Publishing

AlP

Eigenvalues of Large Chiral Non-Hermitian Random Matrices

Shuhua Chang,! Tiefeng Jiang,? and Yongcheng Qi® ®

D Coordinated Innovation Center for Computable Modeling in Management Science,
Tiangin University of Finance and FEconomics, Tianjin, 300222,

China

2) School of Statistics, University of Minnesota, 224 Church Street, S. E., MN 55455,
USA

3) Department of Mathematics and Statistics, University of Minnesota Duluth,
Duluth, MN 55812, USA

(Dated: 8 January 2020)

We study a non-Hermitian chiral random matrix of which the eigenvalues are complex
random variables. The empirical distributions and the radius of the eigenvalues are
investigated. The limit of the empirical distributions is a new probability distribution
defined on the complex plane. The graphs of the density functions are plotted; the
surfaces formed by the density functions are understood through their convexity and
their Gaussian curvatures. The limit of the radius is a Gumbel distribution. The main
observation is that the joint density function of the eigenvalues of the chiral ensemble,
after a transformation, becomes a rotation-invariant determinantal point process on
the complex plane. Then the eigenvalues are studied by the tools developed by Jiang
and Qi [J. Theor. Probab 30, 326 (2017)] and Jiang and Qi [J. Theor. Probab.
32, 353 (2019)]. Most efforts are devoted to deriving the central limit theorems for
distributions defined by the Bessel functions via the method of steepest descent and

the estimates of the zero of a non-trivial equation as the saddle point.
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1. INTRODUCTION AND MAIN RESULTS

Hermitian random matrices haven been studied by experts from many disciplines such
as Mathematics, Physics, Statistics and Engineering. Many deep results are obtained. For
example, for the limits of eigenvalues, we see the semi-circle law, the Marchenko-Pastur law,
the Tracy-Widom law, the local semi-circle law, the connections to stochastic differential
equations. See the book treatment and the references from, for instance, Anderson et al.!,
Bai and Silverstein?, Forrester®, Akemann et al*, Baik et al.® and Erdés and Yau®.

Non-Hermitian random matrices have many applications in, for example, the fractional
quantum Hall effect (Di Francesco et al.”) and quantum chromodynamics (Stephanov®); see
Khoruzhenko and Sommers® for introductions and further applications. The eigenvalues of
this type of matrices are complex numbers rather than real numbers as mentioned in the
previous paragraph. We understand many properties on the Ginibre ensembles, truncations
of Haar-unitary matrices, the product of Ginibre ensembles, the product of truncations of
Haar-unitary matrices, the elliptic ensemble and the chiral non-Hermitian random matrix
ensembles. Their limit properties will be further elaborated following our results later on.

In this paper, we will focus on a special case of the chiral non-Hermitian random matrix
ensemble. For integers n > 1 and v > 0, let P and @ be two i.i.d. (n+v) X n matrices, where
the entries from the two matrices are i.i.d. standard complex normals. For each 7 € [0, 1],

define the (2n + v) x (2n + v) matrix

Do 0 VI+7TP+V1-7Q ’ (11)

VIF TP — yT=7Q* 0

where P* stands for the complex conjugate of matrix P. This matrix is refereed to as the
chiral non-Hermitian random matrix ensemble. It has v-multiple zeros, n pairs of eigenvalues
and each pair has the opposite sign. To understand these non-zero eigenvalues we only need
to consider the n eigenvalues, z1, - - - , z,,, with positive z-coordinate. Akemann and Bender!?

derive that the joint probability density function of these n eigenvalues is equal to

- ) 2rnRe(2? 2n|z;]?
¢ I 122 -2P - T[IaPv e (1_7;)>K<11i|2) (1.2)
1<j<k<n j=1
for all 21, -+, z, € C with Re(z;) > 0 for each j, where C' is a normalizing constant and K,

is the modified Bessel function of the second kind (see more details in Lemma 2.1). Here

and later the density is relative to the Lebesgue measure on C". This model includes special
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cases studied by Osborn!' and Bender!?. The parameter 7 reflects the strength of how the
matrix is non-Hermitian. For example, at the extreme case of 7 = 1, the eigenvalues of
the matrix D in (1.1) are essentially those of a complex Wishart matrix, and hence are
non-negative.

Write z; = x; + iy; for each j. Given 7 € [0,1), Akemann and Bender'® obtain that (1)
maxi <<, £; with a normalization converges to the Gumbel distribution; (2) renormalizing
x; and y; with different constants, the new pairs (x;,y;), 1 < 5 < n, as a point process,
converges to a Poisson process. Here v is fixed and the limit is taken as n — co. As 7 =1,
the aforementioned says that the eigenvalues of D in (1.1) are just those of a complex
Wishart matrix. The largest eigenvalue of the complex Wishart matrix has the asymptotic
Tracy-Widom distribution (Johansson'®); the empirical distribution of those eigenvalues
converges to the Marchenko-Pastur law (Marchenko and Pastur'*; Bai and Silverstein?). In
this paper we will study the same classical problems: the spectral radius max;<;<, |z;| and
the empirical distribution of z;’s not counting zero eigenvalues for 7 = 0. In particular, our
targets are different from those in Akemann and Bender'®. Assuming 7 = 0, the density in

(1.2) then becomes that

foz,oz) =C [ 1 =2l TPV Ko@nlz) (1.3)
1<j<k<n j=1
for all z,---,2, € C with Re(z;) > 0 for each j. The parameter v is allowed to be any

nonnegative real number and can change with n.

In this paper we prove that, with suitable normalization, max;<;<, |2z;| converges to the
Gumbel distribution and the empirical distribution goes to a new distribution defined on
the complex plane C. The density of the distribution is explicit. When considering the
density function as a surface defined on C, both the convexity and the Gaussian curvature
are studied. Figures 1 and 2 show the change of the surface as the limit of v/n changes.

Now we state our results. For y > 3, set
a(y) = (logy)"* — (logy)~"*log(v2rlogy) and b(y) = (logy) "/ (1.4)
Let A be the cumulative distribution of the Gumbel distribution such that

A(z) =exp(—e™™), zxz€R. (1.5)
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Theorem 1. Let v = v, be a sequence of nonnegative numbers. Let zy,-- - , 7, have density

f. asin (1.8). Then

1 maxg<i<, |z;| — (2E2)1/4 n(n +
b n(n—i—v) |: ISJIS (2|nj-|v)1/2( - ) N a( 2(’)7, —|— Z)>] i) A (16)
( 2n+v ) 4 3/ (n4v)1/4
As aforementioned, D from (1.1) has eigenvalues +z,--- ,+z, with z;,--- 2z, having
density f,(z1, -+, z,) from (1.3); the other eigenvalues are zero with v multiples. Therefore,

Theorem 1 also holds if “max;<;<, |z;|” is replaced by the “spectral radius of D”.

If v, = v, Theorem 1 has the following consequence.

Corollary 1. Assume v, = v > 0. Let zy,--- ,2z, have density f, as in (1.3). Then

d
B - Maxi<j<y |2;| — o, — A, where

oy = Q/Snlogg —|—logg — log (\/27rlogg) and B, = Q/Snlogg.

The proof of this corollary is given after that of Theorem 1. On the other hand, (ii) of

Theorem 3 from Akemann and Bender!® implies that

logn\1/2
max Re(z;) =1+ ( 16n ) (1+o0p(1)) (1.7)

as n — 00, where op(1) stands for a random variable converging to zero in probability as

n — oo. Our Corollary 1 says that

max |z;] = 1+ (1‘;%1”)”2(1 +op(1). (1.8)

1<j<n
Note that maxi<;<, |z;| > max;<j<, Re(z;). (1.7) and (1.8) not only confirm this fact but
also indicate the difference. Even so, it is still hard to quantify the size of max;<;<, Im(z;).
One can see the reason by a quick glimpse at the two complex numbers ¢ + iy/1 — 2 and
V1 —¢2 + i for € € (0,1) which have norms equal to 1 but have very different imaginary
parts.
For a matrix M with eigenvalues zi,--- ,z,, the quantity max;<;<, |z;| is refereed to

1516 and Rider and Sinclair!” show that the spectral

as the spectral radius of M. Rider
radii of the real, complex and symplectic Ginibre ensembles, which are non-Hermitian,
asymptotically follow the Gumbel distribution. This fact is very different from the Tracy-
Widom distribution in the Hermitian case; see, for example, Tracy and Widom!'®'. Similar

phenomena are observed for other non-Hermitian ensembles. Jiang and Qi?° show that, for

4
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the spherical ensembles, truncations of Haar-unitary matrices and product of independent
complex Ginibre ensembles, the limits of their spectral radii are a new distribution, the
Gumbel distribution and the normal distribution, respectively.

Now we study the empirical measure of zy, - - - , z, in (1.3). Reviewing the scaling [n/(n-+

v)]Y*in (1.6), we define
1 n
D I
=1

For o € [0,00), set a = a?/(1 + a)? and b= 4/(1 + «), and let @, be a probability measure
with density function

4 2P

Pa(z) = =

T \/a+ b|z|*

for z with |z| < 1,Re(z) > 0. Obviously, ®y is the uniform distribution on the “half moon”
region {z; |z| < 1,Re(z) > 0}. Let @, denote the limit of ¢, as o — oo, that is,
4 10
buel2) = 12

for z with |z| <1, Re(z) > 0.

Theorem 2. Let v = v, be a sequence of nonnegative numbers. Let zy,- - - , z, have density
fzasin (1.3). Assume lim, o, v,/n = « € [0,00|. Then, with probability one, p, converges

weakly to a probability distribution p with density function ®, as n — oco.

