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1. Introduction and main results

Let {X, X1, X2, . . .} be a sequence of independent and identically distributed random variables with distribution F , and
for each n ≥ 1 let Xn,1 ≤ · · · ≤ Xn,n denote the order statistics of X1, . . . , Xn. Define Sn,k =

∑k
j=1 Xn,n−j+1 as an extreme

sum, where k = kn satisfies

lim
n→∞

kn = ∞ and lim
n→∞

kn
n
= 0. (1)

The extreme sums have been widely studied in the literature. On one hand, the study is motivated by the interest of how
the asymptotic properties of partial sums

∑n
j=1 Xj are influenced by the extreme sums. On the other hand, these extreme

observations play an important role in estimating the tail of a distribution in extreme-value statistics.
Assume that F belongs to the domain of attraction of an extreme value distribution, i.e., there exist constants cn > 0 and

dn ∈ R such that

Xn,n − dn
cn

d
→ exp{−(1+ γ x)−1/γ } =: Gγ (x) (2)

for some γ ∈ R. It is known that the sums {Sn,kn}, after being suitably centered and normalized, have a limiting distribution.
See, e.g., [1–5]. In particular, Csörgö, Haeusler and Mason [5] proved that the limiting distribution of {Sn,kn} is normal if and
only if γ ≤ 1/2.
Denote ωF = sup{x : F(x) < 1}. It is well known that the following von-Mises conditions are sufficient for (2) to hold: F

has the derivative function F ′ satisfying

γ > 0 : ωF = ∞, lim
x→∞

xF ′(x)
1− F(x)

=
1
γ
;

γ < 0 : ωF <∞, lim
x→∞

(ωF − x)F ′(x)
1− F(x)

= −
1
γ
;
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γ = 0 : lim
x→ωF

F ′(x)
[1− F(x)]2

∫ ωF

x
[1− F(u)]du = 1.

Let V (t) = inf{x : [1 − F(x)]−1 ≥ t} for t ≥ 1. Then these von-Mises conditions are equivalent to the assumption that V
has a derivative function V ′ ∈ Rv(γ − 1), where Rv(γ − 1) denotes the class of all regularly varying functions with index
γ − 1, i.e.,

lim
t→∞

V ′(tx)
V ′(t)

= xγ−1, ∀x > 0. (3)

See [6] for more details.
Themain objective of this paper is to estimate rates of convergence to normality for the extreme sumsunder condition (1).

Throughout the paper, Φ and φ denote the cumulative standard normal distribution function and its density, respectively,
D2X denotes the variance of a random variable X , and Z denotes a random variable with the distribution function FZ (x) =
1− x−1, x ≥ 1. Moreover, we shall let

an =
n− kn + 1
n+ 1

; bn =

√
an(1− an)
n+ 1

;

ln =
1

1− an
; τn =

√
an (EV (lnZ)− V (ln))

DV (lnZ)
;

∆n(x) = P

(
Sn,kn − knEV (lnZ)√
kn(1+ τ 2n )D2V (lnZ)

≤ x

)
− Φ(x).

The main results are stated in Theorems 1 and 2.

Theorem 1. Under (1), if (3) holds for some γ ∈ [1/3, 1/2), then

sup
x∈R
|∆n(x)| = o(k−εn ) (4)

holds for any

ε ∈ (0, (2γ )−1 − 1). (5)

Theorem 2. Under (1), if (3) holds for γ < 1/3, then

∆n(x) =
1
√
kn

2(1− 2γ )1/2

6 (2(1− γ ))3/2 (1− 3γ )

((
ξ1(γ )+ ξ2(γ )x2

)
φ(x)+ Φγ (x)

)
+ o

(
1
√
kn

)
(6)

holds uniformly on R, where

ξ1(γ ) = 7− 8γ + 9γ 2, ξ2(γ ) = 1− 16γ − 15γ 2 + 26γ 3

and

Φγ (x) = 2(1− 2γ )(1− 3γ )
∫ x

−∞

(3u− u3)φ(u)du.

Since the proofs of the theorems are lengthy, we will split the proofs into a series of lemmas which are given in the next
two sections.

2. Proof of Theorem 1

The following two lemmas are related to condition (3).

