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Cannibalism is a widegpread phenomenon in the natural
world (Fox 1975). Cannibalism may be inmportant in reculating

vopulation size and in influencinge commaani vy structure. ror
I )

certuin animals concpecifics provide & subgstonticl pro-
portion of Tood intake. lFor example, in nig ctudy of
5 eomed

the desertAscorpion Paruroclbonus mesaensis, roils (1979
found that 28/, of the biomacs insested by scor.icns waos
frou other ccor:iions of the same species.
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in one anincl it 15 pecessary to conswine severa
bilonass. Yhe ratio of the bLiomassc produced to the bicnase
consuwaed is referred to as the "growth citicicncy" of tne
animal (see Slobcdkin 1901, .acfadyen 19¢%). Lhe STroviLil
cflficiency of the Jdesert scorpion ic nct known precisely

(but see Yokota 1979 Tor data on incorporution elTicicrcy).
According to nacladryen, Gere (1997) gives a srowth efficiency

value of around 14 for tervestrial invertebrates. oscorpions

are "oit and wait" predators with low netavolic costs and



o

might have a greater growth efficiency tran soume cther
terrestrial invertebrates, but sirce the scorpionc mature
slowly their growth efficiency probably ic not much greater
than 15%.

Jince about 28% or the biomass concumed by the desert
scorpion is Troir conspecilics nmost wdult scorpionc will
have eaten at leust one und verhanc more of their fellows.
This situvation recembles that of the apocryphal eccnomy in
which everyone nakes nis living Ly taking in his neighlor's
laundry. The question is this: If we start with o given
large number of youns scorpions and they eat ecch other
(and other food as well) until they are adults, how many
scorpions will survive to adulthocd (ignoring other sourcec

of predation on scorpions)?
Al Ul 0Lk L

It is possible to construct and analyze an urn nodel
wiich rouslhily represents the cannibalisn found in desert
gcorpions. In the following model it is assumed that cach
animal (or ball) will eat exactly one other, or will be
eaten itself. UYhe victinms of each act of cannibaligm will
be chosen at randou, with individuals that nave alrea Ted
being ac likely to be eaten as those that have not Ted.

Uhe urn wmodel Tor tn: cannibaligi. process nay be

degcribed as rollows:
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1. An urn originally contains If balls. Thece talls are
all "innocent'", white ballg; tney nave not yet eaten anycne.

2. Abhite bell is taken from the urn and painted blacxk, .

(+he vichim)
indicating it has become a cannibal, and another ballﬁis
chosen from the urn and digscarded. Then the painted ball
is returned to the urn. “he urn now contains N - 1 halls,
one black and Il - 2 white.

2. A white ball is taken from the urn, painted black,

and another ball (which nmay be either black or white) is

ot ~andum Balls "evmn\u-:j avs f-}..(_
drawn frou the urn and discarded. Tnen the painted ball is
returred to tihe urn. .afver the cecond draw the urn containg
N - 2 balleg, one block and I - % white 17 the discarded ball
was black, or two blacx and N - 4 white it the discarded
tall was white.

4. Thig precess continues: a whilte ball is drawn and
rainted blacik, another ball is drawn a«l random and dis-
carded and the painted ball is returned %o ithe run. 2he
rrocess continues until all the balls in the urn are black
(have eaten sowecone). Wwhen thig haprens there will be sone
nuzsher, 4, of blacx balls in the urn. The questioa is,
what will 2 be?

The value 4 will be a random variable. The snallest
rosgible value will be 4 = 1, wnich will have probability
1/(N-1)!. 'The largest possible value will be 4 = H/2 if
N is even, or (i-1)/2 i7 4 is odd. Tor i even 2{(4 = ii/2)

1227 o 1 ooad wld = (He1)/2) = aepli=1)/2=0



THE DISTRIBUTION OF Z, THE NUMBER OF CANNIBALS
IN THE URN AFTER EZEVERYCHNE'S EATEN

I do not know any simple, explicit expression for the
distribution of Z, but there exists 2 sinmple iterative
expression which may be used to compute the distribution
numerically.