As explained below the statement of Theorem 1, we are able to draw a conclusion for p,,,
the empirical distribution of the eigenvalues of D from (1.1). If lim,, o v,/n = a € [0, 00),
then the limit of the fraction of the number of zero eigenvalues relative to the total number

2n+wy, s 57 Second, the other eigenvalues of D are +z4,--- , +z, with z;,--- ,z, having

@

density f.(z1,---,2,) from (1.3), so we know the limit of p, is 3=

0o + 2%1 p, where p has

|22

£/ a+b|z|*

Observe lim,,_,o[n/(n +v)]*/* = 1 for fixed v. A quick consequence of Theorem 2 is the

density 2 I(|z] <1). If a = o0, of course, the limit is degenerate to dy.

following.

Corollary 2. Assume v > 0 is fized. Let zy,- - ,z, have density f, as in (1.3). Then, with

1 n

probability one, 5. 3 5, 05, converges weakly to the uniform distribution on {|z| <1, Re(z) >

0} as n — oc.

We draw Figures 1 and 2 to see the change of the density function ®, as a changes. If

we think of a as time and think of the surface {(z, ¢o(2)); |2| < 1, Re(z) > 0} as the roof

bt
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of a house, then the roof is flat at time 0, and suddenly the roof starts leaking at the center
z = 0. With time going by, the leaking area becomes larger and larger, and eventually the
whole roof collapses with the final shape {(z, ¢ (2)); |2| < 1, Re(z) > 0}, which is similar
to the picture with @ = 21 in Figure 2 (the shape of ¢,(z) visually does not change as
a > 21). The roof does not completely land on the ground because the volume under the
roof has to be one (¢,(z) is a probability density function for all a > 0).

Realizing the interesting phenomenon above, we further look at the geometry of the

density surface. It is shown that the surface

{(2z,04(2)); |2| <1, Re(z) > 0} is convex and has positive Gaussian curvature
it & > 10 + 2v/30; the surface is not convex and it has negative Gaussian (1.9)

curvature for some z if 0 < a < 10 + 2v/30.

When the Gaussian curvature at a point is positive, the surface will be like a dome, locally
lying on one side of its tangent plane. When the curvature at a point is negative, the
point is hyperbolic. From (1.9) we see that the whole surface indeed looks like a dome as
o > 10 4 21/30. The fact (1.9) will be checked at the end of this paper.

Now we make some remarks on literature related to Theorem 2. For complex Ginibre
ensembles, products of Ginibre ensembles and product of truncated Haar-invariant unitary
matrices, their eigenvalues form determinantal point processes. Their limiting laws of the
empirical distributions of the eigenvalues are derived by using the determinantal point pro-
cesses. See, for example, Burda et al.?', Gotze and Tikhomirov??, Bordenave?*, O’Rourke
and Soshnikov?*, Burda®, O’Rourke et al.?6 and Jiang and Qi*’.

Review Corollary 2. In literature, the uniform distribution on |z| < 1 is referred to as the
circular law, which is the limit of the empirical distribution of the eigenvalues of a square
matrix with entries being independent and identically distributed random variables; see, for
example, Girko®?°, Bai*, Tao and Vu?! or Bordenave and Chafai®?

For the proofs of the two main theorems, we utilize the tools developed by Jiang and
Qi??7 for rotation-invariant and non-Hermitian random matrices. The tools provide suffi-
cient conditions for the convergence of the spectral radius and the empirical distribution of
the eigenvalues. However, the chiral non-Hermitian random matrix is not rotation-variant.
In our proofs, we first make a transform such that the eigenvalues of the chiral non-Hermitian

random matrix form a rotation-variant ensemble. Under this setting, both the limit of the
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FIG. 1. At a = 0, the density surface is flat. At the next moment, there is a tiny hole at
z = 0. With « increasing, the hole becomes larger and larger. The convex part (the Hessian is

nonnegative) in the density surface becomes large.

Plot of surface &,

FIG. 2. With « increasing, the convex part and the part with positive Gaussian curvature becomes
larger and larger. As o > 10 4 2/30 ~ 20.95, the whole density surface becomes convex and the

Gaussian curvature is positive everywhere. No much change for the shape visually for o > 21.

Publishing

AlP



AlP

Publishing

spectral radius and that of the empirical spectral distribution depend on a set of n indepen-
dent random variables Y7, - - - , Y, (Lemma 2.5). The distribution of each Y} is determined by

the modified Bessel function of the second kind. To apply the tools by Jiang and Qi?*?7,

we
spend many efforts to derive a “uniform” central limit theorem (CLT) for {Y;; m < j <n}
(Lemma 2.8), where m depends on n. Since the distribution of Y; depends on the Bessel
function and it has not been understood to our knowledge, we employ the method of steep-
est descent to derive the CLT for {Yj; m < j < n}. In particular, the saddle point is the
solution of a non-trivial equation, and hence a great energy is spent to estimate the solution.
Noting both theorems allow that v,, > 0 is arbitrary, we use another trick of subsequence ar-
gument such that lim,, ., v, € [0, 00] and lim,,_,o v, /7 € [0, 00| in Theorem 1 and Theorem
2, respectively.

We study the spectral properties of eigenvalues with joint density in (1.2) for 7 = 0 in
this paper. A generalization of our methods to the general case (1.2) with 7 € (0, 1) remains
unknown and may be challenging. We leave it as a future work.

The rest of the paper is organized as follows. The proofs of Theorems 1 and 2, Corollary

1 and the check of (1.9) are presented in Section 2.

2. PROOFS

This section is divided into four parts. In Section 2.1 we make some preparations; in
Section 2.2 we prove Theorems 1 and 2 as well as Corollary 1; in Section 2.3, we prove the
technical results Lemmas 2.9 and 2.10 used in Section 2.2; the verification of (1.9) is given

in Section 2.4.

2.1. Some technical tools

We first list some properties of K,(x), the modified Bessel function of the second kind.
To avoid confusion, for all lemmas in this section, the parameter v € [0, 00) is reserved for
the subscript in the modified Bessel function of the second kind K. In the case that the

parameter v also depends on n, we will write v = v,,.

Lemma 2.1. (Properties of K, ). The following statements hold.

8
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(a) (Formula 9.6.24 in Abramouwitz and Stequn®®). For any v >0,
K,(x) :/ e~ b0 cosh(vt)dt, x>0,
0

where cosh(t) = (¢! +e71)/2, t € R.
(b) (Formulas 9.6.8 and 9.6.9 in Abramowitz and Stequn®). If v =0 then

Ko(z) ~ —logz as x |0,
and if v > 0 s fized then
Ky () ~2°7'T(v)z™  as x]0.

(c) (Formula 9.7.2 in Abramowitz and Stegun®®). If v > 0 is fized, then

K,(z) = \/ge_x [1 + O(%)] as T — oo. (2.1)

(d) (Equations (4.4) and (4.6) in Olver*). As v — oo

K,(vx) = \/g(l +2%) Yexp (—wvn(x)) [1 + O(%)} (2.2)
uniformly in x € (0,00), where n(x) = V14 22 +logz —log(1l + v1 + x2).

Set C; = {2z € C; Re(z) > 0} and Cy = C\{z € R; z < 0}. Review that K, is the
modified Bessel function of the second kind. Below we use the convention 0"K,(0) = 0 for

all v > 0.

Lemma 2.2. For (z1,---,2,) € C}, define u; = 2]2, 1 < 3 < n. Then, the map
(21, 2n) = (U1, ,uy,) : C¥ — C¥ is a one-to-one and onto map. Let (z1,--- ,z,) € C}

have density function f,(z1,- -+, 2,) as in (1.3), then the density function of (z3,--- ,z2) =:

1 n

u=(uy, - ,u,) is given by
fwy =C- T | =l T Il K, (20]uy]) (2.3)
1<j<k<n j=1

for all uw € Cy. Since the Lebesque measure of C"\C% is zero, we will simply regard

(uy,- -+ ,u,) has density f(u) defined for all u € C".

Proof. Identify C with R%. Then C; = {(x,y) : z > 0,y € R} and Cy = R*\{(z,0) : < 0}.

First, we show the transform v = 2*: C; — C, is a one-to-one and onto map. Write

9
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z = (z,y)". Define a transform u = 22, which is the same as u(z,y) : (z,y)" € C; — C, such
that u(z,y) = (s,t) = (2 — y?,22y)’. By solving the last equation, we obtain the inverse

function z = z(s,t): Cy — C; given by

2(s,t) = (%\/ Vs +12 + s, %sgn(t)\/ Vs 12— s )/ (2.4)

where “sgn” is the sign function.

Second, let us compute the Jacobian of the transform.

O(s. t 2z —2
(5,8) _ det 7 = 42 +y?) = 4]2* = 4lul.
A(z,y) 2y 2w

Thus, the joint probability density function (pdf) of w; =z? i =1,--- ,n is given by

n

flug, =) =C- I g = usl®- T sl K (2n]uy)
1<j<k<n j=1
for all u € C3. O
Lemma 2.3. Define {(x) = x —log(1 + ) for x > 0. Then
1
E(x) > i
for all a € (0,1] and x > a.
Proof. Fix a € (0, 1]. Note that
Lot Lot T T
= 2? dt > 2/ dt = —.
@) x/01+tx =7 o 1+ 1+22

x
if x > a. The lemma follows. O

. e e o . a
Since Ti5 1s Increasing in x > 0, we get 7= > 77 =

2
Lemma 2.4. Let f and g be density functions of real random wvariables X and Y, re-
spectively. Assume f and g have a common support D C R and q(z) = f(z)/g(z) is

non-decreasing in x € D. Then P(X >z) > P(Y > x) for all z € R.

