Application of Combined Fourier Series Transform
(Sampling Theorem)

x(t) = Z&(t kT,) «— X[K]

H'Hm

Ims(t) — M(T)
, m(t) — M(f) t
/\\—/\ Sampling Frequency
> fs :i
t T
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X(t) = Z5(t kKT,)— X[K] We need Fourier Series

K=—00

[T

X(t) = X[O]+i(x [k]cos(27Kf.t) + X [K]sin(27kf.t))

t0 +T

1
X[0] = —S tjo x(t)dt = = j 5(t)dt = -
X k] = EtO]'T;((t)sin(Zﬂkf t)dt =0
S TS ! S
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to+Ts
X [K] = Ti j x(t) cos(27kf,t)dt

S 1y

= 3]5 (t) cos(27kf t)dt = 2 cos(0) = 2
T, 3 ; T T

S S

Let’s go back to Fourier Series representation

x(t) = X[0] + kf(xc[k]cos,(zyzkfst) + X _[K]sin(27kf.t))

= X[0]+ Iio X [k]cos(27Kkf.t)

S skl

= x(0)- Ti + 25 cos(2kE )
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What about m(t)? — need Fourier Transform

Fourier Transform
m(t) - M(f)

v

B is the Bandwidth of m(t)
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We now have x(t) as frequency representation via Fourier Series

X(t) = Ti + 25 cos(2kE )

S s k=1

And m(t) as Frequency representation via Fourier Transform

m(t) <> M (f)

Let’s multiply m(t) with x(1)

m(t)x(t) = — m(t) +— Z m(t) cos(27kf )

s s k=1

What is the frequency representation of m(t)x(t)?
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mt)x(t) == m(t) +— Z m(t) cos(27kf )

s 5 k=1

We need to take Fourier Transform

FIm(t)x(t)] = F[— m(t) + — Z m(t) cos(27kf )]

S s k=1

M (f)_iM(f)+—k§f[ (M (f —KF.)+M (f +Kf.))]
=Ti|v|(f)+—§[|v|(f —KF)+M (f +kf.)]
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FIm(t)x(t)] = Ms(f):TiM(f)+Tikzw[M(f ZKE )M (F +KF )]

S s k=1

. M(f)

B/\B £

ML)
AVAVAVAVAVAVAVAYALS
—4f,  -3f,  —2f, -f, "B B 2f, 3f, Af, f
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M, (1)
f,>2B

B

/@/\ﬁwﬂ/ﬁﬁwﬂ/;@\

—4f,  -3f,  _2f  —f B

[ 1 f. <2B

SYOOODOOON

_4fs _Zfs -B
_3fS _fs

B f, 2f, 3f, A4f,

I 1 f.=2B

[N NN N

\/\/\/\/\

—4f, -3f, _2f B

Bt 2f,
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M. (T)

“ f.>2B
B RISt SRR
P f.<2B
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Sampling Theorem

Sampling frequency should be at least equal to or greater
than twice the bandwidth of the message signal for
successful recovery of the signal from it’s samples

f.>2B

Lowpass Filter A

\ 1

AVAVAVA /\/\/\/\

—4f, -3f, _2f.
_f,

S

bandwidth of lowpass filter = B Hz

v

Department of Electrical and Computer Engineering



A practical problem with Sampling

x(t) = Z&(t kT,) «— X[K]

H'Hm

Not practical to generate!}

Ims(t) — M(T)
y m(t) — M(T)
/\\—/\ Sampling Frequency
> fs :i
t T

v
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Let’s Try Square Wave

x(t) «— X[k]
t1 [ Problem Resolved J
I ————
TS t 7 -\L _ -
0% =) 7 -
, m(t) «— M(f) '
/\\—/\ Sampling Frequency
1
{ T
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x(t) «— X[K] We need Fourier Series

JARR AT

We know

Xol=7  XIK=ssin)  X[k=0

and

x(t) = X[0]+ k:f(xc[k]cos(zﬂkfst) + X _[K]sin(27kf.t))

1 &4 . 7K
X(t) ==+ ) —sin(—)cos(2/kf t
= X(t) 5 kZ;,ﬂk (2) (27Kft)
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We now have x(t) as frequency representation via Fourier Series

1 =4 . 7k
X(t) ==+ ) —sin(—)cos(27kf. t
(t) 5 kZ;,ﬂk (2) (27Kft)

And m(t) as Frequency representation via Fourier Transform

m(t) <> M (f)

Let’s multiply m(t) with x(1)

M)X(t) = % m(t) + kﬁ% sin(%)m(t) cos(27kf 1)

What is the frequency representation of m(t)x(t)?

Department of Electrical and Computer Engineering



M)X(t) = % m(t) + kf%sin(%)m(t) cos(27kf 1)

We need to take Fourier Transform

FImOx@)] = FEEm@) + 3 —sin(X)m(t) cos(2k.0)]
o M L SIS
M (f)_—lvl(f)+zooism( )[ (M (f —KE)+M (f +kE.)]