Lemma 1. If (3) holds for γ ∈ R, then

lim
t→∞

V (tx)− V (t)
tV ′(t)

=
xγ − 1
γ

, ∀x > 0 (7)

with convention x
γ
−1
γ
|γ=0 = log x for x > 0. Furthermore, for any δ > 0, there exists a tδ > 0 such that

(1− δ)
xγ−δ − 1
γ − δ

≤
V (tx)− V (t)
tV ′(t)

≤ (1+ δ)
xγ+δ − 1
γ + δ

(8)

holds for all x ≥ 1 and t ≥ tδ .
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Proof. Note that

V (tx)− V (t)
tV ′(t)

=

∫ x

1

V ′(tu)
V ′(t)

du, ∀x > 0. (9)

By the properties of regularly varying functions, the convergence in (3) is locally uniform. Therefore, we have

lim
t→∞

V (tx)− V (t)
tV ′(t)

=

∫ x

1
uγ−1du =

xγ − 1
γ

,

which is conclusion (7). Next, it follows from (3) that for any δ > 0, there exists tδ > 0 such that

(1− δ)xγ−δ−1 ≤
V ′(tx)
V ′(t)

≤ (1+ δ)xγ+δ−1

for all t ≥ tδ and x ≥ 1 (cf. [7]). By using (9), conclusion (8) follows which completes the proof. �

Lemma 2. Conditions (1) and (3) imply

lim
t→∞

∫
∞

1

[
V (tv)− V (t)
tV ′(t)

]j dv
v2
=

∫
∞

1

(vγ − 1)j

γ jv2
dv, ∀γ < j−1 (10)

for all j = 1, 2, . . ..

Proof. The lemma follows from (7), (8) and the dominated convergence theorem. �

From (10) with j = 1, it follows that

lim
n→∞

EV (lnZ)− V (ln)
lnV ′(ln)

=

∫
∞

1

vγ − 1
γ

dv
v2
=

1
1− γ

if γ < 1. (11)

Moreover, by setting j = 1 and j = 2 in (10) we conclude that

D2V (lnZ)
[lnV ′(ln)]2

=

∫
∞

1

[
V (lnv)
lnV ′(ln)

]2 dv
v2
−

{∫
∞

1

V (lnv)
lnV ′(ln)

dv
v2

}2
=

∫
∞

1

[
V (lnv)− V (ln)
lnV ′(ln)

]2 dv
v2
−

{∫
∞

1

[
V (lnv)− V (ln)
lnV ′(ln)

]
dv
v2

}2
→

∫
∞

1

(
vγ − 1
γ

)2 dv
v2
−

(∫
∞

1

vγ − 1
γ

dv
v2

)2
=

1
(1− γ )2(1− 2γ )

as n→∞ for γ < 1/2. Therefore

lim
n→∞

DV (lnZ)
lnV ′(ln)

=
1

(1− γ )(1− 2γ )1/2
=: σ(γ ) if γ < 1/2. (12)

Let Z1, Z2, . . . be independent random variables having the same distribution function as Z and let Zn,1 ≤ · · · ≤ Zn,n be
the order statistics of Z1, . . . , Zn. It is easily seen that

(Xn,1, . . . , Xn,n)
d
= (V (Zn,1), . . . , V (Zn,n)).

For every u ∈ R set

an(u) = {(an + bnu) ∧ 1} ∨ 0; ln(u) = (1− an(u))−1 ;

Sn,kn(u) =
kn∑
j=1

V (ln(u)Zj); φn(u) = φ(u)
(
1−

(u3 − 3u)
3
√
kn

)
.

Lemma 3. Under (1), we have

sup
x∈R

∣∣∣∣P(Sn,kn ≤ x)− ∫ ∞
−∞

P(Sn,kn(u) ≤ x)φn(u)du
∣∣∣∣ = o( 1

√
kn

)
. (13)

Proof. Let U1,U2, . . . be independent random variables uniformly distributed over (0, 1) and Un,1 ≤ · · · ≤ Un,n be the order
statistics of U1, . . . ,Un. According to Cheng [8], we have
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P(Sn,kn ≤ x) =
∫ 1

0
P

(
kn∑
j=1

V ((1− s)−1Zj) ≤ x

)
pn(s)ds,

where pn denotes the density function of Un,n−kn+1, i.e.,

pn(s) =
n!

kn!(n− kn − 1)!
sn−kn−1(1− s)kn

if s ∈ (0, 1) and pn(s) = 0 otherwise. Since the density function of Ûn,n−kn+1 = (Un,n−kn+1 − an)/bn is p̂n(u) =
bnpn(an + bnu), ∀u ∈ R, it follows that

P(Sn,kn ≤ x) =
∫
∞

−∞

P

(
kn∑
j=1

V (ln(u)Zj) ≤ x

)
p̂n(u)du.