Proof. Let w, = inf{z : € D} and w, = sup{z : = € D}. It suffices to show that
P(X >x) > P(Y > x) for w, < z < w,. Now we extend function ¢ to the range w; < x < w,
by defining ¢(z) = inf{q(y) : y > =,y € D} if w; < x < w, but € D. Then ¢(x) is non-
decreasing for w; < * < w, and f(x) = gq(x)g(x) for w; < = < w,. Furthermore, for

Wy < T < Wy,
P(X > z) = / " gt > g(x) / " gyt = q@)P(Y > 1)

10
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and

POC <) = [ oottt < q(o) [ g(0)it = a@)P(Y <),
wy wi
that is,
P(X >x) >q(x)P(Y >2) and P(X <x) <q(z)P(Y <x)
for all w; < = < w,. By multiplying P(Y < z) on both sides of the first inequality,

multiplying P(Y > x) on both sides of the second one and comparing, we see that
PX>x)P(Y <x)>P(X <x)P(Y >x)

for w; < * < w,. The desired result is obtained by adding P(X > x)P(Y > z) to the both

sides of the above inequality. O

Lemma 2.5. Let uy,--- ,u, have the joint density function f(uy,--- ,uy,) as in (2.3). Let
Y;, 1 < j < n, be independent random variables and the density of Y; is proportional to
Yy K (2ny) Iy > 0). Then gy, -+, |u,|) and g(Y1,---,Y,) have the same distribu-

tion for any symmetric function g.

Proof. Define f(uy,---,u,) = 0 for any v = (uy,---,u,) with u; € (—o00,0] for some

1 < j < n. Then the conclusion follows from Lemma 1.1 in Jiang and Qi?. O

Lemma 2.6. Let Y;, 1 < j < n be independent random variables defined in Lemma 2.5.

Then, for each y, P(Y; > y) is non-decreasing in j for 1 < j <n.

Proof. Since the pdf of Y} is proportional to y* 'K, (2ny)I(y > 0), the ratio of pdfs
of Y; and Y;_; is proportional to y/(y > 0) which is increasing in y > 0. It follows from
Lemma 2.4 that P(Y; > y) > P(Y;_; > y) for 2 < j < n. This completes the proof. O

Now we study the Central Limit Theorem (CLT) for Y; as v = v, = co. We use ®(z) to

denote the cumulative distribution function of the standard normal N(0, 1), that is,
O(z) = / o(t)dt (2.5)

L o—1/2 for + € R.

Lemma 2.7. Let ®(x) be as in (2.5). Then

= ®(ct+d) = [1— D)1+ o(1)) + 0(%) (2.6)

uniformly overt € R, |c— 1| <n™%/® and |d| < n=3/® as n — oo.

11
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Proof. First, by (2.26),
1—®(ct +d) = P(N(0,1) > ct +d) < e~ (t+D*/2
as t > 2 and n is sufficiently large. Thus, as n — oo,

1
1—®(ct+d) < — (2.7)

uniformly over |c — 1| < n=3/8 |d| < n=3/8

and t > logn. In particular, it holds with ¢ =1
and d = 0. Thus, (2.6) is true uniformly over |c — 1| < n=3/8  |d| < n~*/% and t > logn as

n — oo. If t < —logn, then

1= ®(ct+d)] — [1 — (t)]]| < P(ct + d) + D(t)

= P(N(0,1) > e(—t) —d) + P(N(0,1) > (—1))

2
< =
n2

uniformly over |c¢ — 1| < n™%® and |d| < n~3/% by the same argument as obtaining (2.7).
Hence, (2.6) is true uniformly over |c — 1] < n =% |d| < n=%/® and t < —logn as n — oco.

\/%e_ﬂﬂ for t € R. Then

Now, assume [t| < logn. Review ¢(t) =
1—®(ct +d) :c/ d(cs +d) ds.
t
Note that

d(cs+d 1 1 1
%:exp{—g( 2—1)82—Cd8—§d2}:1+0<m>

uniformly over |s| < logn as n — co. Thus,

logn
1—<I>(ct—|—d):1—®(clogn+d)+c/ od(es+d)ds
t

= O(%) + [1 + O(n_l/s)] : C/tlogn o(s) ds (2.8)

uniformly over |c — 1| < n~%® and |d| < n~%® by (2.7). In particular,

logn

— 1 -1/8
1—<I>(t)—0<$>+ [1+O(n )] /t é(s) ds.
Solve for “ tlog" ¢(s) ds” and then plug it in (2.8) to see that

1 — ®(ct +d) = o(i) + [1 + o(n—l/S)] - B(t)]

n2
uniformly over |c—1| < n=3% |d| < n~%® and |t| < logn as n — oo. This together with the

earlier conclusions yields the desired conclusion. 0

12
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Lemma 2.8. LetY; be as in Lemma 2.5. Let v =v, — 00 asn — co. Fiz § € (0,1). Then,

as n — 0o,

P2 L ) — (1 o) - a0 + 0 ) (29)

uniformly overt € R and on < j < n.

Proof. Define

1 2] +v—1
T(z) = n(x) + ym log(1 + 2?) — i log x
1 27 -1
=V1+22+logr —log(l+ v1+2?) + Elog(l + %) — Llog:)s.
(2.10)
It is easy to check that
SRR A R
T 20(1 + 2?) ve
1 2j — 1.5+
() = V1 2 — — 2.11
xr'(z) =V1i+z (i + 22 ” (2.11)
and
1 1—a? 2j+v—1
" = 2.12
(@) 221 + 22 T 20(1 + 22)? o2 ( )
B 1 1 1 2j +v—1
o o2/1+22 20(14a%)  v(l+a?)? v
2j — 1.5
> = (2.13)

by the trivial facts that
1 1 1 1 1

> > — d ——
22/1 + 22 2’ 20(1 +2?) 2022 v(1 + 22)?

Note that 7/(0+) = —oo and 7'(0c0) = 1. Since 7”(z) > 0 for all x > 0, 7/(x) is strictly

> 0.

increasing, and thus a unique root to the equation 7/(x) = 0 exists in (0, 00). Denote this

root by fi, ;. Then,

to; >0 and  7'(py ) = 0. (2.14)
Define
= B =T ) = (1 ) (215)
v,J
13
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for t € R. Note that the density function of @ as a function of y is proportional to

yP LK (vy) I (y > 0). Set

v, — 1<%ﬂ3—uw) (2.16)

O'UJ' v
for 1 < j7 < n. Then the density function of V; as a function of ¢ is proportional to

&oj()I(1+t6,; > 0), where

E0i() = (vyoy ()7 K vy (1)) (2.17)

Hence, the density function of Vj is equal to

1 & ,(t)
bi(t) = : I(1+1t56,; >0),
f,]() Cv,j 51;7](0) ( + ﬁ 5J > )
where
Q”:_m2§8“LH&M>®ﬁ

and &,;(0) = (vpy ;) K, (v, ;) > 0 by Lemma 2.1(a) and (2.14). Review (2.17). Take
T = Y, ;(t). Then, from (2.2),

U_(2j+v_1)fv7j(t) _ £L’2j+v_1KU(UZL’)
T 25401 o 1 2y 1
= \/%z exp [ 4log(1+:£ ) 1)77(:5)] <1—|—O(U)>

=5 eoQ)

With v, ;(0) = p, ; we then have

Fos®) = Ze L exp [ = s 0) = )| T+ 05,20 @19
and
Cyj = (1 + O(%)) /l—i-tﬁ N exp [— U(T(yw-(t)) — T(uw-))} dt. (2.19)

Some properties of 1, ; will be provided in Lemmas 2.9 and 2.10. Since the proof of each

lemma costs a considerable length, we postpone them until Section 2.3.

Lemma 2.9. [Estimate of pu,; from (2.14)]. Let 6 € (0,1) be fized. Let v = v, — oo as

n — 00. Define

gy, = & <w ).

O'UJ' v

_ (2j+v_1'5+ v )2 1
Hog = v 2(2j + v — 1.5)?
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foron < j <n. Then
4

fo = flo [1 + O(W)} (2.20)

holds uniformly over dn < j <n as n — oco. Furthermore, maxs,<j<y |d, ;| = O(n=1?).
The next result presents estimates of 7(y, ;(t)) — 7(ft.;)-

Lemma 2.10. Review the notations 7(x), fty.j, Yu; and o, ;, and B, ; in (2.10), (2.14) and
(2.15), respectively. Let § € (0,1) be fized. Then the following statements hold uniformly
over [t| < n'/® and on < j < n asn is sufficiently large.

(i) 02,7 (1a) = 11+ O]

(i) 700 (0) = 7(13) = 30,7 ()21 + O(Buglt]).

(i) (o (8)) — 7(110) > 2 [ﬁu,jt — log(1+ Bgt)] for t > 0.

(i) 700 (1)) = 7(10s) = 207, 7" (102 for =15y < t < 0.

