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Abstra
t. Logi
 programs P and Q are strongly equivalent if, givenany logi
 program R, programs P [ R and Q [ R are equivalent (thatis, have the same answer sets). Strong equivalen
e is 
onvenient for thestudy of equivalent transformations of logi
 programs: one 
an provethat a lo
al 
hange is 
orre
t without 
onsidering the whole program.Re
ently, Lifs
hitz, Pear
e and Valverde showed that Heyting's logi
 ofhere-and-there 
an be used to 
hara
terize strong equivalen
e of logi
programs. This paper o�ers a more dire
t 
hara
terization, and extendsit to default logi
. In their paper, Lifs
hitz, Pear
e and Valverde study avery general form of logi
 programs, 
alled \nested" programs. For thestudy of strong equivalen
e of default theories, it is 
onvenient to intro-du
e a 
orresponding \nested" version of default logi
, whi
h generalizesReiter's default logi
.
1 Introdu
tionLogi
 programs P and Q are \strongly equivalent" if, given any logi
 program R,P [R and Q [R are equivalent. Re
ent work by Lifs
hitz, Pear
e and Valverde(2001) uses Heyting's logi
 of here-and-there to 
hara
terize strong equivalen
eof logi
 programs under the answer set semanti
s (Gelfond & Lifs
hitz 1991,Lifs
hitz et al. 1999). Their proof utilizes Pear
e's equilibrium logi
 (1997, 1999).In the 
urrent paper, strong equivalen
e of logi
 programs is 
hara
terized moredire
tly, in terms of 
on
epts used in the de�nition of answer sets|no knowledgeof the logi
 of here-and-there is required. This simpli�es the proof of the mainstrong equivalen
e theorem, and may also make the result easier to apply tospe
i�
 
ases. Moreover, this alternative 
hara
terization of strong equivalen
eis easily extended to default logi
 (Reiter 1980).Strong equivalen
e 
an help us reason about 
orre
tness of logi
 programsand default theories. For example, as dis
ussed in (Lifs
hitz et al. 2001), it 
anbe used to establish the fa
t that in any logi
 program with a 
onstraint of theform ?  F;G ;the disjun
tive rule F ;G >




an be repla
ed by the pair of rulesF  not GG not Fwithout a�e
ting the program's answer sets.Lifs
hitz, Pear
e and Valverde 
onsider strong equivalen
e for a very generalform of logi
 programs, 
alled \nested" programs (Lifs
hitz et al. 1999). Forthe study of strong equivalen
e of default theories, it is 
onvenient to introdu
esimilarly general \nested" default theories.Se
tion 2 reviews de�nitions for nested logi
 programming. Se
tion 3 statesand proves a simple 
hara
terization of strong equivalen
e for logi
 programs.Se
tion 4 makes pre
ise the relationship between our strong equivalen
e theoremand that obtained using the logi
 of here-and-there. Se
tion 5 brie
y investigatesstrongly equivalent transformations of logi
 programs. Taking advantage of thestrong similarities between de�nitions for logi
 programming and default logi
,Se
tion 6 introdu
es \nested" default logi
, and shows that it extends bothnested logi
 programming and disjun
tive default logi
 (Gelfond et al. 1991),whi
h in turn extends Reiter's default logi
. Se
tion 7 states a 
hara
terizationof strong equivalen
e for nested default theories similar to that for nested logi
programs. Se
tion 8 brie
y investigates strongly equivalent transformations ofdefault theories. Proofs related to nested default logi
 appear in Se
tion 9.
2 Nested Logi
 ProgrammingThis paper employs the de�nition of logi
 programs from (Lifs
hitz et al. 1999),although the presentation di�ers in some details.
2.1 SyntaxThe words atom and literal are understood here as in propositional logi
. Elemen-tary formulas are literals and the 0-pla
e 
onne
tives ? (\false") and > (\true").NLP formulas are built from elementary formulas using the unary 
onne
tive notand the binary 
onne
tives ; (
onjun
tion) and ; (disjun
tion). An NLP rule isan expression of the form F  Gwhere F and G are NLP formulas, 
alled the head and the body of the rule.A nested logi
 program is a set of NLP rules.When 
onvenient, a rule F  > is identi�ed with the formula F .
2.2 Semanti
sLet us �rst de�ne re
ursively when a 
onsistent set X of literals satis�es an NLPformula F (symboli
ally, X j= F ), as follows.



