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Abstract. Logic programs P and Q are strongly equiv alen t if, giv en

an y logic program R , programs P [ R and Q [ R are equiv alen t (that

is, ha v e the same answ er sets). Strong equiv alence is con v enien t for the

study of equiv alen t transformations of logic programs: one can pro v e

that a lo cal c hange is correct without considering the whole program.

Recen tly , Lifsc hitz, P earce and V alv erde sho w ed that Heyting's logic of

here-and-there can b e used to c haracterize strong equiv alence of logic

programs. This pap er o�ers a more direct c haracterization, and extends

it to default logic. In their pap er, Lifsc hitz, P earce and V alv erde study a

v ery general form of logic programs, called \nested" programs. F or the

study of strong equiv alence of default theories, it is con v enien t to in tro-

duce a corresp onding \nested" v ersion of default logic, whic h generalizes

Reiter's default logic.

1 In tro duction

Logic programs P and Q are \strongly equiv alen t" if, giv en an y logic program R ,

P [ R and Q [ R are equiv alen t. Recen t w ork b y Lifsc hitz, P earce and V alv erde

(2001) uses Heyting's logic of here-and-there to c haracterize strong equiv alence

of logic programs under the answ er set seman tics (Gelfond & Lifsc hitz 1991,

Lifsc hitz et al. 1999). Their pro of utilizes P earce's equilibrium logic (1997 , 1999).

In the curren t pap er, strong equiv alence of logic programs is c haracterized more

directly , in terms of concepts used in the de�nition of answ er sets|no kno wledge

of the logic of here-and-there is required. This simpli�es the pro of of the main

strong equiv alence theorem, and ma y also mak e the result easier to apply to

sp eci�c cases. Moreo v er, this alternativ e c haracterization of strong equiv alence

is easily extended to default logic (Reiter 1980).

Strong equiv alence can help us reason ab out correctness of logic programs

and default theories. F or example, as discussed in (Lifsc hitz et al. 2001 ), it can

b e used to establish the fact that in an y logic program with a constrain t of the

form

?  F ; G ;

the disjunctiv e rule

F ; G  >



can b e replaced b y the pair of rules

F  not G

G  not F

without a�ecting the program's answ er sets.

Lifsc hitz, P earce and V alv erde consider strong equiv alence for a v ery general

form of logic programs, called \nested" programs (Lifsc hitz et al. 1999). F or

the study of strong equiv alence of default theories, it is con v enien t to in tro duce

similarly general \nested" default theories.

Section 2 reviews de�nitions for nested logic programming. Section 3 states

and pro v es a simple c haracterization of strong equiv alence for logic programs.

Section 4 mak es precise the relationship b et w een our strong equiv alence theorem

and that obtained using the logic of here-and-there. Section 5 brie
y in v estigates

strongly equiv alen t transformations of logic programs. T aking adv an tage of the

strong similarities b et w een de�nitions for logic programming and default logic,

Section 6 in tro duces \nested" default logic, and sho ws that it extends b oth

nested logic programming and disjunctiv e default logic (Gelfond et al. 1991),

whic h in turn extends Reiter's default logic. Section 7 states a c haracterization

of strong equiv alence for nested default theories similar to that for nested logic

programs. Section 8 brie
y in v estigates strongly equiv alen t transformations of

default theories. Pro ofs related to nested default logic app ear in Section 9.

2 Nested Logic Programming

This pap er emplo ys the de�nition of logic programs from (Lifsc hitz et al. 1999),

although the presen tation di�ers in some details.

2.1 Syn tax

The w ords atom and literal are understo o d here as in prop ositional logic. Elemen-

tary form ulas are literals and the 0-place connectiv es ? (\false") and > (\true").

NLP form ulas are built from elemen tary form ulas using the unary connectiv e not

and the binary connectiv es ; (conjunction) and ; (disjunction). An NLP rule is

an expression of the form

F  G

where F and G are NLP form ulas, called the head and the b o dy of the rule.

