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1. Introduction. A number ¢f tests have been suggested
for detecting outliers. Usually these tests are based on
the assumption that the observed data is normally distributed,
with or without normal contamination. Neyman and Scott
(1971) have raised the possibility that certain distri-
butions might be likely to produce "outliers" as they are
implicitly defined by the tests to measure them.

Let Sn be a sample of size n of independent observations
of random variables with common distribution F. Let the
variable values be denoted X1, X2, orey Xn and let the
X

ordered values be X X _+ Then Neyman and

ni? "n2? ***? “nn
Scott call Knn a k-outlier if Xnn - Knn—1:> k()(nn_1 - Xn1)'
Following Neyman and Scott we have the following definition.

DEFINITION 1. A family of distributions & will be

said to be outlier-prone completely if for each €0,

k 20, n> 2 there exists a distribution Fe xn € pe
b4 ?

such that for a sample Sn of size n from F

/

(1) PX =X 4> k(X - X)) > - €.

nn nn-1

If a family of distributions is not outlier-prone it will

be said to be outlier-resistant.

Neyman and Scott show that the family of gamma

distributicns is outlier-~prone as is the family of



lognormal distributions.

Unfortunately, the idea of outlier-proneness in this
form does not apply to individual distributionsi This is
shown in the following theorem.

THEOREI 1. No single distribution (that is, no one-

member family of distributions) can be outlier-prone

completely.

PROCF. Let F be any distribution. Assume F is not

unitary since if it were (1) would not hold for any € €1,
If F is not unitary then there exist disjoint closed
intervals A = {a,‘ , a2] , B = [b1, b2] , where a, £ a, <

< b, =< b,, such that P(A) 2 0, £(B) > O.

2’
Let & = min(P(4), P(B)).
Then, for }‘: 380 > 0, k = (b2 - b1)/(b1 - a2) > 0,

n = 3%, we have
Pllgs = Xyp Thllgy - X50)) €1 - €

and thus F does not itself comprise a completely outlier-
prone family. a

It might be noted here that no family consisting of
a finite number of distributions can be outlier-prone
completely.

The concern, however, is with individual distributions
since the observations of interest will be considered to
come from some distribution and not from some family of
distributions. In the next section definitions are given
which apply the ideas of outlier-proneness and outlier-

resistance to individual distributions. Gnedenko's (1943)



definitions, his law of large numbers for maxima and his
theorem on relative stability of maxima are quoted.

In the third section of this paper theorems are given
connecting the definitions of outlier-proneness and outlier-
resistance to the classical lawé of large numbers for
maxima given by Gnedenko. In the fourth section conditions
on the density sufficient for outlier-proneness or outlier-
resistance are given. Finally, a classification of dis-
tributions according to their outlier properties is

suggested.

2. Preliminaries. Throughout this paper the following
two assumptions will be made about the distribution
function F(x):

ASSUKPTION 1. F(eo) = 1.

ASSUMPTION g; F(x) £ 1 for all finite x.
We now define outlier-prone and outlier-resistant for
distributions.

DEFINITION 2. A distribution F will be said to be

absolutely outlier-resistant if for. gll € >0 we have

P(X - X4 2€) -0 as n-—-e.

DEFINITION 3. A distribution F will be said to be

relatively outlier-resistant if for all k > 1 we have

P(Xnn/xnn—‘l > k) -=9 0 as n--Ye0.

DEFINITION 4. A distribution F will be said to be

absolutely outlier-prone if there exist constants €20

and & >0 and an integer n, such. that

P(X,_ -X ., >E&) =&



for any integer n Z Ny

DEFINITION 5. A distribution F will be said to be

relatively outlier-prone if there exist constants k2> 1,

8 >0 and an integer ny such that
C /5 >
P(X /X, >k) Z 8

for any integer n Z Nye

In his 194% paper Gnedenko defined a law of large
numbers for maxima and relative stability for maxima.
DEFINITION 6. The sequence of successive maxima

(2) . X11!X

22’ o0 0y Xnn’ * e 0

of a sequence of independent random variables

X1, X2, ey ,Xn’

having distribution F is said to obey the law of large

numbers if there exists a seguence of constants {An} such

that for any &€ 20

LE’(IXnn - Anl £E€) --> 1 as n--de0.

DEFINITION 7. The sequence of successive maxima (2)

will be called relatively stable if there exists a seguence

of constants {Bn} such that for all £ >0
1in  *on
n-w(l*ﬁg- <€)=

Gnedenko proved the following two theorems.

THEOREM 2. For the sequence (2) to obey the law of

large numbers when Assumption 2 holds it is necessary and

sufficient that for all €20

lim 1 -~ F(x+€
X-%0 1 - F(X) -=> 0.




THEOREM 3. For the sequence (2) to be relatively -

stable when Assumption 2 holds it is necessary and suf-

ficient that for all k > 1
lim 1 - Flkx
x-y00 1 - FZX; --* 0.

