What is a Communications System?

Actual Real Life Real Life Replica
Message Message
Input Signal Output Signal
Input Output
Transducer Transducer
Electronic Signal _ Electronic Signal
v Transmitted Received
1  Signal Y\ Signal .
Transmitter :[ Channel »| Recelver
J J

Noise and Distortion

Modulation/Coding Signal to Noise Ratio (SNR) Demodulation
Redundancy Capacity Error Correction
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Classification of Signals

«Continuous-time and Discrete-time Signals
«Analog and Digital Signals

*Deterministic and Random Signals
Periodic and Aperiodic Signals

*Energy and Power Signals
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Continuous vs. Discrete Time
Analog vs. Digital

Time Value
Continuous | Continuous
Continuous | Discrete
Discrete Continuous
Discrete Discrete

<= Analog

< Digital
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Some Examples

Continuous-time, Discrete-time,

x(1) continuous-value signal x[n] continuous-value signal
A A

I\/\AVAVAI\AMI\AJ\VAAMH }TrlL !y h],n
UUV VVVVUV VVU H IHII

Continuous-time, Continuous-time,
x{1) discrete-value signal x(1) discrete-value signal
A

\ A
"o on o ln.n
].u_r 1 L Digital signal
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Deterministic vs. Random Signals

Continuous-time,
X(f) continuous-value random signal x(1)

i In,| ll],l|§.| Janaly m Mm m .
“HW G O T J LM.VJ U wl&-«

Noise Noisy digital signal
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Effect of SNR

Signal-to-noise ratio = 311.6159

Signal-to-noise ratio = 51.3176

Signal-to-noise ratio = 12.6983

Signal-to-noise ratio = 3.2081
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Periodic vs. Aperiodic Signals

Signal is Periodic if :
g(t)=9g(t+nT)

Period of the Periodic Signal =T
Frequency of the Periodic Signal =f=1/T

If the signal is not Periodic, it will be Aperiodic
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Some Examples
g(t) =3sin(400xt)
g(t) =2+t°

g(t) =sin(12at) +sin(64t)
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Size of the Signal?

Energy of Signal
E, = [|o()] dt

Power of Signal (Time Average Energy)
T/2

P, _lim = j\g(t)\ dt

T >0 T e

RMS value of Signal = /Pg
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Example of Energy and Power Signals

Neither g(t)=e""
Energy Signal  g(t) =u(t)e™'?
Power Signal g(t) =C cos(a,t +6,)

Power Signal g(t) =C, cos(awt +6,)+C, cos(w,t +6,)
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Example 1 — neither energy nor power signal

g(t)=e""

E, = [|o(®)] dt
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Example 2 — energy signal
g(t)=u(t)e™”
E, = ﬂg(t)fdt

o0

= He‘”z‘zdt

o

=Te“dt — —e‘t‘w
0

0

=0+1=1
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Example 3 — power signal

g(t) =Ccos(w,t +6,)

T/2
P, —I|m— [l dt
—T/2
T/2
:Thgl_ IC cos’ (w,t + 6,)dt
-T/2
T/2 2
:Iim1 f C—[1+cos(2w0t+26?O)]dt
Tox T 2
-T/2
Cz T/2 Cz T/2
=lim— |dt+Ilim— |cos(2w.t +26,)]dt
T—>oo —'IJ.IZ T—>oo —'IJ‘/Z ( 0 )]
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2 T/2 2 T/2

_lim < j dit + lim < j cos(2a,t + 26, )]dt

T >0 2T 2, Tow 2T o

. C* . C?
=lm—(T)+lim— (0
T oo 2T( ) T oo 2T( )

C2
2
CZ
— P == For a sinosoidal signal regardless
: 2 of frequency and phase shift

RMS value=C/+/2
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Example 4 — power signal

g(t) =C, cos(awt +6,)+C, cos(aw,t +6,)

T/2
P, —Tlm— j\g(t)\ dt
-T/2
T/2 T/2
_I|m— IC COS (a)1t+6’)d’[+|lm— IC cos®(w,t +6,)dt
Too T
T/2 —T/2
T/2
+Tlim G, j cos(a,t + 6,) cos(w,t + 6,)dt
-T/2

2 2 T/2
:(:21 +CZ +T|m 26.G, _[cos(a)lt+6?)cos(a)2t+6? )dt
-T/2
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2 2 T/2
IS 2C1C2 j cos(ayt + 6,) cos(w,t + 6,)dt

—T/2

Hint-> cos(a-+b)+cos(a—b)=2cosacosb

G .C CC, '