{ For elementary F , X j= F i� F 2 X or F = > .{ X j= (F;G) i� X j= F and X j= G .{ X j= (F ;G) i� X j= F or X j= G .{ X j= not F i� X 6j= F .A 
onsistent set X of literals is 
losed under a program P if, for every ruleF  G in P , X j= F whenever X j= G.The redu
t of a formula F relative to a 
onsistent set X of literals (writ-ten FX) is obtained by repla
ing every maximal o

urren
e in F of a formulaof the form not G with ? if X j= G and with > otherwise. The redu
t of aprogram P relative to X (written PX) is obtained by repla
ing the head andbody of ea
h rule in P by their redu
ts relative to X.A 
onsistent set X of literals is an answer set for P if it is minimal amongthe 
onsistent sets of literals 
losed under PX .As dis
ussed in (Lifs
hitz et al. 1999), this de�nition agrees with previousversions of the answer set semanti
s on 
onsistent answer sets (but does notallow for an in
onsistent one).
3 Strong Equivalen
e of Logi
 ProgramsLogi
 programs P and Q are equivalent if they have the same answer sets. Theyare strongly equivalent if, for any logi
 program R, P[R andQ[R are equivalent.The following terminology is 
onvenient. For program P , and 
onsistentsets X;Y of literals with X � Y , 
all the pair (X;Y ) an HT-model of P ifboth X and Y are 
losed under PY .In Se
tion 4, we will see that HT-models 
orrespond to models in the logi
of here-and-there.Theorem 1. Logi
 programs are strongly equivalent i� they have the sameHT-models.Proof. Right to left: Assume that programs P and Q have the same HT-models.Take any program R. We need to show that P [R and Q [R are equivalent.Assume thatX is an answer set for P [R. That is,X is a 
onsistent set of literals
losed under (P [R)X , and no proper subset of X is 
losed under (P [R)X .Sin
e (P [R)X = PX [RX , X is 
losed under both PX and RX . Sin
e X is
losed under PX , it follows by assumption that X is 
losed under QX . So Xis 
losed under QX [RX = (Q [R)X . Suppose a proper subset of X is 
losedunder (Q [R)X . Then it is 
losed under both QX and RX . By assumption it isalso 
losed under PX , and thus under (P [R)X , 
ontradi
ting the 
hoi
e of X.We 
on
lude that every answer set for P [R is an answer set for Q [R. Bysymmetry, every answer set for Q [R is an answer set for P [R.Left to right: Assume (wlog) that (X;Y ) is an HT-model of program P butnot of program Q. We need to show that P and Q are not strongly equivalent.Consider two 
ases.



Case 1: Y is not 
losed under QY . Then Y is not 
losed under (Q [ Y )Y =QY [ Y , and so is not an answer set for Q [ Y . On the other hand, one easilyveri�es that Y is an answer set for P [ Y . Hen
e P and Q are not stronglyequivalent.Case 2: Y is 
losed under QY . Take R = X [ fF  G : F;G 2 Y nXg.Clearly Y is 
losed under (Q [ R)Y . Let Z be a subset of Y 
losed un-der (Q [R)Y = QY [R. By 
hoi
e of R, X � Z, and by assumption X is not
losed under QY , so X 6= Z. Hen
e some L 2 Y nX belongs to Z. It follows by
hoi
e of R that Y nX � Z. Consequently Z = Y , and so Y is an answer setfor Q [R. On the other hand, X is a proper subset of Y that is 
losed under(P [R)Y = PY [R. So Y is not an answer set for P [R, and we 
on
lude againthat P and Q are not strongly equivalent.Although simpler (due to simpler de�nitions), this proof resembles in manydetails the proof of the main theorem in (Lifs
hitz et al. 2001), in
luding the fa
tthat it demonstrates that if logi
 programs P and Q are not strongly equivalentthen they 
an be distinguished by adding a logi
 program in whi
h both thehead and body of ea
h rule is a literal.
4 HT-Models and the Logi
 of Here-and-ThereLifs
hitz, Pear
e and Valverde identify logi
 program rules with formulas in thelogi
 of here-and-there, and show that programs are strongly equivalent i� theyare equivalent in the logi
 of here-and-there.They 
onsider nested programs, as des
ribed in Se
tion 2, ex
ept that theydo not allow 
lassi
al negation. (That is, their programs do not 
ontain thesymbol :.) A

