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1. Introduction and main results

Let {X, X1, X5, ...} be a sequence of independent and identically distributed random variables with distribution F, and

foreachn > 1letX,1 < :--- < X, denote the order statistics of X, ..., X,. Define Sy = ZJ'.‘:I Xp,n—j+1 as an extreme
sum, where k = k, satisfies
. o ky
lim k, =00 and lim — = 0. (m)
n—o00 n—oo n
The extreme sums have been widely studied in the literature. On one hand, the study is motivated by the interest of how
the asymptotic properties of partial sums Z}’Zl X; are influenced by the extreme sums. On the other hand, these extreme
observations play an important role in estimating the tail of a distribution in extreme-value statistics.
Assume that F belongs to the domain of attraction of an extreme value distribution, i.e., there exist constants ¢, > 0 and
d, € R such that
Xpn —dn d
% = exp{—(1+yx) """} =G, (x) (2)
n
for some y € R.Itis known that the sums {S; s, }, after being suitably centered and normalized, have a limiting distribution.
See, e.g., [1-5]. In particular, Csorgd, Haeusler and Mason [5] proved that the limiting distribution of {S, x,} is normal if and
onlyify <1/2.
Denote wr = sup{x : F(x) < 1}.Itis well known that the following von-Mises conditions are sufficient for (2) to hold: F
has the derivative function F’ satisfying

. XF'(x) 1
y>0:wp =00, lim ——=—;

x—o00 1 — F(x) y

. (wr —0F (%) 1
y <0:wp <00, lm-——"=——;

x—=oo 1 —F(x) y
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, F'(x) “F
y=0: lim ——— [1—F(u)]du=1.
x=op [1—=F Jx
Let V(t) = inf{x : [1 — F(x)]~' > t} for t > 1. Then these von-Mises conditions are equivalent to the assumption that V
has a derivative function V' € Rv(y — 1), where Rv(y — 1) denotes the class of all regularly varying functions with index
y —1,ie,
vV’ (tx)
im =
t—oo V/(t)
See [6] for more details.
The main objective of this paper is to estimate rates of convergence to normality for the extreme sums under condition(1).
Throughout the paper, @ and ¢ denote the cumulative standard normal distribution function and its density, respectively,

D?X denotes the variance of a random variable X, and Z denotes a random variable with the distribution function F;(x) =
1 —x~1,x > 1. Moreover, we shall let

n—ky,+1 a,(1 —ay)
=" =
n+1 n+1

x71 Vx>o0. (3)

Lo EEVHRZ) — V().

"T1—q, " pv(1,2) ’

An(x) = P ( Sl — MEV(LE) x) — D).
Vka(1+tHDV (1,Z) ~

The main results are stated in Theorems 1 and 2.

Theorem 1. Under (1), if (3) holds for some y € [1/3, 1/2), then

sup [An ()] = o(k;€) (4)
holds for any
eec(0,2y) 1 =1). (5)

Theorem 2. Under (1), if (3) holds for y < 1/3, then
1 2(1 = 2y) 12
Vkn 62(1—y)*? (1 -3y

holds uniformly on R, where

E1(y)=7—-8y +9y%,  &(y)=1-16y — 15y* + 26)°

An(X) =

1
)((&(y)+sz(y)x2)¢(x) + &, (%)) +o< ﬁ> (6)

and

@, (x) =2(1-2y)(1—3y) / Bu — )¢ (u)du.

Since the proofs of the theorems are lengthy, we will split the proofs into a series of lemmas which are given in the next
two sections.

2. Proof of Theorem 1

The following two lemmas are related to condition (3).

Lemma 1. If (3) holds for y € R, then
V(itx) = V() x¥—1
m =
t—00 tV/(t)

XV —1
14

y=8 _ 1 - V(tx) — V(t) <4 a)st -1 (8)
y—§8 tV'(t) - y+46

holds forallx > 1and t > ts.