Note that we have under (1) that

p̂n(u) = φn(u)+ o
(
1
√
kn

)
φ(u)(1+ u6)

for all |u| ≤ k1/6n /2. See, e.g., Theorem 4.7.1 in [9]. Therefore, (13) holds. �

Denote

Tn,j(u) = E[V (ln(u)Z)− V (ln)]j − E[V (lnZ)− V (ln)]j, for j = 1, 2, . . .

and let dn(u) = ln(u)/ln, ∀u ∈ R. It is easily seen that for any εn = o(
√
kn),

sup
|u|≤εn
|dn(u)− 1| ∼ sup

|u|≤εn
|d−1n (u)− 1| ∼

εn
√
kn
→ 0. (14)

Lemma 4. For any integer j ≥ 1, if γ < j−1, then

Tn,j(u)
[lnV ′(ln)]j

=
ju[1+ o(1)]
√
kn

∫
∞

1
tγ−2

(
tγ − 1
γ

)j−1
dt (15)

holds uniformly on [−k1/6n , k1/6n ].

Proof. We shall only show that (15) holds uniformly on u ∈ [0, k1/6n ] since the proof for u ∈ [−k
1/6
n , 0] is similar. Note that

Tn,j(u) =
∫
∞

1

[V (ln(u)s)− V (ln)]j − [V (lns)− V (ln)]j

s2
ds

= j
∫
∞

1

ds
s2

∫ ln(u)s

lns
[V (v)− V (ln)]j−1V ′(v)dv

= jln

∫
∞

1

ds
s

∫ dn(u)

1
[V (lnsv)− V (ln)]j−1V ′(lnsv)dv

= jln

∫ dn(u)

1
dv
{∫

∞

1
−

∫ v

1

}
[V (lnt)− V (ln)]j−1V ′(lnt)

t
dt

=: T (1)n,j (u)+ T
(2)
n,j (u).

By (8), the Potter bounds for regular variation (cf., [10]) and the dominated convergence theorem, we have

T (1)n,j (u)

[lnV ′(ln)]j
= j[dn(u)− 1]

∫
∞

1

[
V (lnt)− V (ln)
lnV ′(ln)

]j−1 V ′(lnt)
V ′(ln)

dt
t

=
ju[1+ o(1)]
√
kn

∫
∞

1
tγ−2

(
tγ − 1
γ

)j−1
dt

uniformly on [0, k1/6n ]. Moreover, it follows from (8), (14) and the Potter bounds that

sup
v∈(1,dn(u))

∣∣∣∣∣
∫ v

1

[
V (lnt)− V (ln)
lnV ′(ln)

]j−1 V ′(lnt)
V ′(ln)

dt
t

∣∣∣∣∣→ 0
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and therefore

T (2)n,j (u)

[lnV ′(ln)]j
= o

(
1
√
kn

)
holds uniformly on u ∈ [0, k1/6n ] as n→∞. The proof of the lemma is now completed. �

For simplicity, let C denote a positive constant which may differ as it appears in different places.

Lemma 5. If γ < 1/2, then when (1) and (3) hold, the following equations hold uniformly on u ∈ [−k1/6n , k1/6n ]:

V (ln(u))− V (ln) =
lnV ′(ln)u[1+ o(1)]

√
kn

; (16)

EV (ln(u)Z)− EV (lnZ) =
uτnDV (lnZ)
√
kn

+
(1+ γ )lnV ′(ln)u2[1+ o(1)]

2kn(1− γ )
; (17)

DV (lnZ)
DV (ln(u)Z)

− 1 = −
u[γ + o(1)]
√
kn

. (18)

Proof. Since (3) holds locally uniformly, we have from (14) that for some θ ∈ [ln, ln(u)],

V (ln(u))− V (ln) =
∫ ln(u)

ln
V ′(v)dv = [ln(u)− ln]V ′(θ)

= bnul2n(u)V
′(ln) ·

lnV ′(θ)
ln(u)V ′(ln)

=
lnV ′(ln)u[1+ o(1)]

√
kn

.

This shows that (16) holds uniformly on u ∈ [0, k1/6n ]. In a similar manner we can show (16) holds uniformly on u ∈
[−k1/6n , 0].
We will only prove (17) holds uniformly on u ∈ [−k1/6n , 0]. Note that

EV (ln(u)Z)− EV (lnZ) =
∫
∞

1

V (ln(u)v)
v2

dv −
∫
∞

1

V (lnv)
v2

dv

= ln(u)
∫
∞

ln(u)

V (s)
s2
ds− ln

∫
∞

ln

V (s)
s2
ds

= ln(u)
∫ ln

ln(u)

V (s)
s2
ds+ bnln(u)uEV (lnZ)

= dn(u)
∫ 1

dn(u)

V (lnv)− V (ln)
v2

dv + ln(u)bnu[EV (lnZ)− V (ln)]

=: In,1(u)+ In,2(u).

