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A method in analyzing extremes is to fit a generalized Pareto distribution to the exceedances
over a high threshold. By varying the threshold according to the sample size [Smith, R.L., 1987.
Estimating tails of probability distributions. Ann. Statist. 15, 1174-1207] and [Drees, H., Fer-
reira, A., de Haan, L., 2004. On maximum likelihood estimation of the extreme value index.
Ann. Appl. Probab. 14, 1179-1201] derived the asymptotic properties of the maximum likeli-

GMzséO hood estimates (MLE) when the extreme value index is larger than — . Recently Zhou [2009.
62F12 Existence and consistency of the maximum likelihood estimator for the extreme value index.

J. Multivariate Anal. 100, 794-815] showed that the MLE is consistent when the extreme value
Keywords: index is larger than —1. In this paper, we study the asymptotic distributions of MLE when the
Endpoint extreme value index is in between —1 and —] (including —J). Particularly, we consider the
Extreme value index MLE for the endpoint of the generalized Pareto distribution and the extreme value index and

Generalized Pareto distribution

Stable law show that the asymptotic limit for the endpoint estimate is non-normal, which connects with

the results in Woodroofe [1974. Maximum likelihood estimation of translation parameter of
truncated distribution II. Ann. Statist. 2, 474-488]. Moreover, we show that same results hold
for estimating the endpoint of the underlying distribution, which generalize the results in Hall
[1982. On estimating the endpoint of a distribution. Ann. Statist. 10, 556-568] to irregular case,
and results in Woodroofe [1974. Maximum likelihood estimation of translation parameter of
truncated distribution II. Ann. Statist. 2, 474-488] to the case of unknown extreme value index.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Let X, X1, X, ... be independent and identically distributed (i.i.d.) random variables with a distribution function (d.f.) F, which
lies in the domain of attraction of an extreme value distribution, i.e., there exist a; > 0 and b;,, € R such that

lim P

n—oo

<max1<i<nxi — by

O g") =Glx) (1.1)

for all continuous points of G, where G is a non-degenerate distribution. Based on (1.1), one can infer the tail properties of F, and
hence extrapolate data into a far tail region of F; see Chapter 4 of De Haan and Ferreira (2006). It is known that G in (1.1) can be
written as

Gy(x) = exp(—(1 + )"/}
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for some y € Rand 1 + yx > 0, and condition (1.1) implies that there exists a positive non-decreasing function ¢ such that

. X—t _ -1/
%EP(W > XX > t) =(1+yx)
for all x > 0 and 1 + yx > 0, where 0 = sup{x : F(x) < 1} is the right endpoint of F. Therefore, given a fixed high threshold u,
the conditional distribution of the exceedance above the threshold, i.e. P(X — u<x|X > u), can be approximated by the so-called
generalized Pareto distribution

Hx) =1 (1 + px/a(u)™7, (1.2)

see Chapter 3.1 of De Haan and Ferreira (2006).

A parametric way in analyzing extremes is to fit the generalized Pareto distribution (1.2) to the exceedances over a fixed
high threshold. With this setup, it follows from Smith (1985) that the rate of convergence of the maximum likelihood estimates
(MLE) for parameters y and t := —a(u)/y depends on whether y> — %, Y= —% or —-l<y<— % Note that the parameter ©
corresponds to the endpoint of H when y < 0, and the setting in Smith (1985) is broader than the assumption of generalized Pareto
distribution.

A difficulty for this parametric approach is how to quantify the influence of the fixed high threshold. An alternative way in
analyzing extremes is to start from condition (1.1) directly, which is considered as a semiparametric model. Under this setup, one
may choose a sequence of thresholds u = u, and estimate y and a(u,) by maximum likelihood estimation. For example, Smith
(1987) derived the limit of MLE for (y,0) when y> — % but did not obtain the limit for the case -1 <y < — % Instead, Smith
(1987) considered a different estimator from MLE for the case -1 <y < — % Recently, Drees et al. (2004) revisited the maximum
likelihood estimate of (y, ¢) by taking the threshold as the (k + 1)-th largest order statistic, and derived the limit when y > — % by
employing a weighted approximation of tail quantile processes. Under condition (2.1) given below, Zhou (2009) showed that the
MLE of (y, o) exists and is consistent when y > — 1. Therefore, a natural question is what the limit and the rate of convergence of
MLE are when y € (-1, — % ]. Answering this question completes the results in Smith (1987) and Drees et al. (2004).

It is known that condition (1.1) with y < 0 implies that the right endpoint of F is finite (i.e. § < o) and

—1
t&g%:xl/’ for x> 0. (1.3)
Based on (1.3), the endpoint 0 can be estimated; see Hall (1982), Loh (1984), Falk (1995), Athreya and Fukuchi (1997) and Hall
and Wang (1999) for the regular case y € (—%, 0), and Woodroofe (1974) for the irregular case y € (-1, — % ). Note that Woodroofe
(1974) assumed that y is known. In this paper, we focus on the irregular case as Woodroofe (1974), but take the same setup
as Drees et al. (2004) without assuming that y is unknown. That is, we assume (1.1) holds for some y € (-1, —%]. Therefore,
we have one endpoint for the generalized Pareto distribution (1.2) and another endpoint for the underlying distribution F.
From Woodroofe (1974), one may conjecture that the maximum likelihood estimators for both endpoints have a faster rate of
convergence compared to the MLE for y, and the corresponding limit laws for both endpoints are non-normal.