Let V; be as in (2.16). Let 0 € (0,1) be fixed. With Lemmas 2.9 and 2.10 at hand, we
claim that Vj’s satisfy a “uniform” CLT, that is,

1
P(V; > t) = [1 - ®(t)](1 + o(1)) + o(ﬁ) (2.21)
uniformly over t € R and on < j < n as n — oo. If this is true, by (2.15) and (2.16),

2nY; — 2/j(v + )
V25 +wv

- V} - dv,ja

2y/3(v+4)

where d,; = (2

— 1jw)/0vj. By Lemma 2.9, maxsn<j<p |do ;| = O(n~'/?). Therefore,

we have from (2.21) and Lemma 2.7 that

<2nY 2y/j(v+7)

P
V25 +v

> 1) = P(V; 2 t+d,)
— (14 0(1)(1 — ®(t +dy,)) + 0(%)

= (L+o0(1)(1 - (1) + O(%)

uniformly over ¢ € R and dn < j < n as n — oco. Hence, (2.9) is obtained. So, to complete
the whole proof, it remains to show (2.21). We will prove this next via the method of

steepest descent.

Recall 52, = 02 /p2 ; from (2.15), where 02, = 2% and p,,; is as in (2.14). Easily, from
(2.20)
“ Bo, By < 2 (2.22)
G < min By < max B < -
15
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where ¢; > 0 and ¢y > 0 are two constants depending on ¢ only. It follows from (i) and (ii)

of Lemma 2.10 that

12 1 12 B
0(r(os () = () = 5 [L+O(Busltl+ —=)] = 5 + 0™/
uniformly over |t| < n'/® and én < j < n, which implies
exp [ = 0(1(yo; (1)) = T(1oy))] = e C2[1 4+ O (n~#)] (2.23)

uniformly over |t| < n'/® and én < j < n. From (2.22),

max ﬁvjnl/g < cn 8 <1
sn<j<n’

for all large n. Thus, from Lemma 2.10(iii) and Lemma 2.3 (take x = a) we get

1 25
O(T (Yo (1) = T(troy)) > Zjnl/sﬁf,,jt > %nwt

1/8 Therefore, for all large n

/noo exp [ — v(7(yw;(t) — T(,u,v’j)):|dt

for any t > n

1/8

o] 25
< / exp(—%nl/st)dt

1/8

- O(%). (2.24)

It follows from (i) and (iv) of Lemma 2.10 that, uniformly over on < j <n and —1/4,; <

t <0, we have

V(7 (e (1) = 7(1o) = 7

for all large n, which yields

1/8

[, el )]s [ e (=)
< li/g exp < — in1/4>
-0(3) (2.25)

uniformly over 0n < j < n, where the second integral is equal to v/47-P(N(0,1) > n'/%/\/2),
and the second inequality is obtained by the inequality

1
P(N(0,1) > z) < e/ (2.26)
2mx

16
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for all x > 0. Similar to (2.25), we have

1/8

/n e 20t = /OO e—tz/zdt—z/oo e 2t
_nl/8 —0 nl/8

= \/%JFO(%). (2.27)

Consequently, from (2.23),

1/8 nl/8

/_"1/8 exp [ = 0(7(yos (8) = 7(hvg)) | dt = / e Pt (14 0(n %))

_pl/8

=21 + O(n_l/s)

uniformly over dn < j < n. By taking into account the above estimates we have from (2.19)
that

Cyj = (1 +O(%>)x/ﬁ+0(%) = V21 +o(1)
uniformly over on < j < n as n — oo. Furthermore, remember V; has density function
fv;(t) as in (2.18). Easily, V; > —1/4, ; from (2.16) for each j. By the expression of f, ;(¢)
from (2.18),

PV, > ) = - T/%U /h: exp [ = v(r (g () — 7(1tus)) ] ds (2.28)

uniformly over on < j < n as n — oo, where h(t) := max{-1/3,,,t} for t € R. If

t < —n~Y8 then

@)
AN
/N

[ [ el ottt st

_p-1/8

exp [ - U(T(yv,j(s)) - T(vaj))}ds

AN
—

_l/ﬁv,j

VAN
3w| —

by (2.25). Hence,

P(V;>t) = L\/%l) /_OO exp [ — v(T (Yo () — T(1uy))]ds + O(%)

= Vo)) o ()
=1+0(1)

= (1+0(1))(1— (1)) + (1 + o(1))®(1)
= (1+0(1)(1—®(t)) + 0(%)

17
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uniformly over dn < j <mn asn — oo by (2.24) and (2.27). In the last step, we have used
the inequality ®(¢f) < P(N(0,1) > n'/®) < L for all ¢t < —n~/8. Therefore, (2.21) holds

uniformly over t < —n'/8 and on < j <n asn — oco. If t > —n'/® we see from (2.28) that

_ 1;%” / exp [ = (7 (i (5)) — (1o )] ds.

Therefore, by the same arguments as in (2.24) and (2.27), we conclude that the above integral

P(V; > t)

is equal to ftoo e~ /2 4 O(n~2) uniformly over t > —n!'/8 and én < j < n as n — oco. This
combing with the earlier conclusion for t < —n'/® completes the proof of (2.21). O
Lemma 2.8 focuses on the CLT for Y; as v = v,, = 0o. Now we work on the same problem

under the assumption that {v,; n > 1} is a bounded sequence. A lemma is needed first.

Lemma 2.11. Let g and go be nonnegative functions defined over (0,00) and b;(6) =
fooo tPg;(t)dt < oo for all @ > 6y, i = 1,2, where 8y > 0 is a constant. Assume that
g1(x) ~ ga(x) as x — oo. The following holds.
(a) Uniformly over 6 € [6y, 00),

/ tegl(t)dtw/ tgo(t)dz as x — oo.

xT x

(b) If limg_, W = 00, then b1(0) ~ by(0) as § — .

Proof. (a). Write

* * * a1(1)
/x g,(t)dt = / g5(t)dt + / V) (20 = 1) 0at) £ 0) .
Denote by €(z) the last integral. Then
g1(t) *
)] < mox {| 25 = 1[1utt) 7 0)}- / g ().

The conclusion then follows from the fact that ¢;(x) ~ go(z) as ©z — oc.

(b). Define zg = 1 (b1(6))"/? for large 6. Then xy = % exp (W) — 00 as  — 0o, and

_ (xg)’

=0

which implies that

/0m9 tgi(t)dt < (p)’ /OOO gi(t)dt = O((xp)") = o(b1(0)) (2.29)

for i = 1,2. Tt follows from part (a) that, as § — oo,

/OO 19 g (1)t ~ /OO #g1()dt = by (0) — /O £ g,(6)dt = b1 (0)(1 + o(1)).

To To

18
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Therefore,

/OO tgy(t)dt = by (0)(1 + o(1)).

Zo

This and (2.29) conclude that
/ t%g5(t)dt = b1(0)(1 + o(1))
0
as  — oo. O

Lemma 2.12. Let vy > 0 be a fized number. Let Y; be as in Lemma 2.5. Fiz 6 € (0,1).

Then, as n — 00,

PB4 — o)1 - 00) + ()

uniformly overt € R, on < j <mn and 0 < v < 1.
Proof. The proof is divided into a few steps.

Step 1. Reduction of Y; to a Gamma distribution. Let Gamma(a, ) denote a Gamma

distribution with density function given by

'Vaﬁ(t) = ﬁaF(a) ta_le_t/ﬁ> t >0,

where @ > 0 and > 0 are parameters. It follows from part (b) and part (c) in Lemma 2.1
that
/ 'K, (t)dt < oo (2.30)
0

for any 6 > v. Since we consider v € [0,vg] here, the above integral is well defined for

0 > vy =: . For each v € [0, vy, define

2
gi(t) =t"Y2et  and gvg(t):\/ij(t), t>0.
m

Then, for fixed v € [0,vp], we have from (2.1) that g,(t) ~ g,2(t) as t — co. Furthermore,
we have for 8 > 6, that

o0 o0 1
by (6) :z/ tegl(t)dt:/ 9712t dt =T(0 + =)

0 0 2

bya(6) ::/ tegvg(t)dt:\/g/ 'K, (t)dt < oo
0 0

19
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from (2.30). From Chapter 6 in Abramowitz and Stegun®® we also have that

F(@ + %) ~e 073 (9 + %)9(%)1/2

as 6 — oo, which implies that limg_, ., W

In virtue of Lemma 2.11(b), for fixed v € [0, v],

= Q.

bu2(6) ~ b1(6) (2.31)
as 0 — oo; by Lemma 2.11(a), as = — oo,

/ 10 guo (1)t ~ by (6) / Yousa(t)dt

uniformly over all § > 6. Note that for each ¢t > 0, cosh(tv) is increasing in v € [0, 00).
From Lemma 2.1(a), we know K, (z) is increasing in v € [0, 0o) for fixed z > 0, so is gy2(2).
This implies that

boa(0) _ bu2(0) _ buya(0)
b(0) = Bi(0) © bi(0)

L 1 [ 1 e
l(a?,é’)/w tgoa (t)dt < I(:);,@)/m t°gua(t)dt < ](a?,é’)/ Poodt  (2.32)

xT

for any 0 < v < vy, where I(z,0) := by (6) [ 79+%71(t)dt. Then (2.31) holds uniformly over

0 < v < vy. Second, the left and the right expressions of (2.32) do not depend on v, and
both converge uniformly in 6 € [0y, 00). This guarantees the uniform convergence of the

middle term in (2.32) to one over 0 < v < vy and 6 > 6y as x — oo. Thus, we conclude that

tgn(t)  bi(0) [
/;p by2(0) dt ~ ()1)2(9)/1c 79+%71(t)dt
N/ Vo1 1 (E)dt

uniformly over 0 < v < vy as © — oo and 6 — oo, that is,

0o 416 ~
/x tbf:zg)dt = (1+O(1)>/x 79+%,1(t)dt

uniformly over 0 < v < vy as © — oo and 6 — oo. By Lemma 2.5,

t2j+v_lgvg(t) B \/5 t2j+v—1Kv(t)
buo(27 +v—1)  V 7bye(2j +v—1)

is the density of 2nY; for each 1 < j < n. Immediately, for fixed § € (0, 1) and any divergent

sequence x,, with lim,,_, x,, = 0o, we have that

t2j+’l} IK 00
PORY; > 1) / \[ st = (1+o(1) / (Bt (2.33)

byo 2]+U—1

20
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uniformly over on < j <n,0<wv <y and x > x, as n — oo.