From (3) and (14) we get

In,1(u) = −ln(u)V ′(ln)
∫ 1

dn(u)

dt
t2

∫ 1

dn(u)

V ′(lns)
V ′(ln)

ds

= −
lnV ′(ln)dn(u)[1+ o(1)]

γ

∫ 1

dn(u)

(
1
t2−γ
−
1
t2

)
dt

= −
lnV ′(ln)dn(u)[1+ o(1)]

γ

{
1

1− γ

[
1

d1−γn (u)
− 1

]
−

[
1
dn(u)

− 1
]}

= −lnV ′(ln)dn(u)[1+ o(1)]

{
−
1
2

[
1
dn(u)

− 1
]2}

=
dn(u)lnV ′(ln)u2[1+ o(1)]

2kn
;

In,2(u) =
√
an[EV (lnZ)− V (ln)]u

√
kn

+
dn(u)anu2[EV (lnZ)− V (ln)]

kn
.
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Therefore we obtain from (11) that

EV (ln(u)Z)− EV (lnZ) =
√
an[EV (lnZ)− V (ln)]u

√
kn

+
dn(u)lnV ′(ln)u2

kn

{
an[EV (lnZ)− V (ln)]

lnV ′(ln)
−
1+ o(1)
2

}
=
uτnDV (lnZ)
√
kn

+
(1+ γ )lnV ′(ln)u2[1+ o(1)]

2kn(1− γ )
.

This shows (17).
Note that∫

∞

1
tγ−2

tγ − 1
γ

dt =
1

(1− γ )(1− 2γ )
.

It follows from (15) with j = 2 that

Tn,2(u)
[lnV ′(ln)]2

=
2u[1+ o(1)]

√
kn(1− γ )(1− 2γ )

,

which together with (11), (12) and (17) yields

D2V (ln(u)Z)
D2V (lnZ)

− 1 =
Tn(u)− [EV (ln(u)Z)− EV (lnZ)]2

D2V (lnZ)
−
2[EV (lnZ)− V (ln)][EV (ln(u)Z)− EV (lnZ)]

D2(lnZ)

=
[lnV ′(ln)]2

D2(lnZ)

{
Tn(u)
[lnV ′(ln)]2

−

[
EV (ln(u)Z)− EV (lnZ)

lnV ′(ln)

]2
−
2[EV (lnZ)− V (ln)][EV (ln(u)Z)− EV (lnZ)]

[lnV ′(ln)]2

}

=
2u

√
knσ 2(γ )

{
1+ o(1)

(1− γ )(1− 2γ )
−
1+ o(1)
(1− γ )2

+ o(1)
}

=
u[2γ + o(1)]
√
kn

.

Then from a Taylor’s expansion we get

DV (lnZ)
DV (ln(u)Z)

− 1 =
{
1+

u[2γ + o(1)]
√
kn

}−1/2
− 1 = −

u[γ + o(1)]
√
kn

,

i.e. (18) holds uniformly on [0, k1/6n ]. In a similar way, we can show (18) holds uniformly on [−k
1/6
n , 0]. �

Lemma 6. Suppose that (1) and (3) hold. If γ < 1/2, then there exist two functions αn,1(u) and αn,2(u) such that

ηn(x, u) :=
DV (lnZ)x−

√
kn[EV (ln(u)Z)− EV (lnZ)]
DV (ln(u)Z)

= x− τnu− αn,1(u)xu− αn,2(u)u2 (19)

holds for all x ∈ R and u ∈ [−k1/6n , k1/6n ], where

lim
n→∞

√
knαn,1(u) = γ and lim

n→∞

√
knαn,2(u) = [2σ(γ )]−1

uniformly on [−k1/6n , k1/6n ].

Proof. Since τn = (1− 2γ )1/2[1+ o(1)], we have from (12), (17) and (18) that

ηn(x, u) =
{
x−
√
kn[EV (ln(u)Z)− EV (lnZ)]

DV (lnZ)

}
DV (lnZ)
DV (ln(u)Z)

=

{
x− τnu−

(1+ γ )lnV ′(ln)u2[1+ o(1)]
2(1− γ )

√
knDV (lnZ)

}{
1−

u[γ + o(1)]
√
kn

}
= x− τnu−

(x− τnu)u[γ + o(1)]
√
kn

−
(1+ γ )u2[1+ o(1)]
2
√
kn(1− γ )σ (γ )

= x− τnu−
xu[γ + o(1)]
√
kn

−
u2[1+ o(1)]
2
√
knσ(γ )

,

where all o(1) terms converge to zero uniformly in u. This completes the proof of the lemma. �
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For n = 1, 2, . . . and x, u ∈ R, denote

Ẑn,j(u) =
V (ln(u)Zj)− EV (ln(u)Z)√

D2V (ln(u)Z)
, j = 1, . . . , kn;

Ŝn,kn(u) =
1
√
kn

kn∑
j=1

Ẑn,j(u).

