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1 INTRODUCTION AND NOTATION

It is well known that hypergeometric series identities can be derived from

polynomial identities. For example, [8, p.238 problem 29]: When both sides of
(1.1) (1-0™M1+ 0" = (1-xH)°

are expanded by the binomial theorem and coefficients of x* are equated, we have

r 0, if r is odd
n n k
1.2 Dt =
(1.2 Z (k)[r-k)( ) %V )™2, if ris even.
k=0 r/2

This expression can be recast in terms of hypergeometric series as
0, if r is odd,

(1.3) 2FX( w ' '11 = r! (n - n)! . .

n-r+1 ) w2 (o -2 if r is even.

Integral evaluations may alsoc je obtained in this way. For example,



(1.4) J‘O b(l x)a(1+x)a dx ” —J b(l X )am,

if a, b> 0. Substituting u = x2, the right hand side of (1.4) becomes

1
b2 . \a du
j‘ou (1-u) 2u(l-yu)

1
_ b/2
_J‘Ou (1-u)“‘2(1 1+ Vu)

B(b/2, a) + B(1/2 + b/2, a)
2 b

['(a) ['(b)

Na+b) "

where P is the beta function, f(a, b) = Hence

dx _ B2, a) + B(1/2 + b/2, a)
x) 2 :

(1.5) J'O xP(1 - x)2(1 + x)? ~

In this paper, we proceed analogously to produce identities for character
sums over finite fields. Specifically, we are looking primarily for evaluations of

expressions of the type

D A®B( - 0CEX)),
X

where A, B and C are multiplicative characters of GF(q). It is surprising that
interesting evaluations can arise by way of factoring polynomials. Nevertheless,
many formulas derived in this paper are new and are difficult to derive by other
means. The most interesting results contained in this paper are (3.12), (3.13),
(3.19) and (3.20). Formulas (2.8), (2.12), (2.13), (3.7) and (3 .11) also appear to be
new. This paper is organised as follows. In section 2, two infinite families of
identities are used and specialized. In section 3, more exotic identities are
employed, and in section 4, we present analogies with 1l evaluations. In

the remainder of this section, we define the notation to be this paper.



Let GF(q) denote the finite field with q elements, where q is a power of an
odd prime p. Let Tr be the trace function from GF(q) to GF(p). Throughout
this paper, capital letters A, B, C, :-- and the Greek letters %, v, ¢ and € will
denote multiplicative characters of GF(q). We will let & denote both the function
on GF(q) defined by

1, if x=0,
0, otherwise,

8(x)={

and the function on multiplicative characters defined by

S(A) < {1, if A is the trivial character,

0, otherwise.

The trivial character will be denoted ¢, the quadratic character ¢ and we will let
y denote a character of order dividing q - 1. Define A by AA = g and extend
the definition of all multiplicative charactersto 0 by A(0) = 0.

Write X, to denote the sum over all x in GF(q) and ZX to denote the sum

over all multiplicative characters of GF(q). Let { =e®™P. The Gauss sum, G(A)
is defined by

(16) G(A) = ) AG) { T

and the Jacobi sum, J(A, B) is defined by

(17) JA,B) = ) A®B( - x).

Informally, A(x) is analogous to x™, G(A) is analogous to I'(a) and J(A, B) is
analogous to f(a, b). See [1], [2], (5] for examples of this analogy. We will make

usa of the following properties of (Gauss and Jacobi sums [ :ctions 5.2, 5.3]:

(1.8) G(A)G(A) = qA(-1) - (g- DSA



(1.9) J(A, B) = J(B, A) = J(AB, B) B(-1),
(1.10) Ja,B) = SEED) | (. 1)B(1DHAB),
and
(1.11) J(A, A) = - A1) + (q- DSA).
We will also make use of the orthogonality relations [7, page 188]
(1.12) D A® = (q- DA,
X
(1.13) D x® = (@-D&1-),
4

and the formula

(114) DA™ = DR+ w0 +y20 + -+ w0,

where d = gcd(n, q-1) and vy is a character of order d.
2 INFINITE FAMILIES OF FACTORIZATIONS

There are two infinite families of factorizations suitable for obtaining character

sum identities. They are

(2.1) QA-x)1+x + 2+ -+ x") = 1-x"
and

n-1
(2.2) Q+x)" - x" = (n)xk.

k=0 k



If we apply A to both sides of (2.1), multiply by B(x) and sum we have

D BRAL-0AL+x + &2 + = + x™1) = D BAQ - x).
X

X

Let d = ged(n, q-1). If B is not a d'th power, this sum is 0, for if r is a
primitive d’th root of unity in GF(q) and we make the change of variables x — rx,

we have
Z B()A(L- x% = B(r) Y, BA( - x").
X X

Thus,

(1-B@) ), BA(L-x" = 0.