= P, + i +w,)t+6,+6,]dt
2 2 T o
—T/2
T/2
—,)t+6,-6,]dt
T

-T/2

C12 (322 Power of the sum of the two sinosoid signals with
= Pg = T distinct frequencies is equal to the sum of the

2 2

powers of the individual signals
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Generalizing the Result

g(t)=> C,cos(w,t+6,)
n=1

It is called Parseval’s Theorem
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Some Important Operations on Signals
Time Shifting x(t)=g(t—a)

t
Time Scaling x(t) = g(g)

Time Inversion  X(t) = g(-t)
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Unit Impulse Function

Definition: p
ot)=0 t=-0

o) =1
\_. —©
Sampling Property

[ a®a(tydt =g(0)

or Tg(t)&(t —a)dt =g(a)
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Unit Step Function

Definition: f

u(t) =+

Can you represent u(t) in terms of unit impulse function?

u(t) = j&(x)dx
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Components of a Signal

Let’s approximate a signal with another signal

g(t) = cx(t) t <t<t,

Error of approximation is:
e(t) =g(t) —cx(t) t <t<t,

Energy (size) of error is

t,

E = j e’ (t)dt

€

~ [[9() - ox(@TFet

For best approximation, energy needs to be minimized
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L L dE,
To minimize energy, a necessary condition is 0

dc

L
L [[a(®) —cx®)dt =0
dc;
d " d " d "
— | g?(t)dt + — | c*x* (t)dt —— | 2cq (t)x(t)dt =0
or dc{g() dcg () dc{ g(t)x(t)
t, t,
2¢ j X2 (t)dt — 2 j g(t)x(t)dt =0
t, t,

I g(t)x(t)dt x cx(t) is the projection
o=t - _ = j'g (t)x(t)dt of g(t) on x(t)
j X (t)dt *
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Example 1

g(t) N

g(t) =csint 0<t<2rx c="7

t
Weknow  c= Ei [ g®x@ydt

X t1
27 . 27
. t sin2t
E = jsmztdt :‘—— =7
0 2 0

2r T 2r
=C :1“g(t)sintdt} :1Dsintdt— Isintdt}
7T 0 7T 0 V4

ey -(1-p)=2
T 7T
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Example 2

g(t) |

4 4 o gt)=cx(t) 0<t<2rx
x(t) | c="?

1 Q4 2 We know

c = Elij g (O)x()dt

27
E, = [t =[t," =27
0

1 T 27
c=27zuldt+£1dt}:l

g(t) has a full projection on x(t) — both are same
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Example 3

g(t) |
T 2 g(t)=cx(t) 0<t<2r
X(t) 1 c="
) T 27 We know

27
E, = [t =[t," =27
0

c = Eitj g (O)x()dt

Xt

- % M (1)t + Zf(—l)dt} _ 1

g(t) has a full negative projection on x(t)
or g(t) and x(t) are opposite to each other
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Example 4

g(t) |
4 4 o gt)=cx(t) 0<t<2rx
x(t) | c="?
Q4 2 We know

c = Elij g (O)x()dt

27
E, = [t =[t," =27
0

c= 217zﬁldt + Zf(—l)dt} -0 9

g(t) does not have any projection on x(t)
or g(t) and x(t) are orthogonal to each other
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Correlation between Signals

We already know, if

g(t) = cx(t)

t, <t<t,

c = Eitj g (Ox()dt

X t

Let’s define a correlation co-efficient between two functions, g(t) and x(t), as

C. =

Or to generalize

1 (0 0]
C, = t)x(t)dt
ﬁj g(t)x(1)
c,= -1 0
Opposite  Orthogonal

t, <t<{,

-1<c, <1

1
Itself
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Energy of Sum of Orthogonal Signals
Z(t) = g(t) + x(t) t, <t<t,

If g(t) and x(t) are orthogonal, then
E,=E,+E,

By definition:
t2
E, = [[9(t)+x(®)]dt
4

_ tj g2(t)dt + tj X2 (t)dt + th g(t)x(t)dt

=E, +E,

Department of Electrical and Computer Engineering



Orthogonal Signal Set

Let’s define a signal set x,(1), X,(1), ...., x\(t), such that

E, m=n

2 0 m==n
[ X ()%, (t)dt = t <t<t,
t1

Then, x,(t), X,(®), ...., x\(t) are called orthogonal signal set

and If E, is = 1, then the set is called orthonormal

Now let’s assume

t
Then for best [ atx, (tat
_ 4

approximation i.e., c, = — jg(t)xn (t)dt
minimized error energy fxz(t)dt E. t
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If the orthogonal set is complete, then error energy -> 0, i.e.,
approximation changes to equality

The above equation is called generalized Fourier Series

What about energy of g(t)? — Parseal’s Theorem

Department of Electrical and Computer Engineering



An Example of Complete Orthogonal Signal Set

{1, cos w,t, cos 2am,t, coS 3wt..... 2
sin agt, sin 2a,t,sin 3at,.....} To

Follows by: .

