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Abstract

In this paper we study limit theorems for a class of correlated Bernoulli processes. We obtain the strong law of large numbers,
central limit theorem and the law of the iterated logarithm for the partial sums of the Bernoulli random variables.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Consider a Bernoulli process {Xj, j > 1} in which the random variables X ; are correlated in the sense that the
success probability of a trial conditional on the previous trials depends on the total number of successes achieved to
that point. More precisely, assume that for some 0 < p < 1,

P(Xjp1=1F)=(0-0)p+6;j7's;,

where 0 < 6; < 1 are dependence parameters, S, = Z?Zl Xjforn > 1,and 7, = 0(Xy,..., X,), the o-
field generated by X1, ..., X,,. If X; has a Bernoulli distribution with parameter p, it follows that X1, X», ... are
identically distributed Bernoulli random variables. This process was introduced by Drezner and Farnum (1993), and
the distribution of S, is called a generalized binomial distribution. When all 6;’s are zero, this is the classic Bernoulli
process. When 6; > 0, an intuitive interpretation for the model is that the (j + 1)th trial is expected to have a larger
success probability than p if in the first j trials the average number of successes is larger than p. Many examples are
given in Drezner and Farnum (1993).
For the special case when 6, = 6 € [0, 1) for all » > 1, Heyde (2004) proved that

p(l—p)

— d
n~ V%S, —np) > N (o, Y

) ifo <1/2,
(nlogn) V28, — np) % N, p(1 — p)) if0 = 1/2,
n S, —np) S W ifo > 1/2,

. . . .. . d as
where W is some non-degenerate mean-zero random variable with a non-normal distribution, and — and — denote
distributional convergence and almost sure convergence, respectively.
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The generalized Bernoulli process offers parameters for overdispersion and thus is more flexible than the classic
Binomial model. If 6,, = 0 for all n, the parameter € can be consistently estimated by maximum likelihood from the
data. See the comments in Heyde (2004).

In this paper we will consider the general case. We will investigate the conditions for the strong law of large
numbers, the central limit theorem and the law of the iterated logarithm for the partial sums of the dependent Bernoulli
random variables. The main results of the paper will be given in Section 2, and all the proofs are given in Section 3.

2. Main results

Define
n—1
ar=1, ay=[J+j'0p) forn=2,
j=1
and

Theorem 2.1. If lim,— 0 ay/n = 0, then

S,
-8 ). .1

n
Conversely, if (2.1) holds, then lim,_, 0 a,/n = 0.

Theorem 2.2. If lim, o A, = 00, then

Sp—np da

——— = N, p(1 = p)); (2.2)
anAp

and if lim,_, 5 A, < 00, then

Sn =P as 2.3)

an

where V is some non-degenerate mean-zero random variable.

Theorem 2.3. If lim,_ 0 A, = 00, then

. Sn —np as
limsupt—+———— = {/2p(1 — p).
n—>oop anAy,y/loglog A, P P

A function ¢ (x) defined on (0, co) is said to be regularly varying at infinity with index o if
lim 200

im =
x—00 ¢ (x)

(Notation ¢ € RV («).)
For convenience set ag = 1. Define the function a(x) = a|, for x > 0, where | x] denotes the integer part of x.

t“ forallt > 0.

Corollary 2.1. Assume that a(x) € RV (0), where 6 € [0, 1/2). Then

Sn—np_d)N Ovp(l—p)
N 1—26

and

S, — 2p(1 —
lim sup + n — P = p( p)

n—co y/nloglogn 1-20 °
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Corollary 2.2. If lim, . 6, =0 € [0, 1/2), then
_ 201 —
limsup = W P p)

n—>00 ,/nloglogn 1—-20

Corollary 2.3. Assume that 6, = 0 € [0, 1/2] foralln > 1.
1) If 6 € [0, 1/2), then

2p(1 —
limsup + — P ws Ll p)

n—>00 ,/nloglogn 1-26

(i) If 6 = 1/2, then

S
lim sup & n 1P £ /2p(1 - p).

nsoo y/nlognlogloglogn

We end this section with some remarks and an example. In Corollary 2.1, if we assume that a(x) € RV (0) for some
0 € (1/2, 1], then we have lim,—,oc Ay < 00 from properties of regular variation. Hence we can apply Theorem 2.2
to get the limit from the almost sure convergence. When 6 = 1/2, it is rather complicated. The normalizing constants
are not as simple as in Corollary 2.1. They are dependent on the asymptotic behavior of a(x). The following example
shows that the normalizing constants in this case may be quite different.