, Vx>0 (7)

with convention

ly=0 = logx for x > 0. Furthermore, for any § > 0, there exists a t; > 0 such that

X
1-4
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Proof. Note that
V() V() /" vV’ (tu)
vy i Vi
By the properties of regularly varying functions, the convergence in (3) is locally uniform. Therefore, we have
V(tx) — V(t X X —1
im V(0= VO :/ B
t—oo V(L) 1 14
which is conclusion (7). Next, it follows from (3) that for any § > 0, there exists t; > 0 such that
!’
- V'(tx) < (1481
v =

forallt > ts and x > 1 (cf. [7]). By using (9), conclusion (8) follows which completes the proof. O

du, Vx> 0. (9)

’

(1= &)xy =81

Lemma 2. Conditions (1) and (3) imply

©Ty(tw) — V)P d % (y¥ — 1)
lim/ Viw) — vV l:/ O =V vy < (10)
t—>o0 J; tV'(t) v? 1 yiv?
forallj=1,2,...

Proof. The lemma follows from (7), (8) and the dominated convergence theorem. O
From (10) withj = 1, it follows that

EV(1,Z) — V(I ©u _1d 1
im £V (n2) — V() =/ Y - ify < 1. (11)
=00 LV (1) 1

y v 1-y
Moreover, by settingj = 1 andj = 2 in (10) we conclude that
D2V (1,2) © T v(l,w) 1% dv © V() dv)?
LV D~ /1 [lnw(m} vz_{/] lnw(ln)vz}
© V() — V() 7> dv © V() — V()] dv]?
N /1 [ LV () ] vz_{/l [ LV () ]vz}

/°° v’ —1\* dv /“’Ovy—ldvz
9 _— R
1 Y v? 1 y 2
. 1
(1-y)2(1-2y)
asn — oo for y < 1/2. Therefore
Dv(,2) 1
im =
n—oo [,V'(I,) (1 —y)(1—2y)1/2
Let Zy, Z,, . . . be independent random variables having the same distribution functionas Z and let Z, ; < --- < Z, , be
the order statistics of Z, .. ., Z,. It is easily seen that
d
(Xn,lv cee »Xn,n) = (V(Zn.l)v ceey V(Zn,n))-
For every u € R set
ap(u) = {(an + bau) A 1} v 0; () = (1—a,(u)™";

=o(y) ify <1/2. (12)

kn 3
_ N _ _ (u” — 3u)
Snjen (W) = ;van(wz,), Pn(u) = p(u) (1 S )
Lemma 3. Under (1), we have
o0 1
SXLEIE P(Snk, <X) — /_OOP(Sn,kn(u) <X)¢(wdu| =o <«/E) (13)

Proof. Let Uy, U, ... be independent random variables uniformly distributed over (0, 1)and U, ; < - - - < U, , be the order
statistics of Uy, . . ., U,. According to Cheng [8], we have
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1 kn
P(Snk, =%) = / p (Z V((1-5)7'z) < X) pn(s)ds,
0

=

where p, denotes the density function of U, 5k, +1, i.€.,

n! n—kp—1 k,
)= ————s"T (1 —s5)n
P = k= 1] 19
if s € (0,1) and p,(s) = O otherwise. Since the density function of lAJn,n,an = (Unn—ky+1 — Gn)/bn is Pp(u) =

bupn(a, + byu), Yu € R, it follows that

P(Sniy < X) =/OOP(

Note that we have under (1) that

kn
> Viwz) < x) pr(u)du.
j=1

j=

R 1
Pn(w) = ¢p(u) +0 («/E
1/6

forall |u| < k,'"/2.See, e.g., Theorem 4.7.1 in [9]. Therefore, (13) holds. O

)¢(u)(l + u®)

Denote
Toj(u) = ElV(L,wZ) — V()Y — ElV(I,2) = V)Y, forj=1,2,...
and let d,,(u) = I,(u)/l,, Yu € R.Itis easily seen that for any €, = 0(v/ky),

_ €n
sup |dp(u) — 1| ~ sup |d- () — 1] ~ — 0. (14)
|u|5153n| ! | \u\sle)nl " | Vkn
Lemma 4. For any integer j > 1,if y <j~!, then
. ; —_1\/1!
[lnv/(ln)}l kn 1 14

holds uniformly on [—k,i/s, k,ll/s].

