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Outline

} Exactinferenceby enumeration

} Exactinferenceby variableelimination

} Approximateinferenceby stochasticsimulation

} Approximateinferenceby Markov chainMonteCarlo
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Inference tasks

Simplequeries: computeposterior marginalP(X i jE = e)
e.g.,P(N oGasjGauge= empty; Lig hts = on;Star ts = f alse)

Conjunctivequeries: P(X i ; X j jE = e) = P(X i jE = e)P(X j jX i ; E = e)

Optimaldecisions: decisionnetworks includeutility information;
probabilisticinferencerequiredfor P(outcomejaction; evidence)

Valueof information: whichevidenceto seeknext?

Sensitivity analysis: whichprobability valuesare mostcritical?

Explanation: whydo I needa newstarter motor?
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Inference by enumeration

Slightlyintelligentway to sumout variablesfrom the joint withoutactually
constructingits explicitrepresentation

Simplequeryon the burglary network:
B E

J

A

M

P(B jj; m)
= P(B ; j; m)=P(j; m)
= � P(B ; j; m)
= � � e � a P(B ; e;a; j; m)

Rewritefull joint entriesusingproduct of CPT entries:
P(B jj; m)
= � � e � a P(B)P(e)P(ajB ; e)P(j ja)P(mja)
= � P(B) � e P(e) � a P(ajB ; e)P(j ja)P(mja)

Recursivedepth-�rst enumeration:O(n) space,O(dn) time
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En umeration algorithm

function Enumera tion-Ask (X,e,bn) returns a distributionoverX
inputs : X, the queryvariable

e, observedvaluesfor variablesE
bn, a Bayesiannetwork with variablesf X g [ E [ Y

Q(X )  a distributionoverX, initiallyempty
for each valuexi of X do

extende with valuexi for X
Q(xi )  Enumera te-All (Vars [bn],e)

return Normalize (Q(X ))

function Enumera te-All (vars,e) returns a realnumber
if Empty? (vars) then return 1.0
Y  First (vars)
if Y hasvaluey in e

then return P(y j Pa(Y )) � Enumera te-All (Rest (vars), e)
else return P

y P(y j Pa(Y )) � Enumera te-All (Rest (vars), ey)
whereey is e extendedwith Y = y
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Evaluation tree

P(j|a)
.90

P(m|a)
.70 .01

P(m|    a)

.05
P(j|    a) P(j|a)

.90

P(m|a)
.70 .01

P(m|    a)

.05
P(j|    a)

P(b)
.001

P(e)
.002

P(   e)
.998

P(a|b,e)
.95 .06

P(   a|b,   e)
.05
P(   a|b,e)

.94
P(a|b,   e)

Enumerationis ine�cient: repeatedcomputation
e.g.,computesP(j ja)P(mja) for eachvalueof e
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Inference by variable elimination

Variableelimination:carry out summationsright-to-left,
storing intermediateresults(factors) to avoidrecomputation

P(B jj; m)
= � P(B)

| {z }

B

� e P(e)
| {z }

E

� a P(ajB ; e)
| {z }

A

P(j ja)
| {z }

J

P(mja)
| {z }

M
= � P(B)� eP(e)� aP(ajB ; e)P(j ja)f M (a)
= � P(B)� eP(e)� aP(ajB ; e)f J (a)f M (a)
= � P(B)� eP(e)� af A(a;b;e)f J (a)f M (a)
= � P(B)� eP(e)f �AJM (b;e) (sumout A)
= � P(B)f �E �AJ M (b) (sumout E)
= � f B (b) � f �E �AJ M (b)
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Variable elimination: Basic operations

Summingout a variablefroma product of factors:
moveanyconstantfactors outsidethe summation
addup submatricesin pointwiseproduct of remainingfactors

� xf 1 � � � � � f k = f 1 � � � � � f i � x f i+1 � � � � � f k = f 1 � � � � � f i � f �X

assumingf 1; : : : ; f i do not dependon X

Pointwiseproduct of factors f 1 andf 2:
f 1(x1; : : : ; xj ; y1; : : : ; yk) � f 2(y1; : : : ; yk; z1; : : : ; zl)

= f (x1; : : : ; xj ; y1; : : : ; yk; z1; : : : ; zl)
E.g.,f 1(a;b) � f 2(b;c) = f (a;b;c)
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Variable elimination algorithm

function Elimina tion-Ask (X,e,bn) returns a distributionoverX
inputs : X, the queryvariable

e, evidencespeci�edasanevent
bn, a beliefnetwork specifyingjoint distributionP(X 1; : : : ; X n)

factors [ ]; vars Reverse (Vars [bn])
for each var in vars do

factors [Make-F actor (var;e)jfactors]
if var is a hiddenvariablethen factors Sum-Out (var, factors)

return Normalize (Pointwise-Pr oduct (factors))
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Irrelev ant variables

