default theory D over L(U ) is split byA, then s�A(D) is precisely the set of solutions to Dwith respect to A.Now we present the two main lemmas, and then usethem to prove the Splitting Set Theorem.

Lemma 4 Let D be a default theory over L(U ) withsplitting set A. Let E be a consistent set of formulasfrom L(U ). E = CnU(DE ) if and only if� E \ L(A) = CnA[b�A(D)E\L(A)] and� E = CnU [(E \ L(A)) [ t�A(D)E ] .Lemma 5 Let D be a default theory over L(U ) splitby A. Let E be a logically closed set of formulas fromL(U ), with X = E \L(A) and Y = E \L(U nA). Wehave CnU [X [ e�A (D;X)Y ] = CnU [X [ t�A(D)E ] :Proof of Splitting Set Theorem. Given a default the-ory D over L(U ) with splitting set A, we know byLemma 3 that s�A(D) is precisely the set of solutionsto D with respect to A. We will show that E is a con-sistent extension of D if and only if E = CnU (X [ Y )for some hX;Y i 2 s�A(D).()) Assume E is a consistent extension of D.Let X = E \ L(A) and Y = E \ L(U n A).By Lemma 4, X = CnA(b�A(D)X ) and E =CnU (X [ t�A(D)E). By Lemma 5, E = CnU (X [e�A (D;X)Y ). By Lemma 1, we can conclude thatY = CnUnA(e�A (D;X)Y ). So we have established thathX;Y i 2 s�A(D). We can also conclude by Lemma 1that E = CnU [X [ CnUnA(e�A (D;X)Y )]. And sinceY = CnUnA(e�A (D;X)Y ), we have E = CnU (X [ Y ).(() Assume E = CnU (X [ Y ) for somehX;Y i 2 s�A(D). Since hX;Y i 2 s�A(D), we haveY = CnUnA(e�A (D;X)Y ). Hence E = CnU [X [CnUnA(e�A (D;X)Y )]. By Lemma 1, we can concludethat E = CnU (X [ e�A (D;X)Y ). Thus, by Lemma 5,E = CnU (X [ t�A(D)E ). By Lemma 1, E \ L(A) =CnA(X), and sinceX is logically closed, CnA(X) = X.So E \ L(A) = X. Since hX;Y i 2 s�A(D), we haveX = CnA(b�A(D)X ). We can conclude by Lemma 4that E = CnU (DE). 2Proof of Splitting Set Corollary. Assume that E is aconsistent extension of D. By the Splitting Set The-orem, there is a solution hX;Y i to D with respect toA such that E = CnU(X [ Y ). Since X � L(A) andY � L(U n A), we can conclude by Lemma 1 thatE \ L(A) = CnA(X). And since X is logically closed,CnA(X) = X. So E \ L(A) = X. A symmetric argu-ment shows that E \ L(U nA) = Y . 2Proof of Splitting Sequence TheoremLemma 6 Let D be a default theory over L(U ) withsplitting sequence A = hA�i�<�. Let E be a set offormulas from L(U ). Let X = hX�i�<� be a sequenceof sets of formulas from L(U ) such that� X0 = E \ L(A0) ,� for all � s.t. �+ 1 < �, X�+1 = E \L(A�+1 nA�) ,� for any limit ordinal � < �, X� = Cn;(;).If E is a consistent extension ofD, then X is a solutionto D with respect to A.



Proof . There are three things to check.First, by the Splitting Set Corollary, we can concludethat E \ L(A0) is a consistent extension of bA0(D).Second, choose � such that � + 1 < �. We mustshow that X�+1 is a consistent extension ofeA� 0@bA�+1(D); [
��X
1A : (2)Let � = � + 1. By the Splitting Set Corollary, E \L(A�) is a consistent extension of bA� (D). Let D0 =bA� (D) and let E0 = E \ L(A�). By the SplittingSet Corollary, since A� splits D0, E0 \ L(A� n A�) isa consistent extension of eA� (D0; E0 \ L(A�)). It iseasy to verify that X�+1 = E0 \ L(A� nA�). It is notdi�cult to verify also that eA� (D0; E0 \ L(A�)) is thesame as (2).Third, for any limit ordinal � < �, X� = Cn;(;).2Lemma 7 Let D be a default theory over L(U ) withsplitting sequence A = hA�i�<�. Let hE�i�<� be asolution to D with respect to A. For all � < �CnA� 0@[
��E
1Ais a consistent extension of bA�(D).Proof . For all � < �, letX� = CnA� 0@[
��E
1A :Proof is by induction on �. Assume that for all 
 < �,X
 is a consistent extension of bA
 (D). We'll showthat X� is a consistent extension of bA�(D). Thereare two cases to consider.Case 1: � is not a limit ordinal. Choose 
 such that
 + 1 = �. By the inductive hypothesis, X
 is a con-sistent extension of bA
 (D). We also know that E� isa consistent extension of eA
 (bA�(D);S��
 E�). LetD0 = bA�(D). It is clear that bA
(D) = bA
 (D0). Itis not di�cult to verify that eA
 (bA�(D);S��
 E�) isthe same as eA
 (D0; X
). So we've shown that X
 is aconsistent extension of bA
 (D0) and that E� is a con-sistent extension of eA
 (D0; X
 ). By the Splitting SetTheorem, it follows that CnA� (X
 [ E�) is a consis-tent extension of D0. And since it's easy to check thatCnA�(X
 [E�) = X�, we're done with the �rst case.Case 2: � is a limit ordinal. First we show that X�is closed under bA�(D)X� . So suppose the contrary.Thus there is an r 2 bA�(D)X� such that pre(r) 2 X�and cons(r) =2 X�. Since A is continuous and � is alimit ordinal, we know there must be a 
 < � suchthat r 2 bA
(D)X� . Since bA
 (D) is a default theoryover L(A
), we have bA
 (D)X� = bA
 (D)X
 . So r 2bA
 (D)X
 . Furthermore, it follows that pre(r) 2 X
and cons(r) =2 X
 . This shows that X
 is not closed