A nested logic program is a set of NLP rules.

When con v enien t, a rule F  > is iden ti�ed with the form ula F .

2.2 Seman tics

Let us �rst de�ne recursiv ely when a consisten t set X of literals satis�es an NLP

form ula F (sym b olically , X j = F ), as follo ws.



{ F or elemen tary F , X j = F i� F 2 X or F = > .

{ X j = ( F ; G ) i� X j = F and X j = G .

{ X j = ( F ; G ) i� X j = F or X j = G .

{ X j = not F i� X 6j = F .

A consisten t set X of literals is closed under a program P if, for ev ery rule

F  G in P , X j = F whenev er X j = G .

The reduct of a form ula F relativ e to a consisten t set X of literals (writ-

ten F

X

) is obtained b y replacing ev ery maximal o ccurrence in F of a form ula

of the form not G with ? if X j = G and with > otherwise. The reduct of a

program P relativ e to X (written P

X

) is obtained b y replacing the head and

b o dy of eac h rule in P b y their reducts relativ e to X .

A consisten t set X of literals is an answ er set for P if it is minimal among

the consisten t sets of literals closed under P

X

.

As discussed in (Lifsc hitz et al. 1999), this de�nition agrees with previous

v ersions of the answ er set seman tics on consisten t answ er sets (but do es not

allo w for an inconsisten t one).

3 Strong Equiv alence of Logic Programs

Logic programs P and Q are equiv alen t if they ha v e the same answ er sets. They

are strongly equiv alen t if, for an y logic program R , P [ R and Q [ R are equiv alen t.

The follo wing terminology is con v enien t. F or program P , and consisten t

sets X ; Y of literals with X � Y , call the pair ( X ; Y ) an HT-mo del of P if

b oth X and Y are closed under P

Y

.

In Section 4, w e will see that HT-mo dels corresp ond to mo dels in the logic

of here-and-there.

Theorem 1. L o gic pr o gr ams ar e str ongly e quivalent i� they have the same

HT-mo dels.

Pr o of. Righ t to left: Assume that programs P and Q ha v e the same HT-mo dels .

T ak e an y program R . W e need to sho w that P [ R and Q [ R are equiv alen t.

Assume that X is an answ er set for P [ R . That is, X is a consisten t set of literals

closed under ( P [ R )

X

, and no prop er subset of X is closed under ( P [ R )

X

.

Since ( P [ R )

X

= P

X

[ R

X

, X is closed under b oth P

X

and R

X

. Since X is

closed under P

X

, it follo ws b y assumption that X is closed under Q

X

. So X

is closed under Q

X

[ R

X

= ( Q [ R )

X

. Supp ose a prop er subset of X is closed

under ( Q [ R )

X

. Then it is closed under b oth Q

X

and R

X

. By assumption it is

also closed under P

X

, and th us under ( P [ R )

X

, con tradicting the c hoice of X .

W e conclude that ev ery answ er set for P [ R is an answ er set for Q [ R . By

symmetry , ev ery answ er set for Q [ R is an answ er set for P [ R .

Left to righ t: Assume (wlog) that ( X ; Y ) is an HT-mo del of program P but

not of program Q . W e need to sho w that P and Q are not strongly equiv alen t.

Consider t w o cases.



Case 1: Y is not closed under Q

Y

. Then Y is not closed under ( Q [ Y )

Y

=

Q

Y

[ Y , and so is not an answ er set for Q [ Y . On the other hand, one easily

v eri�es that Y is an answ er set for P [ Y . Hence P and Q are not strongly

equiv alen t.

Case 2: Y is closed under Q

Y

. T ak e R = X [ f F  G : F ; G 2 Y n X g .