Since B(r) = 1 if and only if B is a d’th power, the claim is established. If B isa
d’th power, it is also an n’th power so B = C" for some character C. If wy has

order d then by (1.14),

Y BAL-x") = ) CEMAC - =)
X X

= 2 CEA(L - x)X1 + y(x) + - + y1(x)).

X

Hence,

(23) D BA(L-0AL+x + x> + ~ + x¥) =

X

0, ' if B is not an n’th power,
J(A, C) + J(A, yO) + - + J(A, y1C), if B = CP,

where d = ged(n, q- 1) and y has order d.



Formula (2.3) has the following special cases. When n = 2, we have

(24) ) BA- 0A+x) =
X

0, if B is not a square,
J(A, C) + J(A, ¢C), if B=C2.

Changing x to — gives

-X
0, if B is not a square,

(25) D, BAZR1-0A0-20) = ;i
~ J(A, C) + J(A, 60, if B=C2

IfB = A 2, we obtain the well-known formula [7, exercise 5.47]

(2.6) J(AZ A) = (q- DSA) + A4)(A, 6A).
When n =3,
@.7) D BA1-0AQ +x + x2) = HA, B),
X
where
J(A, C), if 3 does not divide q- 1 and B = C3,
H(A, B) = 0, if 3 divides q-1 and B is not a cube,

J(A, C) + J(A, yC) + J(A, y*C), if 3 divides q-1 and B =C3,
After replacing x by (x- 1)/2, we get,

2.8) D B(1-0AB-0AB +x®) = A8 B(-2) H(A, B).

X

From (2.2) we have

n-1
(2.9) D B@A@+0"-x" = ) BA(D, [U x).
X X k=0

The left hand side of (2.9) can be w-itten



2 Bx)A(1 + x)" - x™)
X

= BCDA™UD) + ) BOAM(L + 0A(L - TP

X

= BCDA™D) + ) B(A "B(1 - 0AQ - x").
X
When n =2, the right hand side of (2.9) becomes

D BwA(L+2x) = B(-2\(A, B)

X
SO
(2.10) D B@AB(L- A +x) = -AB(1) + B(2)J(A, B).

X

When n = 3, we have

D BA%B1-0A1-x3)+B(1) = ) BA( + 3x + 3x2).
X X
Changing x to x_2_1_ on the right gives

(211 ) B(l-WA(L+3x3) = AWB@) +AM@B(-2)), BA K1 - 0A - ).

X X

The right hand side of (2.11) is evaluableif B = A2 or B = A3. In the first case,

we have

212) ) AX1-0AL+33) = - A3 + (q- DEA) + AC)(- DA, 9.

X



In the second case,

213) 3, A¥1-0AL+3xD) =
X

0, if 3 does not divide q- 1,

(q- 1)3(A) + A(2) 0
J(A, v) + J(A, y?), if 3 divides q- 1,

where y has order 3. Ingeneral,if B = A™ and d =ged(n, q - 1), we have
@14 D A"WACL + 0" - XV
X

= (q- DSA) + ACLWIA, w) + JA, yD) + — + JA, yly,

where y has order d.
3 SPECIAL FACTORIZATIONS

The evaluations in this section are based on factorizations of expressions of the

form
1-%" + ax™(1 - x)k

for special choices of n, a, m and k. Some trivial examples are

(3.1) (1-%° + 2x = 1+x2,
(3.2) (1-x)2 + 2x(1-%) = 1-x2
and

(3.3) (1-%? + 4x = (1 + x)2.



More substantial are

(3 .4) (1-x°+ 3x(1-%x) = 1-x3,

3 .5) (1-x)3 + %x = (1+20%1- %)
and

(3 .6) (1-x)% -16x2 = (1 + %21 - 6x+x2).