Proof of Theorem 1. Denote

∆n,1 = sup
x∈R

∣∣∣∣∫
|u|>k1/6n

[P(Ŝn,kn(u) ≤ ηn(x, u))− Φ(x− τnu)]φ(u)du
∣∣∣∣ ;

∆n,2 = sup
x∈R

∣∣∣∣∣
∫ k1/6n

−k1/6n

[P(Ŝn,kn(u) ≤ ηn(x, u))− Φ(ηn(x, u))]φ(u)du

∣∣∣∣∣ ;
∆n,3 = sup

x∈R

∣∣∣∣∣
∫ k1/6n

−k1/6n

[Φ(ηn(x, u))− Φ(x− τnu)]φ(u)du

∣∣∣∣∣ .
Since

Φ

(
x√
1+ τ 2n

)
=

∫
∞

−∞

Φ(x± τnu)φ(u)du, (20)

we have from (13) and (19) that

sup
x∈R
|∆n(x)| = sup

x∈R

∣∣∣∣∣∆n
(

x√
1+ τ 2n

)∣∣∣∣∣ ≤
∣∣∣∣sup
x∈R

∫
∞

−∞

[P(Ŝn,kn(u) ≤ ηn(x, u))− Φ(x− τnu)]φ(u)du
∣∣∣∣+ C
√
kn

≤ ∆n,1 +∆n,2 +∆n,3 +
C
√
kn
.

From the Berry–Esseen theorem (cf. [11]), we get for any ε ∈ (0, 1/2]

∆n,2 ≤ sup
|u|≤k1/6n

sup
x∈R
|P(Ŝn,kn(u) ≤ ηn(x, u))− Φ(ηn(x, u))|

≤ Ck−εn sup
|u|≤k1/6n

E|Ẑn,1(u)|2(1+ε)

≤ Ck−εn

 sup
|u|≤k1/6n

E

∣∣∣∣∣V (ln(u)Z)− V (ln(u))√
D2V (ln(u)Z)

∣∣∣∣∣
2(1+ε)

+ sup
|u|≤k1/6n

∣∣∣∣∣EV (ln(u)Z)− V (ln(u))√
D2V (ln(u)Z)

∣∣∣∣∣
2(1+ε)


=: Ck−εn (Jn,1 + Jn,2).

By (8), for any δ ∈ (0, γ ), there exists a positive integer n0 such that∣∣∣∣V (ln(u)Z)− V (ln(u))ln(u)V ′(ln(u))

∣∣∣∣2(1+ε) ≤ (1+ δ)2(1+ε) (Zγ+δ − 1γ + δ

)2(1+ε)
(21)

holds for all u ∈ [−k1/6n , k1/6n ] and n ≥ n0. Since (5) holds, we can choose δ ∈ (0, γ ) such that 2(1 + ε)(γ + δ) < 1. Then
we have

E
∣∣∣∣V (ln(u)Z)− V (ln(u))lnV ′(ln)

∣∣∣∣2(1+ε) ≤ (1+ δ)2(1+ε)E (Zγ+δ − 1γ + δ

)2(1+ε)
<∞. (22)

Hence, from (12) and (17) we obtain Jn,1 = O(1). Moreover, since

Jn,2 ≤ C

{
sup
|u|≤k1/6n

∣∣∣∣EV (ln(u)Z)− EV (lnZ)DV (ln(u)Z)

∣∣∣∣2(1+ε) + sup
|u|≤k1/6n

∣∣∣∣EV (lnZ)− V (ln)DV (ln(u)Z)

∣∣∣∣2(1+ε)

+ sup
|u|≤k1/6n

∣∣∣∣V (ln(u))− V (ln)DV (ln(u)Z)

∣∣∣∣2(1+ε)
}
,

we conclude from (11), (12) and (15)–(17) that Jn,2 = O(1). Hence∆n,2 = O(k−εn ).
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It is easily seen from (19) that for all u ∈ [−k1/6n , k1/6n ]

sup
x∈R
|Φ(ηn(x, u))− Φ(x− τnu− αn,1(u)xu)| ≤

Cu2
√
kn
. (23)