Let x(t) denote the number of black balls and y(t)
the number of white balls in the urn at time t (after the
tih draw). Denote the probability of ever having x black
balls and y white balls in the urn by P(x,y). Since x + y
= N~ %, it is not necessary to indicate explicitly that
x and y are functions of t. For N = 2 after one draw we
have

P(1,N-2) = 1 and
(1) P(x,N-x-1) = O for all values of x other than 1.

Then we have the iterative expression

= X +1
(2) P(x,y) = g5 Plx,y+1) + Lo P(x-1,5+42).

Notice that (1) and (2) depend on N, the number of balls
originally in the urn.

In order to find the distribution of Z we start with
(1) and then use (2) to find all the non-zero values of
P(x,y), first for x + y = N - 2, then for x + y = N -3,
then for x + y = N - 4 and so on until x + y = 1. The
distribution of Z will be given by P(Z = x) = P(x,0) for

x=1,2, «.., N/2 or (N-1)/2 depending on whether N is



even or odd, respectively.

The distribution of Z is given in Table {1 for N = 5,
10, 15, 20, 25, 30, 35, 40. Table | also gives velues for
the mean and variance of Z and values for the mean and
variance divided by N. It is seen that the mean divided

1

by N rapidly converges to e ' as N increases, while the

variance divided by N rapidly converges to 30'2 - e-1.

It is easy to see that a result like the law of large
numbers holds for the cannibals' urn. The idea is this.
For some large number‘of balls N originally in the urn,
the number of black balls in the urn after t draws, X(t),
is equal to the number of wnite balls drawn as "victims" in
the t draws. On each draw the "victim"” is a white ball or
not and xX(%t) may be thought of as the sum of t random
variables, each taking value O or 1 with some probability
which depends on the number of the draw. These 0O-1 random
variables will be negatively correlated with each other and
the variance of X(t) will thus be less than .25t. Chebychev's
inequality may be applied in the same way as in the Bernoulli
law of large numbers.

while it is clear that a version of the law of large
nunbers must hold, it is necessary to do a calculation to
determine what the limit of Z/N will be. Since it is the
limit that is of interest we can assume that N is large and

consider a continuous, deterministic version of the process.



Let t represent the proportion of balls discarded from the
urn ("eaten") and let u(t) and v(t) represent the proportion
of black and white balls, respectively, in the urn at the
time when proportion t balls have been discarded.

We have u(0) = 0, v(o) =1, and

du(t) _ v(t) .
dt u(t) + v(t)

(3) av(t) | _, _ du(t)

dt dt '

and

which can be solved numerically and evaluated at v(t) = O.
The desired value is the value of u(t) when v(t) = O.

! and the

Calculations show this value to be close to e
value becomes closer as the calculation becomes more precise.

Not only does a type of law of large numbers hold fér
the cannibals' urn but it seems that a central limit theorem
will hold as well. It is not yet clear how to prove this,
but numerical calculations of the first six cumulants of 2
strongly suggest that these cumulants are all of order N.
Table 2 gives values for the first six cumulants divided by
N for N = 5, 10, 15, 20, 25, 30, 35, 40. Even for such
snall values of N it seems that the cumulants divided by
N converge rapidly to constants.

If the central limit theorem suggested by the numerical
calculations is true, then for large N the number of can-
nibals left after everyone has become a cannibal or a
victim will have approximately a normal distributiomn with

mean = e~ 'N and variance = (30-2 - e“‘)N.



DISCUSSION

The cannibals' urn described in this paper provides
only a rough representation of the process of cannibalism
seen in the desert sand scorpion, which it was originally
intended to model. The model does illustrate a number of
interesting mathematical points, however. One of these is
that if we consider the sequence of urn sizes: N = 2, 3,
4, 5, 6, ... and for each we look at the total number of
possible outcomes, characterized by the sequence of colors
of the balls discarded, we see that these  numbers of
possible outcomes for urns of the various sizes forms a
Fibonacci series. For example, for N = 6 the possible
outcomes are: WWW, WWBB, WBWB, WBBW, WBBBB. If we represent
the number of possible outcomes for an urn of size N by
F(N), then we have: F(2) = F(3) =1, F(4) =2, F(5) = 3,
F(6) = 5, F(7) = 8, and so on.