Proof. We shall only show that (15) holds uniformly on u € [0, I<,11/6] since the proof for u € [—k,11/6, 0] is similar. Note that

/°° [V (la(w)s) = V()Y = [V (Ias) — V(ln)]jcls

52

Tn,j(u)

1
o0 ds In(u)s )
il S f V() = V)TV (w)dv
1 In

S

® ds dp (u) )
= jl, / < f [V(lsv) — V() P~V (Ihsv)do
1 1

dn(®) * v — j—1y7/
Jin f dv{ / _ / }[V(lnt) VIV
1 1 . "

= T} + T3 ().

By (8), the Potter bounds for regular variation (cf., [10]) and the dominated convergence theorem, we have

(1 o0 i—1 7
0 jtdy— 1 / [V('"”‘V(’“)]’ V() dt
1

LV ()Y V' (L) Vi) t

. j—1
=M/wt%2<ty_l) dt
kn 1 14

uniformly on [0, k,l/ 6]. Moreover, it follows from (8), (14) and the Potter bounds that

/v [V(znt) - V(ln)}j_] V/(Iot) dt
—|—0
1 lnv/(ln) V/(ln) t

sup
ve(l,dn(u))
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and therefore

2w (1
mwmw‘”<¢m>

holds uniformly on u € [0, k:,/G] as n — 0. The proof of the lemma is now completed. O

For simplicity, let C denote a positive constant which may differ as it appears in different places.

Lemma5. If y < 1/2, then when (1) and (3) hold, the following equations hold uniformly onu € [— k”6 kl/s]:

LV (ul 1+ o(1)]

V(la(u) = V() = N ; (16)
_unDV(LZ) | (1+y)LEV' I)u’[1+o(D)]
EV(,(uw)Z) — EV(,2) = N + 2Kl —7) ; (17)
DV (1,2) __uly +o(1)]
DV(l,(w)Z) 1= N (18)

Proof. Since (3) holds locally uniformly, we have from (14) that for some 6 € [, [,(u)],

In(u)
V() = V() = / V'(v)dv = [l (w) — ,1V'(0)
In

1,V'(0)
L@V’ (I)
LV y)ul1+0(D)]

a Kn '

bn”’ﬁ (u) V,(ln) :

This shows that (16) holds uniformly on u € [0, kl/6

[—ky'®, 0].
We will only prove (17) holds uniformly on u € [—k,l/ﬁ, 0]. Note that

EV(ly(W)Z) — EV(1nZ) = /OO Mdv—/ V(lzv)
1 1

v v

1 (1) @d —1/ 6 45
In

) S 2
oV (s)

I, () —ds + bl (WUEV (1,2)
hw S

1
dn(w) Md + I, (W)byulEV (1,Z2) — V(1)]
dn (u)

= In.l (u) + In,2 (u)

]. In a similar manner we can show (16) holds uniformly on u €

From (3) and (14) we get

/ V/(1,8)
In = —ln Vv ln d
() W)()MmtA@V%>s
LV ()da @)1+ 0(1)] (1 _ l) dt
% dn(u)

v 2

. _lnv/(ln)dn(u)[1 +o(1)] { 1 |: 1 . 1] . |: 1 o 1]}
B y 1—y Ld™ ) dy (u)

17 1 ’
:_+yﬂo¢wnl+oﬂﬂ{—z[dw)_]]}

dn (WL V' ()u?[14 0(1)]

2k, ’
'\/E[EV(IHZ) = V{)]u n dn(u)az1u2[EV(1nz) - V(]
\/E kn )

Ina(u) =
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Therefore we obtain from (11) that

_ /(1)U _
EV(,W)Z) — EV(1,Z) = NVlEV(IhZ) = V(In)]u + dn W)V (In)u {an[EV(an) V()] 1+0(1)}

