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Inference tasks

Simplequeries computeposterio maginalP (X |E = e)
e.g.,P(NoGagGauge= empty, Lig hts = on; Starts = f alse)

ConjunctivejueriesP (Xi; X;JE=¢e) = P(X;JE=¢e)P(X;]Xi;E =€)

Optimaldecisionsdecisiometvorks includeutility infamation;
probabilistianferenceequiredor P (outcomgaction; evidence)

Valueof infamation whichevidencéo seeknext?
Sensitivig analysiswhichprobabiliy valuesare mostcritical?

Explanationwhydo | needa newstater mota?
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Inference by enumeration

Slightlyintelligentway to sumout variablesfrom the joint without actually
constructingts explicitregesentation

Simplequeryon the burglay netwwork:

P (Bjj; m) (B)

= P(B;j; m)=P(j; m) .\}g{@
= P(B;j; m)

= e aP(B;e;a;j; m) @ @

Rewritefull joint entriesusingproduct of CPT entries:
P(Bjj; m) | - |

= e aP(B)P(eP(aB;e)P(ja)P(mja)

= P(B) <P(e) aP(aB;e)P(jja)P(mja)

Recursiveepth- rstenumerationO(n) spaceO(d") time
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Enumeration algorithm

function Enumera tion-Ask (X, e, bn) returns adistributionoverX
inputs : X, the queryvaiable
e, observedaluedor vaiablesE
bn, a Bayesiametvork with variables Xg[ E [ Y

Q(X) adistributionoverX, initially empt
for each valuex; of X do

extende with valuex; for X

Q(xi) Enumera te-All (Vars [bn],e)
return Normalize (Q(X))

function Enumera te-All (vars,e) returns arealnumler
if Empty? (vars) then return 1.0
Y  First (vars)
if Y hasvaluey ine
then return P(y j Pa(Y)) Enumera te-All (Rest (vars), e)
else return Py P(yjPa(Y)) Enumera te-All  (Rest (vars), ey)
whereey is e extendedvith Y = vy
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Evaluation tree

P albn e)

P(|a) P(|—a) P(j|a) P(|—a)
90 .05 .90 05

O O O O
P(mj|a) P(m|— a) P(mj|a) P(m|— a)
.70 .01 .70 .01

O O O O

Enumerationms ine cient. repeatedcomputation
e.g.,computes (j ja)P (mja) for eachvalueof e
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Inference by variable elimination

Variableelimination:cary out summationsight-to-left,
staing intermediateesults(factas) to avoidrecomputation

P(Bjj; m)
- E{zBJ eE{g@ a|P (aj{zB ; 62 |P (LJ a2 |P (r{nj a)

B E A J M
P(B) <P(e) aP(aB;e)P(jja)fm(a)
P(B) P(e) aP(aB;e)f;(a)fm(a)
P(B) P(e) afa(a;b;e)f;(a)fm(a)
P(B) eP(e)f ojm(b;e) (sumoutA)
P(B)fga;jm(b) (sumoutE)
fe(® feam(D
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Variable elimination: Basic operations

Summingout a vaiablefrom a product of factas:
moveany constantfactas outsidethe summation
addup submatrices pointwiseproduct of remainindgactas

«f 1 fr="1 fi xfis fr="~1 fi Ty

E.g..f1(a;b) fy(b;c)="f(a;b;c
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Variable elimination algorithm

function Elimina tion-Ask (X,e,bn) returns a distributionoverX
inputs : X, the queryvaiable
e, evidencespeci edasanevent

factors [];vars Reverse (Vars [bn])
for each var in varsdo

factors [Make-F actor (var;e)jfactors]

if var is a hiddenvaiablethen factors Sum-Out (var, factors)
return Normalize (Pointwise-Pr oduct (factors))
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Irrelev ant variables

Considethe queryP (JohnCallsjBurglary = tr ue)
®
PUID= P(H’ P PabioPQja) Pma) (Bl
Sumoverm isidenticallyl; M isirrelev ant to the query @ @

Thm1: Y isirrelevanunlessy 2 Ancestors(f Xg[ E)

Here,X = JohnCalls, E = fBurglaryg, and
Ancestors(f X g[ E) = f Alarm; Earthquakeg
soM aryCalls isirrelevant

(Compee this to backvard chainingromthe queryin Han clausekBs)
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Irrelev ant variables contd.

