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Summary

In this paper sufficient conditions are given for the existence of
consistent estimators of parameters or functions of parameters based on
extremes. The parametric families considered are stochastically ordered
in the tail by the parameter or function of parameters in question.

When a consistent estimator of a parameter based on the maximum
cexists this estimator will remain consistent even if the sample size is
known only to within bounded relative error. Consistent estimators based
on maxima will also be consistent under monotone (decreasing) random
truncation.

Many familiar families of distributions admit consistent estimators
based on extremes.
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1. Introduction

1n his classic paper on the distribution of extreme values Gnedenko
(1943) defined a law of large numbers and also relative stability for
maxima. He gave necessary and sufficient conditions for both properties
to hold. Jrom Gnedenko's definitions it is easy to see that a location
family of distributions each satisfying the law of large numbers for waxima
admits a consistent estimator of the location parameter based on the maxima.
Normal distributions with a known, fixed variance are such a family.
Similarly, a scale family of distributions each satisfying the condition
that the sequence of successive maxima is relatively stable admits a con-
sistent estimator of the scale parameter based on the maxima. Gamna
distributions with known, fixed location and shape parameters are such a
family.

This paper gives conditions on the distribution functions similar to
those given by Gnedenko for the law of large numbers for maxima and for
relative stability of maxima which are sufficient for the existence of con-
sistent estimators of parameters or functions of parameters for a very

broad class of families of distributions.

2. Conditions for Consistent Estimation Based on Extremes

Let @ be a family of distributions parameterized by a set of
vectors ¢ .

Assume that all members of % have infinite tails. that is, FO(X) < 1
for finite x. Here 0€0, FGE%F.

Let ¢ be a real-valued function on ©. Assume the range of ¢ s

ppen.



DEFINITION 1. The family of distributions 4 will be said to be

stochastically ordered in the tail with respect to ¢ if for any ¢1 < ¢2

in the range of ¢ there exists an x such that for any 01, 026 0 with

0
$(0) < by5 ¢(6,)

v

¢2 we have

F_ (x)
0y 2

v

Fy (x) for all x 2 g (1)

THEOREM 1. Under the assumptions above and if # is a family of
distributions stochastically ordered in the tail with respect to ¢ then
there exists a consistent estimate of ¢ based on the maxima if for any

¢l < ¢2 contained in the range of ¢

P, (X > x)

Bxs w0 a8 x o @)

for all 01, 62 such that ¢(91) = ¢l, ¢(02) = ¢2.

PROOF. Assume that (1), (2) and the other conditions on %+ hold.

Let Xl, XZ,...,Xn be independent random variables each having distribution
. max X '

i 0. & O. i = i=1,... i = .

FHO. OL ) Write Yn i=1, ,n i, and ¢O ¢(60)

~

An estimator ¢n of ¢O based on Yn will be constructed and it will

-

be shown that ¢n ——— ¢O as n ———> o,

For any v > 0, € » 0 we want to show that there exists an integer n,

such that P(|<¥)n - ¢0| <y)21-¢ for all n>n

0
Define. ¢ = inf {¢ : ¢ = ¢(0), Po(X 2 Y ) 2 1/n}
&;n = sup {¢ o= ¢(6), Pe(x > Yn) < 1/[1}
én = Qn/Z + 5n/2, unless gn = -, 5n —_—
in which case $ = 0.
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where

Notice that
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n

Choose values ¢1, ¢2, ¢3, ¢4 in the range of

¢0 -e < ¢1 < ¢2 < ¢0 < ¢3 < ¢4 < ¢0 + ¢

We will show that there exists an integer n

0

1. P(¢1 < Qn) >1 - ¢/2, and

2. P($n < ¢4) > 1 - e/2.

Part 1. Let

= ¢

i

for

Define. Y*
— n

Notice that
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Pick an x

P
§ =
1
Choose
P
P
P
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1’ %9 63, 646.9 such that

1
-
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»
-
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= inf {yn : P (X > yn) < 1/n}.

%y
P. (X27Y* > 1/n.
62 n
*
er Pe (Yn > Yn).
0
0 such that
62(X z x)
- TR < 61 for all x 2 XO
0
1/1n(2/¢).
n such that Y* > x.. Then
n 0
- uk
IR R
0 n
0
% *
60(X > Yn) > PGZ(X > Yn)/dl > l/nél,
%
0 (X < Yn) <1 1/n61. Therefore

¢ such that

such that for all



* n
PGO(Yn < Yn) < (1 - l/nél) < exp(—l/dl), and

* _ _- 1 e
PGO(Yn > Yn) > 1 exp( 1/61) 1 ef2. (3)

Now show that
> Y*yC
{Yn Yn}CL{¢l < ¢n}. (4)

Consider any point contained in the left-hand set in (4), that is,

Y =y > Y:, and any 6x€6© such that ¢(0x%) = ¢x < ¢1. and show that

P (X2y) <1/n.
0%

We know that

P (Xzy) <1/n (3)
2

by definition of Y: and the fact that y » Yz.
Since 4 is stochastically ordered in the tail we know that there
exists an Xy such that
F, (x) 2 F, (x) ' (6)
04 02
for all x 2z Xy and for all 64 such that ¢(8%) < ¢1.