Step 2. Estimation of the probability on the right-hand side of (2.33). Let S,, denote a

random variable with density 7,,1(t). Note that S,, can be written as the sum of m i.i.d.

random variables having a Gamma(1l,1) distribution, and Gamma(l,1) has mean 1 and

variance 1. Then it follows from Theorem 1 on page 217 of the book by Petrov®® that, for

any sequence of positive numbers 7, such that 7,, = o(m'/%),

P(S,, >m++vmx) = (1+0(1))(1 — ®(x)) uniformly over |z| < 7,
and

P(S,, <m —+vmx)=(1+0(1))(1 —®(z)) uniformly over |z| < 7,
as m — oco. Now set 7, = m!/7. Since

P(Sy > m+ /mz) < P(Sy > m+ mm'")
= (1+o(1))(1 — ®(m*7))
- 0(5)
uniformly for z > m!/7. We have from (2.35)
P(Sm < m + vVmz) < P(Sm < m — /mm*'7)
= (1+0(1))(1 — ®(m*7))
~0(5)

for # < —m'/7 and hence from (2.34)

(2.34)

(2.35)

uniformly for z < —m!/7 as m — oo, where in the last step we use the fact that ®(z) <

exp{—m?7/2} for all < —m'/" and m > 1 based on (2.26). Then we conclude

P(Sm > m+vmz) = (14 0(1))(1 — ®(z)) + O(%)

21
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uniformly over x € R as m — oc.
Let m; denote the integer such that m; —1 < 2j +v — % < my, and set m}; = m; — 1.

Then we have from (2.36) that

P(Sy, > my + ijz) = (1+0(1))(1 — d(x)) + 0(%) (2.37)
and

P(Syg > i+ fmie) = (14 o()(1 - 0(x) + O(5)

uniformly over z € R and on < j <n as n — oo. Note that

P(Sm; > 24/j(J +v) +ty/2j +v) = P(Sm, > m; + /mjz(t))

where

29 4+v  24/79(7 +v) —
Jtv ., J(j +v)

m; VT
- fio()] +o( )

uniformly over én < j < n as n — oco. Then, combining Lemma 2.7 and (2.37) we obtain

x(t) =t

P(Sm, > 2V +v) +t/2j +v)
— (14 o(1)(1 - B(#)) +o(%) (2.38)

uniformly over t € R and dn < j <n as n — oo. Similarly, we have

P(Sms > 20/5(j +v) +1/2j +v)
— (14 0(1))(1 — ®(1)) +o(%) (2.39)

uniformly over t € R and on < j <n as n — oc.

In view of Lemma 2.4 we have

/ o (£)dE > / o (£)dt

whenever a; > as > 0 and thus

P(Sp, > 2y +v) +1/2) +v) < / Yoj_14p1(5)ds
24/ (+v)+tv/2Fo :
< P(Sm; > 2V +v) +t/25 +v),
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which coupled with (2.38) and (2.39) yields that

/23ju—+v>+tm Yojro-ta(s)ds = (1+0(1))(1 = 2(2)) + 0%)

uniformly over t € R and on < j < n as n — oco. From (2.33) we conclude

P(20Y; > 207+ 0) + 125 1 0) = (1 +o(1))(1 — B(t)) + 0(%) (2.40)

uniformly over t > —n'/3 and dn < j < n as n — oo, where the choice of “—n'/3” is such
that

inf /3{2\/j(j+v)+t\/2j+v} — 00 (2.41)

on<j<n,t>-n!

as n — oo required by (2.33). To complete the proof, we need to verify that (2.40) also
holds uniformly over t < —n'/3 and on < j < n as n — oo. In fact, by taking t = —n'/? in

(2.41) and by the same argument as obtaining (2.40), we have

P(2nY; > 2¢/§(j +v) + t/2j +v) > P(2nY; > 2¢/5(j +v) — n*3\/25 +v)
= (1+o0(1))(1 — &(—n'?)) + O(%)
=1+ o0(1).

Therefore,

P(2nY; > 2v/j(j +v) +t\/2j +v—1) = 1+ 0(1)
= (1+0(1))(1 = ®(t)) + (1 + o(1))d(t)
= (1 0(1) (1~ @(1)) + O )

uniformly over ¢t < —n'/3 and én < j < n as n — oo. This completes the proof. O

Lemma 2.13. (Lemma 2.2 from Jiang and Qi*°). Let {j,,n > 1} and {z,,n > 1} be

1/2( 1/2

positive numbers with lim, . , = oo and lim, . jnzn '~ (logx,)

b(y) be as in (1.4). For fited y € R, if {¢,;,1 < j < jn,n > 1} are real numbers such that

cmx}l/z — 1] =0, then

= oo. Let a(y) and

hmn—)oo maxij<;<j,
In

. . . ) — Y

Yim 32 [1 = @G = eny + alm) +blzy)] =7
]:
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Lemma 2.14. Let v = v, be a sequence of nonnegative numbers. Let a(y) and b(y) be as in

(1.4). Recall A in (1.5). If uy,--- ,u, have density f(uy,--- ,u,) asin (2.3), then

1 2n maxi<j<y, |u;| — 24/n(n + v) n(n +v) d
n(n+v) 9 - CL( 274_ >:| — A.
b( ) V2n 4+ v n+wv

2n—+v

Proof. Set z,, = "2(;‘1;’), a, = a(x,) and b, = b(x,). Let Y7,--- .Y, be as in Lemma 2.5.

Then from the lemma, it suffices to show that

1 [2n maxi<j<p Y; — 2/n(n +v) ] d
_ =/= —a,
bn,

— A
Von 4 v

or equivalently

ﬁ P(2nY,_ji1 < 2¢/n(n+v) +vV2n + v(a, + byy)) — exp(—e?) (2.42)

J=1

for any y € R as n — oo.

To prove (2.42), it suffices to verify that for every subsequence {n’} of {n}, there exists
its further subsequence, say {n”}, such that (2.42) is true along the subsequence {n"}.
subsequences {n"} are selected in such a way that v,» has a limit, say vy, where v; € [0, c0].
Verification of (2.42) along a subsequence {n”} with lim, . v, =: v1 € [0, 00] is similar
to proving (2.42) along the entire sequence with lim,,,, v, € [0, 00]. Therefore, for brevity,
we will show (2.42) under each of the following conditions: (i) lim, .. v, € [0,00); (ii)
lim,,_, o v, = 00.

Fix y € R. Set a,; = P(2nY,_j11 > 2y/n(n+v) +vV2n+v(a, + byy)), 1 < j < n.

According to Lemma 2.6, a,; > ap2 > -+ > a,,. We need to prove

1 _ ) — _ 7Y
Jim JT(1 = any) = exp(=e™),

7=1
which is equivalent to
. oy
nh_)rgoz an; =e (2.43)
j=1
if we can show
apy = max a,; -+ 0 asn — oo. (2.44)
1<j<n

Note that § <z, < n. It is seen that a,, +b,y — oo and is of order /logn. Under condition
(i), there exists a vg > 0 such that 0 < v, < vy for all n > 1. Then from Lemma 2.12,
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an1 = (14 0(1))(1 — ®(a, + byy)) + O(n~2?) = 0 as n — oo. The same is true by applying
Lemma 2.8 under condition (ii) where v,, — oco. This proves (2.44).
To prove (2.43), define j, = [n*/3] 4+ 2, where [7] denotes the integer part of x. Set

2nY; — 2/30 + 0)

Y; =

for 1 < j <n. Then

tnj = P(20Y, ;41 > 2¢/n(n+ 0) + V20 + 0(a, + buy))
=P

(Yn_j+1 > dn] + Ay, + bny)

where

_ 2 nn+v)=2y/(n—(G-1))n+v-(—1))
V2n+v—2(j — 1)
V2n + v
- [\/2n—|—v—2(j—1) _1](a"+b"y>

1—\/(1—%)(1—i1i)+[<1_M

1 26-D) 2n+ v
2n+v

dnj .

=2/z, >_1/2 — 1] (an, + byy).