Vkn kn LV'(1,) 2
uryDV(LZ) | (14 )LV ()u[1+ o(1)]
ky 2k, (1 —y)
This shows (17).
Note that

o tr —1 1
/ tr 2 dt = )
1 14 1-=y)1-=2y)

It follows from (15) with j = 2 that
Top(w) 2u[1+o(D)]
[V I V(1= y)(1=2y)
which together with (11), (12) and (17) yields
DV(hwZ) 1= Ta(u) — [EV(La(w)Z) — EV(LZ)*  2[EV(InZ) — V(I)IIEV (l,(W)Z) — EV (1,2)]

DV (1,2) D2V (1,2) D%(1,2)
[an’(l,,)]2 T, (u) EV(l,(w)Z) — EV(l,Z2) 2 2[EV(1,Z2) — V) IEV (,(u)Z) — EV (I,2)]
T D02) | VP [ LV (1) } - [V (ln) P
2u 1+o0(1) 14+ 0(1)
"~ Vkio2(y) {(1 —(A=2y) (1-y)? +°(1)}
_u[2y +o(1)]
- Kn ’

Then from a Taylor’s expansion we get

DV(Z) {1 L U2y +o(1)] }‘1/2 oy +o()]
ov(,wz) Vkn a ke

i.e. (18) holds uniformly on [0, k;/ﬁ]. In a similar way, we can show (18) holds uniformly on [—k;/G, 0]. O

Lemma 6. Suppose that (1) and (3) hold. If y < 1/2, then there exist two functions 1 (1) and oy o (u) such that
DV (1.2)x — /kn[EV (la(w)Z) — EV (I,.2)]

1) = DV (L (w2)
= X — Tu — o1 (U)xu — ocn,z(u)u2 (19)
holds forallx € Rand u € [—k;/G, k,l/s], where

lim knotm 1) =y and  lim knotn () = [20 ()]

uniformly on [—ky'®, kY/°1.

Proof. Since 7, = (1 — 2y)"/?[1 + 0(1)], we have from (12), (17) and (18) that
{ VEalEV (l,(w)Z) — EV (1,2)] } DV (l.Z)
(X, u) = 1x —
DV (1,2) DV (I,(w)Z)
_ {x L QR + ()] } {] ~uly +o(1)] }
Bl ! 2(1 — y)vVkaDV (1:2) NG
* — wuly +o(D]  (1+y)u’[1+o0(1)]

AT kn 2kl — )0 ()
xuly + o] v?[1+0(1)]
=X—ToU — — ,
kn 2/ kno ()

where all o(1) terms converge to zero uniformly in u. This completes the proof of the lemma. O
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Forn=1,2,...and x, u € R, denote
V(L (Wwz) — EV (I, (w)Z)

VD2V (I, W)Z)

kn

~ 1 ~
Sty (W) = —= > Zn(w).
j=1

j=1,...ky;

Zyj(u) =

Proof of Theorem 1. Denote

An1 = Sup f I/G[P(§n,kn ) = mx u) — P(x — twlpwdu);
xe |u|>ky
/6
Az =sup | [ PG ) = ot ) = @01,0x, )10
/6
An3 = sup /kl/s[‘p(""("’ u)) = @ =t (u)du] .
Since
@ (ﬁ) - /_Oo ® (x + Tu)pw)du, (20)

we have from (13) and (19) that

sup |Ap(x)| = sup

X€eR XeR

ks
=

Sup/ [P(§n,kn W) < na(x, u)) — @ (x — u)]Pwdu| +

XeR

X
M| —— || =
V1+712

IA

C
An.l + An,Z + An,3 + ﬁ
From the Berry-Esseen theorem (cf. [11]), we get for any € € (0, 1/2]

Apz < SUp sup |P(Spk, () < 1a(X, 1)) — @ (a(x, )|

jul<ky/® XK
< Ck© sup E|Zyq(u)H
lul<ky®
2(1+¢€) 2(1+€)
e V{l,(wWZ) — V(I (w) EV(l,(wWZ) — V(I (u))
< Ck, sup E
) <k/8 VD2V (I,(u)Z) lul<k/6 VD2V (I,(u)Z)