ordingly, they de�ne answer sets using sets of atoms in pla
e of
onsistent sets of literals. For 
onvenien
e, the term \stable model" will be usedto refer to an answer set in their sense.After establishing their strong equivalen
e theorem (with respe
t to stablemodels) for nested programs without 
lassi
al negation, they explain that theresult 
an be extended to all nested programs as follows. Take any nested pro-gram P . For ea
h atom A in the language of P , add a new atom A0, and let P 0 bethe program in this extended language obtained by (i) repla
ing ea
h o

urren
eof ea
h negative literal :A with atom A0, and (ii) adding the rule ?  A;A0 forevery new atom A0. The answer sets for P are in one-to-one 
orresponden
e withthe stable models of P 0. More pre
isely, given any set X of literals, let X 0 beobtained by repla
ing ea
h negative literal :A 2 X by A0. Then X is an answerset for P i� X 0 is a stable model of P 0.It follows that nested programs P and Q are strongly equivalent (in thesense of this paper) i� P 0 and Q0 are strongly equivalent wrt stable models.Moreover, for any nested programs P and Q without 
lassi
al negation, P andQ are strongly equivalent wrt stable models i� P 0 and Q0 are.In (Lifs
hitz et al. 2001), an HT-interpretation is a pair (IH ; IT ) of sets ofatoms, with IH � IT . Without going into details, we 
an observe that they de�ne



when an HT-interpretation is a model of a logi
 program in the sense of the logi
of here-and-there. Although it is not done here, one 
an easily verify that theirLemmas 1 and 2 together imply the following.Proposition 1. For any nested logi
 program P , (X;Y ) is an HT-model of P(as de�ned in this paper) i� (X 0; Y 0) is a model of P 0 in the logi
 of here-and-there.So these approa
hes are essentially equivalent with regard to logi
 programs.Ea
h has advantages.The primary advantage of the approa
h introdu
ed here is its relative sim-pli
ity. The de�nition of HT-model is quite straightforward, based on 
on
eptsalready introdu
ed in the de�nition of answer sets. This in turn simpli�es theproof of the strong equivalen
e theorem. Moreover, the (relatively) simple de�-nition 
an make the theorem easier to apply to spe
i�
 
ases.The de�nition introdu
ed in this paper takes advantage of the spe
ial statusof the symbol  in de�nitions of logi
 programming. By 
omparison, the logi
of here-and-there treats  as just another 
onne
tive, and even de�nes not interms of it|not F is understood as an abbreviation for ?  F . The possibilityof nested o

urren
es of  
ompli
ates the truth de�nition 
onsiderably.It is important to note, though, that this 
ompli
ation takes a familiar form|the truth de�nition in the logi
 of here-and-there uses standard Kripke models.In fa
t, they are a spe
ial 
ase of Kripke models for intuitionisti
 logi
 (whi
h is,a

ordingly, slightly weaker). Thus, su
h an approa
h brings with it a range ofasso
iations that may help 
larify intuitions about the meaning of 
onne
tives and not in logi
 programming.Even if we 
onsider only 
onvenien
e in the study of strong equivalen
e (orsimilar properties), the logi
 of here-and-there o�ers a potential advantage: it isa logi
 with known identities, dedu
tion rules, and su
h, whi
h 
an be used toestablish strong equivalen
e in parti
ular 
ases.Nonetheless, when we wish to apply strong equivalen
e results, it seems likelythat a model-theoreti
 argument using the de�nition from this paper will oftenbe easier than a proof-theoreti
 argument using known properties of the logi
 ofhere-and-there.
5 Equivalent Transformations of Logi
 ProgramsTo demonstrate the use of Theorem 1, let us 
onsider again the example fromthe introdu
tion: for any NLP formulas F and G, programs P1 and P2 belowhave the same HT-models. F ;G F  not G?  F;G G not F?  F;GTo see this, take any pair (X;Y ) of 
onsistent sets of literals su
h that X � Y ,and 
onsider four 
ases.