On the other hand, by noting that

λαn,1(u)|u| ≤
C

k1/3n
, for all |u| ≤ k1/6n and λ ∈ [0, 1],

we get

|x| = |x[1− λαn,1(u)u]||1− λαn,1(u)u|−1

≤ [|x[1− λαn,1(u)u] − τnu| + τn|u|]
∣∣∣∣1− C

k1/3n

∣∣∣∣−1
≤ C[|x[1− λαn,1(u)u] − τnu| + τn|u|]

for all x ∈ R, u ∈ [−k1/6n , k1/6n ], λ ∈ [0, 1] and all large n. Therefore by the mean value theorem, there exists λn ∈ [0, 1] such
that

sup
x∈R
|Φ(x[1− αn,1(u)u] − τnu)− Φ(x− τnu)| = sup

x∈R
αn,1(u)|xu|φ(x[1− λnαn,1(u)u] − τnu)

≤ sup
x∈R

C |u|
√
kn
[|x[1− λnαn,1(u)u] − τnu|φ(x[1− λnαn,1(u)u] − τnu)+ τn|u|φ(x[1− λnαn,1(u)u] − τnu)]

≤
C(|u| + u2)
√
kn

,

which coupled with (23) yields

∆n,3 ≤
C
√
kn

∫
∞

−∞

(|u| + u2)φ(u)du = O
(
1
√
kn

)
.

Finally, by combining the above arguments with the fact that

∆n,1 ≤

∫
|u|>k1/6n

φ(u)du = O
(
1
kn

)
we complete the proof of the theorem. �

3. Proof of Theorem 2

For n = 1, 2, . . . and t, x, u ∈ R, let

ρ(γ ) =
2(1+ γ )

√
1− 2γ

1− 3γ
;

G(x) = Φ(x)−
ρ(γ )(x2 − 1)φ(x)

3
√
kn

;

Fn(x, u) = P(Ŝn,kn(u) ≤ x);

fn(t, u) = E exp{itẐn,1(u)} (the characteristic function of Ẑn,1(u));

ψn(t, u) = log fn

(
t
√
kn
, u
)
+
t2

2kn
.

Lemma 7. Suppose (1) and (3) hold. Then

lim
n→∞

sup
|u|≤k1/6n

|EẐ3n,1(u)− ρ(γ )| = 0, (24)

and for any positive p with γ p < 1− 3γ

lim sup
n→∞

sup
|u|≤k1/6n

E|Ẑn,1(u)|3+p <∞. (25)
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Proof. Write

E[V (ln(u)Z)− EV (ln(u)Z)]3 = Tn,3(u)− 3Tn,2(u)[EV (ln(u)Z)− V (ln)] + 2[EV (ln(u)Z)− V (ln)]3

+ E[V (lnZ)− V (ln)]3 − 3[EV (ln(u)Z)− V (ln)]E[V (lnZ)− V (ln)]2.

It follows from (11), (12) and (17) that

EV (ln(u)Z)− V (ln)
lnV ′(ln)

=
EV (ln(u)Z)− EV (lnZ)

lnV ′(ln)
+
EV (lnZ)− V (ln)
lnV ′(ln)

=
1+ o(1)
1− γ

(26)

holds uniformly on u ∈ [−k1/6n , k1/6n ]. We can conclude from (15) with j = 3 that

Tn,3(u)
[lnV ′(ln)]3

=
3u[1+ o(1)]
√
kn

∫
∞

1
tγ−2

(
tγ − 1
γ

)2
dt = o(1),

from (26) and (15) with j = 2 that

Tn,2(u)[E(ln(u)Z)− V (ln)]
[lnV ′(ln)]3

= o(1),

from (17) that

[EV (ln(u)Z)− V (ln)]3

[lnV ′(ln)]3
=
1+ o(1)
(1− γ )3

,

from (10) with j = 3 that

E[V (lnZ)− V (ln)]3

[lnV ′(ln)]3
=

6
(1− γ )(1− 2γ )(1− 3γ )

+ o(1),

and from (10) and (26) with j = 2 that

[EV (ln(u)Z)− V (ln)]E[V (lnZ)− V (ln)]2

[lnV ′(ln)]3
=

2+ o(1)
(1− γ )2(1− 2γ )

.

All of the above equations hold uniformly on [−k1/6n , k1/6n ]. Thus, conclusion (24) can be easily obtained from these equations.
In the same fashion we can obtain conclusion (25). �

Lemma 8. Under (1) and (3), we have

sup
|u|≤k1/6n

sup
x∈R
|Fn(x, u)− G(x)| = o

(
1
√
kn

)
. (27)

Proof. It is easy to see that the distribution of Ẑn,1(u) depends on u only through ln(u),

min
|u|≤k1/6n

ln(u) ≥ ln(−k1/6n )→∞,

and

Ẑn,1(u)
d
→

1
σ(γ )

(
Zγ − 1
γ
−

1
1− γ

)
.