1 < 2 . 7K
:EM (f)+é%5|n(?)[(l\ﬂ (f _kfs)+M (f +kfs))]
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FIm)x(t)]=M (f) = % M (f)+§%sin([l\/l (f —kf,)+M (f +kf,)]

M (f)

vee : | /\ /\B /\ : | e

_af,  -3f,  _2f, ~f, —B f, 2, 3f, Af, f
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FIm)x(t)]=M (f) = % M (f)+§%sin([l\/l (f —kf,)+M (f +kf,)]

T M(T)

M\

Lowpass Filter

s
vt o ANVINAN e

_2f ~f, BB g 2 f 3f, 4f, f

Sampling Theorem still works with practical samples
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Distortion and Linear systems

X(t) - . Y1)

h(t) - Impulse Response of a Linear Time Invariant System

y(t) = x(t) *h(t)

= Y(w)=X(w)H(w) h(t) < H(w)

Department of Electrical and Computer Engineering



Distortionless System
y(t) =kx(t—t,)

=  Y(o)=kX(w)e ™"
we know Y (a)) =X (Cz)) H (C())

= H(w)=ke ™

J|H (@) =k (H(@) =-at,

Q Q
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Lowpass Filter

Highpass Filter

Bandpass Filter

Filters

A ‘ H ( ¢ )‘
- fcut—oﬁ 1:cut—off %
H(f)
- 1:cut—off fcut—off %
JH(F)
S
- flcenter fcelnter %

Cut-off Frequency

Cut-off Frequency

Center Frequency
Bandwidth
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Lowpass and Highpass combined to generate Bandpass Filter

Lowpass Filter

L

Highpass Filter

H(f) /

v

forr — fC’Hp fC,Hp fop f
l B = fc LP — 1Ec HP
‘H(f)‘ f . fC,LP + fC,HP
* center
B 2
le——!

fcen ter f

— Tcenter
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Lowpass and Highpass combined to generate Bandstop Filter

Lowpass Filter

L

Highpass Filter

H(f) /

1:C,HF’ - fc,LP fC,LP fc HP f
l Bstopband: 1:c,HP o 1:c,LP
‘H(f)‘ .I: . fC,LP + fC,HP
4 Boopoan center,stopband 2
l—|

[
»

— f f

center,stopband center,stopband f
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How a signal should look like after passing through a filter

Excitation of a causal lowpass filter Excitation of a causal highpass filter

x(t) X(8)

A

Response of a causal lowpass filter Response of a causal highpass filter

Salalialial
S RVEERUEE

‘ Figure 6.17 .
Excitations and responses of lowpass and highpass CT filters.

t (ms)
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Practical Lowpass Filter

Basic Lowpass Filter

R
+ o— AN o +
X(t) ) ==  y()
- O o —
H(@) = ——
1+ JowRC
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Single Stage Lowpass Filter

R
O AN O
1
i) —LC H(w) =
@ T (@) 1+ JoRC
G O
Two Stage Lowpass Filter
R R
+ O—AAN\N O A% o 4

|
®
O
O
I

1 1
@) = erc T jere
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Practical Bandpass Filter

Basic Bandpass Filter

+ © ’\F\;\/‘ o +
X(t) ) == § L y(t)
— o ‘ o —
H (@)= —— Jo/RC
(j@)? + j(w/ RC)+(1/ LC)

w, =+(1/ JLC)
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Magnitude and Phase Response of BPF

IH( jo)| [H()|
A A
1+ 1+
__1_/' \_1 o 1 I\ 1 >
VLC JLC T 2miLC 2w{LC

90° +
L- —90"L k— —90°L
Figure 6.36

Magnitude and phase frequency responses of a practical RLC bandpass filter.
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Discrete Time Filters

X[n] —¢ - yIn]

%

Wﬂ—%ym—ﬂ=xm]

h[n] = (%j u[n]

Transfer Function by taking DTFT of h[n]

Impulse Response
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CT vs. DT Lowpass Filters %

Continuous Time

+ O—WV\w o +
X(t) ) = y()
RC dy_it) + y(t) = Xx(t)

L0

t +h(t) =0(t)

= h(t) =e " u(t)

%,
“a,

Discrete Time “Z
X[n] —»6? > y[n]

Wﬂ—%ym—ﬂ=xm]
1
= h[n]— hin-1] = 5[n]

— h[n] = G) u[n]
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CT vs. DT Lowpass Filters ... cont.

Time Response
. h(t)= e FCu(t) . h[nl= (%)nu[n]

v

Frequency Response
H(f) H(F)

[

A

v
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CT vs. DT Lowpass Filters ... cont.

Magnitude Response

H(f))

A

[

A

H(F)

v

Phase Response

_ )

—\ | /—\ |
f N 1 1 F

v
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