Case 1: Y j= (F;G)Y . Then Y is not 
losed under either of PY1 or PY2 , so(X;Y ) is not an HT-model of P1 or P2.Case 2: Y j= (F; not G)Y . So Y is 
losed under both PY1 and PY2 . Noti
ethat not does not o

ur in GY . It follows that sin
e Y 6j= GY and X � Y ,X 6j= GY . We 
an 
on
lude that X is 
losed under PY1 i� X j= FY i� X is
losed under PY2 . So (X;Y ) is an HT-model of P1 i� it is an HT-model of P2.Case 3: Y j= (not F;G)Y . Symmetri
 to previous 
ase.Case 4: Y j= (not F; not G)Y . Similar to �rst 
ase.When strong equivalen
e is 
hara
terized using the logi
 of here-and-there,we immediately obtain a repla
ement theorem: strong equivalen
e is preservedunder substitution of formulas that are equivalent in the logi
 of here-and-there.And of 
ourse it follows that if formulas F and G are satis�ed by the same (here-and-there) models of a program P , then, for any program Q, o

urren
es of Fin Q 
an be repla
ed by G without a�e
ting the answer sets of P [Q. One 
anprovide a similar fa
ility using HT-models. Let us begin with two de�nitions.We say that NLP formulas F and G are equivalent relative to logi
 program Pif, for every HT-model (X;Y ) of P , X j= FY i� X j= GY .An o

urren
e of a formula is regular if it is not an atom pre
eded by :.Theorem 2. Let P be a program, and let F and G be formulas equivalent rela-tive to P . For any program Q, and any program Q0 obtained from Q by repla
ingregular o

urren
es of F by G, programs P [Q and P [Q0 are strongly equiva-lent.The restri
tion to regular o

urren
es is essential. For example, formulas pand q are equivalent relative to program P3 = fp q; q  pg, yet programsP3 [ f:pg and P3 [ f:qg are not strongly equivalent.Theorem 2 is a more widely-appli
able version of Proposition 3 from (Lif-s
hitz et al. 1999). There we de�ned equivalen
e of formulas more stri
tly, anddid not make it relative to a program. We also used a notion of \equivalen
e" ofprograms stronger than strong equivalen
e. Although it is not done here, a proofof Theorem 2 
an be easily 
onstru
ted based on the 
orresponding proof fromthe earlier paper. (Se
tion 9 does in
lude a similar proof|of the 
orrespondingtheorem for \nested" default logi
.) Alternatively, just as Proposition 1 relatedthe HT-models (X;Y ) of a program P with the models (X 0; Y 0) of program P 0under the logi
 of here-and-there, one 
an show that NLP formulas F and G areequivalent relative to program P i� the 
orresponding formulas F 0 and G0 aresatis�ed by the same models of P 0 in the logi
 of here-and-there.Many formula equivalen
es are proved in (Lifs
hitz et al. 1999, Proposition 4),and of 
ourse they also hold under our (weaker) de�nition (relative to the emptyprogram). Thus, Theorem 2 implies, for instan
e, that repla
ing subformulas ofthe form not (F;G) with not F ; not G yields a strongly equivalent program.For another example using Theorem 2, observe that for any program Q,and any program Q0 obtained from Q by repla
ing o

urren
es of not F by Gand/or not G by F , programs P2 [Q and P2 [Q0 are strongly equivalent.