The limit is a continuous random variable and hence from Theorem 1.3 in [11] we conclude that for any 0 < δ1 < δ2 <∞,
there exists δ ∈ (0, 1) such that

sup
|u|≤k1/6n

|fn(t, u)| ≤ δ, ∀δ1 ≤ |t| ≤ δ2 (28)

if n is large enough.
We also need the following two equations in the proof:

sup
|u|≤k1/6n

∣∣∣∣exp{knψn(t, u)} − 1− ρ(γ )(it)36
√
kn

∣∣∣∣ = (|t|3 + t6) exp( t24
)
o
(
1
√
kn

)
, ∀|t| ≤ δ1

√
kn (29)
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for any δ1 > 0 and

sup
x∈R
|Fn(x, u)− G(x)| ≤

1
π

∫ T

−T

∣∣∣∣1t
[
f knn

(
t
√
kn
, u
)
− γ (t)

]∣∣∣∣ dt + 24mπT , (30)

wherem = supx∈R |G′(x)| and

γ (t) = exp
(
−
t2

2

)[
1+

ρ(γ )(it)3

6
√
kn

]
.

(30) follows from Esseen’s smoothing lemma (see, eg., Theorem 5.2 in [11]). The proof of (29) is similar to estimation of I1
in the proof of Theorem 5.22 in [11].
By using Lemma 7 and Eqs. (27)–(29), the rest of the proof is essentially the same as that of Theorem 5.22 in [11], and

the details are omitted. �

Proof of Theorem 2. From (13) and (29) we get

∆n

(
x√
1+ τ 2n

)
=

∫
∞

−∞

[Fn(ηn(x, u), u)φn(u)− Φ(x− τnu)φ(u)]du+ o
(
1
√
kn

)

=

∫ k1/6n

−k1/6n

G(ηn(x, u))φn(u)du−
∫ k1/6n

−k1/6n

Φ(x− τnu)φ(u)du+ o
(
1
√
kn

)

=

∫ k1/6n

−k1/6n

[Φ(ηn(x, u))− Φ(x− τnu)]φn(u)du−
ρ(γ )

3
√
kn

∫ k1/6n

−k1/6n

[η2n(x, u)− 1]φ(ηn(x, u))φn(u)du

+

∫ k1/6n

−k1/6n

Φ(x− τnu)[φn(u)− φ(u)]du+ o
(
1
√
kn

)
=: Kn,1(x)+ Kn,2(x)+ Kn,3(x)+ o

(
1
√
kn

)
holds uniformly on x ∈ R.
It follows from the mean-value theorem and (19) that for any |u| ≤ [−k1/6n , k1/6n ] and x ∈ R, there exists λn ∈ [0, 1] such

that

Φ(ηn(x, u))− Φ(x− τnu) = −φ(x− τnu){ηn(x, u)− [x− τnu]} +
1
2
φ′(θn(x, u)){ηn(x, u)− [x− τnu]}2

=: Bn,1(x, u)+ Bn,2(x, u),

where θn(x, u) = λnηn(x, u)+ (1− λn)[x− τnu]. Noting that |x|φ(x− τnu)| ≤ C(1+ |u|), we have from (19) that∣∣∣∣Bn,1(x, u)+ 1
√
kn

{
γ xu+

u2

2σ(γ )

}
φ(x− τn)

∣∣∣∣
=

1
√
kn

∣∣∣∣(αn,1(u)− γ )uxφ(x− τnu)+ [αn,2(u)− 1
2σ(γ )

]
u2φ(x− τnu)

∣∣∣∣
≤ o

(
1
√
kn

)
(|u| + u2)

holds for all |u| ≤ [−k1/6n , k1/6n ] and x ∈ R. On the other hand, noting

x =
(
1− λnαn,1(u)u

)−1 {
θn(x, u)+ (τnu+ λnαn,2(u)u2)

}
,

we get

|x| ≤ C[|θn(x, u)| + |u|] (31)

and therefore

|Bn,2(x, u)| = |θn(x, u)|φ(θn(x, u))
(
√
knαn,1(u)xu+

√
knαn,2(u)u2)2

2kn

≤
C{u2x2|θn(x, u)|φ(θn(x, u))+ u4|θn(x, u)|φ(θn(x, u))}

2kn

≤
C(u2 + u4)

kn
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for all |u| ≤ [−k1/6n , k1/6n ] and x ∈ R. This gives∣∣∣∣∣Kn,1(x)− 1
√
kn

∫ k1/6n

−k1/6n

{
γ xu+

u2

2σ(γ )