There are several reasons the cannibals' urn is an
unrealistic model.

1. The model assumes that all balls are equally likely
to be chosen as "victims". Among the scorpions the older
age classes tend to prey upon the younger, although can-
nibalism sometimes occurs within an age class. Since
larger scorpions eat smaller ones, it would take several
victims to equal the biomass of the cannibal.

2. The model assumes that each ball "eats" exactly




one other ball, or is eaten itself (and possibly both).
This is unrealistic for two reasons.

a) If the proportion of the diet made up by conspecifics
is not equal to the growth efficiency then the average
adult will not have to eat his own weight's worth of con-
specifics. In the desert sand scorpion he may have to
eat more.

b) The number of other scorpions eaten does not have

to be the same for all surving individuals.

The cannibals' urn is not appropriate for the desert
sand scorpion because of 1. However, if each individual
has more than one victim, as suggested by 2a), this can
be incorporated in the model. A calculation similar to
that using expressions (3) may be done. If each cannibal
eats two victims then the number of survivors will be
approximately e °N.

It is not clear whether 2b) will have any effect on

the general conclusion of the model.
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Table 1:

remaining in the cannibals' urn at the end of the process.

Dissribution of Z, the number of black balls

The values in the table are probabilities: P(Z = z), for

various values of N, the number of balls originally in

the urn.
N

5 10 15 20 25 30 35 40

1 .1667 .0000 .0000 .0000  .0000  .0000 .0000  .00QQ

2 .8333  ,0191 .0000 ,0000 .0000 .000Q .0000  .0QOO

3 .3455 .0025 .0000 .0000 .000C .0000  .0000

4 .5729 .0755 .0003 .0000 .0000 .0000 .0000

5 .0625 .4015 .0138 .0000 .0000 .0000 .000O

6 .4424 1379 .0023 ,0000 .0000 .0000

7 .0781 .4070  .0351  .0004 .0000 .0000

8 .3598 .1899 .0077  .0001 .0000

9 .0792 .3918 .0630 .0015  .0000

10 .0020 .3013 .2278 .017%  .0003

11 .0754  .3681 .0931  .0041

12 .0041  .2572 .2527 .0305

13 0700 .3416  .1222

14 .0057 .2225 .2670

15 .0001 L0643  .3149

16 .0069  .1943

17 .0002  .0587

18 .0076

19 .0003

20 .0000
mean..-1.8333 3.6788 5.5182 7.3576 9.1970 11.0364 12.8758 14.7152
nean/N .36667 .36788 .36788 .36788 .36788 .36788 .36788 .36788
Varad2, ,13889 .38133 .57190 .76253 .95316 1.14379 1.33442 1.52506
Var/N. .02315% .03813 .03813 .03813 .03813 .0381% .03813 .03813



N

10
15
20
25
30
35
40

Table 2:

KI/N

.36666667
.36787946
.36787944
.36787944
.36787944
.36787944
.36787944
.36787944

Cumulants/N for various values of N.-

K3/N
(110-3)

K2/N
(110'2)
2.77717718
3.8132613

3.8126408.

3.8126409
3.8126409
3.8126409
3.8126409
3.8126409

-18.

518519

.5643453
. 7580174
< 15779457
.7579457
1579457
. 1579457
. 1579457

K4/N K5/N

(x1077) (x1074)

4.6296296 123.45679
-1.3570281 81.952175
-3.3030914 8.1788067
-3.298T7432  9.2749404
-3.2987445  9.2737142
-3.2987445 ' 9.2737146
-3.2987445  9.273T121
-3.2987445 9.2737116

X6/N
(x107°)

-23.662551

3.6173583

.044041609

1.4141451
1.4085611
1.4085801
1.4085723
1.4085752