Clearly Y is closed under ( Q [ R )

Y

. Let Z b e a subset of Y closed un-

der ( Q [ R )

Y

= Q

Y

[ R . By c hoice of R , X � Z , and b y assumption X is not

closed under Q

Y

, so X 6= Z . Hence some L 2 Y n X b elongs to Z . It follo ws b y

c hoice of R that Y n X � Z . Consequen tly Z = Y , and so Y is an answ er set

for Q [ R . On the other hand, X is a prop er subset of Y that is closed under

( P [ R )

Y

= P

Y

[ R . So Y is not an answ er set for P [ R , and w e conclude again

that P and Q are not strongly equiv alen t.

Although simpler (due to simpler de�nitions), this pro of resem bles in man y

details the pro of of the main theorem in (Lifsc hitz et al. 2001), including the fact

that it demonstrates that if logic programs P and Q are not strongly equiv alen t

then they can b e distinguished b y adding a logic program in whic h b oth the

head and b o dy of eac h rule is a literal.

4 HT-Mo dels and the Logic of Here-and-There

Lifsc hitz, P earce and V alv erde iden tify logic program rules with form ulas in the

logic of here-and-there, and sho w that programs are strongly equiv alen t i� they

are equiv alen t in the logic of here-and-there.

They consider nested programs, as describ ed in Section 2, except that they

do not allo w classical negation. (That is, their programs do not con tain the

sym b ol : .) Accordingly , they de�ne answ er sets using sets of atoms in place of

consisten t sets of literals. F or con v enience, the term \stable mo del" will b e used

to refer to an answ er set in their sense.

After establishing their strong equiv alence theorem (with resp ect to stable

mo dels) for nested programs without classical negation, they explain that the

result can b e extended to all nested programs as follo ws. T ak e an y nested pro-

gram P . F or eac h atom A in the language of P , add a new atom A

0

, and let P

0

b e

the program in this extended language obtained b y (i) replacing eac h o ccurrence

of eac h negativ e literal : A with atom A

0

, and (ii) adding the rule ?  A; A

0

for

ev ery new atom A

0

. The answ er sets for P are in one-to-one corresp ondence with

the stable mo dels of P

0

. More precisely , giv en an y set X of literals, let X

0

b e

obtained b y replacing eac h negativ e literal : A 2 X b y A

0

. Then X is an answ er

set for P i� X

0

is a stable mo del of P

0

.

It follo ws that nested programs P and Q are strongly equiv alen t (in the

sense of this pap er) i� P

0

and Q

0

are strongly equiv alen t wrt stable mo dels.

Moreo v er, for an y nested programs P and Q without classical negation, P and

Q are strongly equiv alen t wrt stable mo dels i� P

0

and Q

0

are.

In (Lifsc hitz et al. 2001), an HT-in terpretation is a pair ( I

H

; I

T

) of sets of

atoms, with I

H

� I

T

. Without going in to details, w e can observ e that they de�ne



when an HT-in terpretation is a mo del of a logic program in the sense of the logic

of here-and-there. Although it is not done here, one can easily v erify that their

Lemmas 1 and 2 together imply the follo wing.

Prop osition 1. F or any neste d lo gic pr o gr am P , ( X ; Y ) is an HT-mo del of P

(as de�ne d in this p ap er) i� ( X

0

; Y

0

) is a mo del of P

0

in the lo gic of her e-and-

ther e.

So these approac hes are essen tially equiv alen t with regard to logic programs.

Eac h has adv an tages.

The primary adv an tage of the approac h in tro duced here is its relativ e sim-

plicit y . The de�nition of HT-mo del is quite straigh tforw ard, based on concepts

already in tro duced in the de�nition of answ er sets. This in turn simpli�es the

pro of of the strong equiv alence theorem. Moreo v er, the (relativ ely) simple de�-

nition can mak e the theorem easier to apply to sp eci�c cases.