3+ Theorems on outlier-proneness and outlier-resistance.

Geffroy (1958) showed that if the sequence (2) satisfies
the law of large numbers, so does the sequence of k+1st
largest observations with the same constants. He also
showed that if the sequence (2) is relatively stable then so
is the sequence of k+1st largest ebservations with the
same constants.

From the results of Gnedenko and Geffroy the following
two new theorems about outlier-resistance follow as
corollaries.

THEOREM 4. Under Assumptions 1 and 2 the distribution

F will be absolutelv outlier-resistant if and only if

for all €20

lim 1 - F(x+€

-y 1 - F(x = 0.

THEOREM 5. Under Assumptions 1 and 2 the distribution

P will be relatively outlier-resistant if and only if

for all k> 1

lim 1 - ngx; -0
x-yo0 1 - F(x) = 7°

COMMENT. If the members of a location family are

absolutely outlier-resistant then the location parameter

may be consistently estimated by the use of the maxima.



If the members of a scale family are relatively outlier-
resistant then the scale parameter may be consistently
estimated by the use of the maxima.

Absolute and relative outlier-proneness are equivalent
to conditions on the distribution function similar to those
of Gnedenko. This is shown in the following two theorems.

THEQOREM 6, Under Assumptions 1 and 2 the distribution

F will be absolutely outlier-prone if and only if there

exist constants €20 and & >0 such that

1 - F(x+E
1 - F(x

>§ for all finite x.

PROOYF. The proof consists of two parts.

(1) Assume that there exist constants 20, @ >0,
say ks B such that

1 - F(x+ﬂo)
T = (%) Z‘-O(O for all finite x.

Now prove that there exist constants \E >0, 8 >0 and
an integer Dy such that

- > >
P(X, - X, >£)28 for all n Z n,.

nn-

Let €=4,, 8= %e—1K02 and n 2.

O =y
Pick any integer n 2 Ny and define

u, = sup(x: F(x) £1 - 1/n). We have

(3) P(X, = Xpn 1 > B0) Z nP(u )™ (1 - Flu +B))).
Consider the right-hand side of (3) factor by factor.

F(un) Z 1 - 1/n by definition of u .

Flu )" ' Z Fu )2 (1 - 1/0) 2 471,



While
1 - F(u_+A,)
n 0’ o
T Fu) %o and
n
1 - F(u)
S 2d b i
= = y assumption.
1 - F(un-pof 0
Therefore
1 - F(u +BO) Zd 2
1 - F(u —pOT
But

1 - F(u -po) 1/n, so

n(1 - Flu_+f,)) 22,

Therefore

P(Xnn - X 1> ﬂo) 2 %8_10(02 for all n Zn

0°
This completes the proof of part (1).
(2) Assume that for all o> 0, B >0 there exists
an x(¥, M), call it Xy, such that
1 - F(xo+,5) ‘a
1 - Fxgy) d

Now prove that for any constants € >0, d >0 and

any integer Ny there exists an integer n Z Ny such that

P(X - X, 4> € KX

Letf =€, = gmin(1/24, /4, 1/no), and let x, satisfy

1 - F(xo+p)

1 - F(x <&,

o)

Let

n =[?(1 -SF(XO+,3) )]



and show that n 2 n, and that

-] £
p(x, -k _, > E)<8,
First, n Zno, since

1 - F(xoﬂs) S

T - F(xg) £ 55 or

| - F <
(xo+ﬁ) -

) :
Bo € ZTT = Flxgr 7)’ While

)
n =[2T1 - Fﬁom)]‘

Now show
P(X, - X, _, ZE&) 46
Ve have
(4) P(X,, - X g > €) 2 P(X > x,*h)

+ P(X € x5) + P(X 4 £x5, X >x5).
Consider the right-hand side of (4) term by term.
P(X,, > xy+A) = 1 - P(X_ £ x,+8)
=1 - (F(xo+ﬁ))n
=1 - (1 - (1 =F(x+p)"
£Zn(1 - F(xO+P)).
Therefore,
P(X > xy#B) £ n(1 - F(xy+B)) < §/2

by definition of n.

Next

P(X > %) = (F(xo))n

= (1 = (1 = F(x5)))" < exp(-n(1 - F(xy))).



Finally

£
P(Xnn—1 = Xp» Xnn> XO)

= n(P(xg))" (1 - Flx,))

= n(1 - P(xy))(1 = (1 = Flxy)))™"

2 n(1 - F(xy))exp(=(n=1)(1 = F(xy)))
£n(1 - F(xg))exp(-(n/2)(1 - P(xy))).