Write (1 + 2)* = 1+ ax + €,(x). Then, there exist constants C, > 0 and zy > 0 such
that |e,(z)| < Chz? as |x] < xp. Taking o = 1/2 and a = —1/2, respectively, and using the
trivial formula (1 + a)(1+b) =1+ a + b+ ab, we obtain

-1 j-1
dpj = \/Tn []T + iL—l—’U +efm} + e (an + buy)

where |e,;| + |€),;| < C =1 uniformly over 1 < j < j, and n is sufficiently large, and C is a

constant not depending on n or j. Notice a,, = O(y/logn) and b,, — 0 as n — oco. Therefore,

iy = =0 [Va( G + 0 (%)) + 0 ()]

n(n+v n

:j—1[1+0<jnxn) +O<W>]

T n? n

ﬁ‘

— (1+o0(1)) (2.45)

.
—_

B

uniformly over 1 < j < j,, as n — 00. Define ¢,1 = /7, and ¢,,; = j%jl for 2 < j < j,. Then

we have

tnj = P(Yn_ji1 > (j = 1)cnj + an + bny)
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and lim,_,o, maxi<;<;, [¢njr/Tn — 1| = 0. By applying Lemmas 2.8 and 2.12, respectively,

we have
. 1
anj = (L4 0(1)[1 = ®((j = Vew; + an +buy)] +0( ;) (2.46)

uniformly over 1 < j < j, as n — oo. Consequently, it follows from Lemma 2.13 that
Jn

: oy
nh_)IIolo 2; apj =€ Y. (2.47)
]:

Moreover, by (2.45) and (2.46),

= (1+0(1) - n[l = ®((jn — 1cnj, + an +bay)] + O( )

1
< (1+o(1))'n[1 - q’(‘jgn\/;—jﬂ +O(%)

where the facts (j, — 1)¢nj, = dnj,, an = O(y/logn) and b, — 0 are used. Noting (j, —
1)/\/Z, > n'/%/2 as n is large enough, the sum above goes to zero by (2.26). This together
with (2.47) yields (2.43). O

2.2. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let uy,--- ,u, have density f(ui,---,u,) as in (2.3). Review a(y)
and b(y) from (1.4). As in Lemma 2.14, set x,, = "2(21;’), a, = a(x,) and b, = b(x,). Then
A 1 [2nmaX1§j§n lu| = 2y/n(n+v) an} d (2.48)
bn \ 2n 4+ v
as n — 0o, where A is as in (1.5). Solve for max;<;<, |u;| to get
V2
max |u;| = n—i—v+ n+v(an+bnAn)
1<j<n n 2n
n+uv 1 [ 2n+w
- 1 Al \Up bnAn
n 2\ n(n+ )(a * )
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By the formula (1 +2)"/? =1+ 12+ O(2?) as © — 0, we have

_ 1/2
1/4 1 2
(max uy])"* = <n+v> oy )2 (a4 baA)
1<j<n n 2\ n(n+v)
n o\ /4| 1 [ 2n+w logn
- L 2o, (e
( n ) T n(n+v)(a * )0y n ]
1/4 1 (2 1/2 1/41
:<n+v> 1 (2n+v) (an+bnAn)+Op<(n+U) ogn)’
n 4 n3/*(n 4 v)1/4 no/4
where we have used the following facts in the second equality:
an ~ \/logn and b, ~ (logn)™Y/? = 0 as n — oco.
The proof of the above equation is trivial since § < x, = "2(2—15) < n. For any sequence

of positive numbers {¢, }, notation O,(c,) denotes a sequence of random variables bounded
by ¢, in probability, that is, if Y,, = O,(c,), then lim,_,o limsup,,_,., P(|Y,| > s¢,) = 0. It
follows that

()t
n(n+v nv)l/2 -
b( 2(n+v)) i% n+v
(log n)*/2
= A+ 0y ()
as n — o0o. Then the desired conclusion follows from Lemma 2.2 and (2.48). O

Proof of Corollary 1. Observe that

<n+v>1/4:1+0(%)’ [1M S oV 0(—).

n 403/ (n + v)1/4 nl/2
1 n\1/2 1
= (10:2)" 0 ()
n(n+v) (
b( 2n+v ) 2 n

and

_ n(n+v)

2n—+v

1 n(n +v)
b(néni—v))&( o v ) zlogy—log (\/%lOgy)’y

= logg — log (V2w log g) +o(1)

since logy = log 2 + O(2) at y = "2(212’) Take these quantities into (1.6) to see
ny\1/2 (logn)'/? 1
[<8nlog§) +O<7n1/2 )] . (lrgjagl\zj\ _1+O(ﬁ))

— logg + log (\/27r log n) +o(1)
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converges weakly to A. This implies

[<8nlog g)l/z + O(Ooil#ﬂ - ( max |z;| — 1)

1<j<n
—log g + log (V2 log g)

converges weakly to A. By the Slutsky lemma, we know max;<;<, |z;|—1 — 0 in probability.
Therefore
1/2 1/2
(8n log g) - max |z;| — <8n log g) — logg + log (V27 log g)
converges weakly to A. O

Recall Lemma 2.2. The joint density of u; = z?, 1 <7 <n,is given by

) =C- T fuy—wl - [T eulles)]dur -+ du,
j=1

1<j<k<n

for all u; € C, 1 < j < n, where p,(y) = y”Kv(Qny) for y > 0 and du; = dxdy for
uj = x +14y. Then \,(du) := ¢, (Ju|)du is a finite measure, that is

oo 2T 00
Mn(C) = / on(|ul)du = / / ron(r)dodr = 27r/ ron(r)dr < oo
o o Jo 0
from (b) and (c) in Lemma 2.1.

Lemma 2.15. (Proposition 2 from Jiang and Q#*"). Let uy,--- ,u, have density function
fluy, -+ u,) as in (2.3). For any measurable function h : C — R with sup,cc |h(u)| < 1,

we have
n

E[E:(hﬁb)—fwduﬂﬂ4fZKn2

J=1

forn > 1, where K is a constant not depending on n, @(u) or h(u).

Lemma 2.16. Let v = v, be a sequence of nonnegative numbers. Let uy,---,u, have
density function f(uy,--- ,u,) as in (2.3). Let 7, be the empirical probability measure of
[n/(n + v,)]Y?u;, 1 < j < n. Assume lim, oo v,/n = o € [0,00]. Then, with probability
one, T, Lrasn — 0o, where T is a probability measure on C with density function

1 1

T \Ja+bul?

a=a?/(14+a)? andb=4/(1+ ).
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Proof. Let 7 be the empirical probability measure of [n/(n + v,)]"?|u;|, 1 < j < n. We
first show that

4 (2.49)

3\]\

where 7" has density function [(r) := \/ﬂw, 0 < r < 1. If this is true, by Theorem 1 from

Jiang and Qi%", 7, converges weakly to the distribution of Re’®, where the random vector
(R, ©)" has the product law of 7" and the uniform distribution on [0, 27]. Therefore, for any

bounded and continuous function g(z) defined on C, with probability one,

lim [ g(u)7,(du) = Eg(Re™)

n—00 (C
/ / re'? dr df
br2

dr df.

/o 9(re”) \/a2+ br?

On the other hand, by the polar transformation u = re®,

1 1
o= o (“Wr "

27r
/ / rew dr do
Va+br?

= 7d do.
/Og(re) a + br? :

The two assertions assure that 7, %4 7asn — co. Now we prove (2.49). To simplify

notation, set

gn::< n )1/2. (2.50)

n -+ v,

It is enough to show
1 :
- > I(salwy| <) = 7([0,y])
j=1

for each y > 0. Regarding I(§n|uj| < y) as a function of u;, which takes values in [0, 1].
Recall the Markov inequality P(|V| > t) < t™*E(V*) for any random variable V and
constant t > 0. By Lemma 2.15 and the Borel-Cantelli lemma, with probability one,

_Z §n|uJ| <y (§n|uj| Sy)} — 0
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as n — 0o. Therefore, to complete the proof of (2.49), by Lemma 2.5 it remains to check

that
1o 1 if y > 1;
lim ~ > P(,Y; <y) = (2.51)
LA Jy TEmdr f0<y<1

where Y}, 1 < j < n are random variables appeared in Lemma 2.5. Now we use Lemmas
2.8 and 2.12 to estimate the above probabilities.

By using the subsequence argument similar to the proof of (2.42) in the proof of
Lemma 2.14, it suffices to show that (2.51) holds under condition (I): lim, .. v,/n =
a € [0, 00] with v, — oo, or condition (II): lim,, . v, € [0,00). We will only prove (I) by
using Lemma 2.8. The item (II) can be proved by using the same argument with “Lemma
2.8” replaced by “Lemma 2.127, and hence is omitted.

Now we assume condition (I): v, — oo and a,, := = — «a € [0, 00] as n — oo. We prove
this via a few steps.

Step 1. y > 1. Obviously,

%ZP(%YJ- >y) < 5—|—% Z P(s.Y; > y)

j=1 né<j<n
for any 6 € (0,1). Set
C2ngly =24/ 5(j +v)
V2j+wv
n(n+v)y— il +v)

V27 + v ’

Wn,j

=2

j=1,2--,n.

From Lemma 2.8,

n

R - .1
3P =) = 3 18]

j=nd j=nd

Use the facts /27 + v < /2(n +v) and \/j(n +v) < \/n(n +v) to see that

- >2\/n(n+v)—\/j(n+v)
T 2(n +v)

z%%m’

for each no < 7 <n(1—1¢")if y > 1. It follows that

I R R IV
j=n 2

g1—¢@¢%)+&+%
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for any ¢’ € (0,1/2). By sending n — oo and then ¢’ | 0, we have

n

o1
i 23 (o) =

j=nd
for y > 1. This shows the first identity in (2.51).
Step 2. y € (0,1). It is easy to check that

Y

Y 2r 2
= Vatb?
/0 a+br2 T b a T
2
:g(\/a—l—b?ﬂ—\/a)

= (V@A F ) -~ a)

0

for a € [0, 00), and

/yzirdr—/y%dr— 2
0o Va-+ br? 0 Y

for a = oo. For y € [0, 1], define

(Va2 + 41+ a)y? —a), if0<a<oo;
Foly) =
y°, if a =00

and

n

Galy) = - 3 P(aY; <) (252)

J=1

for y € R. To complete the proof of (2.51), it is enough to show that

lim G,(y) = F.(y), ye€(0,1). (2.53)

n—oo

Review o, = “2= — o € [0, 00] as n — co. Evidently,

Fo () (Fa, (y) + o) = y*(1 + ) (2.54)

and lim, o F,, (v) = Fu(y) for any y € (0,1). Since F,(0) < F,(y) < F,(1) for y € (0,1),
we have F,,(y) € (0,1) for y € (0,1).