In this paper, this conjecture is proved when the MLE of 7 is normalized by a sequence of random variables. It is also shown
that the MLE of 7, normalized by a sequence of non-random constants, has a normal limit with a slower convergence rate. This
phenomenon can be explained by the fact that we employ a stochastic threshold in the maximum likelihood estimation procedure
and thus the true value of 7 is essentially related to the random threshold. When considering the maximum likelihood estimate
for (y, o), the rates of convergence for these two parameters turn out to be of the same order and the limits are both normal
distribution. This is different from the limit for (y, 7). At first glance, the difference is mysterious: 7 is a function of y and ¢ and
studying MLE for (y, ) is equivalent to that for (}, 7). However, we should keep in mind that the case y € (-1, — % | is irregular and
so the invariant property of MLE does not hold. In fact, since 6 = —77, the convergence rate of ¢ to ¢ is determined by that of
toy.

Based on the above study on estimating 7, we also derive the joint asymptotic limit of estimators for y and the endpoint 0
in (1.3), which shows that the limit of the endpoint estimator for F is non-normal. Since Li and Peng (2008) pointed out that
maximum likelihood estimation for y and 0 based on the generalized Pareto distribution is the same as that based on model (1.3),
our results extend the results in Hall (1982) to irregular case and generalize the results in Woodroofe (1974) to the case of jointly
estimating the extreme value index and endpoint with an unknown extreme value index.

We organize this paper as follows. The main results are given in Section 2. We summarize our conclusions in Section 3. All
proofs are given in Appendix A.

2. Main results

Let Xp1 < - - <Xnn be the order statistics of the i.i.d. random variables Xy, ..., Xp. Let k = k; be an intermediate sequence of
integers satisfying

k — oo and 1’1—<—>Oasn—>oo. (2.1)
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Given X;, , . the conditional likelihood function of

(Xn,nfk+l - Xn,n—kv -Xn.n - Xn,n—k)
can be approximated by

k

L(y,0)= 1_[ h(Xnn—iv1 — Xan—is 7, 0),
i=1

where h(x; y,5) = (0/0x)H(x) is the density function of the generalized Pareto distribution H(x) defined in (1.2). It follows from
Drees et al. (2004) that the score equations are

k
1
% Z log{1 — (Xn,n—i+1 - Xn,n—k)/f} =7 (2.2)
i=1
k
1 1 1
_ = 2.3
k ; 1= Xnnoiv1 =Xl 147y (23)
and
1—Xnn—iz1 —Xpnk)t>0 foralli=1,....k (2.4)

when y#0 and T = —a/y. Note that Eq. (2.4) is not used in Drees et al. (2004) because the solution of (2.2) and (2.3) automatically
fulfills this requirement when y > — % But this constraint is necessary in determining the limit of MLE when —1 <y < — 1; see
Theorem 1.

For deriving the asymptotic limit of the MLE, similar to Drees et al. (2004), we need a second order condition: suppose there
exist two real functions a(t) and A(t) — 0 (as t — oo) such that

tlinolo (U(tx) — U(t))l/q‘zg) —(x" =1)y —P(x) = /;X §-1 f]s uP-1duds (2.5)

for some y > — 1 and some p <0, where U(t) denotes the left-continuous inverse of 1/(1 — F(t)). It follows from Theorem 3.3.5 of
De Haan and Ferreira (2006) that

a(t)=a(U(t)), (2.6)

where U~ denotes the left-continuous inverse function of U.

Throughout, we assume —1 <y < — % and let (9, 7) denote the solution of (7, 7) to Egs. (2.2)-(2.4). Denote the true value of y
by 7. In virtue of the random threshold X, ;, 4, we will normalize the MLE of = by a(U~(X;, ,_¢)). It follows from (2.5) that a(t) has
a positive sign for large ¢, and hence (2.4) is equivalent to

T/a(Ui(Xn,n—k)) > {Xnn — Xn,n—k}/a(ui(xn,n—k)) : =Mh. (2.7)

Put

k
1 Xopm i1 =X
e 1S 0l w} +1,
fn( ) k ; g{ ta(U_(Xn,n—k))

1 k Xn,nfi 1 —Xn,n—k !
&= {1 B m}
and
1
(D) =8n(t) = £

Put 0, = |A(n/k)log(k="0|A(n/k)|)|. First we show that there exits t such that t/a(U~ (X, ,_t)) lies between My(1 + d,) and
—1/y¢ + ¢ for some ¢ > 0 as defined in the following proposition.

Proposition 1. Under conditions (2.1), (2.5),y € (-1, — %] and

k~7A(n/k) - 0, k~'|log|A(n/k)| — 0 asn — oo, (2.8)
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we have
Jim P(hn(Ma(1 + dn)) > 0) =1, (2.9)
nlLrl;lc P(hu(—1/y9+€)<0)=1 (2.10)
and
nlingOP(h,g(t) <0 forallte[Mp(1+6n),—1/yg+e])=1, (2.11)

where ¢ > 0 is small enough.

It follows from Proposition 1 that, with a probability tending to one, there exits a unique solution, say (9, 1), which satisfies
that

©> (Xnn — Xnn-k)(1 + On),

ha(%/a(U~ (Xpn-t))) =0, (2.12)
R 1 k R
Y= X Z] log{1 — (Xpn_it1 — Xn,n—k)/f}-

Note that there may exist a t € (Xnn — Xy n_k» (Xnn — Xnn_i )(1 4+ 0n)) such that hp(t/a(U~ (X, 5_k))) = 0. In this case, it is obvious
that this solution has the same asymptotic limit as M. From now on, we focus on the study on (9, 7) satisfying (2.12).

Theorem 1. Assume yg € (—1, —%). Under conditions (2.1), (2.5) and (2.8) we have

(VKT = 70l K 701E/a(U~ (X)) + 1/70)) S (W, V),
where W and V are independent random variables, W ~ N(0, y(z)), and the distribution of V is given by

P(W, <0) ify>0,

= < =
V) =PV<y) {P(wy<0>exp{—(~/oy)*”"*'°} ify <0,

where W), is defined in Lemma 2.
Theorem 2. Assume yg = —%. If conditions (2.1), (2.8) and (2.5) hold, then we have

(VKD = o} (kI k) 70 (3/a(U~ (X ni0)) + 1/701) S (W, V"),

where W and V' are independent random variables, W ~ N(O, y%), and V' ~ N(O, yaz).
Remark 1. Note that the case yy = —% is not studied in Woodroofe (1974).