0 m=n
j COS Nw,t oS Ma,tdt = <
T, To/2 m=n=0

. ] 0 m==n
jsm Na,tsin ma,tdt =<
To To/2 m=n=0

jsinna)otcosma)otdtzo for all m and n
TO
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Let’s assume:

g(t) =a, +a, cos w,t + a, cos 2m,t + a, cos 3w,t +.....

+b, sin wt +b, sin 2a,t +b, sin 3wt +..... t<t<t,+T,

g _ 2z
=a,+ Y _[a, cosnagt +b, sin negt] Dy ==

n=1 0

1%
Remember: C,= £ j g(t)x, (t)dt

n

Therefore,
t+To t+To
1
a, =— jg(t) coshaotdt n=123.. a, =— jg(t)dt
TO t, TO t
t,+To
b =— jg(t)sin notdt n=123... Trigonometric
T t, Fourier Series
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Concept of
representing a
periodic signal
with a summation
of sinusoids

Original signal

|’-"’\/=\’«\/\,JCFz

Average value

Iy

1 -
T
ty + T F

cos(2';r frD) comﬁaonent

sin(2 'rr frt) coméonent

cos(21'r(l2 fe)t) Conllponent

sin(2'n-(|2 fe)t) conllponent

—
I I
|

cos(2w(3 fr)f) conflponent
-.-U—M‘*ﬁ
sin(21'r(:3fF)t) con!lponent

| — | —
I 1

cos(21'ri4 frt) corﬁponent
[} 1

sin(2m(4f)f) component

M—A—+Wb+‘~m

RPN

PO T

Department of Electrical and

Computer Engineering



Compact Trigonometric Fourier Series

g(t)=a,+ > _[a, cosna,t +b, sinnegt]

n=1
=C, + ch cos(Nagt +6,) Compact Trigonometric
) Fourier Series
Where
C,=.a’+b?
Also called Fourier Spectrum
9 =tan = b, of periodic signal
n an

Co=a
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Example 1

T, =1sec = f, =1Hz > w,=2x
g(t) !

[
»

[
A
A

[
»

A
v

v
—+

0.25 0.75 1.25

Without any mathematical calculations,

1 to+To
B =— jg(t)dt =0

0 ¢,

to+To

2 |
b, =— tj g(t)sin(na,t)dt =0

0
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Example I ... Cont.

T, =1sec = f, =1Hz > w,=2x

g(t) ) .
1 |e - n > -
0.25 0.75 125 ¢
-1
to+To
a, =— j g(t) cos(naw,t)dt
0 t,

j g(t) cos(2nt)dt = 2x2 j g(t) cos(2nt)dt

-0.5

_40f 5<:os(27znt)dt+4 j (—1) cos(2znt)dt

0.25

Department of Electrical and Computer Engineering



0.25

—4 j cos(2-mt)dt + 4 j (—1) cos(2znt)dt

0.25
0.25
=4 _[cos(27znt)dt 4 j cos(2znt)dt
0.25

4sin(2mt) >
27N

_|4sin(2mt) o B
27

0 0.25

2 . 7N 2 . 7N 4 . 7
= %mn(?) — (—%sm(?)) = %mn(?)

_ 4 sin®)
7N 2

—d
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Example I ... Cont.

T =1lsec= f, =1Hz=>w. =27
g(t) A ) 0 0 k 0
< 1 le — ~ > "
0.25 0.75 1.25 U
-1
4 . 7N
a, =—sin(—)
7mn
T
4
a,=0 As ~ 5
4
3
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Example I ... Cont.