= Ck;E (’n,l +_]n,2)-
By (8), for any § € (0, y), there exists a positive integer ng such that

‘ V(I,(w)2) — V(,(w)) 2(1+€) W_1>2(1+€)

(21)

< (1 +8)2(1+€) (

L@V’ (I, (w)) y+4é

holds forallu e [—k,!,/G, k,l,/G] and n > ny. Since (5) holds, we can choose § € (0, y) such that 2(1 + €)(y + §) < 1. Then
we have
2(14€)

Vl,(wz) — V,(u)) <4+ 5)2(”6)5 (zyH — ])2(l+e) <OO 22)
1V (In) - y+3 '

Hence, from (12) and (17) we obtain J, ; = O(1). Moreover, since

Iy < C EV(l,(w)Z) — EV(1,Z) |*1 9 EV(L,Z) — V(l,) |21+
n2 = sup _ - 7
’ | <k,/® pv(l,(w)z) e | DV (hw2)
=+ sup w 2o
|ul<k)/® Dv (I, (w)Z) ’

we conclude from (11), (12) and (15)-(17) that J, , = O(1). Hence A, , = O(k, ).
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It is easily seen from (19) that for allu € [—k,]q/e, k,]q/ﬁ]

Cu?

sup |® (1n(x, u)) — P (X — Toll — a1 (WXU)| < .
XxeR kn

On the other hand, by noting that

Aot 1 (W) ul < forall [u| < k}®and 2 € [0, 1],

k;/ 3

we get

x| = [X[1 — Aatn1 (Wu|[1 — Aorn,1 (u)u| ™!
-1

IA

[|X[1 - }\an,l(u)u] - Tnul + Tn|u|]

1— —
k,ll/3

IA

ClIx[1 — Aon, 1 (Wu] — Tou| + T ul]

€1089

forallx e Ru e [—k,l/s, k,i/s], X € [0, 1] and all large n. Therefore by the mean value theorem, there exists A,, € [0, 1] such

that

XeR

Clul

< sup —=[Ix[1 — Apan, 1 (Wu] — tuul@(x[1 — Ayay 1 (Wu] — Tuu) + Tolul@(x[1 — Ay 1 (Wu] — Tu)]

X€eR n
_ Cul +w?)
= N
which coupled with (23) yields
C & 5 1
NG [m(|u| 4+ u9)¢pw)du =0 <«/E> .

Finally, by combining the above arguments with the fact that

1
Apq < du=0(—
1= f|u|>k,1/ﬁ¢(u) ! (kn)

we complete the proof of the theorem. O

An,3 =

3. Proof of Theorem 2

Forn=1,2,...andt,x,u € R, let

20+ y)J/1 -2y
pY)=
-3y
_ _P(E =)
G(x) = D (x) 3k ;

Fa®, 1) = P (St (1) < %);
fat,u) =E exp{itfm (u)} (the characteristic function ofzm (w));

t
Y (t, u) = logf, <\/E! u) + T{ﬂ

Lemma 7. Suppose (1) and (3) hold. Then

lim sup |E2,i](u) —p() =0,
ERSTE L

and for any positive p with yp < 1 — 3y

limsup sup E|Z,(u)**? < oo.

1
n—o0o IU\Skn/G

sup |@ (X[1 — ap 1 (Wu] — tau) — @ (x — Tyu)| = sup oy, (W) [Xu|P(x[1 — Ayay, 1 (Wu] — Tyu)
X€ER

(24)
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Proof. Write

E[V(l,()Z) — EV(L,w2Z)]* = Ty 3) — 3T WEV (I, (WZ) — V()] + 2[EV (h(w)Z) — V(I

+E[V(I,Z) — V(ln)]3 —3[EV(l,(w)Z) — VU)IELV (,Z2) — V(l,,)]z.