Note that in Theorems 1 and 2, we can treat the MLE of 7 as an estimate of —a(U~ (X, ,_¢))/. which is the random endpoint
of the generalized Pareto distribution H. When studying &, one may take a(n/k) as the true value as in Drees et al. (2004). In this
case, we compare 7 with the non-random endpoint —a(n/k)/y,. By writing

HHal)+ 1/ = (/U (1) +1/50 ) gt | A i)

the following theorem shows that the rate of convergence is k~1/2, which is slower than ko for 7, € (-1, —%) or (klnk)’ for

(2.13)

Yo=— %
Theorem 3. Let —1 <yy< — % Assume conditions (2.1), (2.5) and (2.8) hold. Then we have as n — oo
(Vki9 = 70} VR(E/a(n/k) + 1/70) (W, W),
where W and W* are independent random variables, W ~ N(O, y(z)) and W* ~ N(0,1).
An alternative interest is to estimate ¢ instead of the endpoint . In this case, the MLE for ¢ is 6 = —}7 and its asymptotic limit

is given as follows. Here we compare the limits of ¢ after normalized by both the non-random constant a(n/k) and the random
variable a(U~ (X, ,_x)), respectively.
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Theorem 4. Assume all conditions in Theorem 3 are satisfied. Then we have
(Vk(3 = 7o), Vk(8/alr/k) = 11, V(6/a(U~ (Xnn-i0)) = 1)) >(W, 50 W* + Wy, W/y),
where W and W* are given in Theorem 3.
Next we estimate the endpoint 0 of F. Based on } and %, one can estimate 0 by 0= Xan_k + T. As pointed out in Li and Peng
(2008), estimators 9 and 0 are the same as the maximum likelihood estimator in Hall (1982). Hence the following results extend

Hall (1982) to irregular case.

Theorem 5. Assume yy € (—1,— % ). Under conditions (2.1), (2.5) and (2.8), we have

. 00 «
_ L P
(ﬁ{y Yol k70 a(n/k)) Sw,v),
where (W, V) is defined in Theorem 1.

Theorem 6. Assume y, = —%. If conditions (2.1), (2.8) and (2.5) hold, then we have

AN ,
(JE yoh (klnk)~ (/l)>—>(W,V),

where (W, V') is defined in Theorem 2.

Remark 2. Write

a (%k)
— ko

n
K my—1= k“/OA(n/k)ia <E>
a(n/k) - Aln/k)

It follows from (2.8) and Theorem 2.3.6 of De Haan and Ferreira (2006) that k="oa(n)/a(n/k) — 1, which implies that 0 has the
same rate of convergence as X, , when y € (-1, 2) But it is true that 0 — 0<0 — (Xnn_k + Knn — Xpn_i)t =0 — Xnp, ie, 0is
always closer to the true value than X, ,. When yy = —5 0 has a faster rate of convergence than X, ..

Remark 3. It is known that the endpoint estimators in Dekkers and de Haan (1989) and Dekkers et al. (1989) have the rate
of convergence k="/2a(n/k) when lim;_, ,,v/kA(n/k) € (—oo, c0). Hence, 0 is better than the endpoint estimators in Dekkers and
de Haan (1989) and Dekkers et al. (1989) when y € (-1, —%). However, the estimators for y in Dekkers and de Haan (1989) and
Dekkers et al. (1989) have a faster rate of convergence than the maximum likelihood estimator when y € (-1, — —) since (2.8) is
required in our Theorem 5.

3. Conclusions

We generalize the study in Drees et al. (2004) to the irregular case y € (-1, —%], hence the maximum likelihood estimator
for a generalized Pareto distribution becomes known for y > — 1. As pointed out in Li and Peng (2008), when 7 < 0, models (1.2)
and (1.3) are equivalent in the sense that the maximum likelihood estimators for the extreme value index and the endpoint of
underlying distribution are the same. Therefore, although we study model (1.2), our results generalize the study in Hall (1982)
from the regular case y € (,%'0) to the irregular case y € (-1, f%]. Also our results extend those in Woodroofe (1974) from
known 7 to unknown y.

It is known that maximum for the endpoint has a better rate than the endpoint estimators in Dekkers and de Haan (1989) and
Dekkers et al. (1989) when y < — % but it has a worse rate wheny > — % Our results, combining with those in Drees et al. (2004)
show that the maximum likelihood estimator for the endpoint always achieves the best rate of convergence for y > — 1.

Appendix A. Proofs

LetYi, ..., Yn beii.d.random variables with distribution 1—-1/xand Y 1 < - - - <Yy,n denote the order statistics of Yy, .. Yn Con-

sider another independent sequence of i.i.d. random variables Y7, ..., Yy with distribution function 1 - 1/x. Denote Y}, < --- < Yk k
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as their order statistics. It is well known that
d
{Yn,n—iﬂ/yn,nfk}zc:] ={Yf£_k_i+1 }$<=1~ (A~1)
The following lemma comes from Lemma 5.2 of Draisma et al. (1999).

Lemma 1. Let f be a measurable function. Suppose there exist a real parameter o and functions a;(t) > 0 and A1(t) — 0 such that for

allx>0
flo)—f(t)  x*—1 ,
. a; (t) o _xP -1 x* -1
tlggo Aq(t) =Hx)= B { o+ p o }

where < 0. Then for any ¢ > 0 there exists to > 0 such that for all t > to, tx > to,

[ —f(t)  x*—1

ai(t) o
Aq(2)

— Hi(x)] <e{1 +x* + 2x*+Pezllogxly,

Put

X’ —1
tyo

70 _ 111
11(x;t):log{1— X0 1} 1

}—yo and lz(x;t):{l— 7 _1+V0'

In Lemmas 2 and 3 and their proofs below, we use e to denote complex number cosx + i sinx. In the two lemmas, we only
assume k — oo. One can assume that k = k; depends on n like condition (2.1) but for all random quantities of interest in these
two lemmas, their distributions depend on n through k; only.