With (3.1) we have

D BOA(-02+20) = D BAI +x2),
X X

The right hand side of this expressionis 0 if B is not a square and can be

evaluated by (1.14) if B is a square. On the left hand side, we have

2 2 2)(
Ex:B(x)A((l-x) +2x) = A + EX:B(x)A (1-xA01 + (1-x)2)'

1+x
, we have
1+x

Changing x to
3.0 Y,Bl-0AZB1+0AL+xD) =
X

0, if B is not a square,

-B(-1) + AQ
){C(-I)J(A, C) + ¢C(-1J(A, ¢C), if B = C2,

If B = A, the left hand side of (3.7) becomes

D A1 - DAL + D)
X

which partially evaluates via (1.14) to give



10

3.8) - Y 6AL-0AL+x) =
X

0, if A is not a square,

-(q- DXA) + A _ _
C(-1)J(A, C) + ¢C(-1)J(A, ¢C), if A = CZ.

Factorization (3 .2) leads to (2.5); with (3 .3) we have

D BA(1-x? +40 = ) BoAXL +x) = B(-1J(AZ B).

X

The usual methods now give

3.9 Y A%0B(1-wAZR(1+x) = - BC1) + A@)M(AZ, B).
X

With (3 .4), the evaluations become more interesting. We have

Y B@A -3 + 3x(1-x) = ), B@A1-x% = H(A,B),
with H asin (2.7). Changing x to - T-~ gives

(3.10) Y B(1-xATB(1 +0A(L+ 32 = B(-DA@) H(A, B).

X

There are two interesting special cases for (3 .10). First, if B = A3, then

310 D A%1-0A1+3D) =

X

0, if 3 does not divide q- 1,

(q - 1D3(A) _
1 +{J(A, vA) + J(A, y#A), if 3 divides q- 1,

where y has order 3. The second case is where B = ‘A%B. If we replace A by A?
and B by A3 in (3.10), then we have
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D A1 DAL+ 3D = A4 HAZ R,

X

The sum can be partially evaluated by (1.14),

z A 31 - DAL + 3x2)
X
- 2]&3(1 - A1 + 3%)(1 + 6(x))
X

= AZDIAL A + ) 0(A X1 - AL + 3x).

X

Thus,

(3.12) D 0G0A3(1-0AX1+3x) = - AZ)J(AZ, A% + A(4) HAZ AP

X

or

3.13) Y ASAXL-x00(1- 30 = - JAZAD) + A(27) H(AZ, A D),
X

A more complicated derivation is required for (3 .5). We have

> BAX1 +20A(1- X) = Y BOA((L- 0% + Zx)
X X

.z 3, 27x
= aZ) 4 ; BOOAY(L - DAL+ 275).

Changing x to 4x on the left hand side,

(3.1 Y BA( - 0A%1 + 8x)

X

JDAET + B@) X, BwAXL - 0A1 + L),

X
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In [4, Theorem 2.3], the following analog for the binomial theorem for

multiplicative characters is given:

(3.15) Al+x) = 80 + —= ZJ(A D 1 ).

Applying this to the sum on the right hand side of (3 .14) gives

2 B(x)A3(1 - A + _;27}__

(1-X)3)

- Z J(A, HBEAXI - (- )
5X

4(1 )3

= 5 DI, D IBy, A% k¢ D,
X
With (1.9) and (1.10),

LY g, p 3By, A% x- D)
x

4
27

G(A)G(B)

27
= (q- DAC)NAB) - A( )+ B(- G(AB)

=)

L1 G(ATB)GA% IGH) 27
+ ACDGAITE 2, GApGEy K4

The sum above can be simplified using the replication formulas [7, Theorem 5.28]

a2y _ G(A)G(¢A)
(3.16) GA%) = 5 PP AW
and

G(A)G(WA)G(y?A)
3.17 G(Ad) = AED),
( ) (A% GG (27)

if we assume B = w_A:. We have



1 Z G(y?A 2AG(A% G 4
T &7 GlanGAY Xy

27, 1 G(yAY)G(owAy) Gy ADG(D)
= WA=
VDA T3 - G(@)G(Y)G(y?)