The de�nition in tro duced in this pap er tak es adv an tage of the sp ecial status

of the sym b ol  in de�nitions of logic programming. By comparison, the logic

of here-and-there treats  as just another connectiv e, and ev en de�nes not in

terms of it| not F is understo o d as an abbreviation for ?  F . The p ossibilit y

of nested o ccurrences of  complicates the truth de�nition considerably .

It is imp ortan t to note, though, that this complication tak es a familiar form|

the truth de�nition in the logic of here-and-there uses standard Kripk e mo dels.

In fact, they are a sp ecial case of Kripk e mo dels for in tuitionistic logic (whic h is,

accordingly , sligh tly w eak er). Th us, suc h an approac h brings with it a range of

asso ciations that ma y help clarify in tuitions ab out the meaning of connectiv es

 and not in logic programming.

Ev en if w e consider only con v enience in the study of strong equiv alence (or

similar prop erties), the logic of here-and-there o�ers a p oten tial adv an tage: it is

a logic with kno wn iden tities, deduction rules, and suc h, whic h can b e used to

establish strong equiv alence in particular cases.

Nonetheless, when w e wish to apply strong equiv alence results, it seems lik ely

that a mo del-theoretic argumen t using the de�nition from this pap er will often

b e easier than a pro of-theoretic argumen t using kno wn prop erties of the logic of

here-and-there.

5 Equiv alen t T ransformations of Logic Programs

T o demonstrate the use of Theorem 1, let us consider again the example from

the in tro duction: for an y NLP form ulas F and G , programs P

1

and P

2

b elo w

ha v e the same HT-mo dels.

F ; G F  not G

?  F ; G G  not F

?  F ; G

T o see this, tak e an y pair ( X ; Y ) of consisten t sets of literals suc h that X � Y ,

and consider four cases.



Case 1: Y j = ( F ; G )

Y

. Then Y is not closed under either of P

Y

1

or P

Y

2

, so

( X ; Y ) is not an HT-mo del of P

1

or P

2

.

Case 2: Y j = ( F ; not G )

Y

. So Y is closed under b oth P

Y

1

and P

Y

2

. Notice

that not do es not o ccur in G

Y

. It follo ws that since Y 6j = G

Y

and X � Y ,

X 6j = G

Y

. W e can conclude that X is closed under P

Y

1

i� X j = F

Y

i� X is

closed under P

Y

2

. So ( X ; Y ) is an HT-mo del of P

1

i� it is an HT-mo del of P

2

.

Case 3: Y j = ( not F ; G )

Y

. Symmetric to previous case.

Case 4: Y j = ( not F ; not G )

Y

. Similar to �rst case.

When strong equiv alence is c haracterized using the logic of here-and-there,

w e immediately obtain a replacemen t theorem: strong equiv alence is preserv ed

under substitution of form ulas that are equiv alen t in the logic of here-and-there.

And of course it follo ws that if form ulas F and G are satis�ed b y the same (here-

and-there) mo dels of a program P , then, for an y program Q , o ccurrences of F

in Q can b e replaced b y G without a�ecting the answ er sets of P [ Q . One can

pro vide a similar facilit y using HT-mo dels. Let us b egin with t w o de�nitions.

W e sa y that NLP form ulas F and G are equiv alen t relativ e to logic program P

if, for ev ery HT-mo del ( X ; Y ) of P , X j = F

Y

i� X j = G

Y

.

An o ccurrence of a form ula is regular if it is not an atom preceded b y : .

Theorem 2. L et P b e a pr o gr am, and let F and G b e formulas e quivalent r ela-

tive to P . F or any pr o gr am Q , and any pr o gr am Q

0

obtaine d fr om Q by r eplacing

r e gular o c curr enc es of F by G , pr o gr ams P [ Q and P [ Q

0

ar e str ongly e quiva-

lent.

The restriction to regular o ccurrences is essen tial. F or example, form ulas p

and q are equiv alen t relativ e to program P

3

= f p  q ; q  p g , y et programs

P

3

[ f: p g and P

3

[ f: q g are not strongly equiv alen t.