Lemma 2. Assume y, € (-1, _%),

(i) Fort>=0, we have

k k
1 ) ” )
(ﬁ D N(Y; i =1/y0 + k), Ko Y (Y5 ~1/70 + tk’o)) L(w,wy) (A2)
j=1

j=1

as k — oo, where W and W; are independent, W ~ N(O, y%) and the characteristic function of W; is

i7 ®© . 1 . 1 _ o ty _
iAWy _1_ 2 0 2
E{e"""t} = exp {/0 {exp <l)"x7’0 — f“/o) 1 lix"/‘o m—r }x dx + /0 MX},O(X% - tyo)x dx} .

(i) For t <0, conditional on (max; ¢« ij* )Y0/70 < tk7, (A.2) holds with

: a(t,yo) (tpg) V70
E{e"Wt} = exp / ’ {exp (M#> -1 fiﬂ,%}x‘z dx+/ ’ {exp (lk#> - l}x‘2 dx},
0 XVo —tyg X0 —tyg a(t.y,) X' —ty

where a(t, yo) € (0, (tyo)l/”*'o) is the unique solution of the following equation:

X o -2 x 71
X)i=[| ——————=y “dy— =0. A3
o= [ S Y T (A3
(iii) Fort>0, we have
1 & k o) d
N Zh(Yj*: —1/70), ko le(Yj*: —1/yo + tk0) | = (W, W) (A4)
j=1 j=1

as k — oo, where W and W; are given in part (i).
(iv) For t <0, conditional on (max; ¢« ,(Yj* )Y0/yo < tk’, (A.4) holds with W, given in part (ii).
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Proof. (i) It is easy to check that
d1(tr) := Efexp(it k2L (Y5 =1/79 + tk™))) —

_ f texp(it kY213 (x; —1/70 + tk)) — 1)x~2 dx
1

= fl {itr k=21 (x; =1/ + tk70) — %t%kfll%(x; —1/yg + tk™Nx~2 dx + o(k~1)

o | 1
[1 {it1k=2(yq log x — o) — Et%k*l(yo logx — 79)21x 2 dx + o(k™")

- %tzyo +o(k™1), (A.5)
02(62) 1= Efexp(it2k7olp(Y;; —1/79 + tko)y — 1

00 9] 270, )
= / exp ity kio exp !—ltz _ } exp {—itz ko } x2dx—1
1

X0 — tk"0y, — tk"oy, 1+
o : k7o . ko 2
= explitp———— Lexp|—it x2dx—1+o(k™!
/1 P 2 X0 — tkloy, p{ 21+V0} (k)

1-

00 . k70
= exp ity ————
./1 Pt Xl — tk"oy,

= it ko ko ok
- / exp | it 1-ity X2 dx
1 X0 — tk7oy, 20— X' — tkoyy T+
o0
+ 1+ — it
/1 ( 2 tk"’yO) 21
e ko
= k”/ {ex ( ) 1—it } (1 — it )XfZ dx
e 157 X0 =ty tv 2T+ 7
o ?
+ / ity — o i, K Vx2axy o(k™1)
1 X7 — tk"0y, 21T+ Yo
- 1 1 o0 k’o kVo
_ k1 P S N > ) » B »
=k /1 M {exp <1t2 Yo — %> 1-it; X0 — ty, }x dx + /1 (lfz X0 — koo % ity s ) x“dx+o(k™")
_ o0 X 1 . 1 B B = ty B )
_ k! 1N , . e 1
=k /0 {exp (ltz o — %) 1-it X0 =ty }x dx +k /] M ity XFo(xTo — %)x dx+o(k™")

o0 . 1 . 1 o, ty
_ -1 1 -2 -1 0 -2 -1
=k /o {exp (nz o ty0> 1-—ity prr——, } X dx+k /o ity X0 (X0 — tyo)x dx+o(k™") (A.6)

} x2dx—1+o(k™1)

) x2dx—1+o(k™)

and
d3(t1, ty) = E{exp(itq k‘1/211( s =1/y0 + k")) — 1} exp(ztszOIZ( i =1/yo +tk") = 1)
=o(k™1). (A7)
By (A.5)-(A.7),

k k
Eexp [iﬁ k2% WY} =1/yg + tk70) +itak70 Y " L(YF; =1/70 + tl<7°)]
=1 =1

= {14 51(t1) + 02(t2) + J3(t1, 2 }*

— exp —1t2~2+ - exp | it - —1—it 1 x~2dx
2070 Jo 2xh —ty, 2X0 — ty,

<. tyo -2
+ [t e dx} . (A8)
Hence part (i) follows from (A.8).

(ii) To prove the existence and uniqueness of a solution to (A.3), it suffices to show that ¢(x) is strictly increasing, ¢(0+)=—o0
and q)((tyo)l/"m —) = 0. The proof is straightforward and the detail is omitted.
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Conditional on {(max; ¢ < ij* )0/y0 < tk7®} = {max, << ij* < (tyo)wo k), Y3, ..., Y; areiid with the truncated density function

(1= (e90) 7ok Ty 2 if 1<y <(t39) "0k,
&y)= .
0 otherwise.
Let Zy, ...,Z; be iid random variables with the density function g(y). Similar to the proof of (A.5), we have
S1(t1) == Etexp(it k= 214(Zj; —1/7¢ + th'))} —
= - 1293k 1ok ). (A9)
It is easy to check that

d2(t2) := E{exp(itak70 Ly (Zj; —1/7¢ + tk70))) — 1

(t70) 70k -2
= / ’ {exp (zt k"o t4y0k> exp <—it2k7’° ! ) - ]} X v
1 tyokio T+7 1= (tyg) Vrok-1
(tpo) 70k ) -2
= / " {exp (zt k"o 70k/> exp (—itzk”f’o ! ) - 1} X T
a(t,yo)k tygko 1T+ 1—(tyg)~ fof—1

a(t,yo)k 7 -2
+ / ’ {exp (ll’zk’ﬂ ﬂ) exp (—itzk?’ﬂ 1 ) - 1} X - dx
1 o — tygklo 1+ 7 1= (tyg) Vok-1