Defn: maal graphof Bayesnet: mary all paentsanddroparrows

Defn: A ism-sepeatedfromB by C i sepaatedby C inthe maal graph

Thm 2: Y isirrelevanif m-sepeatedfrom X by E

N
For P(JohnCallsjAlarm = tr ue), both (A)
Burglary andE arthquake are irrelevant (7 W)
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Complexit y of exact Iinference

Singlyconnecteaetvorks (or polytreek
{ anytwo nadesare connectedby at mostone(undirected)ath
{ time andspacecostof vaiableeliminatiorare O(d“n)

Multiply connectechetvorks:
{ canreduce3SA to exactinference) NP-had
{ equivalento counting 3SA madels ) #P-complete

0.5 0.5 0.5 0.5

1. AvBv ~C
2. CvDv A
3. BvCv D

Chapter 14.4{5

12



Inference by stochastic simulation

Basicidea:
1) Drav N samplefromasamplinglistributionS
2) Computean appaximateposterio probabiliy P

3) Shav this converges the true probabiliy P
Outline:

{ Samplingrom anempy netwwork

{ Rejectiorsamplingrejectsampleslisagreeingith evidence

{ Likelihad weighting:useevidencéo weightsamples

{ Markov chainMonteCalo (MCMC):sampldroma stochastigorocess
whosestationay distributionis the true posterio
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Sampling from an empty network

function Prior-Sample (bn) returns aneventsampledrombn

X aneventwith n elements
fori = 1to ndo
xi arandomsampldromP (X; j parents(X;))
giventhe valuesof Parents(X;) in x
return x
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Example

C |P(S|C)
T 1| .10
F | .50

P(C)
.50

S R[P(W|S,R
T T| .99
T F| .90
F T| .90
F F| .01

C |P(RIC)
T| .80
F| .20
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Sampling from an empty network contd.

Probabily that PriorSample generates paticula event
Sps(X1:::Xn) = - ,P(xijparents(X;)) = P(X1:::Xn)
l.e.,the true prior probabiliy

E.g..Sps(t;f;t;t) =05 09 08 09= 0324= P(t;f;t;t)

lim P(xg:iiixn) = Jim Nps(xgiii;xn)=N
= Sps(X1;::1:Xn)
= P(X1:::Xn)

That is, estimateslerivedrom PriorSample  are consistent

Shathand: P(x1;::::%n)  P(X1:::Xn)
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Rejection sampling

P (X je) estimatedrom samplesgreeingvith e

function Rejection-Sampling (X, e,bn,N) returns anestimateof P(Xje)
local variables : N, a vecta of countsoverX, initially zero

for j = 1to N do
X  Prior-Sample (bn)
if X is consistentith e then
N[X] N[x]+1 wherex isthe valueof X in x
return Normalize (N[X])

E.g.,estimateP (RainjSprink ler = tr ue) usinglO0samples
27 samplefaveSprink ler = true
Of these 8 haveRain = tr ue and19 haveRain = f alse.

P(RainjSprink ler = true) = Normalize (h8;19) = H0:296 0:704

Simila to a basicreal-verld empiricakestimatiorprocedure
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Analysis of rejection sampling

P(Xje)= Nps(X;e) (algaithm defn.)
= Nps(X;e)Nps(e) (normalizeddy Nps(e))
P(X;e)=P(e) (property of PriorSample )
= P(X]je) (defn. of conditionajprobabiliy)

Hencerejectionsamplingeturnsconsistenposterio estimates
Problem:hopelesshexm@ensivaf P(e) is small

P(e) dropso exmnentiallywith numler of evidenceaiables!
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Lik eliho od weighting

ldea: x evidence&aiablessampleonlynonevidenceariables,
andweighteachsampleoy the likelihad it accodsthe evidence

function Likelihood-Weighting (X,e,bn,N) returns anestimateof P (X je)
local variables : W, a vecto of weightedcountsoverX, initially zero

for j = 1to N do

X,w Weighted-Sample (bn)