ConsiderthequeryP(JohnCallsjBurglary = tr ue)
B E

J

A

M

P(J jb) = � P(b)
X

e
P(e)

X

a
P(ajb;e)P(J ja)

X

m
P(mja)

Sumoverm is identically1; M is irrelev ant to the query

Thm 1: Y is irrelevantunlessY 2 Ancestors(f X g[ E)

Here,X = JohnCalls, E = f Burglaryg, and
Ancestors(f X g[ E) = f Al arm; Earthquakeg
soM aryCalls is irrelevant

(Compare this to backward chainingfromthe queryin Horn clauseKBs)
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Irrelev ant variables contd.

Defn: moral graphof Bayesnet: marry all parentsanddroparrows

Defn: A is m-separatedfromB by C i� separatedby C in the moral graph

Thm 2: Y is irrelevantif m-separatedfromX by E
B E

J

A

M

For P(JohnCallsjAl arm = tr ue), both
Burglary andEarthquake are irrelevant
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Complexit y of exact inference

Singlyconnectednetworks(or polytrees):
{ anytwo nodesare connectedby at mostone(undirected)path
{ time andspacecostof variableeliminationare O(dkn)

Multiply connectednetworks:
{ canreduce3SAT to exactinference ) NP-hard
{ equivalentto counting 3SAT models ) #P-complete

A B C D

1 2 3

AND

0.5 0.50.50.5

LL

L
L

1.  A  v  B  v  C

2.  C  v  D  v    A

3.  B  v  C  v    D
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Inference by sto chastic simulation

Basicidea:
1) Draw N samplesfromasamplingdistributionS

Coin

0.52) Computeanapproximateposterior probability P̂
3) Show this convergesto the true probability P

Outline:
{ Samplingfromanempty network
{ Rejectionsampling:rejectsamplesdisagreeingwith evidence
{ Likelihood weighting:useevidenceto weightsamples
{ MarkovchainMonteCarlo (MCMC):samplefroma stochasticprocess

whosestationary distributionis the true posterior
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Sampling from an empt y net work

function Prior-Sample (bn) returns aneventsampledfrombn
inputs : bn, a beliefnetwork specifyingjoint distributionP(X 1; : : : ; X n)

x  aneventwith n elements
for i = 1 to n do

xi  a randomsamplefromP(X i j parents(X i ))
giventhe valuesof Parents(X i) in x

return x
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Sampling from an empt y net work contd.

Probability that PriorSample generatesa particular event
SPS(x1 : : : xn) = � n

i = 1P(xi jparents(X i)) = P(x1 : : : xn)
i.e., the true prior probability

E.g.,SPS(t; f ; t; t) = 0:5� 0:9� 0:8� 0:9 = 0:324= P(t; f ; t; t)

LetNPS(x1 : : : xn) bethenumberof samplesgeneratedfor eventx1; : : : ; xn

Thenwe have

lim
N !1

P̂(x1; : : : ; xn) = lim
N !1

NPS(x1; : : : ; xn)=N

= SPS(x1; : : : ; xn)
= P(x1 : : : xn)

That is, estimatesderivedfromPriorSample are consistent

Shorthand: P̂(x1; : : : ; xn) � P(x1 : : : xn)
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Rejection sampling

P̂(X je) estimatedfromsamplesagreeingwith e

function Rejection-Sampling (X,e,bn,N) returns anestimateof P(X je)
local variables : N , a vector of countsoverX, initially zero

for j = 1 to N do
x  Prior-Sample (bn)
if x is consistentwith e then

N [x]  N [x]+1 wherex is the valueof X in x
return Normalize (N [X])

E.g.,estimateP(RainjSprink ler = tr ue) using100samples
27 sampleshaveSprink ler = tr ue

Of these,8 haveRain = tr ue and19 haveRain = f alse.

P̂(Rain jSprink ler = tr ue) = Normalize (h8; 19i ) = h0:296; 0:704i

Similar to a basicreal-world empiricalestimationprocedure
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Analysis of rejection sampling

P̂(X je) = � N PS(X ; e) (algorithm defn.)
= N PS(X ; e)=NPS(e) (normalizedby NPS(e))
� P(X ; e)=P(e) (property of PriorSample )
= P(X je) (defn. of conditionalprobability)

Hencerejectionsamplingreturnsconsistentposterior estimates

Problem:hopelesslyexpensiveif P(e) is small

P(e) dropso� exponentiallywith number of evidencevariables!
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Lik eliho od weigh ting