=l +1, (A10)
where
[l , 1 . »
L=k - {exp (nzW) —1}x dx +o(k™"), (A11)
a(t,yo gAY
and
a(tyo)k — tyok tyok?
— 7o 0 —1-=1 Yo A Yo 70 -2 -1
/ (zt k7 tyoldo) 1 —itak7o(1 + /0) exp (ztzk — km)}x dx+o(k™")
(t70)k t}/ok/o o 1) . 1
= / <1t k'ﬂx . tyokr0> — 1 —itak70(1 4 7g) }x dx +o(k™")
a(t.yedk t/ok 0 t'))o](”o 2
= / ( tszO > 1t2kV0 _— } X“dx
— tygklo — tygkvo
alt.yo)k 1—tygk’o . . _
{ Ox»o t/;) i —ityk0(1 +70) 1}x*2dx+0(k*1)
— o
a(t a(t,ye)k YN oY
) { (nz > 1_it2%}x—2dx+/ ’ {itzk"/'ol,tijok?, _irzk%i,}x—z dx
Yo -ty X0 —ty, 1 X0 — t"/ok’o X0
a(fm) 1 9 1
+ {ztzk‘/ﬂ— —itak7o(1 +70)” }x* dx+o(k™")
1
1 o it “24x 1+ I5 +Ig + o(k~!
Notice that

ok 1k 1
I3 = / {ltzkm ,¢ — lfzk"’o — } X_z dx
1 X0 — t«,}okm X0

a(tyye) — tv-kVo
=k—1/ {itzﬂ 7it2i,}x—2 dx
1/k X% — tyo X0

a(tyo)
:k*1it2/ ! {; - .L,}x’zdx—i-o(k*ﬂ

vk X0 —tyy X

a(tyyo) B
=kl f _ B 2 k1
k=it A o = %)X%x dx+o(k™")
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and

atpk (1 .
Iy = / {ltzk’o — — itk (1 +y9)” x2dx
1 X0
a(t,yo)
=k*1/ ity - x2 dx + o(k~1)
1/k X/0

pa(t,y) ot

T +o(k™1).

=k
From the definition of a(t, y,), we get that I3 + Iy = o(k~1). Thus

bkl f “ltio) [exp <it2 L) i } X 2dx+o(k 1), (A12)
0 X/ — 1y xlo —1yg
Furthermore, similar to the proof of part (i), we have that
d3(t1,t) = E(exp(its k™ V211 (Zj; —1/70 + tk')) — 1}{exp(itak?0 o (Zj; —1/yg + tk')) — 1)
=o(k™1). (A.13)
By (A.9)~(A.13),
Eexp {it1k’]/zzjl;ll(zj; “1/yg + tK70) + it Ko ZJ’,‘:llz(zj; 1y + tk%)}

= {14 01(t1) + 02(t2) + S5(t1, t2 )}

1 a(tyyo) . 1 . 1 B
eexp{—zt%yﬁJr/O {exp<1t2m>—l—ztzm}x 2 dx

./ o . 1 11x24 (A.14)
+ exp(it,——— ) — 11 x%dx}. .
alt.yp) { P ( 2 X0 — t”/o) }

Hence part (ii) follows from (A.14).
Part (iii) and Part (iv) can be shown in a similar way to the proofs of (i) and (ii), respectively. Hence, we complete the proof

the lemma. 0O
Lemma 3. Assume y; = —1.

(i) For any t >0 we have
1 k . 1 k ., d
o i *e _1/n U
<7EZJ.=111(YJ». Vro+tkInky*), —==3 | b(¥s =1/70 + t(kInk) o)) SN Np) (A.15)

as k — oo, where N1 and N, are independent normal random variables with N1 ~ N(O, y%) and Na ~ N(yot, 1).

(ii) Foreacht <0, P((maxq <j<kY} )o/yo < t(kInk)) — 1 ask — oo, and conditional on {(max, <j<kyj*)y°/“/o < t(klnk)™}, (A.15)
holds with N1 and N, given in part (i).

(iii) For any t >0 we have

(%Z’;h(&g": —1/7). —\/’JWZj’lelz(Yj‘: —1/yo + t(kIn k)70 )) Ny, Ny) (A.16)

as k — oo, where N1 and N, are given in (i).
(iv) Foreacht <0, P((max; < i< Y?*)°/yo < t(kInk)’®) — 1 ask — oo, and conditional on {(max < ;< Y*)"?/7po < t(kInk)"}, (A.16)
SISKY 0 SISk 0
holds with N7 and N, given in part (i).

Proof. Set

t 1/2
LY -1 +—>I Y <k(Ink
1<J o ek (17 <knig'™)

vk

V]J =
and

t 1/2
I (y;f; /70 + —> I (yj* <k(Ink) )
Vo 1= VklInk ‘

VkInk
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which are uniformly bounded by a sequence of constants tending to zero. Moreover, by noting y, = —l one can verify that
E(V1,1) = 0(1/k), E(V21) = yot/k + 0(1/k), E(V1,1V21) = o(1/k), EVZ ; = 1/4k + o(1/k), and EV3, = 1/k + o(l/k). By using Taylor’s
expansion we can show that

k k
. . 1, . 1,
Eexp (lﬁ jz_] Vyj+its jz_] VZJ) — exp <—§t] +itypot — itz) .