6 Nested Default Logi
For the study of strong equivalen
e of default theories, it is 
onvenient to intro-du
e a \nested" version of default logi
 that generalizes disjun
tive default logi
(Gelfond et al. 1991), whi
h in turn generalizes Reiter's default logi
.The relatively uniform syntax of nested default logi
 will make it more 
on-venient for stating and using strong equivalen
e results. (We don't have to dealseparately with a prerequisite and a set of justi�
ations|they are expressed ina single formula.)As one might expe
t, the de�nitions for nested default logi
 are almost exa
tlyas for nested logi
 programs|essentially, allow arbitrary formulas of 
lassi
allogi
 in pla
e of literals, and use 
onsistent, logi
ally 
losed sets of formulas inpla
e of 
onsistent sets of literals. A

ordingly, the strong equivalen
e theorem(and its proof!) is nearly identi
al too.6.1 SyntaxLet us say 
lassi
al formula to mean a formula of 
lassi
al propositional logi
.NDL formulas are built from 
lassi
al formulas using the unary 
onne
-tive not (negation as failure) and the binary 
onne
tives j (strong disjun
tion)and ^ (
onjun
tion). (There is no need for a distin
t \strong 
onjun
tion" 
on-ne
tive.) An NDL rule is an expression of the formFGwhere F and G are NDL formulas, 
alled the 
ondition and the 
on
lusion ofthe rule.A nested default theory is a set of NDL rules.When 
onvenient, a rule of the form >F will be identi�ed with formula F .6.2 Semanti
sLet us use the term 
andidate set for a 
onsistent set of 
lassi
al formulas thatis 
losed under 
lassi
al propositional logi
.We 
an re
ursively de�ne when a 
andidate set X satis�es an NDL formula F(symboli
ally, X j= F ), as follows.{ For 
lassi
al F , X j= F i� F 2 X .{ X j= (F ^G) i� X j= F and X j= G .{ X j= (F jG) i� X j= F or X j= G .{ X j= not F i� X 6j= F .A 
andidate set X is 
losed under a default theory P if, for every rule FGin P , X j= F implies X j= G.The redu
t of an NDL formula F relative to a 
andidate set X (written FX)is obtained by repla
ing every maximal o

urren
e in F of a formula of the



form not G with ? if X j= G and with > otherwise. The redu
t of a defaulttheory P relative to X (written PX) is obtained by repla
ing the 
ondition and
on
lusion of ea
h rule in P by their redu
ts relative to X.A 
andidate set X is an extension of P if it is minimal among the 
andidatesets 
losed under PX .6.3 Relation to (Nested) Logi
 ProgrammingEssentially, nested logi
 programming is a spe
ial 
ase of nested default logi
.Every NLP formula F 
orresponds to the NDL formula d(F ) obtained by re-pla
ing o

urren
es of the 
onne
tives ; and ; with j and ^ respe
tively. A nestedlogi
 program 
orresponds to the default theory obtained by repla
ing ea
h NLPrule F  G with d(G)d(F ) . A 
onsistent set of literals 
orresponds to the 
andidateset whose formulas are its 
onsequen
es (in 
lassi
al logi
).Proposition 2. The answer sets for any nested logi
 program 
orrespond to theextensions of the 
orresponding nested default theory.6.4 Relation to (Disjun
tive) Default Logi
Nested default logi
 generalizes disjun
tive default logi
 (Gelfond et al. 1991),whi
h in turn generalizes Reiter's default logi
. Here we review the de�nition ofdisjun
tive default logi
 and relate it to nested default logi
.A disjun
tive default rule is an expression of the form� : �1; : : : ; �m
1j � � � j
n (1)where �; �1; : : : ; �m; 
1; : : : ; 
n are 
lassi
al formulas (m � 0; n � 1). Reiter'sdefault logi
 
orresponds to the spe
ial 
ase when n = 1.1A disjun
tive default rule (1) 
orresponds to the NDL rule� ^ not :�1 ^ � � � ^ not :�m
1j � � � j
n :A disjun
tive default theory is a set of disjun
tive default rules.Let P be a disjun
tive default theory and X a set of 
lassi
al formulas. De�nePX = � � :
1j � � � j
n : � : �1; : : : ; �m
1j � � � j
n 2 P and :�1; : : : ;:�m =2 X � :A set Y of 
lassi
al formulas is 
losed under PX if, for every member of PX , if� 2 Y then at least one of 
1; : : : ; 
n belongs to Y .We say X is an extension of P if X is minimal among sets of formulas 
losedunder propositional logi
 and 
losed under PX.1 In Reiter's formulation, a default theory is a pair (P;W ), where the se
ond 
ompo-nent W is a set of 
lassi
al formulas. Here we suppress the se
ond 
omponent, sin
eevery � 2W 
an be equivalently represented in P by the rule > :� .