Finally, this last sum may be evaluated by the formula [6, Theorem 2]

(3.18) 7 D GANGBYG(CHGDY)
x

G(AC)G(BC)G(AD)G(BD)

= q(q- 1)CD(-1)¥ABCD) + G(ABCD)

to obtain

1 z G(yPA 22)G(A%Y HG(Y) 2
q-1 ” GANGWPAD ~ 4

(4)e(-3) e, 27 . GIwA)G(oyA)G(y2)G(oy?)
= (q- DR 500A 4)A(= s
(q-1) G(9) (QA) + WDAC) G(9)G(y)G(y?)G(gA)

(o YB3 s G(y?A G(e)
= (@- DEG058(04) + WAED o TR

Thus,

D WARAQ - A1 + 8x) =

X

e o GA)G(YA) 1y GOv%A G()G(A)
(@- DA-DIHOA) + ACTI= )= + ACDAR) = DGR

which simplifies to

— A2 _ Ar.om GAGYA) LG(AZG(y?A Y
3.19) gwA(x)Au OAL+80) = ACZDTEEES + A@DTE TR,
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Along the same lines, with (3 .6) we have

> BoAZ(1L + 0AQ-6x+xD) = ) BOA(L-x) - 16x%)
X

X

_ : 4.1 _ ) 16x2
= A(-16) + ;B(x)A (1-xA1 a0

1 — —
= AC16) + &5 D JA, D) IBx2, A% 1(16).
x
Let B = ¢7\_2 and expand this sum using (1.10). Assume for simplicity, that 4
divides q-1,andlet ¢ = a2. Then several applications of (3 .16) yields

20 A2 2\ _ G(A)G(aA) G(A)G(agA)
D R HAXL + 0A(L- 6x + x3) = A1) KREEA) | A1) HEECGOD
X

G(A)
+ W ¢(2)A( 16)

LY GlAYG(adAGADGE.
X

a(q
Using (3 .18) and simplifying gives

(3200 ) 6A 2AX(1L- WA + 6x + x2)

X

G(A)G(aA G(A)G(agpA G(A%)G(pA 2
= A16) TFEEY & aae) FEEER | goyacn) HATERAD

4 COMMENTS

There are hypergeometric series identities and integral evaluations analogous to

the evaluations given in this paper. We give some of them here.
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Analogous to (2.3) is the integral formula

1
- d
4.1) -[0 (1- %21 +x+ - +x7Ha ———x(l’fx)

= 2pa )+ pa ) + s pla, 2Dy,

provided a, b>0. From (4.1) it follows that for a,b > 0,

4.2) J': (1 + 2B 5 200 & o B2 a)+l3;1/2+b/2, a)
and

4.3 fs( 1P3 - 033 + x2)® —I%

“3) DB B+ e

= lo3a+b-1p, b b 2+b
= 32‘H (B(a,3)+[3(a, 5 ) + Bla, 5 ).

These are analogous to (2.5) and (2.8), respectively.
Formula (2.9) and its special cases (2.12) and (2.13) do not appear to have
natural integral analogs. However, analogous to (2.10) is

1
b -a-b a_dx_ _ ob
4 4) on(l-x) (1+x) D = 27B(b, -a - b),
which holds for b >0, a +b < 0. Analogous to (3.10) is

(4 .5) I:o(x - Px + 1P -33(3x% + 1) % =

2¢b

322 B, 2) + pla, 22) + Bla, 2

),

provided a, b > 0. Unfortunately, the specializations that gave rise to (3.11)
through (3 .13) do not work for integrals. This is because the substitutions
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B=A ¥ in sections 3 correspond to b = - ka in (4.5), violating the conditions
needed for the integral to converge. Also, if we attempt to use (3 .5) in an integral

evaluation, there are problems. Specifically, we have

1 1
b a 2a _dx _ b 3 a_dx
Jox(l-x) (1+ 8x) T —J;x((l--'ix) + 27x) a3

but 1 -4x has a zero on the interval of integration so the algebraic manipulations
involved in obtaining (3 .19) are invalid for the analogous integrals. However,
these formulas do have hypergeometric series evaluation analogs. Among them
are [3, eq. (1.1)]

-n, n+ 3a a 3
S S : | 3 )
3 2( 3a/2, @Ba+1y2 !4

0, if 3 does not divide n,
=} nl(a+1)
———-—m—, if n = 3m,
m!(3a + 1),
and [3, eq. (3.7))
&)
4.7 | T '2"'%/3'-3) = (2n =2,
43 (é)
2/n

In the above, (a), = a(a+1Xa+2) - (a+n-1). Formula (4.6) is the
hypergeometric series analog of (3 .10). Formula (3 .11) is analogous to the
specialization a =-n/3 in (4.6), formulas (3 .12) and (3 .13) are analogous to the
specialization a =- 2n/3. Formula (4.7) is the analog of (3 .19).

The author could not find a way to evaluate the right hand side of (3 .14)
without resorting to formulas (3.15) through (3 .18). It would be very interesting
to evaluate this sum by other methods.
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