
54 Chapter 1 First-Order Differential Equations 

30. Express the solution of the initial value problem 

dy 
2x dx = y +2xcosx, y(l) = 0 

as an integral as in Example 3 of this section. 

Problems 31 and 32 illustrate-for the special case of first­
order linear equations-techniques that will be important 
when we study higher-order linear equations in Chapter 3. 

31. (a) Show that 

Yc(x) = Ce- f P(x)dx 

is a general solution of dyjdx + P(x)y = 0. (b) Show 
that 

Yp(x) = e- f P(x)dx [! ( Q(x)ef P(x)dx) dx J 

is a particular solution of dyjdx + P(x)y = Q(x). 
(c) Suppose that Yc(x) is any general solution of dyjdx + 
P(x)y = 0 and that yp(x) is any particular solution of 
dyjdx + P(x)y = Q(x). Show that y(x) = Yc(x) + Yp(x) 
is a general solution of dyjdx + P(x)y = Q(x). 

32. (a) Find constants A and B such that y P (x) = A sin x + 
B cos xis a solution of dyjdx + y = 2 sinx. (b) Use the 
result of part (a) and the method of Problem 31 to find the 
general solution of dyjdx + y = 2sinx. (c) Solve the 
initial value problem dyjdx + y = 2 sin x, y (0) = 1. 

Mixture Problems 

Problems 33 through 37 illustrate the application of linear 
first-order differential equations to mixture problems. 

33. A tank contains 1000 liters (L) of a solution consisting of 
100 kg of salt dissolved in water. Pure water is pumped 
into the tank at the rate of 5 L/s, and the mixture-kept 
uniform by stirring- is pumped out at the same rate. How 
long will it be until only 10 kg of salt remains in the tank? 

34. Consider a reservoir with a volume of 8 billion cubic 
feet (ft3 ) and an initial pollutant concentration of 0.25%. 
There is a daily inflow of 500 million ft3 of water with a 
pollutant concentration of 0.05% and an equal daily out­
flow of the well-mixed water in the reservoir. How long 
will it take to reduce the pollutant concentration in the 
reservoir to 0.10%? 

35. Rework Example 4 for the case of Lake Ontario, which 
empties into the St. Lawrence River and receives inflow 
from Lake Erie (via the Niagara River). The only differ­
ences are that this lake has a volume of 1640 km3 and an 
inflow-outflow rate of 410 km3 jyear. 

36. A tank initially contains 60 gal of pure water. Brine 
containing 1 lb of salt per gallon enters the tank at 
2 gal/min, and the (perfectly mixed) solution leaves the 
tank at 3 gal/min; thus the tank is empty after exactly 1 h. 
(a) Find the amount of salt in the tank after t minutes. 
(b) What is the maximum amount of salt ever in the tank? 
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38. 

A 400-gal tank initially contains IOn gal of brine contain­
ing 50 lb of salt. Brine containing 1 lb of salt per gallon 
enters the tank at the rate of 5 galjs, and the well-mixed 
brine in the tank flows out at the rate of 3 gal/s. How 
much salt will the tank contain when it is full of brine? 

Two tanks Consider the cascade of two tanks shown in 
Fig. 1.5.5, with V1 = 100 (gal) and V2 = 200 (gal) the 
volumes of brine in the two tanks. Each tank also initially 
contains 50 lb of salt. The three flow rates indicated in the 
figure are each 5 gal/min, with pure water flowing into 
tank l. (a) Find the amount x(t) of salt in tank 1 at time 
t. (b) Suppose that y(t) is the amount of salt in tank 2 at 
time t. Show first that 

dy 5x 5y 
dt - 100- 200' 

and then solve.for y(t), using the function x(t) found in 
part (a). (c) Finally, find the maximum amount of salt 
ever in tank 2. 
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FIGURE 1.5.5. A cascade of two tanks. 

39. Two tanks Suppose that in the cascade shown i1 
Fig. 1.5.5, tank 1 initially contains 100 gal of pure ethano 
and tank 2 initially contains 100 gal of pure water. Pur• 
water flows into tank 1 at 10 gal/min, and the other tw• 
flow rates are also 10 gal/min. (a) Find the amounts x(t 
andy (t) of ethanol in the two tanks at time t ~ 0. (b) Fill! 
the maximum amount of ethanol ever in tank 2. 