Proposition 3. A 
andidate set X is an extension of a disjun
tive default the-ory P i� it is an extension of the 
orresponding nested default theory.Proposition 3 restri
ts attention to 
andidate sets (whi
h are by de�nition
onsistent) be
ause, unlike nested default logi
, disjun
tive default logi
 allowsfor the possibility of an in
onsistent extension.
7 Strong Equivalen
e of Default TheoriesNested default theories P and Q are equivalent if they have the same extensions.They are strongly equivalent if, for any nested default theoryR, P [R andQ [Rare equivalent.For nested default theory P , and 
andidate sets X;Y with X � Y , thepair (X;Y ) is an HT-model of P if both X and Y are 
losed under PY .Theorem 3. Nested default theories are strongly equivalent i� they have thesame HT-models.A proof of Theorem 3 is easily obtained from the proof of Theorem 1, andso is not presented in this paper. (Essentially, repla
e referen
es to \
onsistentsets of literals" with referen
es to \
andidate sets.")The proof shows that any two nested default theories that are not stronglyequivalent 
an be distinguished by adding a nested default theory in whi
h the
onditions and 
on
lusions of all rules are 
lassi
al formulas.
8 Equivalent Transformations of Default TheoriesAs with logi
 programs (using Theorem 1), Theorem 3 
an be used, for example,to show that in any default theory 
ontaining the ruleF ^G? ;the rule >F j G
an be repla
ed by the rules not FG ; not GF :Moreover, it is 
lear that repla
ing any o

urren
e of one 
lassi
al formulawith another that is logi
ally equivalent (in 
lassi
al logi
) yields a stronglyequivalent default theory.We 
an formulate an additional repla
ement theorem, similar to Theorem 2for logi
 programming, thus extending our a

ount of when an o

urren
e of oneformula may be safely repla
ed by another. Again we need some de�nitions �rst.



We say that NDL formulas F and G are equivalent relative to nested defaulttheory P if, for every HT-model (X;Y ) of P , X j= FY i� X j= GY .An o

urren
e of a subformula in an NDL formula is 
alled regular if it isnot a proper subpart of an o

urren
e of a subformula formed by an appli
ationof : or _.Theorem 4. Let P be a nested default theory, and let F and G be formulasequivalent relative to P . For any nested default theory Q, and any nested defaulttheory Q0 obtained from Q by repla
ing some regular o

urren
es of F by G,nested default theories P [Q and P [Q0 are strongly equivalent.As with Theorem 2, the restri
tion to regular o

urren
es is essential. (Andessentially the same example shows this.)Theorem 4 
an be used to show, for example, that in any nested defaulttheory with rules not F:F ; not :FFany o

urren
e of NDL formula F jG (for any 
lassi
al formula G) 
an be safelyrepla
ed with F _G.
9 Proofs Related to Nested Default Logi
Proposition 2. The answer sets for any nested logi
 program 
orrespond to theextensions of the 
orresponding nested default theory.For any 
andidate set X, let l(X) denote the set of all literals in X.Lemma 1. For any NLP formula F and 
andidate set X, l(X) j= F i�X j= d(F ).Proof. Straightforward, by stru
tural indu
tion.Lemma 2. For any NLP formula F and 
andidate set X, d(F l(X)) = d(F )X .Proof. Follows easily from Lemma 1 and the de�nitions.Lemma 3. For any nested logi
 program P and 
andidate sets X and Y , l(X) is
losed under P l(Y ) i� X is 
losed under d(P )Y .Proof. Follows easily from Lemmas 1 and 2, and the de�nitions.Proof of Proposition 2: Take any nested logi
 program P . Assume X is ananswer set for P . So X is a 
onsistent set of literals 
losed under PX , and noproper subset of X is 
losed under PX . Let Y be the 
andidate set 
orrespondingto X. By Lemma 3, Y is 
losed under d(P )Y . Suppose a 
andidate set Z withZ � Y is 
losed under d(P )Y . By Lemma 3, l(Z) is 
losed under PX . Sin
eZ � Y , l(Z) � X. We 
on
lude by 
hoi
e of X that l(Z) = X. It follows thatZ = Y . So Y is an extension of d(P ). Proof in the other dire
tion is similar.