Theorem 2 is a more widely-applicable v ersion of Prop osition 3 from (Lif-

sc hitz et al. 1999). There w e de�ned equiv alence of form ulas more strictly , and

did not mak e it relativ e to a program. W e also used a notion of \equiv alence" of

programs stronger than strong equiv alence. Although it is not done here, a pro of

of Theorem 2 can b e easily constructed based on the corresp onding pro of from

the earlier pap er. (Section 9 do es include a similar pro of|of the corresp onding

theorem for \nested" default logic.) Alternativ ely , just as Prop osition 1 related

the HT-mo dels ( X ; Y ) of a program P with the mo dels ( X

0

; Y

0

) of program P

0

under the logic of here-and-there, one can sho w that NLP form ulas F and G are

equiv alen t relativ e to program P i� the corresp onding form ulas F

0

and G

0

are

satis�ed b y the same mo dels of P

0

in the logic of here-and-there.

Man y form ula equiv alences are pro v ed in (Lifsc hitz et al. 1999, Prop osition 4),

and of course they also hold under our (w eak er) de�nition (relativ e to the empt y

program). Th us, Theorem 2 implies, for instance, that replacing subform ulas of

the form not ( F ; G ) with not F ; not G yields a strongly equiv alen t program.

F or another example using Theorem 2, observ e that for an y program Q ,

and an y program Q

0

obtained from Q b y replacing o ccurrences of not F b y G

and/or not G b y F , programs P

2

[ Q and P

2

[ Q

0

are strongly equiv alen t.



6 Nested Default Logic

F or the study of strong equiv alence of default theories, it is con v enien t to in tro-

duce a \nested" v ersion of default logic that generalizes disjunctiv e default logic

(Gelfond et al. 1991), whic h in turn generalizes Reiter's default logic.

The relativ ely uniform syn tax of nested default logic will mak e it more con-

v enien t for stating and using strong equiv alence results. (W e don't ha v e to deal

separately with a prerequisite and a set of justi�cations|they are expressed in

a single form ula.)

As one migh t exp ect, the de�nitions for nested default logic are almost exactly

as for nested logic programs|essen tially , allo w arbitrary form ulas of classical

logic in place of literals, and use consisten t, logically closed sets of form ulas in

place of consisten t sets of literals. Accordingly , the strong equiv alence theorem

(and its pro of !) is nearly iden tical to o.

6.1 Syn tax

Let us sa y classical form ula to mean a form ula of classical prop ositional logic.

NDL form ulas are built from classical form ulas using the unary connec-

tiv e not (negation as failure) and the binary connectiv es j (strong disjunction)

and ^ (conjunction). (There is no need for a distinct \strong conjunction" con-

nectiv e.) An NDL rule is an expression of the form

F

G

where F and G are NDL form ulas, called the condition and the conclusion of

the rule.

A nested default theory is a set of NDL rules.

When con v enien t, a rule of the form

>

F

will b e iden ti�ed with form ula F .

6.2 Seman tics

Let us use the term candidate set for a consisten t set of classical form ulas that

is closed under classical prop ositional logic.

W e can recursiv ely de�ne when a candidate set X satis�es an NDL form ula F

(sym b olically , X j = F ), as follo ws.

{ F or classical F , X j = F i� F 2 X .

{ X j = ( F ^ G ) i� X j = F and X j = G .

{ X j = ( F j G ) i� X j = F or X j = G .

{ X j = not F i� X 6j = F .

A candidate set X is closed under a default theory P if, for ev ery rule

F

G

in P , X j = F implies X j = G .

The reduct of an NDL form ula F relativ e to a candidate set X (written F

X

)

is obtained b y replacing ev ery maximal o ccurrence in F of a form ula of the



form not G with ? if X j = G and with > otherwise. The reduct of a default

theory P relativ e to X (written P

X

) is obtained b y replacing the condition and

conclusion of eac h rule in P b y their reducts relativ e to X .