W [x] W [x]+ w wherex isthe valueof X in x
return Normalize (W I[X])

function Weighted-Sample (bn,e) returns aneventanda weight

X aneventwith n elementsyy 1
for i=1to ndo
if X; hasavaluex; ine
then w w P(X;= ¥ ] parents(Xj))
else x; arandomsampldromP (X; j parents(X;))
return x, w
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Lik eliho od weighting example

w= 1.0

C |P(S|C)
T| .10
F| .50

P(C)

.50

P(RIC)

.80
.20

S R

T T .99
T F 90
F T .90
F F .01
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Lik eliho od weighting example

C |P(S|C)

T | .10

F| .50
w=10 01

0:99= 0:099

P(C)

.50

P(RIC)

.80
.20

S R

T T .99
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F T .90
F F .01
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Lik eliho od weighting analysis

Samplingorobabiliy for WeightedSample is
Sws(z;€) = ;- ,P(zjparents(Z;))
Note: pays attentionto evidencen ancestors only
)  somewheren between"prior and
posterio distribution

Weightfor a givensamplez; e is
w(z;e) = L,P(ajparents(Ej))

Weightedsamplingorobabiliy is
Sws(z; e)w(z; e)
= :: 1P (zjparents(Z;)) im: 1P (e]jparents(E;))
= P(z; e) (by standad globalsemanticef netvork)

Hencdikelihad weightingreturnsconsistenestimates
but perfomancestill degradewsvith manyevidenceaiables
becausa few samplefavenealy all the total weight
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Appro ximate inference using MCMC

\State" of network = currentassignmerntb all variables.

Generat@mextstateby samplingpnevaiablegivenMarkov blanlet
Samplesachvaiablein turn, keepingevidencexed

function MCMC-Ask (X,e,bn,N) returns anestimateof P (X je)
local variables : N [X], avecta of countsoverX, initially zero
Z, the nonevidenceaiablesn bn
X, the currentstate of the netwvark, initially copiedfrome

initializex with randonvaluedor the variablesn Y
for ] = 1to N do
for each Z; inZ do
sampldhe valueof Z; in x fromP (Z;jmh(Z;))
giventhe valuesof M B(Z;) in x
N[x] NI[x]+ 1wherexisthevalueof X in x
return Normalize (N[X])

Canalsochasea vaiableto sampleat randomeachtime
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The Mark ov chain

tr ue, thereare four states:

With Sprinkler = true;WetGrass

Wanderabout for a while,averagavhatyou see

35
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MCMC example contd.

EstimateP (RainjSprink ler = tr ue;WetGrass= tr ue)
SampleCloudy or Rain givenits Markov blanlket, repeat.

Countnumler of timesRain is true andfalsein the samples.

E.g.,visit 100states
31 haveRain = tr ue, 69 haveRain = f alse

P (RainjSprink ler = tr ue;W etGrass= tr ue)
= Normalize (h3169) = N0:31;0:69

Theaem: chainappoachestationay distribution
long-runfractionof time spent in eachstateis exactly
proportionalto its posterio probabiliy
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Mark ov blank et sampling

Markov blanlet of Cloudy is
Sprinkler andRain
Markov blanlet of Rain is
Cloudy, Sprinkler, andWetGrass

Probabily giventhe Markov blanlet is calculatedasfollows:
P (xfimb(X;)) = P (xparents(Xi)) z 2chidrenx;)P (zjparents(Z;))

Easilyymplementedth message-passipgallelsystemsbrains

Main computationaproblems:
1) Di cult to tell if convergenceasbeenachieved
2) Canbe wastefulif Markov blanket is large:
P (Xijmb(X;)) won't changemuch(law of large numlers)
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Summary

Exactinferencdy variableelimination:
{ polytimeon polytreesNP-had on generagraphs
{ space= time, verysensitivéo topology

Appoximateinferencdy LW, MCMC.:
{ LW doespoorly whenthereis lots of (downstreamgvidence
{ LW, MCMCgenerallynsensitivéo topology
{ Convergenceanbe veryslav with probabilitiesloseto 1 or O
{ Canhandlearbitra’y combinationsf discreteandcontinuouvaiables
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