
Math 5372 Exam 1 Review
Spring 2009

1. How many abelian groups are there of order 25 32 53 ?

2. Let  G  be a group and let  H   be a normal subgroup of  G.  Prove or give a
counter example to the following:  If  H  is abelian and G/H  is abelian, then
G  is abelian.
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a. Show that H is a normal subgroup of G.
b. What isomorphism of groups results from the First Isomorphism theorem

using  G,  R*,  and  /?

4. Let  G = Z401Z501Z901Z100.
a. Express  G  as a direct product of cyclic groups of prime power order.
b. Express  G  as a direct product in the form  Zm 1

1 Zm 2
1 … 1Zm k

  where

m1 is a multiple of m2 is a multiple of … is a multiple of mk.

5. How many homomorphisms are there from Z40 onto Z40?  Z40 into Z40?

6. Z 1 Z  is both a ring and a group.
a. Which subgroups of the form <(a, b)> are subrings of Z 1 Z?
b. What are the units of  Z 1 Z?
c. What are the zero divisors of Z 1 Z?

7. Let  R  be a commutative ring with unity.
a. If  a  is a zero divisor in  R  and  b  is any element of  R  such that ab ! 0,

prove that  ab  is a zero divisor.
b. Prove that if  a  is invertible in R, then  a  is not a zero divisor.

Hint:  suppose  ax = 0  for some  x  in R.
c. Let  R[i]  =  {a + bi |  a, b are in R}.  Prove that  a + bi  is a zero

divisor in R[i]  if a2 + b2 = 0  or  a2 + b2  is a zero divisor in R.
Hint:  a2 + b2  =  (a + bi)(a - bi).

a. One of Z5 [i]  and  Z7 [i]  is a field and the other is not.  Determine which
is which.  Hint:  use 6(c).