Let n be large enough so that Y: > Xp-

Then, from (5) and (6) we have

P, X2y) < 1/n.
O

But this is true for all ©6x such that ¢(6%) = ¢x, ¢x < ¢l and

s0 by definition of ¢n we have



Thus

{Yn > Y:}C{tbl < Qn} and, using (3),

P(d)1 < gn) > 1 - ¢/2.

Part 2.

Defj ** o= y_ 1.
efine,. Yn sup {yn P63(X > yn) > 1/n}

Notice that P (X > Y**) < 1/n.
93 n
Consider P, (Y < Y**).
60 n n

Pick an X, such that

P, (X 2 x)

8 .
._..0__.___.<(S
P. (X > x) 2

%3

for all x > X,

where 62 = g/2.

Pick n large enough so that Y:* > X, Then

*k
Yn )

P, (X > ¥°%) < 8y

)
~

>
v

*k
] P, (X2 Yn ) < 62

0 3 2 6

3
< Gz/n. Then

POO(X < Y:*) >1-8,/n, and

P, (Y < Y:*) > (1 -52/n)n >1-8,=1-¢/2.
0

Now show that

%% "
{Yn < Y7 }CI{¢n < 941

P (X>Y*) <5 P (X>Y*%
0 n - - n

(7)

(8)



Consider any Yl =y < Y:* and any 6% such that ¢(8%*) = ¢* > ¢4
T

and show that

P.(X>vy) > 1/n.
%

Pick some small A > 0 and
. _ *k
Define. Yo = max{(y, Yn A).

By definition of Yg* we know that

*
Y*
n

P03(X > yA) > 1/n, since Y, <

Since %~ 1is stochastically ordered in the tail we know that there exists

an x3 such that

F.(x) 2 F 4(x) for all =x > x and for all
63 8] 3

6* such that ¢(0%*) > ¢3.

Let n be large enough so that YZ* - A2 Xge Then

PG*(X > y) > Pﬂ*(X > yA) > P, (X > yA) > 1/n,

8y

k%

since Y < Yn .

But this is true for all 6% such that ¢(6%) > ¢4 and so by

definition of $n we have
o < ¢,

Thus

{Yrl < Y;*}C{an < q‘)4} and, using (7)

P(o_ < 9, > 1 - e/2.



Finally, for n large enough
P(¢0 -y o< ¢1 S <9< ¢4 < ¢0 +v) > L -
and so
P(|<bn - ¢0| < y/2) >1 - ¢ for n sufficiently large. []

Comment. The condition (2) in Theorem 1 is sufficient but it is not
necessary. This is shown in the following:

Example 1. Let Fe be a location family of geometric distributions

defined by

P (X = k +0) = (1/2)%, k = 1,2,3,...; 8€(0,1).

Clearly Yn(mod 1), where Yn is the maximum of n independent

observations from distribution FO’ is consistent for O, but the condition

(2) fails to hold here.

Comment. The condition (2) is equivalent to

PO (X » x)

1
F——Ti—;——x—) === (0 as x ———-—- > (8)
0
2
for all Ol, 92 such that ¢(61) = ¢1, ¢(02) = ¢2 in the case that the

distributions considered are continuous. Condition (8) is not sufficient in
the case of discrete distributions, however. This is shown in the following:

Example 2. For 0 & (0,1), define L by

)

—

]
1l

- 1) = 1 - exp(-20),

<
]

k) = exp(-(k+20) (k+1)) - exp(-(k+1420) (k+2))



This family satisfies condition (8) and the conditions of Thecorem |
except (2) but it does not admit a consistent estimator of © based on the
maxima.

The families of distributions which satisfy the conditions of Theorem 1
include normal distributions with fixed, known mean; normal distribut ions
with the means lying in some known, finite interval; gamma distributions with
fixed, known location and scale; and Poisson distributions.

While maxima are often more interesting than minima Theorem 1 obviously

may be applied to minima as well as maxima.

3. Sample Size Unknown and Monotone Random Truncation

Procedures based on extremes have the marked disadvantage that except
in a few unusual cases they are inefficient, usually very inefficient. The
distributions of extremes change very slowly with sample size. As a con~
sequence, estimation based on extremes may be little affected by errors in
sample size or by systematically missing observations. This is made precise
in the following two theorems.

