From Fourier Series towards Fourier Transform
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Fourier Transform of a Singal g(t) G (a)) =F [g (t)]

G(w) = Tg(t)e‘j”tdt

Please note that this does not apply only to aperiodic signals,
It can apply to any signal, periodic or aperiodic

Now Let’s talk about the Inverse Fourier Transform

g(t) =F [G(w)]

Department of Electrical and Computer Engineering



im @, —>A0  g(t)= i G(nAco)e iAo

TO —>00

N=—o0 272-

Department of Electrical and Computer Engineering
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g(t) = ZG(nAa))Aa)e’”A“’t

72- N=—00

g(t) = ZG(nAw)e’”MAw

ﬂn—oo

0(t) =%j® G(w)e"da

g (t) =F - [G (a))] Inverse Fourier Transform
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Fourier Transform of a Singal g(t) G(a)) = F[g (t)]

G(w) = Tg(t)e‘j“’tdt

Inverse Fourier Transform g ('[) =F _1[G (a))]

0(t) :iiG(w)ej“’tda)
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Summary Charts Ahead
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g(t) = cx(t)

C= Eitf g(t)x(t)dt

th

g(t) and x(t) are orthogonal if

tfg(t)x(t)dt =0

or if x(t) is complex

tjg(t)x*(t)dt =0

If a set of functions x(t) exists
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If a set of functions x(t) exists

f m#n

t, i
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t, "

=n
then

90 = Yo (1) st

N=—00

1

C, =E—tfg(t)x:(t)dt

n t

1, cos(hw,t)
_ 1<n<ow
sin(na,t)

g(t)=a, + ian cos(na,t)
n=1

+ b, sin(na,t)
n=1

<t<

ToycTo
27 2

2

1
a, :T—_[g(t)dt

0T,

2
2, == j g(t) cos(ne,t)dt

0T,

b, =T3 j g(t)sin(nay,t)dt

0T,
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If a set of functions x(t) exists

f m#n

t, i
[ %% (Ot = {ifm
t, "

=n
then

90 = Yo (1) st

N=—00

, =Eitfg<t)x: (Bt
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1, cos(hw,t)
_ 1<n<ow
sin(na,t)

g(t) =C,+ > _C, cos(Nayt +6,)
n=1

C, =4,

C, =a; +b]

0 = tanl(— ﬁj
a‘n
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If a set of functions x(t) exists

2 X if mzn
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Fourier Transform of a Singal g(t)
1 —inw r —lw
D, == [g(e"dt = G(w) = [g(t)e dt

0T,

Inverse Fourier Transform

N=—o0

g(t) = i D e = g(t) = iJ‘G(a))ej‘”tda)
27

9(t) = G(w)
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Some Examples of Fourier Transform

1. An impulse function

2. A constant function (via inverse transform)

3. Complex exponential function (via inverse transform)
4. Sinosoidal Function

5. Rectangular Pulse Signal
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Fourier Transform of Impulse Function

.
Definition: o(t)=0 t=0 5(t)
1w
J‘é‘(t) — 1 >
L o t
Fourier Transform of a Signal g(t)
G(w) = [g(t)e *dt ,G()
—00 1
— G(w) = j S(t)e 1 4dt =e° =1 :
" o
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Fourier Transform of a Constant Function

Fourier Transform of a Signal g(t)

a(t)

G(w) = j g(t)e “dt 1

o0

— jot

e
—jw

=040 =

- Te‘j”‘dt _

—00

Let’s try indirectly — let’s find the Inverse Fourier Transform of o(w)

g(t) = FG(w)] = % jG(m)ej“tdw ‘

A

2700 (W)

v

= F'[6(w)] = % Ié(a))ej“’tda) = %eo = %
S F[]=6(0) = F[]=275(w)
27T

v
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Fourier Transform of a Complex Exponential

Let’s find the Inverse Fourier Transform of o(w—@p)
-1 1 h jot
g(t) = F'[G(0)] = = [ G(w)e"*dw
2 7

= F[6(0-a,)]= = I5(w—wo)eja’tda)= iej“’ot
21 =

27
jot 2710 (0 — w,)
= F[E—]=6(w-,) °
27T
= F[ej“"’t] =270 (0 — w,) >
Wy 0
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Fourier Transform of a Sinusoidal Signal

Jant — Jayt

€ +€

2

g(t) = cos(wyt) =

eJ'a)ot _|_e—ja)ot
= F[cos(m,t)] = F[ > =m0 (w—w,)+ 76 (v + w,)

