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>. An idempotent in a ring R is an element e such that e2 ==== e.  What are the
idempotents in Z !!!! Z?  Z !!!! Z !!!! Z?
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). Find the sizes of the following rings.
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'. Let R be the real numbers.
". Show that the function  0000: R 1111 C, the complex numbers defined by

0000(p(x))  =  p(i)  (where  i2 = -1)  is a ring homomorphism.
D$+=%5\][L^%$"32%72"A%0H%1[/]%1%_.%%Y==<0+,8%#$+=B%8+32,%#4;%6;-E,;0+"-=
6(/)%",A%`(/)B%0a6a/b%+%`(/)b%%Z%%6a+b%+%`(+)%=%0a6a/bb%+%0a`a/bb%",A
0a6a/b`(/)b%%Z%%6a+b`(+)%=%0a6a/bb0a`a/bbB%=;%0%+=%"%$;0;0;76$+=0.

C. Use (a) to show that  R[x]/<x2 + 1>  2222 C.
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"%+%C+%=%0("%+%C/).%%eE%#$2%*+7=#%J=;0;76$+=0%D$2;720B%1f/gQM/)%T%>O%%2%_.

W. Factor  x9 - 1  into irreducible polynomials over  Q.  Justify that each term
is, in fact, irreducible.
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J%"=c2A%E;<%#;%67;32%#$"#%/U%+%/'%+%>%+=%+772A<P+C-2%;327%G)%+,%#$2%723+24
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%+%%%%%%%%%%%%%%%%%%%%%%%%%%%%%/'%%+% %'/)%%+%%'/%+%>
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%+ %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%>
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%=%/U%+%U/&%+% >&/W%+% )>/'%+% >I/)%+%:/%%+%'

4$+P$%+=%",%.+=2,=#2+,%6;-E,;0+"-%4+#$%6%=%'.

&. x2 ++++ 2x ++++ 4 fails to be an Eisenstein polynomial because 22 3333 4.
". Show that x2 ++++ 2x ++++ 4 is irreducible over Q anyway.
]F%#$2%0",E%"667;"P$2=B%;,2%+=%#$"#%/)%+%)/%+%W%=%(/%+%>))%+%'%O%9%F;7%"--
/%+,%hB%=;%+#%$"=%,;%R27;=B%0"c+,8%+#%+772A<P+C-2.

C. Give an example of a quadratic x2 ++++ ax ++++ b over Z which is reducible
over Q, for which a ! 0, b ! 0 and for some prime p, p3333a and p23333b.

J,%F"P#%F;7%",E%6B%(/%+%6))%=%/)%+%)6/%+%6)%4;7c=.
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U. Show that for any  n " 1, there is an irreducible polynomial over Q of
degree  n.
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I. Show that Z "
#
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&
'' is a Euclidean ring.  Hint:  use  N *
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>9. Find the splitting field for  x4 - x2 + 1  over each of the following fields.  (In
each case, you may write the answer in the form F(a, b, c, …………)  where  a, b,
c, ………… are zeros of specified irreducible polynomials.)
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>>. There is still room for elementary algebra in a class like this.  Suppose that
p(x) is an irreducible cubic over Q.  If p(x) has one real root, show that the
splitting field, E, of p(x) over Q has [E : Q] ==== 6.
L2#%"%C2%#$2%72"-%R27;%;F%6(/)%+,%=;02%2/#2,=+;,%;F%h.%%D$2,%42%c,;4
[h(")%H%h]%=%'B%=;%+F%.%+=%#$2%=6-+##+,8%F+2-AB%[.%H%h]%%=%[.%H%h(")]%[h(")%H%h]%%#%'.
@2%"-=;%c,;4%#$"#%6(/)%=%(/%(%")(`<"A7"#+P)%;327%h(")B%",A%#$+=%`<"A7"#+P%$"=
P;06-2/%7;;#=.%%D$+=%02",=%+#%P",K#%F"P#;7%;327%h(")%=+,P2%2327E#$+,8%+,%h(")%+=
72"-.%%D$<=B%#$2%`<"A7"#+P%+=%+772A<P+C-2%;327%h(")B%.%+=%"%67;627%2/#2,=+;,%;F%h(")B%
",A%#$2%A28722%;F%#$2%2/#2,=+;,%+=%).%%\2,P2B%[.Hh]%=%[.Hh(")]%[h(")Hh]%=%).'%=%U.

*;7%+772A<P+C-2%P<C+P=%4+#$%#$722%72"-%7;;#=B%#$2%","-E=+=%+=%![_\%$"7A27.%%JF%"%+=
"%R27;%;F%6(/)B%#$2,%6(/)%=#+--%+=%(/%(%")(=;02%`<"A7"#+P).%%5;02#+02=%#$2%`<"A7"#+P
F"P#;7=%;327%h(")B%=;02#+02=%+#%A;2=%,;#.

>). Let  a = 2 + 2 + 2   and  b = 2 + 2 .
Find, with proof, the minimal polynomials of a, b, a + b over Q.

L2#%/%=%C%=% )%T% ) .%%D$2,%/)%=%)%+% ) B%=;%(/)%(%)))%=%).%%!<-#+6-E+,8
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.+=2,=#2+,K=%P7+#27+"%(4+#$%6%=%)).%%*;7%"B%/%=% )%T% )%T% ) B%=;

/)%=%)%+% )%T% ) B%%%%(/)%(%)))%=%)%+% ) B%;7%/W%(%W/)%+%)%=% ) .
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>'. Find, with proof, the minimal polynomial of  2  + 2
3

  over
each of the following fields:

". E1 ==== Q *
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#$2,%"'%(%'") ) %+%U"%(%) ) %=%)B%4$+P$%42%P",%7247+#2% ) %=%
"'%+%U"%(%)

'")%+%)
.

5+,P2%"%)%h(")B%",A%h(")%+=%"%F+2-AB% ) %)%h(").%%e<#%#$2,%"%(% ) %=% )' %)%h(")
"=%42--B%=;%42%"72%A;,2.

>W. Let  F  be any field of characteristic ! 2  and let  E  be an extension of  F

such that  [E: F] = 2.  Show that  E = F *
+,
,

a  -
./
/
  for some  a )))) F.  Hint:

complete the square of an appropriate quadratic.
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