A candidate set X is an extension of P if it is minimal among the candidate

sets closed under P

X

.

6.3 Relation to (Nested) Logic Programming

Essen tially , nested logic programming is a sp ecial case of nested default logic.

Ev ery NLP form ula F corresp onds to the NDL form ula d ( F ) obtained b y re-

placing o ccurrences of the connectiv es ; and ; with j and ^ resp ectiv ely . A nested

logic program corresp onds to the default theory obtained b y replacing eac h NLP

rule F  G with

d ( G )

d ( F )

. A consisten t set of literals corresp onds to the candidate

set whose form ulas are its consequences (in classical logic).

Prop osition 2. The answer sets for any neste d lo gic pr o gr am c orr esp ond to the

extensions of the c orr esp onding neste d default the ory.

6.4 Relation to (Disjunctiv e) Default Logic

Nested default logic generalizes disjunctiv e default logic (Gelfond et al. 1991),

whic h in turn generalizes Reiter's default logic. Here w e review the de�nition of

disjunctiv e default logic and relate it to nested default logic.

A disjunctiv e default rule is an expression of the form

� : �

1

; : : : ; �

m




1

j � � � j 


n

(1)

where � ; �

1

; : : : ; �

m

; 


1

; : : : ; 


n

are classical form ulas ( m � 0 ; n � 1). Reiter's

default logic corresp onds to the sp ecial case when n = 1.

1

A disjunctiv e default rule (1) corresp onds to the NDL rule

� ^ not : �

1

^ � � � ^ not : �

m




1

j � � � j 


n

:

A disjunctiv e default theory is a set of disjunctiv e default rules.

Let P b e a disjunctiv e default theory and X a set of classical form ulas. De�ne

P

X

=

�

� :




1

j � � � j 


n

:

� : �

1

; : : : ; �

m




1

j � � � j 


n

2 P and : �

1

; : : : ; : �

m

=2 X

�

:

A set Y of classical form ulas is closed under P

X

if, for ev ery mem b er of P

X

, if

� 2 Y then at least one of 


1

; : : : ; 


n

b elongs to Y .

W e sa y X is an extension of P if X is minimal among sets of form ulas closed

under prop ositional logic and closed under P

X

.

1

In Reiter's form ulation, a default theory is a pair ( P ; W ), where the second comp o-

nen t W is a set of classical form ulas. Here w e suppress the second comp onen t, since

ev ery � 2 W can b e equiv alen tly represen ted in P b y the rule

> :

�

.



Prop osition 3. A c andidate set X is an extension of a disjunctive default the-

ory P i� it is an extension of the c orr esp onding neste d default the ory.

Prop osition 3 restricts atten tion to candidate sets (whic h are b y de�nition

consisten t) b ecause, unlik e nested default logic, disjunctiv e default logic allo ws

for the p ossibilit y of an inconsisten t extension.

7 Strong Equiv alence of Default Theories

Nested default theories P and Q are equiv alen t if they ha v e the same extensions.

They are strongly equiv alen t if, for an y nested default theory R , P [ R and Q [ R

are equiv alen t.

F or nested default theory P , and candidate sets X ; Y with X � Y , the

pair ( X ; Y ) is an HT-mo del of P if b oth X and Y are closed under P

Y

.

Theorem 3. Neste d default the ories ar e str ongly e quivalent i� they have the

same HT-mo dels.

A pro of of Theorem 3 is easily obtained from the pro of of Theorem 1, and

so is not presen ted in this pap er. (Essen tially , replace references to \consisten t

sets of literals" with references to \candidate sets.")

The pro of sho ws that an y t w o nested default theories that are not strongly

equiv alen t can b e distinguished b y adding a nested default theory in whic h the

conditions and conclusions of all rules are classical form ulas.