Proposition 3. A 
andidate set X is an extension of a disjun
tive default the-ory P i� it is an extension of the 
orresponding nested default theory.Proof. It is 
lear that for any disjun
tive default theory P and 
orrespondingnested default theory Q, and any 
andidate sets X and Y , X is 
losed under PYi� X is 
losed under QY , from whi
h the result follows.Theorem 4. Let P be a nested default theory, and let F and G be formulasequivalent relative to P . For any nested default theory Q, and any nested defaulttheory Q0 obtained from Q by repla
ing some regular o

urren
es of F by G,nested default theories P [Q and P [Q0 are strongly equivalent.The proof of Theorem 4 is very similar to the proof of Proposition 3 from(Lifs
hitz et al. 1999), and illustrates how a proof of Theorem 2 might go.We begin with an easily veri�ed lemma.Lemma 4. For any NDL formula F and 
andidate set X, X j= F i� X j= FX .Lemma 5. Let F and G be NDL formulas equivalent relative to nested defaulttheory P . If an NDL formula H 0 
an be obtained from an NDL formula H byrepla
ing some regular o

urren
es of F by G, then H and H 0 are equivalentrelative to P .Proof. Consider any HT-model (X;Y ) of P . We need to show that X j= HY i�X j= (H 0)Y . Proof is by stru
tural indu
tion on H.Case 1: H is an atom or H = :H1 or H = H1 _H2. Then the only regularo

urren
e of a formula in H is H itself. Consequently H = F and H 0 = G, andwe're done.Case 2: H = H1 ^ H2. If H = F and H 0 = G we're done. Otherwise,H 0 = H 01 ^ H 02 and, by the indu
tion hypothesis, H1 and H 01 are equivalentrelative to P , as are H2 and H 02. ThenX j= HY i� X j= (H1 ^H2)Yi� X j= HY1 ^HY2i� X j= HY1 and X j= HY2i� X j= (H 01)Y and X j= (H 02)Yi� X j= (H 01)Y ^ (H 02)Yi� X j= (H 01 ^H 02)Yi� X j= (H 0)Y :Case 3: H = H1jH2. Similar to Case 2.Case 4: H = not H1. If H = F and H 0 = G we're done. Otherwise, H 0 =not H 01 and, by the indu
tion hypothesis, H1 and H 01 are equivalent relative to P .Assume that X j= (not H1)Y . Then (not H1)Y = >, so Y 6j= H1. It follows byLemma 4 that Y 6j= HY1 . Sin
e (X;Y ) is an HT-model of P , so is (Y; Y ). Sin
eH1 and H 01 are equivalent relative to P , we 
an 
on
lude that Y 6j= (H 01)Y . ByLemma 4, Y 6j= H 01. So (not H 01)Y = >, and thus X j= (not H 01)Y . The otherdire
tion is symmetri
.



Proof of Theorem 4: Assume that Q0 
an be obtained from Q by repla
ingsome regular o

urren
es of F by a formula G that is equivalent relative to P .We must show that P [Q and P [Q0 have the same HT-models.Consider any HT-model (X;Y ) of P . It is enough to show that both Xand Y are 
losed under QY i� both are 
losed under (Q0)Y . So 
onsider anyrule H1H2 2 Q, along with the 
orresponding rule H 01H 02 2 Q0. By Lemma 5,X j= (H1)Y i� X j= (H 01)Y , and similarly X j= (H2)Y i� X j= (H 02)Y . We
on
lude that X is 
losed under QY i� it is 
losed under (Q0)Y . Sin
e (Y; Y ) isalso an HT-model of P , the same argument shows that Y is 
losed under QY i�it is 
losed under (Q0)Y .
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