Therefore, (Y5 V1, YK Vs )2(N1,N2), and part (i) is proved since (UK, Y} > K(In k)2 <kP(Y; > k(Ink)"?)=(Ink)™? - 0
as k — oo.
For each given t <0, we have

P ((maxl <j<k ) /70 = t(kInk)" ) (maxl <i<kYf 2 (tyo)/7kIn k)
< kP(Y; > (ty)Y70kInk) = O((Ink)™) > 0,
yielding P((max; gjgij*)"*'ﬁ/yo < t(klnk)) — 1.
The rest of the proof for part (ii) is the same as that of part (i) by replacing expectations and probabilities by conditional
expectations and conditional probabilities given on the set {(max; << ij*)VO/yO < t(kInk)™}.

Parts (iii) and (iv) can be proved in a way similar to the proofs of (i) and (ii). Hence, we complete the proof of Lemma 3.

Proof of Proposition 1. Put

Y, -1
Zlog{ _ nn 1+l/t;10n k) }+1'

k -1
- _ 1 (Yn,n—lﬁrl/yn,n—k))0 -1

k -2
7 _ 1 (Yn,n—l'Jrl/Yn,zl—lc)y0 -1
(0= ; {1 - o ,
an(ynn/ynn k) -1

70
and

hnlt) = 80— —
T Ry

By (2.1), (2.5) and Lemma 1, there exist d; and d, such that

(Ynn z+1/Ynn k) (1+d1A(n/k )< nn i+1 — Xnn k<(ynn z+1/Ynn k)
(ynn/ynn k)'o - Xnn — Xnn—k = (Yn,n/Yn,nfk Yo —

with probability tending to one.
Note that (2.8) implies that 6,/|A(n/k)| — oo and k=706, — 0 as n — oo, and it is easy to verify that

L+ doA(/i)) (A17)

K70 (M +1/70) S —Q. k770(Ma(1+ 3n) + 1/79) > —Q, (A18)
where Q is a positive random variable with distribution 1 — exp(—(—yox)’]/"'o ), x > 0. Further, we can show that

(a(tM(1 + 63)), Ea(tM(1 + 63)), M) = (a(tMn(1 + 1)), En(tMn(1 + ), Ma)(1 + Op(3n)) (A19)
uniformly for ¢t > 1. Hence, by (A.19), (A.18) and the weak law of large numbers we have

ha(=1/70 + &) = &n(=1/70 + ) = fa | (=1/70 + ) + 0p(1)

—‘15{( 1 =7 !

Yik)}’o — &Y } Elog = (Y*)“/o — &)Y } 1
1—¢yp

=h b (A.20)
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It is easy to check that

. 7 1—¢y 1
_ —1 %0 _ —2
1+Vo}_13?0u /{y‘f‘ﬂf«syo y“/o}y &

yro d
—m/ =

-1
l%lr {]1

_ (A21)
and
11 o et | [ yo—epo\ o -1y
lime " (14 500 = time! { [ log(l_%)d(y )~ 70}
ETINE © T—ey w24
][ e
, T—gp 1 2
= e ’/ {y*O—SVo_y*O}ym &
e[ (A —y)
= Yoo —e) v
=73 /] (1—yho)y=2"ody
_ %
1+V0‘
which implies
3
lime! {]2— 1 }:/703 (A22)
+/O ( +“/0)
Thus, (2.10) follows from Egs. (A.20) to (A.22).
Next we prove that uniformly in t € [Mn(1 +k=1), =1/7,],
(£ di > o0 (A23)

for dn = k=30+220Y4(In k). Note that dy — 0o as n — oco.
Note that

hy(t) =t {—Yn(t) +&n(t) + f 2(0)8n(1) - fr 2(0))
{=In(t) + &n(t) + fr 2(0)Zn(0)}

< t*l{—ln(t)+gn(t)+fn* (Mn(1 + k™ 1))gn(t))
< T =In() + (1 + O)ga(0))

//\

holds with a probability tending to one, where c = 1/(1 + 79 + €)? > 0 for some sufficiently small & > 0.
Denote Z,;(t) =1 — (Ynn_is1/Ynn_)® — 1)/tyg for 1 <i<k.Forall t e [Mn(1 + k1), =1/70], we have uniformly

Zn,i(t) <Zn,i(*1/yo) = (Yn,n—i+1/yn,n7k)yo~

Therefore, by choosing 0 <b < (1 + c)]/ 70 for all i< |bk], where |bk] denotes the integer part of bk, we have

P 1
Zn,i(t) < (Yn,n—LkaH/Yn,n—k)m —b70 < 1r¢

Denote
k

= X g b= Y 5

2
S (Zai(0) K Z

—
—



3372 L. Peng, Y. Qi / Journal of Statistical Planning and Inference 139 (2009) 3361 - 3376

For all t € [Mn(1 + k~1), —1/7,], we have uniformly
L(6)=21(=1/y0)
1 % 1
kS Zai(-1/20)P

1 Lbk]

kZ nn— 1+1/Ynn k) 2/0

Note that (1/k)Z§‘=Lka+] (Ynn—is1/Ynn_i) 27 is bounded by a positive number. It follows from (A.1) that if y, € (~1, — D

k k
1 -2y, d 1 +\—270 d
k=27 E - (Yn,n—i+1/yn,nfk) 0= k=27 E 1(Y,' )=,
1= 1=

where Q; > 0 is a random variable with 1/(—2y,)-stable distribution. Similarly, for yy = —5 (l/k)(Z, 1(Ynn—isv1/Ynn_) — kInk)
converges in distribution. Therefore, for any y, € (-1, —%], we have (1/kd, )szé‘zl(Yn,n,m/Yn'n,k ~2% converges to infinity in
probability, where d;, is given in (A.23). Thus, we conclude that uniformly in t € [Mn(1 + k=1), =1/7,],

L(t)/dn B +oo. (A24)
In a similar manner, we have uniformly in t € [Mp(1 + k1), =1/7,]