T, =1sec = f, =1Hz > w,=2x

g(t)

»

-
A g
A

[
»

A
v

0.25 0.75 125 & U

g(t) =a,+ > _[a, cosnayt +b, sinnegt]
n=1

= g(t) = 4 COS(aw,t) — 4 COS(3mw,t) + 4 cos(Swpt) — 4 cos(7aw,t) +...
T 3 o7 1&3

_4 cos((27)t) — 4 cos(3(27)t) + 4 cos(5(27)t) — i cos(7(27)t) +...
T 3 o7 Iz
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Example 2

y( N T,=1sec= f, =1Hz=>w,=27

[

<
< »
P [
<« »

A
v

0.25 0.75 125 1t

y(t) =1+g(t)
We know that

9(t) = 2 cos((27)t) — - cos(3(2)t) + —- cos(5(27)t) — — cos(7(27)1) + ..
T 3 S5t V4

Therefore,

y(t) =1+ 4 cos((27)t) — i cos(3(27)t) + 4 cos(5(27)t) — 4 cos(7(2x)t) +...
T 3 S i
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Example 3

1 27T
A TO TO
y(t) ) ‘
< 2 le — ~ > "
0.25T,  0.75T, 1.25T, t

We know that with time period = 1 sec

V() =1+ & cos((27)t) — - COS(3(27)t) + - cos(5(272)t) — —- cos(7(27)t) + ..
T 3z Sr 14

Therefore, with time period of T,

y(t) =1+ 4 cos(am,t) — 4 cos(3am,t) + 4 cos(5a,t) +...
T 37 Y/4
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Example

T,=>f,= 1:>a)02—7r

g(t) =y, (1) T,

«— >

=L

-21, -T, O T, 2T,

g(t) =C,+ > C,cos(nayt +6,)
n=1 Remember definition of
Impulse function

a —itofoa(t)dt—i [s)=1
0 TO tg TO —o0
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Example ... cont.

g(t) =y, (1)

[ ]

1 27
:>C()O —

O

T,=>f,=

[ [ ]~

-21, -T, O T,

to+Ty

2
a, =— |o(t)cos(hw,t)dt = —
0 t'[ : To
to+To
2 :
b == j S(t)sin(ne,t)dt = 0
Ty {

Remember extended sampling
properties of impulse function

[9)50) =90
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Example ... cont.

T, = f :i:a)zz—ﬂ
g(t):5To (t) ’ X T X T
2T, -T, O T, oI, Tt
1
d, = — Cozaozi
TO TO
A2 TP cofairbica-l
n To 0
4 =b
b, =0 Qn:tan£ ”j:O
an
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Example ... cont.

90=5,0 R
LT
2T, =T, 0T,
g(t) =C, +2Cn cos(nNa,t+6,)
:T—loJrg%cos(na)ot)
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Example ... cont.

Time Domain Signal

T ¢ 1 2z
g(t) =, (1) 0 o T T
~2T, -T, O T, 2T, =t
Fourier Spectrum
Cn
2
TO
'y [ 2 N ]
0 o, 2w, 3w, 4o, =a)
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Energy of Signal Revisited

Energy of Signal is defined
E, = [Jo®dt  andnot By = [o7Od

To accommodate complex signals

Because

‘g(t)‘z =g(t)g(t) =g°(t) for real signals
‘g (t)‘z =0 (t)g*(t) for complex signals

Similarly,

g(t)x(t) becomes=g(t)x (t) complex signals
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Another Example of orthogonal Signal Set
(again periodic)

el" (n=0,+£1,%2,...) @ =27ty = —

— j(cos(m —N)w,t + Jsin(m— n)a)ot)dt

= jcos(m —N)aw,tdt + | jsin(m —N)w,tdt

TO To

0 m=n
Ty m=n=0
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Exponential Fourier Series

g(t)= Y De"™

N=—00

By orthogonality

D, = Ti [ g(t)e™ ) dt

0T,

or

_ 1 — jnaygt
D. _T—jg(t)e dt

0T,
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Compact to Exponential Fourier Series

g(t)=C,+ > C, cos(na,t +6,)
n=1

_ ic_[ J(na)ot+0) +e J(na)ot+¢9)]

Jna,t
=Do+ 2D = 3D
n;O ==
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Let’s look back on the Example of Impulse Train

1 27r
90=5,0 L= h=g =0T
_2T _o 0 o
t)=C OOC t+0 —i+i£cos(na)t)
g()_ O+nzzj; nCOS(na)O + n) To n:lTo 0
0, =C,= L
TO
D =Sogin 1 D —Sngin_ 1
2 T, "2 T,
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Time Domain Signal

g(t) — 5T0 (t) To — fo :i :M)O:Z_ﬁ
TO TO
=21, -T, 0 T, 2T, :t
Fourier Spectrum C
2 n
RN
0 o, 20, 3w, 4o, =a)
Exponential Fourier D
Spectrum "
1
[ 2 N ] ﬂ [ 2 N ]
r v 1 r 1t 1 :
—4w0y, -3, 20, -@, O 0y, 20, 3o, 4, W
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