8 Equiv alen t T ransformations of Default Theories

As with logic programs (using Theorem 1), Theorem 3 can b e used, for example,

to sho w that in an y default theory con taining the rule

F ^ G

?

;

the rule

>

F j G

can b e replaced b y the rules

not F

G

;

not G

F

:

Moreo v er, it is clear that replacing an y o ccurrence of one classical form ula

with another that is logically equiv alen t (in classical logic) yields a strongly

equiv alen t default theory .

W e can form ulate an additional replacemen t theorem, similar to Theorem 2

for logic programming, th us extending our accoun t of when an o ccurrence of one

form ula ma y b e safely replaced b y another. Again w e need some de�nitions �rst.



W e sa y that NDL form ulas F and G are equiv alen t relativ e to nested default

theory P if, for ev ery HT-mo del ( X ; Y ) of P , X j = F

Y

i� X j = G

Y

.

An o ccurrence of a subform ula in an NDL form ula is called regular if it is

not a prop er subpart of an o ccurrence of a subform ula formed b y an application

of : or _ .

Theorem 4. L et P b e a neste d default the ory, and let F and G b e formulas

e quivalent r elative to P . F or any neste d default the ory Q , and any neste d default

the ory Q

0

obtaine d fr om Q by r eplacing some r e gular o c curr enc es of F by G ,

neste d default the ories P [ Q and P [ Q

0

ar e str ongly e quivalent.

As with Theorem 2, the restriction to regular o ccurrences is essen tial. (And

essen tially the same example sho ws this.)

Theorem 4 can b e used to sho w, for example, that in an y nested default

theory with rules

not F

: F

;

not : F

F

an y o ccurrence of NDL form ula F j G (for an y classical form ula G ) can b e safely

replaced with F _ G .

9 Pro ofs Related to Nested Default Logic

Prop osition 2. The answer sets for any neste d lo gic pr o gr am c orr esp ond to the

extensions of the c orr esp onding neste d default the ory.

F or an y candidate set X , let l ( X ) denote the set of all literals in X .

Lemma 1. F or any NLP formula F and c andidate set X , l ( X ) j = F i�

X j = d ( F ) .

Pr o of. Straigh tforw ard, b y structural induction.

Lemma 2. F or any NLP formula F and c andidate set X , d ( F

l ( X )

) = d ( F )

X

.

Pr o of. F ollo ws easily from Lemma 1 and the de�nitions.

Lemma 3. F or any neste d lo gic pr o gr am P and c andidate sets X and Y , l ( X ) is

close d under P

l ( Y )

i� X is close d under d ( P )

Y

.

Pr o of. F ollo ws easily from Lemmas 1 and 2, and the de�nitions.

Pr o of of Pr op osition 2: T ak e an y nested logic program P . Assume X is an

answ er set for P . So X is a consisten t set of literals closed under P

X

, and no

prop er subset of X is closed under P

X

. Let Y b e the candidate set corresp onding

to X . By Lemma 3, Y is closed under d ( P )

Y

. Supp ose a candidate set Z with

Z � Y is closed under d ( P )

Y

. By Lemma 3, l ( Z ) is closed under P

X

. Since

Z � Y , l ( Z ) � X . W e conclude b y c hoice of X that l ( Z ) = X . It follo ws that

Z = Y . So Y is an extension of d ( P ). Pro of in the other direction is similar.



Prop osition 3. A c andidate set X is an extension of a disjunctive default the-

ory P i� it is an extension of the c orr esp onding neste d default the ory.

Pr o of. It is clear that for an y disjunctiv e default theory P and corresp onding

nested default theory Q , and an y candidate sets X and Y , X is closed under P

Y

i� X is closed under Q

Y

, from whic h the result follo ws.

Theorem 4. L et P b e a neste d default the ory, and let F and G b e formulas

e quivalent r elative to P . F or any neste d default the ory Q , and any neste d default

the ory Q

0

obtaine d fr om Q by r eplacing some r e gular o c curr enc es of F by G ,

neste d default the ories P [ Q and P [ Q

0

ar e str ongly e quivalent.