Now fix an y € (0,1) and let € € (0,1) be any small number such that y(1+¢) € (0,1).
Set

ky = [nFo,(y(1+e)]+1 and k; = [nF,,(y(1 - )],
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where [x] denotes the integer part of x as before. Review ¢, from (2.50). We will prove that

lim P(Y,- <y, ') =1 and nh_}n(r)lo P(Y,+ <ys,') =0. (2.55)

n— oo

Assuming this is true, we have from (2.52) and Lemma 2.6 that

lim sup G, (y)
n—0o0
1 n
= lif@nj;ip - ; P(Yk < yC,:l)
11 -
< limsup — [ZP(Yk < yggl) + Z P(Yk < Z/CEI)}
n—oo TLIT k=ki+1

1
< limsup — [k:: + (= k)P (Y < vs, 1)}

n—oo T

+
< lim sup [k—" + P(ka{ < ygn_l)}

n—00 n

= Fa(y(1+¢)).
This implies

limsup G, (y) < Fu(y)

n—oo
by letting € | 0. Similarly, we have
1
liminf G, (y) > liminf — Z P(Yr <ys, ')

n—00 n—oo M
k=1

.. k. _
> hrzfgg.}f [?P(Yk; < s, 1)}

= liminf —
n—oo N
= Fu(y(1—2)).
By letting € | 0 we conclude

liminf G,,(y) > F.(y).

n— oo
Therefore, we get (2.53).
Now we proceed to prove (2.55). We will prove the first limit only. The second one can

be proved in the same manner. In fact, from (2.54),
iy (ki + 0n) < B, (y(1 =€) [nFo, (y(1 =€) + va]
02 F, (y(1 — ) [Fa, (41— ©)) + ] (2.56)

=n’y* (1 —e)*(1 + ay)
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and
2k, + v, < 2n(1 + ay). (2.57)

Set

2y(n(n + vn))l/2 — 2/ k- (k- +v,)
2k, + v, '

- 2nY,- —2 k- (k4 vp)
" 2k, + v,
By (2.56) and (2.57),
2ny(1 12 _ony(1 — &)1
, > 2w+ an) nyl —e)Vitan _ eyv2n.

n —_—

l, =

2n(1+ ay,)
Hence,
> P(L, <eyv2n)
1
=1—(1+o0(1)(1—P(eyv2n)) + O<E)
=1+o0(1)
by Lemma 2.8. This completes the proof of the first limit in (2.55). O

Proof of Theorem 2. Let v = v, be any sequence of nonnegative numbers. Our assumption

is that lim, . % = a € [0, 00]. Recall (2.50) that

noo\1/2
o= <n+vn> '

Let p be the probability distribution with density function ®, appeared in the statement of

Theorem 2. To prove that p, 4 p, it suffices to verify that, with probability one,

Yo n() [ b (2.58)

for any continuous function h(z) defined on C; = {z € C; Re(z) > 0} with 0 < h(z) < 1 for
all z € C;. Here and later on “dz” stands for “dzdy” when z = x + 1.
Let uy, - - - ,u, have density function f(uq,---,u,) asin (2.3). Assume p; is a probability

measure with density function

1 1
Vol2) = = ===, Ju| <1,

T \Ja+bul?’
where a = o?/(1 + «)? and b = 4/(1 + ). By Lemma 2.16, with probability one,

n

1
n Z Ogu; = P1 (2.59)
j=1
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as n — 00. Recall Cy = C\{z € R; 2 < 0}. Obviously the Lebesgue measure of {z € R; z <
0} is zero. This implies that (2.59) also holds if we restrict uy,---,u, and p; on Cy (one
way to show this is the approximation of Cy via Cy. := C\{s+it; s <, |t| < e} ase ] 0).
Therefore, with probability one,

%Zhl(gnuﬁ = | M) (2.60)

for any continuous function hy(z) defined on Cy with 0 < hy(z) <1 for all z € C,. Review

Lemma 2.2. Let u = 22 be the one-to-one and onto transform from C; to C,. Denote by

u'/? the inverse transform from C, to C;. As seen from (2.4), u'/? is also continuous. Take

hy = hou'/?:Cy — [0,1]. Then hy : C, — [0,1] is a continuous functuion. By (2.60),

1 n
DS h ) > [ )
n i1 Cs

For z = re? € Cy, it is easy to check that 2'/2 = \/re?/? with 0 < r < 1 and 0 € (—7,7).

Then
1/2 Lo i0/2 1
h(z"%)pi(dz) = = h(\/?e )7 v drdf
Co -7

/ / se’ - sdsdn
—7/2 a+ bs4

,z|2
\/ a+blz |4
where we make a transform that s = \/F and n = 6/2 in the second equality and last step

follows from making a similar polar transformation. The last two assertions yield (2.58). O

2.3. Proofs of Lemmas 2.9 and 2.10

Proof of Lemma 2.9. First,

2j +v—1.5 v
1 : 2.61
g = v TR ru 152 (2.61)

2
i_(vjtn) §1+ﬂ3‘§05.<v+n)
05 7 v

uniformly over on < j < n as n — oo, where Cs > 0 is a constant depending on ¢ but not

; (2.62)

depending on n. Second, write 2j+1;_1'5 = 2j;1'5 + 1. Then

(2j +u— 1.5>2 (25— 1.5)(2) + 20— 1.5)
v

= +1. (2.63)
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Consequently, from the definition of f, ;,

oy
2] —15)(27+2v—-1.5 1 2
_ (2 )@ +20—15) +0< v )
v? 2j+v—15 (n+v)!
27 —1.5)(2 27 —1.5 2
S e e (2.64)
v? (25 — 1.5)(2j + v — 1.5)(25 + 2v — 1.5)
vl
(o))
* n(n +v)?
By (2.11) and (2.61), this again implies
i 7 (T ) v 1
v,iT \Mv,j) = . - —
HogT\ed) = 50+ v =152~ 20(1+ [22,)
v 1 /K v o\ 2
_v s v 2.
2K2 221(1) o 2/{2> (2:65)
v v (1 v? )—2
C2K2 22 K3
03
<(n+v)5>

where k := 25 + v — 1.5 and in the last step we use the fact 2 5 0 and the fact that

253
(1+a)"?=14O(a) as a — 0. From the definition of i, ; and (2.63), we see that
52 L 4
ﬁn(n +v) < fiy; < ﬁn(n + ) (2.66)
uniformly for on < j < n as n is sufficiently large. It follows from (2.65) that
s 5
7 (g) _ O(Ui) (2.67)
[ j n(n +v)°
holds uniformly for on < j <n asn — oc.

Now, define z, ;(t) = fi, j(1+ B, t), where

Buj = \/( 2j+v=15 (2.68)

2j — 1.5)(2v + 2j — 1.5)

is of order n~'/2 uniformly over én < j < n as n — oco. Then

Ty (8) = fin (L + But)?, (2.69)

a2 (t) = 1+ i + i (28,5t + B2 51%)
=2
_ luv ] > 3
= (L) 1+ 1 2 (st + 72,1 (2.70)

v7]
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By the formula 1+ 2 =14 £ + O(2*) as  — 0, we have

\/1+va \/1+ “”ﬁ”] (1+0(n%%))

w1+uw

holds uniformly over |t| < n'/® and én < j < n as n — oo. Similarly, from the fact that

= =1—2(1+0(1)) as z — 0, we obtain

it
1 1 2 -1
_ 1+ (28, 5t + B2 t2}
e T | 1+uw(ﬁf Bt
1 :uvj 02 42
_ o 265t + 52,#2)(1 + o(1))]
1+ 2 [ 1+ M(BJ_H%jX ot
1 P,

(2Bt + B2 t*)(1 + o(1)).

Clem,  (La)

Hence

1 1
20 1+ ,(t)

1 +}@ﬂmt.@+%myﬂl+dw)
20 1+ [ m o(1+ ag ;)%
1 1 712) '71) it 2

__ L1, Fiy 5. ,O(_g_?>
20 1+ [ /1+ i, (v+mn)

uniformly over |t| < n'/® and én < j < n as n — oo, where the fact (2.62) is applied in the
last step. Then we conclude from (2.11) that

1 2j+v—1.5
T (O @) = Lo - gy T T

- iy ;Bo.t
= fiug™ (i) + —2=
v/ 1+ uv,j
uniformly over [t| < n'/® and én < j < n as n — co. The assertion from (2.61) implies
1+ p2, = 2He=lB 4 O( )) Furthermore, x2 ;(t) = fi2 (14 O(n=*/*)) from (2.69).
With these at hand, we conclude from (2.67) and (2.68) that

(1+0(n~*%))

7' (20,(1))
xg,j(t)
= Pt g4 omaeyy £ TW) (4 o(-asy) (2.71)
\/Tﬁ%,j Ho,j

_ vt n=3/8 v’
__¢@j—L@@j+v—1®@j+quﬁfl+0( »+O(Mn+vw)
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uniformly over |t| < n'/% and on < j <n asn — oo.

Now, set t = t, n (2.71). If « is large enough, the first term in (2.71)

= ooy |
dominates the last one. Then 7/'(z,;(t,)) > 0 and 7/(z, (—t,)) < 0 uniformly over all
dn < j < n and large n. We obtain (2.20) by the continuity of function 7(x) and the
definitions of y, ; from (2.14) and =z, ;(?).