It follows from (11), (12) and (17) that

EV(,w2z) —V({,) EV(,w)Z)—EV(,Z) EV(,Z)— V()

LV () B LV () LV ()
1+ o0(1)
==

holds uniformly onu € [—k,],/E, k,],/G]. We can conclude from (15) with j = 3 that

To3(w)  3u[l+o0(1)] o0 o2 7 —1\2 B
i e (5w

from (26) and (15) with j = 2 that
TopWIE(,(WZ) — V()]

(26)

TREOE = o,
from (17) that
[EV(IL,(wZ) =V 1+0(1)
LV 1)1 A=y
from (10) with j = 3 that
ElV{,2) — V(UI)T? 6
LVP (- —2za 3y W
and from (10) and (26) with j = 2 that
[EV(1,(w)Z) — V()IEIV (1,Z) — V()] 2+o0(1)
[V (1)1 S (A=-p)P-2y)

All of the above equations hold uniformly on [—k,lq/ﬁ, k,lq/e]. Thus, conclusion (24) can be easily obtained from these equations.

In the same fashion we can obtain conclusion (25). O

Lemma 8. Under (1) and (3), we have

1
sup sup |F,(x,u) — G(x)| =0 (—) . (27)
jul<ky/® *<R Fn

Proof. It is easy to see that the distribution of 2,,,1(u) depends on u only through [, (),

min I, (u) > L,(—kY®) — oo,

lul <k
and
N a 1 zZv -1 1
Zn1(u) — — .
o(y) Y 1—y
The limit is a continuous random variable and hence from Theorem 1.3 in [11] we conclude that for any 0 < §; < 8, < 00,
there exists 6 € (0, 1) such that

sup [fa(t,u)| <8, V& < |t] <6, (28)

lul<ky/®

if nis large enough.
We also need the following two equations in the proof:

— _M — (1+13 o 6 <f2> ( 1 )
Jup et} = 1= mg e = U e (g )\ TR ) Vit < 81v/kn (29)
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for any §; > 0 and

T

1
sup [Fp(x, u) — G(x)| < —/
X€ER T

-T

g (— (0 || de + 20 (30)
- " 75 u - 77
t " \WVka 4 T

where m = sup, |G'(x)| and

2 i3
y(t) = exp (—tz) |:1 + I()(GS)/)J%U] .

(30) follows from Esseen’s smoothing lemma (see, eg., Theorem 5.2 in [11]). The proof of (29) is similar to estimation of I
in the proof of Theorem 5.22 in [11].

By using Lemma 7 and Eqs. (27)-(29), the rest of the proof is essentially the same as that of Theorem 5.22 in [11], and
the details are omitted. O

Proof of Theorem 2. From (13) and (29) we get

b% © 1
Ay («/W) f_oo[Fn(nn(x, u), Wep(u) — @ (x — rau)p(u)ldu + o (JE)

/6 1/6

k,ll N
- / e GG W)gn (W — /

1
@ (x — tau)p(u)du + o («/E)

K/
' p) [
— —_ —_ — 2 J—
= /_k;/s[‘p(””("’ u)) = @ (x — tuth) I¢pn (u)du 3k, _k;/s[nn(x, u) — 1 (1 (x, 1)) $n(u)du
b/ 1
+ /k;/ﬁ (X = Tt [¢n(u) — p(W)]du +o0 (JE)
1
= Kn,l(x) + Kn,z(x) + Kn,3(x) +o <ﬁ>
holds uniformly on x € R.
It follows from the mean-value theorem and (19) that for any |u| < [—k;/ﬁ, k;/ﬁ] and x € R, there exists A, € [0, 1] such

that

D (nn(x, u)) — P (x — Tyu)

1
—¢(x — T {nn(x, u) — [x — Toul} + 5¢’(9n(x, W) {1 (X, u) — [x — Tu]}?
=: By 1(x, u) + Bn2(x, u),
where 6, (X, u) = Apnn(x, u) + (1 — Ay)[x — tul. Noting that |x|¢(x — t,u)| < C(1 + |ul), we have from (19) that