40. Multiple tanks A multiple cascade is shown i: 
Fig. 1.5.6. At timet = 0, tank 0 contains 1 gal of ethane 
and 1 gal of water; all the remaining tanks contain 2 gz 
of pure water each. Pure wat!!r is pumped into tank 0 < 
1 gal/min, and the varying mixture in each tank is pumpe 
into the one below it at the same rate. Assume, as usua 
that the mixtures are kept perfectly uniform by stirrin! 
Let xn (t) denote the amount of ethanol in tank n at time i 
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FIGURE 1.5.6. A multiple cascade. 

(a) Show that x0 (t) = e-112 . (b) Shqw by induction on 
n that 

tne-t/2 
xn(t) = --- for n 2:0. 

n!2n 

(c) Show that the maximum value of xn(t) for n > 0 is 
Mn = Xn(2n) = nne-njn!. (d) Conclude from Stirling's 
approximation n! ~ nne-n ...(i;Ui that Mn ~ (2:rr n )-112 . 

41. Retirement savings A 30-year-old woman accepts an 
engineering pos1t10n with a starting salary of $30,000 
per year. Her salary S(t) increases exponentially, with 
S(t) = 30e1120 thousand dollars after t years. Meanwhile, 
12% of her salary is deposited continuously in a retirement 
account, which accumulates interest at a continuous an­
nual rate of 6%. (a) Estimate L\A in terms of L\t to derive 
the differential equation satisfied by the amount A(t) in 
her retirement account after t years. (b) Compute A ( 40), 
the amount available for her retirement at age 70. 

42. Falling hailstone Suppose that a falling hailstone with 
density o = 1 starts from rest with negligible radius r = 0. 
Thereafter its radius is r = k t (k is a constant) as it grows 
by accretion during its fall. Use Newton's second law­
according to which the net force F acting on a possibly 
variable mass m equals the time rate of change dpjdt of 
its momentum p = mv-to set up and solve the initial 
value problem 

d 
dt (mv) = mg, v(O) = 0, 

where m is the variable mass of the hailstone, v = dyjdt 
is its velocity, and the positive y-axis points downward. 
Then show that dvjdt = g/4. Thus the hailstone falls as 
though it were under one-fourth the influence of gravity. 

1 .5 Linear First-Order Equations 55 

43. Figure 1.5.7 shows a slope field and typical solution 
curves for the equation y' = x - y. (a) Show that ev­
ery solution curve approaches the straight line y = x - 1 
as x -+ +oo. (b) For each of the five values Yl = 3.998, 
3.999, 4.000, 4.001, and 4.002, determine the initial value 
y 0 (accurate to four decimal places) such that y(5) = Yl 
for the solution satisfying the initial condition y( -5) =YO· 
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FIGURE 1.5.7. Slope field and solution curves 
for y' = x- y. 

44. Figure 1.5.8 shows a slope field and typical solution 
curves for the equation y' = x + y. (a) Show that ev­
ery solution curve approaches the straight line y = - x - 1 
as x -+ -oo. (b) For each of the five values y 1 = -10, 
-5, 0, 5, and 10, determine the initial value Yo (accurate to 
five decimal places) such that y(5) = Yl for the solution 
satisfying the initial condition y( -5) = YO· 
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FIGURE 1.5.8. Slope field and solution curves 
for y' = x + y. 

Polluted Reservoir 

Problems 45 and 46 deal with a shallow reservoir that has 
a one-square-kilometer water surface and an average water 
depth of 2 meters. Initially it is filled with fresh water, but at 
time t = 0 water contaminated with a liquid pollutant begins 
flowing into the reservoir at the rate of 200 thousand cubic 
meters per month. The well-mixed water 'in the reservoir flows 
out at the same rate. Your first task is to find the amount x (t) of 
pollutant (in millions of liters) in the reservoir after t months. 

45. Tite incoming water has a pollutant concentration of 
c(t) = 10 liters per cubic meter (L/m3). Verify that 
the graph of x(t) resembles the steadily rising curve in 