L(O<L(Ma(1+ k"))

1< 1
K i=Lb;<J+1 m
ko 1bk 1

ko Zy kg (Ma(1+ k1))
L (1 b,

It is easy to see that

1
 Zni(t?

—In(t) 4+ (14 c)gn(t

(\|._A

k
(1 +c)Zyi(t) -1 1 1
+ (nl()) T Z +C

Zn,i(t)

k
<l bz
k= Zni(t)? k i=(bk)+1
1 Lbk]

=% Y (1= (1+)Zni(0))- + (14 O)h(t).
i=1

Zn,i(t)

Notice that for any t € [Mn(1 + k=1),—1/y,], the two series 1 — (1 + ¢)(Z,,;(t)) and 1/Zn'l-(t)2 are both positive and decreasing in i
when 1 <i< |bk]. By using the Chebyshev’s inequality with ordering series (see Jeffrey, 1995, p. 28), we get that

1 4 1 bk 1 X 1 B
X ;(1 — (14 c)Zyi(1))) - (Zn,i(t))z Z— & Lka Z( — (14 c)Zy (1)) - W ; m

2= (1= (14 c)Zn, bk (=1/70))) - 11 (2).
Since (1 — (14 )(Zy, pky (—1/70))) L1 =(1+c)b=7)> 0, we conclude that uniformly in t e [Mq(1 + k1), =1/7,]
1 o 1
kd, ;(1 = (1 +c)Zni())) - 27

where dy is given in (A.23). Since Iy(t) is bounded in probability by a finite number, we have proved that uniformly in ¢ €
[Mn(1+ k1), =1/70]

(=In(€) + (1 + O)@n(6))/dy > —o0. (A25)
This proves (A.23).

2 too,
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Since

2
- 1—¢y
In(—1/5 BEl_—_—_"0 L
n( /)}0+8)_> :(YT)‘/OSVO>

2
) 1—¢yg _ & (— P 29)" 1
L‘f}}E{ (Y17 — e } =00, &n(—1/79)=>(1+70)"",

we have, uniformly in t € [—1/7, —1/7¢ + €],
()< =T(=1/70 + &)+ &n(=1/70) + Fa 2(=1/70)8n(~1/70) —fi *(= /70 + &)
<0 (A26)

with a probability tending to one when ¢ > 0 is small enough. Therefore, (2.11) follows from (A.23), (A.26), (2.8) and (A.19).
Next we prove (2.9). By the mean-value theorem,

hn(Mn(1 + 0n)) = in(=1/79) = Ry(E}Mn(1 + n) + 1/70) (A27)
for some & between My(1 4 65) and —1/7,. It follows from Lemmas 2 and 3 that

hn(—1/79) = O0p(k~12) for 75 € (—1,-1/2)

and

_ k -1/2

hn(=1/70)=0p ((m> ) for y = —1/2.
Since

k=2/(dpk"0) — 0 for yy € (=1,-1/2)
and

(k/Ink)"2/(dpk?0) - 0 foryy = —1/2,
where d;, is given in (A.23), we get

Hn(—l/VO) g 0.

R (A28)
Moreover, we have from Eqs. (A.18) and (A.23) that
Ry (E)Mn(1 -+ 0n) +1/70) _ hi(&) Ma(1+00) + 1/ »
dnkvo dn kvo ’
which together with (A.27) and (A.28) implies
hn(Ma(1 + 6n))/(dnk?0) — +o00 (A29)

with probability tending to one.
It follows from (A.19) that

ha(Mn(1 + 0n)) = hn(Mn(1 + 8n))(1 + 0p(6n)) + Op(Jn),
which coupled with (A.29) implies
Mn(Ma(1 + 6n))/(dnk?0) 2 400

and hence (2.9). Therefore we complete the proof of Proposition 1. [

For proving Theorems 1 and 2, we introduce some notations. For any two sets A and B denote the symmetric difference of A
and B by AAB, i.e. AAB = (A U B)\(A N B). The following facts about the symmetric differences will be used in the proofs:

D1. P(A,AB;,) — 0 implies P(A,) — P(B,) — 0;
D2. If P(AnAB,) — 0 as n — oo, then P(Ap N Cp) — P(An)P(Cp) — 0 if and only if P(B; N Cy) — P(Bn)P(Cr) — O.
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From Proposition 1 we conclude that

P({t/a(U~ (Xnn-1)) > t}A{hn(t) > 0}) = 0(1), (A30)
where o(1) is uniform for all —(1 + dn)/yo <t< — 1/799 + ¢, and

P({t/a(U~ (Xnn 1)) < OA{a(£) <O, Mn(1 + 0n) < t}) = o(1),
where o(1) is uniform for all t < — (1 + 6 )/7o. Therefore, for -1 <yy < — % we have

P({k™70(%/a(U™ (Xnn—k)) + 1/70) > 8 A{hR(=1/7g + tk7°) > O}) = P({t/a(U~ (Xn 1)) > — 1/70 + tk"} A{hn(=1/7¢ + tk'®) > 0})

—o(1) (A31)

fort >0, and

P({k™70(t/a(U™ (Xpn—k)) + 1/70) < 1 Ath(=1/7¢ + tk’0) <O, Mn(1 + dn) < — 1/79 + tk’°})

= P({t/a(U~ (Xnn-1)) < = 1/70 + k™) Athn(=1/70 + tk") <O, Mn(1 + 0n) < — 1/7 + tk'})
=0(1) (A.32)

for t < 0. Similarly, for yg = f% we have
P({(kInk)™7°(%/a(U™ (X n 1)) + 1/70) > 1 Athn(=1/7 + t(kIn k)"0) > 0}) = o(1) (A33)

for t >0, and

P ({(k Ink)~7o (% + 1/y0> < t} Atha(=1/70 + kI KY°) < 0, Ma(1 + Su) < — 170 + £(In k)7‘0}> —o(1)  (A34)
a(U=(Xpn_k))
fort <O0.
Proof of Theorem 1. By Lemma 2, (A.1) and (A.19), we have for any t > 0
im P(ha(~1/70 + tk™) > 0) = lim P(k!*70ha(~1/7 + tk'®) > 0)