1 u?
By (x,u) + N {VXU + T(y)} ox — 1)

(an,l(u) — Y ux¢(x — tau) + |:an,2(u) -

1

Vkn
<o (L) (ul + u?)
- Wk

holds for all |u| < [—k,l/s, k,ys] and x € R. On the other hand, noting
x = (1= hnttn 1 W) " {600t 1) + (Tall + Antn 2 WD)} |
we get
[X| < C[16n(x, w)| + [u]] (31)

and therefore

} uAp(x — Tau)

1
20(y)

2\2
B (%, )] = 60 (x, )] (Bn(x., 1) (m“”’l(”)"”;k et W)
_ Clu?[0n (%, W) [P (Bn(x. ) + U0 (x, ) P (On (X, W)}
- 2k,
Cw? +ub
ky
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forall |u| < [—k,l/s, k,l,/s] and x € R. This gives

2

1 ka'® u
Ky 1(x) — N /k;/s {qu t %) } P — Tau)P(u)du

kY8 2
n 1 u
< B, 1(x,u) — XU+ ——— X — du
=< /k}/G n1(X, 1) NG {J/ + 20()/)}¢( Tall) | Pn (W)
1" u | kil®
i | e [P iy PO g @an s [ Bt wip@an

e

1 c u°
<o <\/k>> / 1/6(|u| + u2)¢n(u)du + F / 1/6(|u| +ud+ |u|3 +ut 4 |u|5)¢(u)du
n —ky n J—ky

(%)

uniformly on R.
Write

[n2(x, u) — 1p(n(x, w)) — [(x — Tyu)* — 1p(x — T,u)
= [nE(x, u) — [P (x, u)) — d(x — To)] + [72(x, u) — (x — Tuu)* P (x — Ty11)
=Ly 1(x,u) 4+ Ly 2(x, u).

Note that |5, (x, u) — 1] < C(|x| + |u| 4+ |xu| + u?). Using the mean-value theorem and a similar estimation to (31) we have

ca+w +ut C(1+ Ju] + 1
ILn1(x, u)| < #, |Lna(x, )] < %,
and therefore
ka0 + 29 [ e e — 10— ra
’ 3Vkn J il
< [Kn2(x) + P) krl]/s [(x — ‘L'nll)2 — 1¢(x — Thu)pn(u)du
B ' 3\/k>n 4(,11/6
py) 4
_ 2 _ _ 3
- 9Vkn w}/e[(x Tw)” — 1o — Guyu ¢ (u)du
c [ u"
= k, :/ 1/6(|u| +u’+ |u|3 + ”4)¢n(u)du + 1}
n —kn
< o( 1 )
- Wk

holds uniformly on R. Obviously, we have
1/6

K
! / W? —3u)® (x — Tyu)¢(u)du.
I

3/kn

Now we can conclude that

X 1 [k 2 p()x— tuw? — 1]
An (,F +r,12> = ke /_kg/e :V"” w0 3 }W ~ g

Kn,3 = -

1 k' , :
NS /_kg/e W’ =3P (X — Tu)p(W)du + 0 (ﬁ)
! ~ ’ — tn 2 1
B \/F/ {yxu * 2<7u(J/) - L 3T Y ]}tl)(x — Tou)@(u)du
1

/m(u3 —3u)® (x — Tyu)p(u)du + o < !

3Vkn «E)
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Furthermore, one can verify that for any t € R

el 1 X
_ du = )
ﬁw¢(x T dy x/1+72¢<\/]+‘52)
/ up(x — )Py = — ( X ) ;

N 1+ \V1+ 12
[ oo mpma = LI (=):
/ Z o~ gy = 2 fz;/zﬁxa (Jl%z)
and
/::(1? = 3w (x — Tw)p(uw)du = (1:;2)3/2 /Zm(ﬁ — 3u)¢p(u)du.

Note that rnz — 1 — 2y. After some tedious calculations, conclusion (6) follows. The details of this are omitted here. This
completes the proof of the theorem. O
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