Example. Let § € (0, 1) be fixed. Define b(x) = exp{ (logx)®} for x > 1. Tt is easily seen that
limxeoox(b(b"(i)l) -1 = 2 Let ng be an integer such that x(%3 (x+1) — 1) < 1forall x > ng, and define §; = 0 for
1< j <no,and0; = j(2gH — 1) forall j > no. Then we have
n—1 1 ifn < ng
— —1lpy
an—l_[(1+] 9])— M it n > ny.
Jj=1 b(ng)
Calculations show that
n
b
A,% = aj*2 ( (nO)) (logn)1_3 exp{2(logn)5} asn — 00.
=1
Therefore,

/2 (log n)(1=9/2

anA, ~ 26)172

and
1 _
anAy+/loglog A, ~ Enl/z(logn)(1 8)/2(10g10gn)1/2.

It follows from Theorem 2.3 that

S _
lim sup =+ n 1P S /ol =p).

n—oo  /n(logn)=%loglogn

3. Proofs

For 6 > 0 let

n—1
a (@) =1, a, @) =[]a+j7'0) forn=>2.
j=I



2342 B. James et al. / Statistics and Probability Letters 78 (2008) 2339-2345

Lemma 3.1. For any 6 > 0, a,(0) ~ asn — oo.

n9
or®)
The conclusion in the lemma can be found in Heyde (2004).

Lemma 3.2. (i) n/ay, is non-decreasing in n.
(i1) If limp,— 0 Ay = 00, then limy o0 an/n = 0.
Proof. (i) Note that a,,(1) = n for all n > 1. We have that

n—1

n an(l) 1+ 7!
an _1_[1+j_19

()

is non-decreasing since all terms in the above product are at least 1.

(i1) Since a,/n is monotone, its limit exists; denote this limit by v. The limit v must be zero. Otherwise we have

& < — forall n > 1, which implies lim, 0o A, < 00. [

Lemma 3.3. Let {Z,,,G,,n > 1} be a sequence of martingale differences. If Zﬁ] E(Z,21|gn_1) < 00 a.s., then
Z?:] Z; converges almost surely.

This lemma is a special case of Theorem 2.17 in Hall and Heyde (1980).
Lemma 3.4. Let {Z,,G,,n > 1} be a sequence of bounded martingale diﬁerences Assume that there exists a

sequence ofpowtzve constants {Wy} such that W,, — oo as n — 00 and W2 Z 1E(Z 1Gi-1) L 2. Then

2" 4 N, 02).

Proof. LetZ,; = Z;/ W, for1 <i < n.By Corollary 3.1 in Hall and Heyde (1980), it suffices to prove the conditional
Lindeberg condition

ZE(Z 1(1Zyj] > €)IGj—1) 2> 0 foralle > 0,

which is trivial since, for any given ¢ > 0, all sets {|Z,; > ¢|} are empty for large n. [

Lemma 3.5. Let {Z,,G,,n > 1} be a sequence of bounded martingale differences. Assume that there exists a
sequence of positive constants {W,} such that

W Wy > 1, W, — oo, (3.1)
and
E(Z3|Gj—) 5 1. (3.2)
Wn2 ; ~
Then

n

>z

i=1 :
limsup + ! =

n—soo  /2WZ2loglog W2

Proof. In view of Theorems 4.7 and 4.8 in Hall and Heyde (1980), it suffices to prove

o0
Z W;4E(Z§|gj,1) < o0 as.,
j=1

which, by (3.2), is equivalent to

o
Z ij4E(Z§|gj,1) <00 as.,
=1
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where Vn2 = Z'}zl E(Z12.|gj_1). For simplicity, assume that V12 = E(Z]2|g0) = EZ12 > 0. Since the Z,’s are
bounded by some constant ¢, we have

Y VIEEZNG-) = &Y VIEZIG-)

=2 j=2
00 © Y2 _y2
- -1
<Y ViR vi-vipsdy Lo
— J ") —  y2y2
j=2 j=2 Jj i1

o0
2 -2 -2 2y,—2
=Y (VA -V =2V
j=2
This proves the lemma. [
Proof of Theorem 2.1. Define
Sp —np