under bA
 (D)X
 , which contradicts the fact that, bythe inductive hypothesis, X
 is a consistent extensionof bA
(D). So we have shown that X� is closed underbA�(D)X� .Now, let E = CnA�(bA�(D)X� ). We will show thatE = X�, from which it follows that X� is a consistentextension of bA�(D). Since X� is logically closed andclosed under bA�(D)X� , we know that E � X�. Sup-pose E 6= X�, and consider any formula � 2 X� n E.Since A is continuous and � is a limit ordinal, theremust be a 
 < � such that � is from L(A
) andtherefore � 2 X
 . Thus, X
 is a proper superset ofE \ L(A
). By the inductive hypothesis, we knowthat X
 is a consistent extension of bA
 (D). Thus,X
 = CnA
 (bA
 (D)X
 ). And since bA
 (D)X
 =bA
 (D)X� , we have X
 = CnA
 (bA
 (D)X� ). SinceE = CnA�(bA�(D)X� ) and bA
 (D)X� � bA�(D)X� ,we know that E is closed under bA
 (D)X� . More-over, since bA
 (D)X� is a default theory over L(A
),E \ L(A
) is closed under bA
 (D)X� . But X
 is theleast logically closed set closed under bA
(D)X� , soX
 � E\L(A
), which contradicts the fact that X
 isa proper superset of E \L(A
). We can conclude thatE = X�, which completes the second case. 2Let D be a default theory over L(U ) with splittingsequence A = hA�i�<�. The standard extension of Ais the sequence B = hB�i�<�+1 such that� for all � < �, B� = A� , and� B� = U .Notice that the standard extension of A is itself asplitting sequence for D.Lemma 8 Let D be a default theory over L(U ) withsplitting sequence A = hA�i�<�. Let B = hB�i�<�+1be the standard extension of A. Let X = hX�i�<� bea sequence of sets of formulas from L(U ). Let Y =hY�i�<�+1 be de�ned as follows.� For all � < �, Y� = X�.� Y� = Cn;(;).If X is a solution to D with respect to A, then Y is asolution to D with respect to B.Proof . First, it's clear that Y0 is a consistent exten-sion of bB0 (D), since Y0 = X0, bB0(D) = bA0(D), andX0 is a consistent extension of bA0(D). Similarly, it'sclear that for any � such that � + 1 < �, Y�+1 is aconsistent extension ofeB� 0@bB�+1(D); [
��Y
1A :We also know that for any limit ordinal � < �, Y� =Cn;(;). It remains to show that we handle � correctly.There are two cases to consider.Case 1: � is a limit ordinal. In this case we mustshow that Y� = Cn;(;), which it does.



Case 2: � is not a limit ordinal. In this case, choose� such that � + 1 = �. We must show that Y� is aconsistent extension of the default theoryeB� 0@bB�(D); [
��Y
1A (3)over L(B� n B�). Since A is a splitting sequence for adefault theory over L(U ), we know that S
<� A
 = U .Moreover, since A is monotone and � is not a limitordinal, it follows that A� = U . And since B� = A�,we know that bB�(D) = D. It follows that defaulttheory (3) is empty. It also follows that B� nB� = ;,so the language of (3) is L(;). Since Y� = Cn;(;), wehave shown that Y� is a consistent extension of (3). 2Proof of Splitting Sequence Theorem. ()) Assumethat E is a consistent extension of D. By Lemma 6,there is a solution hE�i�<� to D with respect tohA�i�<� for which it is not di�cult to verify thatE = CnU  [�<�E�! :(() Assume that X = hX�i�<� is a solution to Dwith respect to hA�i�<�. LetE = CnU  [�<�X�! :Let B = hB�i�<�+1 be the standard extension ofhA�i�<�. By Lemma 8, we know there is a solutionhY�i�<�+1 to D with respect to B such thatE = CnU  [�<�+1Y�! :Moreover, we know there is an � < � + 1 such thatB� = U . Thus bB�(D) = D andE = CnB� 0@[
��Y
1A :It follows by Lemma 7 that E is a consistent extensionof D. 2Proof of Splitting Sequence Corollary. Assume thatE is a consistent extension of D. By the SplittingSequence Theorem, there is a solution hX�i�<� to Dwith respect to A such that E = CnU �S�<�X��.We will show that for all � < �, E \ L(U�) = X�.Let X = S�<�X�. Consider any � < �. Wehave X� � L(U�), X n X� � L(U n U�), and E =CnU (X� [ X nX�). Thus, by Lemma 1 we can con-clude that E \ L(U�) = CnU�(X�). And since X� islogically closed, we have CnU�(X�) = X�. 2
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