Finally, by (2.64),

- UL ()]

which combing with (2.20) implies

2.:4j(21—|—j)—|—0(n—|—v)[1+0< : v? ))]
v v2 n(n+v)2/1°

Then, use (2.15) and the fact |a — b| < |a? — b%| - a~! for any a > 0, b > 0 to see that

1
d. | < —
sl < 5

4(v +7) 2
02 Hjw

_ (2 J(v +j))—1

(%

v n-+v 1 v
:\/m.0< 2 +n+v>'2 j(v+7)
:O<\/nv—l—v>.0<n;v+n—1l—v>'0< n(;)+v))
=O0(n™'/?)

uniformly over all on < j < mn as n — oo. The proof is completed. O

Proof of Lemma 2.10. It follows from (2.15) that

Lyl () =14 p +uw<2ﬁwt+ﬁ2 12)

_ 2 Fa 2 42

= ()[4 L (2Bt + B, )] (272)
From (2.20) and (2.66),

52 5

—n(n+v) <pd, < Snln+wo) (2.73)

902 Hoj =72 :

uniformly for dn < j < n as n is sufficiently large. Similar to the argument between (2.70)

and (2.71), we see

1 _
31+ ys () =1+ p,+ \/#5” (1+0O(n 3/8));
:U“v]

oo 1 L HagBuit o v? )
20 1+y,(t) 20 1+uv7j 142, (v+mn)3
v,J
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hold uniformly over |t| < n'/® and én < j < n as n — oo. Therefore, we get from (2.11)

and the fact 7/(, ;) = 0 that

— 1 2j+v—1-05
v'/ vilt)) = 1 2= -
Yy ,]T (y J( )) _'_yv,] 21)(1_|_y2 ) v

v,J
2
B,
= LB (14 005 + gt ()
1+ a
N%jﬁvj

and
T'(Wo(t) _ Bugt s
Yo (1) M(HO( ))- (2.74)

Notice 1+ fi; ; and ((n+v)/v)2 are of the same order from (2.61). From (2.20) and the fact
V1+x =14 0(x)as z — 0 we have

3

2]j+v—15 v v
142, = O<7)
VT ey v Tapire—t152 ity

:2j+v—1.5[1+0< j}r )]

By the identity between (2.12) and (2.13),

1 1 7'(x)
"
— — . 2.
W= e e e =
It follows that
(g (0)) = 7 (f) = — e + ———
! Uiz, v a)?
2
v v
E———| S 2.
2j+v—1.5[ +O<(n+v)3>] (2.76)
v 1
— 14+0
274w [ + (n + v)]
and
27" beg) = 727" (1) = 14 0(——)] 277)
CEVARCIY) vsJ v,J vsJ v n _'_ v
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from (2.15). We obtain (i). Furthermore, by (2.72)-(2.74),

1 | (D)
7 (yy.: (1)) = + - i 278
(40.,5()) 142, OFusOF ) (2.78)
2
B |t
Jitud, s s

1 1y jBuslt] ' (y(1))
TS B el
" Mg,jﬁvvﬂﬂ T/(yv, (t>)
=7"(40,i(0)) + WO(U - th) (2.79)

uniformly over |t| < n'/® and én < j < n as n — oo, where (2.75) is used in the first
equality; (2.72) is used in the second equality; (2.76) is used in the third equality. From
(2.79) we claim that

(Yo (1)) = 7" (10,3(0)) [1 + O(But])] (2.80)

uniformly over [t| < n'/% and on < j < n asn — oo. In fact, we know 1+ p2 ; has the same

order as ("+U from (2.73). Therefore,

1
7" (Y0,5(0)) = ———=
NARS

by (2.76). This is equivalent to
1

T o ko)

2
Moy BUJM 1 ,uv
(1 +Ju BEChN 14422, 1+;j? Buglt] = 7" (403(0)) - O(Busltl);

T/(yv,j(t)) - . . .
i = (45.(0)) - O(Bu4t])

by (2.74). These two facts conclude (2.80).
Review y, ;(t) = py (1 + By t) and y, ;(0) = g, ;. We have

t
(s (1)) — 7(ttog) = fos B / oy (5))ds = 22,52 / / (o (w))dwds.
0

From (2.80) we have

This yields that

:U“v] v] (IUUJ)
2

T(Yo(1) = 7o) = t[1+ O(B,4t])]

39



AlP

Publishing

uniformly over [¢| < n'/® and én < j < n as n — co. We get (ii) by the notation 2 =
2 2 . .
o, /iy in (2.15). It is seen from (2.13) that

2j—15 [t [* 1
(Yo (1)) = T(ptos >53..7.//7dwds
(Yo, (8) = T(1og) > By N T e
2]—15

[ﬁvg lOg(l + Bv,jt)]

for any ¢t > —1/f, ;. This implies (iii) since 2j — 1.5 > j for all j > 1.

Finally, from (2.15), y,;(t) = py;(1 + By t) with p,; > 0 and 5,; > 0. Thus, y, ;(t)
is an increasing function in ¢ > —1/3, ;. Keep in mind that we will interchange “y, ;(0)”
and“u, ;" next. By (2.13), 7/(x) is increasing in z > 0 and 7'(41, ;) = 7'(y»,;(0)) = 0. This
says that 7/(y,;(t)) < 7'(y,;(0)) = 0 for —1/5,; < t < 0. Observe that the first two
terms on the right hand side of (2.78) are decreasing in —1/3,; < t < 0. The two facts
show that 7" (v, ;(t)) > 7" (y,,;(0)) = T”(,uvj) for —1/B,; <t < 0. Note that L7 (y,;(t)) =
i Bo. 5T (yu,5(t)) and dtzT(yw(t)) = 2 ;82 ;7" (yu;(t)) by the chain rule. For any ¢ with
—1/pB,; <t <0, by using Taylor’s theorem, there exists w € (¢,0) such that

7(00g () = 7(005(0)) = s Bt (s (O0) + 5122 62,87 (s 0)

2 )
"
= _/“'ijﬁvj (Nv,j)-

This leads to (iv). O

2.4. Proof of (1.9)

From p. 163 from Do Carmo®®, for a surface (z,y, h(z,y)) on an open set (z,y) € U C R?,

the Gaussian curvature K is given by

o hyy — h’?ﬂy

K= ;
(T+h2+ h2)?

(x,y) € U.

In our case,

c(x? +?)

2 2
, r*+y <1l,z >0
Jar i@+

h(z,y) =

40



AlP

Publishing

where a = ?/(1+a)? b =4/(1+ ) and ¢ = 4/7. To simplify notation, set A = a + b(z? +
y*)?. Then we have from the formula (f/g) = (f'g — fg')/g? that

QC:E\/E - 6(1172 + y2)4bw(r2+y2)

ha 2VA
A
2cz A — 2bcx(z? + y?)?
= e (2.81)
2acx
So
A3 — g 3 A - Abx(2? + 1?)
hee = (2ac) 2 Ve
a+b 1’2—|—y2 2) — 6bx? :):2+y2
P el )Al - ( ) (2.82)
a+b(z?* + y*)(y* — 5a?)
= (2ac) Y5
and

hyy = 2acx - ( — 2)14_5/2 ~Aby (2 + y?)
= —12abcay(2? + y?) A2,

By symmetry, we get the expressions for h, and h,, by replacing “z” with “y” in (2.81) and
(2.82). In particular,

4ac? (2% + y?)12
N ( y)]

2 2\2 __
(I+hy+h,)" = [1 VE

and
haalyy — ha,
=40’ A [a+ b(2® + ) (y* — 52?)] - [a + b(a® + y*) (2 — 5y°)]
— 144a*b*Pa?y? (2 + y?)2A~°
=4a’P A {[a+ b(z® + y*)(y* — 52%)] - [a + b(z® + y*)(z* — 5y?)]
— 36020 (22 + 42)?).
It is a bit tedious but easy to check that
[a+b(2” + ) (y* — B2?)] - [a+ b(2? + y*)(2® — 5y®)] — 36b°2y*(2* + y*)°
= a® — dab(2? +y*)? — 5b* (2 +y*)*
= [a+ b(2* + y*)*] [a — 5b(z” + y°)?].
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This says that
hashyy — Wy, = 40> A7 [a + b(z® + y°)?] [a — 5b(2” + y*)?]. (2.83)

Therefore, by the notation A = a + b(z? + y?)?,

A° 4a?c?
K=o aeam e o Al o+
a’(a +bRY?(a — 5bR*
_ (402) .

[(a+ bR")? + 4a2c®R?] z

where R := /22 +y2 € (0,1). So K > 0 for all (z,y) with 2% + 4> < 1, |z| < 1 if a > 5b,
and K < 0 for all (z,y) with 2% + y? > \/a/5b if a < 5b. Now a > 5b if and only if

2

> 20
1+« ’

which again holds if and only if & > 10++/120. Similarly, a < 5b if and only if @ < 10++/120.
To make h(x,y) be a convex function it suffices to check that the Hessian of h is non-

negative definite. That is, that matrix

g e Py
ey Ty
has to be non-negative definite. This holds if h,, > 0, h,, > 0 and det(H) > 0. It is easy to
see that inf,24 21 |p1<1(2? + y?)(y* — 52?) = —5 by taking z 1 1 and y | 0. So hy, > 0 and
hyy > 0 if a > 5b.
From (2.83) we know K > 0 for all (z,y) with 2% + y* < 1, |x| < 1 if and only if

a > 10 + +/120. O
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