The pro of of Theorem 4 is v ery similar to the pro of of Prop osition 3 from

(Lifsc hitz et al. 1999), and illustrates ho w a pro of of Theorem 2 migh t go.

W e b egin with an easily v eri�ed lemma.

Lemma 4. F or any NDL formula F and c andidate set X , X j = F i� X j = F

X

.

Lemma 5. L et F and G b e NDL formulas e quivalent r elative to neste d default

the ory P . If an NDL formula H

0

c an b e obtaine d fr om an NDL formula H by

r eplacing some r e gular o c curr enc es of F by G , then H and H

0

ar e e quivalent

r elative to P .

Pr o of. Consider an y HT-mo del ( X ; Y ) of P . W e need to sho w that X j = H

Y

i�

X j = ( H

0

)

Y

. Pro of is b y structural induction on H .

Case 1: H is an atom or H = : H

1

or H = H

1

_ H

2

. Then the only regular

o ccurrence of a form ula in H is H itself. Consequen tly H = F and H

0

= G , and

w e're done.

Case 2: H = H

1

^ H

2

. If H = F and H

0

= G w e're done. Otherwise,

H

0

= H

0

1

^ H

0

2

and, b y the induction h yp othesis, H

1

and H

0

1

are equiv alen t

relativ e to P , as are H

2

and H

0

2

. Then

X j = H

Y

i� X j = ( H

1

^ H

2

)

Y

i� X j = H

Y

1

^ H

Y

2

i� X j = H

Y

1

and X j = H

Y

2

i� X j = ( H

0

1

)

Y

and X j = ( H

0

2

)

Y

i� X j = ( H

0

1

)

Y

^ ( H

0

2

)

Y

i� X j = ( H

0

1

^ H

0

2

)

Y

i� X j = ( H

0

)

Y

:

Case 3: H = H

1

j H

2

. Similar to Case 2.

Case 4: H = not H

1

. If H = F and H

0

= G w e're done. Otherwise, H

0

=

not H

0

1

and, b y the induction h yp othesis, H

1

and H

0

1

are equiv alen t relativ e to P .

Assume that X j = ( not H

1

)

Y

. Then ( not H

1

)

Y

= > , so Y 6j = H

1

. It follo ws b y

Lemma 4 that Y 6j = H

Y

1

. Since ( X ; Y ) is an HT-mo del of P , so is ( Y ; Y ). Since

H

1

and H

0

1

are equiv alen t relativ e to P , w e can conclude that Y 6j = ( H

0

1

)

Y

. By

Lemma 4, Y 6j = H

0

1

. So ( not H

0

1

)

Y

= > , and th us X j = ( not H

0

1

)

Y

. The other

direction is symmetric.



Pr o of of The or em 4: Assume that Q

0

can b e obtained from Q b y replacing

some regular o ccurrences of F b y a form ula G that is equiv alen t relativ e to P .

W e m ust sho w that P [ Q and P [ Q

0

ha v e the same HT-mo dels.

Consider an y HT-mo del ( X ; Y ) of P . It is enough to sho w that b oth X

and Y are closed under Q

Y

i� b oth are closed under ( Q

0

)

Y

. So consider an y

rule

H

1

H

2

2 Q , along with the corresp onding rule

H

0

1

H

0

2

2 Q

0

. By Lemma 5,

X j = ( H

1

)

Y

i� X j = ( H

0

1

)

Y

, and similarly X j = ( H

2

)

Y

i� X j = ( H

0

2

)

Y

. W e

conclude that X is closed under Q

Y

i� it is closed under ( Q

0

)

Y

. Since ( Y ; Y ) is

also an HT-mo del of P , the same argumen t sho ws that Y is closed under Q

Y

i�

it is closed under ( Q

0

)

Y

.
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