= lim P(k'*70(hy(—1/y, + tk70) > 0)

n—oo
_ ) 1
i 1+, _ Yoy _
_nlgr;OP<k O(gn( 1/yo + tk’©) 1+Vo>>0>

=P(W; > 0). (A35)

Since

lim P(k=70(My + 1/70) <X) = exp(—(yox)’l/vo) forx <0,

n—oo

it follows from (A.19) that My = Mp(1 4 Jn) + Op(Jy), which implies E|I(k=0(My + 1/7¢) < t) — I(k~o(Mn(1 + &n) + 1/79) <t)| — 0
for any fixed t < 0. Therefore, for any t < 0, Lemma 2 implies that

)}LH;C P(hn(—1/7g + tk")<0, Mn(1+ 6n) < — 1/ypg + tk'®)
= lim P(k'70hy(—1/y9 + tk70) <0, My < — 1/, + tk'0)
= fim, P(k™*70hn(—1/79 + tk7) S OIMy < — /7 + tk70)P(Mpn < — 1/79 + k')

= lim P (k”% (g,.,(—l/yo + tk70) — T J: ; ) <OIMy < — 1/ + tk%) P(My, < — 1/yq + tk™)
— 00 40

= P(W; <0)exp{—(ty)” /7). (A36)
Hence, it follows from (A.31), (A.32), (A.35) and (A.36) that
P(k™70{3/a(U™ (Xnni)) + 751 %) = V(x), (A37)
which implies that

a(U™(Xnp—i)) + 79" = 0p(k™/2). (A38)
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Note that gy(t) is monotone in t and f}(t) = (ga(t) — 1)/t. By the mean-value theorem there exists a variable &, between
#/a(U~(Xpn_i)) and —yp ! such that

an(%/a(U™Xnn-i0)) = fial=70 )l = U (ENIF/a(U™ Xnni)) + 75 )]

< (1 + max(gn(t/a(U™(Xpn_k)): 8a(—75 " )))op(k~2)

= (l + max <%+“},gn(fya1 ))) op(k~12).

Here we used (2.3) and (A.38). From Zhou (2009), w}i Yo- By using (A.19) and Lemma 2(i) (with t = 0) we have gn(—yal) =
gn(—yal) + Op(én)g 1/(1 + 7). Therefore, from (2.2) and Lemma 2 we have

Vi = 7o) = VkUfa(=1/76) = 1 = 10} + 0p(1)
= Vkifa(=1/70) = 1= 79} + 0p(1)
4w (A.39)
We still need to prove the asymptotic independence. It suffices to show that
P(Vk() = 70} <X k70 (/a(U™ (X)) + 751 <) = PIW S0PV <)
for x e Rand t € R. Note that the above equation is equivalent to
PVk() = 70} <X K70(3/a(U™ (X i) + 757} > £) — PIW X)P(V > 1),
Here we focus on the case t > 0. By using (A.31) it suffices to show the asymptotic independence of Vk{p— o) and k1+70hy(—1/70+
tk’®). From Lemma 2(i) we know that fo(—1/yo + tk’®) — 1 — 7, is negligible compared with g,(—1/y, + tk’®) — 1/(1 + 7). Hence,
from (A.39) and (A.19) we have that
(VK = 1o} K70 ha(=1/70 + k7)) = (VK(Fa(=1/70) — 1 = 7o), K70 hn(=1/70 + tk0)) + 0p(1)
= (Vk(n(=1/70) = 1 = 20). k™¥70(@n(—1/70 + tk7°) = 1/(1 + 7)) + 0p(1).

So the independence for the case t > 0 follows from part (iii) of Lemma 2. Similarly, we can show the independence for the case
t < 0 by using parts (ii) and (iv) of Lemma 2. We complete the proof of Theorem 1. [

Proof of Theorem 2. Following the same lines of the proof of Theorem 1, this theorem can be proved by using Lemma 3, Eqgs.
(A33)and (A34). O

Proof of Theorem 3. From Lemma 4.1 of Ferreira et al. (2003), we have

lim U(m‘i(t)U(t) Mo R (A40)

=00 A(t) To(0 +0)’ '
Write

aU”Knn-)) _ _ {a(ui(xn,n—k)) - U(o0) = Xnn—k _VO{U(OO)_U(n/k) +l}+ Oxn,n—k*U(n/k)

a(n/k) U(oo) = Xin—k a(n/k) a(n/k) Yo a(n/k)
=1 — Il + 1. (A41)

By (2.8) and (A.40), we have that

Vi, 20 and VL 2 o. (A42)
It follows from Drees et al. (2004) that

JE1132~/0&M 4 N(0,72) 1= poW*. (A43)

a(n/k)

Since Yy ,,_ is independent of {Y;n_ii1/Ynn_i} 1 1» the theorem is proved by combining (2.13), (A.38), Theorems 1 and 2 and
(A41)-(A43). O
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Proof of Theorem 4. By writing

o 7 1 .
a(n/k) _]:7{m+%}+(7—?0)/>‘0

and

o . T 1 R
AU K)) = { AU K r)) T %} G =%

the theorem follows from Theorem 3 and (A.38). [

Proofs of Theorems 5 and 6. Write

@)— 0 _ U(Ui(xn,n—k)) - U(OO) _ 1 + t + l
a(U~(Xppn-k)) a(U~(Xpn—k)) 7 AU X)) 7'

Then Theorems 5 and 6 follow from Theorems 1 and 2, (A.40), (2.8) and the fact that

AU~ Xnpie)a(nfk) > 1. O
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