1 —‘F(xo+ﬁ)

1 - F(xo)> <

5 . eaa
n.>'4(1 — F(Xo+ﬂ7) by definition of n, so

by assumption, arnd

n(1 - F(xy)) > §//X.

o = %min(1/24, §/4, 1/ny).
Therefore
n(1 - F(Xo)) 7’245 and-n(1 - F(XO)) >12.
We have, therefore,
exp(-n(1 - F(x5))) + n(1 - Flxg))exp(-(n/2)(1 - F(xy)))

< §/2.
Thus

>£)<8. 0

This completes the proof of part (2) and thus of the

P(Xnn B Xnn-1
theorem.

There is an anologous theorem for relative outlier-

proneness.
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THEOREM 7. Under Assumptions 1 and 2 the distribution

F will be relatively outlier-prone if and only if there

exist constants k > 1, 8 >0 such that

4

1 - F k){ > R R
17,5 =8 for all finite x.

PROQF. Theorem 7 follows directly from Theorem 6

if the following itransiformation is made:

Y

b

= logX for X > 1,
=0 for X £ 1,
Under this transformation FX will be relatively outlier-

prone if and only if FY is absolutely outlier-prone.

4. Conditions based on densities. The conditions
for outlier-proneness and outlier-resistance used in
Theoreams 4 through 7 are conditions on the distribution
function. For certain well-known distributions the density
exists and is more likely to be used to represent the
distributition thun is the distribution function. In such
cases it would be useful to have condéitions for outlier-
proneness and outlier-resistance based explicitly on the
densities. Such conditions are given in the following two
theorems.

THEOREM 8. If Assumptions 1 and 2 hold and if

the density T(x) exists then the conditions

a) f(x+£/1(x) -->0 as x -=—Ye@for all £€>0, and
b) f(kx)/f(x) --» 0 as x ~-» @0 for all k >1

are sufficient for nbsolute and relative outlier-resistance

respectively. These conditions are also necessary if

we add the condition that the density has a monotone




i1

right tail.

PROOF. The proof is given for absolute outlier-

resistance. The argument for relative outlier-resistance
is similar.
(1) Sufficiency.
Assume that
f(x+€)/f(x) --» 0 as x —--) e0 for all € > 0.
Simply choose Xq such that
f(x+8)/f(x) <€ 8 for x 2 X
Then we have 0

1 - F(‘X+Q _ L f(z)dz
1 - F(x) f”fwmz

.{; f&Y'}'E)dV 48 f ?
j; f(y)dy or X XO

(2) Necessity.

For any £O7 0, let x lie in the monotone tail and

define

é. = F(X+£O/2) - F(X)’

b = F(x+£o) - F(x+£o/2),

c =1 - F(x+€,). DNote: b & a.

Now )
£(x+80) _beb+cc2b+c)
T(x) = a™a + c a+ b i )
1 - F(x+€,/2)
= 2 T = F(X)O '“‘) 0 as x _"§Qo G

THEOKEM 9. If Assumptions 1 and 2 hold and if

the density f(x) exists then for absolute and relative

outlier-proneness the following conditions are sufficient

respectively:
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¢) There exist constants €>0, & »0, X, such that

f X+£ >
T > 8 for all x Zx,, and

d) there exist constants k > 1, >0, X, such that
x __8‘orallx..xo.

These conditions are not necessary even if we add the

condition that the density has a monotone right tail.

PROOF. The proof is similar to that for Theorem 8.

5. Classification of distributions according to their
outlier properties. The iaeas of absolute and relative
outlier-resistance and outlier-proneness refer to the
right tail of a distribution. (We could, of course,
apply the same ideas to the left{ tail.) It is possible
to classify distributions according to properties of
their tails (right tails).

Any normal distribution is absolutely outlier--
resistant and therefore also relatively outlier-resistant.
Such a distribution (call it Class I) cannot be absolutely
outlier-prone. A Cauchy distribution will be relatively
outlier-prone (Class V) and therefore also absolutely
outlier-prone. Such a distribution cannot be relatively
outlier~resistant. An exponential distribution is ab-
solutely outlier-prone and relatively outlier-resistant
(Class III). There are six possible classes of distri-
butions according to properties of the right tail. These

classes are shown in Figure 1.
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Relatively

. Absolutel
resistant (II) ¥

prone (IV

Relatively

Absolutely
prone (V)

resistant (I)

(V1)

Figure 1 The six outlier classes.

The Poisson distribution belongs in Class II, being
relatively resistant but neither absolutely resistant nor
absolutely prone. It was necessary to construct examples
of distributions belonging to Classes IV and VI.

EXAMPIE OF CLASS IV. Let X have the discrete

distribution indicated by the following:
P(X = f(k)) =275, x =1, 2, 3, ... where
(k) = 10[10321‘] +k ~ 2[l°g2k] .

Then X is in Class IV.
EXAMPILE OF CLASS VI. Let Y have the discrete

distribution indicated by the following:

Y=2k’k=o, 1, 2’ s e

k) _ e-\}k

- k!

P(Y = 2 , V>0,

Then Y is in Class VI.
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