Idea:�x evidencevariables,sampleonlynonevidencevariables,
andweighteachsampleby the likelihood it accordsthe evidence

function Likelihood-Weighting (X,e,bn,N) returns anestimateof P(X je)
local variables : W , a vector of weightedcountsoverX, initiallyzero

for j = 1 to N do
x,w Weighted-Sample (bn)
W [x]  W [x] + w wherex is the valueof X in x

return Normalize (W [X ])

function Weighted-Sample (bn,e) returns aneventanda weight

x  aneventwith n elements;w 1
for i = 1 to n do

if Xi hasa valuexi in e
then w w � P(Xi = xi j parents(Xi ))
else xi  a randomsamplefromP(Xi j parents(Xi ))

return x, w
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Lik eliho od weigh ting example

Cloudy

RainSprinkler

 Wet
Grass

C
T
F

.80

.20

P(R|C)C
T
F

.10

.50

P(S|C)

S R

T T
T F
F T
F F

.90

.90

.99

P(W|S,R)

P(C)
.50

.01

w = 1:0� 0:1� 0:99= 0:099

Chapter 14.4{5 32



Lik eliho od weigh ting analysis

Samplingprobability for WeightedSample is
SWS(z; e) = � l

i = 1P(zi jparents(Zi))
Note: paysattentionto evidencein ancestors only

Cloudy

RainSprinkler

 Wet
Grass

) somewhere\in between"prior and
posterior distribution

Weightfor a givensamplez; e is
w(z; e) = � m

i = 1P(ei jparents(Ei))

Weightedsamplingprobability is
SWS(z; e)w(z; e)

= � l
i = 1P(zi jparents(Zi)) � m

i = 1P(ei jparents(Ei))
= P(z; e) (by standard globalsemanticsof network)

Hencelikelihood weightingreturnsconsistentestimates
but performancestill degradeswith manyevidencevariables
becausea fewsampleshavenearly all the total weight
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Appro ximate inference using MCMC

\State" of network = currentassignmentto all variables.

Generatenextstateby samplingonevariablegivenMarkov blanket
Sampleeachvariablein turn, keepingevidence�xed

function MCMC-Ask (X,e,bn,N) returns anestimateof P(X je)
local variables : N [X ], a vector of countsoverX, initiallyzero

Z, the nonevidencevariablesin bn
x, the currentstateof the network, initially copiedfrome

initializex with randomvaluesfor the variablesin Y
for j = 1 to N do

for each Zi in Z do
samplethe valueof Zi in x fromP(Zi jmb(Zi ))

giventhe valuesof M B(Zi ) in x
N [x]  N [x] + 1 wherex is the valueof X in x

return Normalize (N [X ])

Canalsochoosea variableto sampleat randomeachtime
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The Mark ov chain

With Sprink ler = tr ue;WetGrass= tr ue, thereare four states:

Cloudy

RainSprinkler

 Wet
Grass

Cloudy

RainSprinkler

 Wet
Grass

Cloudy

RainSprinkler

 Wet
Grass

Cloudy

RainSprinkler

 Wet
Grass

Wanderabout for a while,averagewhatyou see
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MCMC example contd.

EstimateP(RainjSprink ler = tr ue;WetGrass= tr ue)

SampleCloudy or Rain givenits Markov blanket, repeat.
Countnumber of timesRain is true andfalsein the samples.

E.g.,visit 100states
31 haveRain = tr ue, 69 haveRain = f alse

P̂(RainjSprink ler = tr ue;WetGrass= tr ue)
= Normalize (h31; 69i ) = h0:31; 0:69i

Theorem: chainapproachesstationary distribution:
long-runfractionof time spent in eachstateis exactly
proportionalto its posterior probability
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Mark ov blank et sampling

Markov blanket of Cloudy is
Cloudy

RainSprinkler

 Wet
Grass

Sprink ler andRain
Markov blanket of Rain is

Cloudy, Sprink ler, andWetGrass

Probability giventhe Markov blanket is calculatedasfollows:
P(x0

i jmb(X i)) = P(x0
i jparents(X i))� Zj 2Chil dren(X i )P(zj jparents(Zj ))

Easilyimplementedin message-passingparallelsystems,brains

Maincomputationalproblems:
1) Di�cult to tell if convergencehasbeenachieved
2) Canbe wastefulif Markov blanket is large:

P(X i jmb(X i)) won't changemuch(law of largenumbers)
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Summary

Exactinferenceby variableelimination:
{ polytimeon polytrees,NP-hard on generalgraphs
{ space= time,verysensitiveto topology

Approximateinferenceby LW, MCMC:
{ LW doespoorly whenthereis lots of (downstream)evidence
{ LW, MCMCgenerallyinsensitiveto topology
{ Convergencecanbe veryslow with probabilitiescloseto 1 or 0
{ Canhandlearbitrary combinationsof discreteandcontinuousvariables
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