DEFINITION 2. Let ny be the value of the sample size used in the

estimation when k is the true sample size. Then the sample size will
be said to be known within bounded relative error if there exists a finite

g > 1 such that
1/8 < nk/k < 8 for all k.

THEOREM 2. 1If a consistent estimator of a parameter based on the maxima
exists then this estimator will remain consistent if the sample size is only
known within bounded relative error.

The proof of this theorem and the next will rely on the following:



LEMMA 1. Let {Pk} and {Qk} be sequences of probability measures

on the measurable space {X,Q} and let {Ak} be a sequence of events in

@. Assume that Pk is absolutely continuous with respect to Qk for all

k and let fk(x) be the Radon-Nikodym derivative of P with respect to

k
Qk' Further, assume that Qk(Ak) --~> 1 as k --—» «®, Then Pk(Ak) -_— 1
as k —---» « if for each ¢ > 0 there exists a finite number b, a

sequence of sets {C 1}, Ckéza.and an integer k. such that {x : fk(x) > b}CCk

k
and Pk(Ck) < g for all k > k

0
0

PROOF OF LEMMA 1. Assume that

Qk(Ak) -—=> 1 as k —==> o,

Pick an € > 0 and let b, {Ck} and kO satisfy the conditions of

the lemma. Then
Pk(Ak) < g + ka(Ak) for k > kO.

But Qk(Zk) ~-——+ 0 as k -=-— =» by assumption. Since ¢ 1is arbitrary we

have

P (A) —=— 1as k ——— =[]
Now we return to the proof of the theorem.

PROOF OF THEOREM 2, Let the value we desire to estimate be ¢0 and

]. t_ (} _——— ———-F OO N - " Y
e ¢n ¢0 as n where ¢n ¢n(n, n), where Yn represents

the maximum of n i.i.d. r.v.'s.

Consider two cases: (1) n, < k, and (2) 0 > k.

Case 1, nk < k.

Here Pk is the distribution of Yn ., the maximum of nk independent
k
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variables having distribution F, and Qk is the distribution of Yk.

fk(x) = de(x)/ko(x).

Notice that fk(x) is monotone non-increasing in x. Pick an & - O.

. nk
Define. X, = sup {x : F(x) < e/2}.

a) Assume first that x is a continuity point of F. For x > x

0 0

(nk—k)/k

A

£ (x) < n F(x) S/kF(x )% = n F(x.)
PRSI Wl ) ¥/ T My

[T

(nk/k)(Z/E.)B"l < (2/8? -1 finite since
0y
F(xo) > ¢/2 and 1 < k/nk < B. Also

Pk{x : fk(x) > (2/5)6_1} < F(xo)nk < /2.

b) Assume now that x is a discontinuity point.

0

For x > x fk(x) will be bounded by (2/1:)8"l by the same argument

0

as in a).

Consider

Again

X fk(x) > (2/5)8—1} < F(xo)nk < ef2.

Pk{

Case 2. n > k.

fk(x) < nk/k < B for all x.

In either case the conditions of Lemma 1 hold. Existence of a consistent
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estimate ¢n of ¢0 implies that $n(Yn) is eventually in any neighborhood
of ¢0 with arbitrarily high probability less than one. For any neighborhood

of ¢0, let {Ak} be a sequence of sets such that $n(Yn) is in the

neighborhood of ¢O if Yné_An. Thus, for some such sequence {Ak}

‘ Qk(Ak) -—~> 1 as k —==> @
and this implies that
Pk(Ak) --—> 1 as k ———> =,

Therefore $n(Yn) is consistent for ¢O even if n 1is known only

within bounded relative error. [:1

DEFINITION 3. A distribution F will be considered to be subject to
monotone random truncation if there exists a monotone function p(x) which
will be the probability that a variable X = x from F will be observable.
The truncation will be said to be decreasing if p(x) is non-decreasing.

If Y 1is the observable variable then Y will have the distribution G:

G(y) = P(Y £ ¥) = 7 p(x)dF(x)/c where c = [ p(x)dF(x).
Assume that c¢ > 0 since if it isn't nothing is observable.

THEOREM 3. 1If there exists a consistent estimator ¢n(Yn) of the value

based on the maxima then this estimator will also be consistent under

%0

monotone (decreasing) random truncation.

PROOF. Let Pk be the distribution of the maximum of k 1independent

variables each having distribution G, Qk the distribution of the maximum of
k independent variables each having distribution F, Pk is absolutely

continuous with respect to Q for all k.

fk(x) = de(x)/ko(x).
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For x a continuity point of F
; k-1
L0 = (G/FE)) ™ “(p(x)/e) < /e

finite for all x.

For x a discontinuity point of F

finite for all x.
The conditions of Lemma 1 are thus met and the consistency of &n(Yn),
where the variables for which Yrl is the maximum are drawn from G, follows

from the same argument with which the proof of Theorem 2 was concluded. [:]
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