}
φ(x− τnu)φ(u)du

∣∣∣∣∣
≤

∫ k1/6n

−k1/6n

∣∣∣∣Bn,1(x, u)− 1
√
kn

{
γ xu+

u2

2σ(γ )

}
φ(x− τnu)

∣∣∣∣φn(u)du
+
1
3kn

∫ k1/6n

−k1/6n

∣∣∣∣γ xu+ u2

σ(γ )

∣∣∣∣ |u|3φ(x− τnu)φ(u)du+ ∫ k1/6n

−k1/6n

|Bn,2(x, u)|φ(u)du

≤ o
(
1
√
kn

)∫ k1/6n

−k1/6n

(|u| + u2)φn(u)du+
C
kn

∫ k1/6n

−k1/6n

(|u| + u2 + |u|3 + u4 + |u|5)φ(u)du

= o
(
1
√
kn

)
uniformly on R.
Write

[η2n(x, u)− 1]φ(ηn(x, u))− [(x− τnu)
2
− 1]φ(x− τnu)

= [η2n(x, u)− 1][φ(ηn(x, u))− φ(x− τnu)] + [η
2
n(x, u)− (x− τnu)

2
]φ(x− τnu)

=: Ln,1(x, u)+ Ln,2(x, u).

Note that |ηn(x, u)− 1| ≤ C(|x| + |u| + |xu| + u2). Using the mean-value theorem and a similar estimation to (31) we have

|Ln,1(x, u)| ≤
C(1+ u2 + u4)
√
kn

, |Ln,2(x, u)| ≤
C(1+ |u| + u2)

√
kn

,

and therefore∣∣∣∣∣Kn,2(x)+ ρ(γ )

3
√
kn

∫ k1/6n

−k1/6n

[(x− τnu)2 − 1]φ(x− τnu)φ(u)du

∣∣∣∣∣
≤

∣∣∣∣∣Kn,2(x)+ ρ(γ )

3
√
kn

∫ k1/6n

−k1/6n

[(x− τnu)2 − 1]φ(x− τnu)φn(u)du

∣∣∣∣∣
+

∣∣∣∣∣ ρ(γ )9
√
kn

∫ k1/6n

−k1/6n

[(x− τnu)2 − 1]φ(x− τnu)u3φ(u)du

∣∣∣∣∣
≤
C
kn

{∫ k1/6n

−k1/6n

(|u| + u2 + |u|3 + u4)φn(u)du+ 1

}

≤ o
(
1
√
kn

)
holds uniformly on R. Obviously, we have

Kn,3 = −
1
3
√
kn

∫ k1/6n

−k1/6n

(u3 − 3u)Φ(x− τnu)φ(u)du.

Now we can conclude that

∆n

(
x√
1+ τ 2n

)
=

1
√
kn

∫ k1/6n

−k1/6n

{
γ xu+

u2

2σ(γ )
−
ρ(γ )[(x− τnu)2 − 1]

3

}
φ(x− τnu)φ(u)du

−
1
3
√
kn

∫ k1/6n

−k1/6n

(u3 − 3u)Φ(x− τnu)φ(u)du+ o
(
1
√
kn

)
=

1
√
kn

∫
∞

−∞

{
γ xu+

u2

2σ(γ )
−
ρ(γ )[(x− τnu)2 − 1]

3

}
φ(x− τnu)φ(u)du

−
1
3
√
kn

∫
∞

−∞

(u3 − 3u)Φ(x− τnu)φ(u)du+ o
(
1
√
kn

)
.
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Furthermore, one can verify that for any τ ∈ R∫
∞

−∞

φ(x− τu)φ(u)du =
1

√
1+ τ 2

φ

(
x

√
1+ τ 2

)
;∫

∞

−∞

uφ(x− τu)φ(u)du =
τx

(1+ τ 2)3/2
φ

(
x

√
1+ τ 2

)
;∫

∞

−∞

u2φ(x− τu)φ(u)du =
1+ τ 2 + τ 2x2

(1+ τ 2)5/2
φ

(
x

√
1+ τ 2

)
;∫

∞

−∞

u3φ(x− τu)φ(u)du =
3τx+ 3τ 3x+ τ 3x3

(1+ τ 2)7/2
φ

(
x

√
1+ τ 2

)
and ∫

∞

−∞

(u3 − 3u)Φ(x− τu)φ(u)du =
τ 3

(1+ τ 2)3/2

∫ x/
√
1+τ2

−∞

(u3 − 3u)φ(u)du.

Note that τ 2n → 1 − 2γ . After some tedious calculations, conclusion (6) follows. The details of this are omitted here. This
completes the proof of the theorem. �
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