= 7[6(w+ @,) + mo (v — w,)]

A

m(w—aw,) | m(w—aw,)

| | |

_ joot e—J'CUot = @,
X(t) =sin(w,t) = — %
(t) (@,t) 2]
eja)ot _e—ja’ot
= F[sin(w,t)] = F|[ T 1=—1m0(0w—-w,)+1o6(w+ w,)
J

= Jalo(w+ @) —6(w— )]
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Fourier Transform of a Rectangular Function

A

1

1 <12
rect(t) =

0 ‘t‘>l/2 1

N |-

FIg®]=G(w) = |g(t)edt

1/2
= F[rect(t)] = je‘jwtdt -

-1/2

1/2

e—ja)t e—ja)/2 eja)/2
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jol2 e—ja)/2

Flrect(t)] =

sin(w/ 2)
(w/2)

=Esin(a)/2) =
(0,

=sinc(w/ 2)

Definition
sinc(t) = S'rl(t)
or _
sinc(w) = sin(«)
()
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Some Properties of Fourier Transform

Linearity
k 9, (t) +k,9,(t) < kG, (@) +k,G, (@)
Symmetry 9(t) < G(o)
J
G(t) © 21(—w)
Scaling

9(t) = G(w)

U

g(at) =~ G(2)
a “a
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Some Properties of Fourier Transform --- cont.

Time Shifting — linear phase shift
g(t—t,) < G(w)e

Frequency Shifting - modulation

g(t)e"™ = G(o-a,)
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Some Properties of Fourier Transform --- cont.

Convolution - definition  g(t)*w(t) = j g(z)w(t—7)dr

If g.0) ©G(w) and  w(t) <W(w)
U
Time Convolution g(t)*w(t) < G(o)W(w)

1
Frequency Convolution  9(tw(t) < EG(Q)) *W(w)
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Some Properties of Fourier Transform --- cont.

Time Differentiation and Integration
g(t) = G(w)
J

d
Differentiation d? < JoG(w)
t
G
Integration Ig(r)dr S (a)) +7G(0)o(w)

___Note: Equivalent to convolving with a unit step function
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Signal Transmission through a Linear Channel

o —— O

h(t) - Impulse Response of a Linear Time Invariant System

y(t) = g(t) *h(t)

= Y(w)=G(o)H(w) h(t) < H(w)
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Ideal Distortionless Transmission

y(t) =kg(t—t)

= Y(w)=KkG(w)e

we know Y(w) =G(w)H(w)

= H(w)=ke ™
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= H(w)=ke '™

Amplitude Response [H(@)
k
®
Phase Response < H(w)
®
— ol
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Ideal vs. Non ldeal Filters

Ideal Filter H(w) = a1

A

1| magnitude

Non Ideal Filter H (a)) = rect (%)e‘j‘“td

A

1| magnitude

»

phase
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Non Ideal Filter H (w) = rect (%)e‘jaﬁd

k| magnitude

[

phase

Impulse Response  N(t) =7

h(t) = F‘l[rect (%)e‘j‘“td }

=Esin c[B(t-t,)
7T
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Non ldeal Filter H(w) = rect(ﬂ)e‘j”td
2B

1| magnitude

[

phas%é
B .
Impulse Response h(t) =—sinc[B(t—t,)]
T
Is this practical? h(t) /\
A A R
Vi V t
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Non Ideal

Filter

a) .
H (w) = rect(—)e !
(w) (ZB)

N I
h(t) = —sinc[B(t—t,)]
7T
h(t)A

Practical Filter

A

h(t)
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An Example of Practical Filter

H(o) =

V(@ /27zB)2”

‘H (a))‘ | 09+

0.8¢
0.7-- ..... - ------

0.61

0.5 g
0.44 !

n=13 r =
0.3¢ |

n =4
0.2" n= 8 |
0.it n=16 :

n= W"'"!

<
o
g
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|
[ H(w)|

0.2

Op(w)

An Example with n=4
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Energy of a Signal and Parseval’s Theorem

E, = [9(tg*®)at

E = Tg(t) 1 TG*(a))e_jwtda) dt
’ —00 272- —00

E = 1 TG*((()) Tg(t)e_ja’tdt do
o2 e -

E = 1 TG*(a))G(a))da)
o2 e

=
By = [|G() do
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Energy Spectral Density
e, == (6@ do
27~

= T\G(zﬁf )| df

U

2
\Pg — ‘G(Zﬂf )‘ energy per unit bandwidth (Hz)

=[G (o)
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