T, = forn>1, and Y1 =T, Y,=T,—T,1 forn>2.

dn

Then it is easily checked that {7},, F,,, n > 1} is a martingale, and hence the Y, n > 1 are the martingale differences
from {7},}. Some simple calculation shows that for j > 1

vi= L (x. —pto _ Si-t
I\ pTUj-1\P i1

1 S S;— 2
EY]IFj-1) = — <p(1 —p)+0;1(1—2p) <j’_11 - p) —6;_ <j,_11 - p) ) : (3.3)

J

and

Since 0 < §j_1 < j — 1, we have for some constant C

C
E(Y;|Fj_1) < — forj>1. (3.4)
as
J
Let Z, = a,Y,/n forn > 1. Then {Z,,, F,,,n > 1} is a sequence of bounded martingale differences. From (3.4)
we get ) 72, E(Z]2.|fj_1) <CY%, L < o0, which together with Lemma 3.3 yields

j2
n
Y

Y n
! = Z Z; converges almost surely.
-/ —
j=1 j=1

Since n/a,, is non-decreasing and goes to infinity from Lemma 3.2, we have in view of Kronecker’s lemma that

n—oo

proving (2.1).
Now assume that (2.1) holds. If lim,,_, o, a, /n = 0 does not hold, then we have lim,,_, oo A;, < oo from Lemma 3.2,
and a,/n — v for some v > 0 from the monotonicity. Then by Theorem 2.2 we have
Sn

— — p  converges almost surely to some non-degenerate random variable,
n

which yields a contradiction. It is worth mentioning that in the proof of Theorem 2.2 below, we have to use
Theorem 2.1, but we will only use the sufficiency of the theorem.
This finishes the proof of Theorem 2.1.  [J
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Proof of Theorem 2.2. Under the conditions lim,, .~ a,/n = 0 and lim,,_, 5o A;, = 00 we have

n
z E(Y}1Fj-1)
j:

lim = pd —p). (3.5)

n—00 A%
In fact, we have from (3.3) and Theorem 2.1 (sufficiency part) that

1 —
E0HF ) = PP o) as ) o0
J

with probability one. This together with the assumption lim,_, o, A, = oo yields (3.5). Hence, by Lemma 3.4 we have

n
S Zl Y
n — np Jj= d
= N, p(1 — p)),
e v 0, p(1 = p))
proving (2.2).

If lim, o A, < 00, then from (3.4) we have Z(]’il E(szl}'j_l) < 00 a.s. From Lemma 3.3 we obtain

Sy, —n 1
on M Z Y; converges almost surely to some random variable V/,

ay =
where V is a well-defined random variable with zero mean and positive variance Zj’il E (YJZ). This proves (2.3), and
hence the theorem. [

Proof of Theorem 2.3. Let Z, = Y, and W,% = Aﬁ p(1 — p). Under the given conditions, (3.2) follows from (3.5).
(3.1) holds as well since the Z,’s are bounded and W,, — oo. Since log log(an) ~ loglog A, and

n
> Zj
Sy — i= log log W2
n — np j=1 oglog W 30— p).

anAny/loglog A,  /2W2loglog W2\ loglog A,

the theorem follows from Lemma 3.5. O

Proof of Corollary 2.1. It is easily seen that a(x)~% € RV (—26). Since —20 > —1, from Karamata’s Theorem (see,
e.g., Theorem 1.5.11 in Bingham et al., 1987) we have

na(n) =2 nan_2

1-20  1-26"

n
Aﬁ:/ a(x)2dx ~
0

which yields a, A, ~ /lj'w. Since xa(x)~2 € RV (1 — 26) and a(x)/x € RV (6 — 1) we have from the properties

of regular variation that loglog A, ~ loglog(na,; %) ~ log log n. Therefore, Corollary 2.1 follows from Theorems 2.2
and23. O

Proof of Corollary 2.2. By Corollary 2.1, it suffices to show that a(x) € RV (0); that is, for every t € (0, 1),

limy, - o0 ‘fl(('l’j)) = 1?. The calculation is straightforward and the details are omitted here. [

Proof of Corollary 2.3. When 6 < 1/2, the corollary follows from Corollary 2.2. When 8 = 1/2, it follows from
Theorem 2.3 and the following estimates that

and a, A, ~ /nlogn from Lemma 3.1. [
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