s

SECTION 16.1 VECTOR FIELDS 1061

Notice also that the gradient vectors are long where the level curves are close to each
other and short where the curves are farther apart. That’s because the length of the gradi-
ent vector is the value of the directional derivative of f and closely spaced level curves
indicate a steep graph. L]

A vector field F is called a conservative vector field if it is the gradient of some scalar
function, that is, if there exists a function f such that F = Vf. In this situation f is called
a potential function for F.

Not all vector fields are conservative, but such fields do arise frequently in physics. For
example, the gravitational field F in Example 4 is conservative because if we define

mMG
[y 0) = — = o
then
a d 5)
Vilx,y, z) = i + ~f.] + —ik

—i
0x dy 4z

_ —mMGx - —mMGy - —-mMG:z
(x2 +y2+22)3/2 (xz +y2+22)3/2-] (x2+y2+22)3/2
=F(x, 2
In Sections 16.3 and 16.5 we will learn how to tell whether or not a given vector field is
! conservative.
IRl Exercises
0 Sketch the vector field F by drawing a diagram like 13. F(x,y) = (y,y + 2)
gure 5 or Figure 9. 18, F(x,y) = (cos(x + y), x)
F(x,y) = 03i — 04j 2 F(x,y) =3ixi+yj
I 3
Flx,y)=~i+(y—xj & Flx,y)=yi+ (x+»j SV -]~~ 17
}\. A D N T
yit+xj L A T W
F(x, N l Py o~ - \'\'\\
(x, ») Jo+ 2 R RN
—3u AN 3
(ry) = 2123 EREERR
MR oo ot
. O N A
F(x,y,z) =k \ _Jg !
F(x,y,z) = —yk
( %) Y 111 3 v 3
F(x,y,2) = xk AN SN ~ TEEEIBRARY)
\\\.\\\\~~~ L VN NN
i NN N S NN
s ca R == tot S B
Match the vector fields F with the plots labeled I-IV. AN N ,‘\ i { RPN M
ve reasons for your choices. N AN R LY NNt
= NRNRAN ANNAYEE 22D
Flx,y) = (x, =y) S 2

Flx,y) = (nx—y)
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15-18 Match the vector fields F on R* with the plots labeled
I-1V. Give reasons for your choices.

15. F(x,y,z) =i+ 2j+3k

17. F(x,y,z) =xi +yj+ 3k

18.

F(x,y,z) =xi+yj+zk

16. F(x,y,z) =i +2j+zk

19.

CAS| 20.

If you have a CAS that plots vector fields (the command
is fieldplot in Maple and PlotVectorField or
VectorPlot in Mathematica), use it to plot

F(x,y) = (y* = 2xy) i + (3xy — 6x7)j

Explain the appearance by finding the set of points (x, y)
such that F(x, y) = 0.

Let F(x) = (r* — 2r)x, where x = (x,y) and r = |x|. Use a
CAS to plot this vector field in various domains until you can
see what is happening. Describe the appearance of the plot

and explain it by finding the points where F(x) = 0.

21-24 Find the gradient vector field of f.

2. f(x,y) = xe”

2. f(x,y,2) =/x2+ y2 + 22

2 f(x,y,z) =xIn(y — 22)

22. f(x,y) = tan(3x — 4y)

25-26 Find the gradient vector field Vf of f and sketch it.

2'5. fo,y=x*—y

26. f(x,y) = /x> + y*

[Cas|27-28 Plot the gradient vector field of f together with a contour

map of f. Explain how they are related to each other.

29-32 Match the functions f with the plots of their gradient
vector fields labeled I-1V. Give reasons for your choices.

29.
i

11

fle,y)=x*+y* 30 f(x,y) =x(x+y)
fx,y) = (x + y)? 32. f(x,y) = siny/x? +_
4 I 4
N VL e A ,',,,TW
\\\\kl///} . el
SNNN AV e R
~ N N | s e e v, . e s rrp
—~—a s K|/ - e P o,
—0/”0-./\~1\&'~4 _4///4 v,
P AV LN SN PAr AT —
S 7 HIVANNS - LA .
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LY YN L L.
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4 v 4
KA F7A A i
NNXNHV 2 :: :::’::
LU N N PR A 4 .. s
[ - > o o R
4’4—"1\‘%\}4 _4././r—-»,;/,v
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34

35.

36.

. A particle moves in a velocity field V(x, y) = (x%, x + y°

If it is at position (2, 1) at time ¢ = 3, estimate its locatio:
time ¢ = 3.01. :

Attime t = 1, a particle is located at position (1, 3). If it
moves in a velocity field

F(x,y) = (xy = 2,y* = 10)
find its approximate location at time t = 1.05.

The flow lines (or streamlines) of a vector field are the
paths followed by a particle whose velocity field is the
given vector field. Thus the vectors in a vector field are &
gent to the flow lines.

(a) Use a sketch of the vector field F(x,y) = xi — yj «
draw some flow lines. From your sketches, can you
guess the equations of the flow lines?

{b) If parametric equations of a flow line are x = x(¢),

y = y(#), explain why these functions satisfy the diffe
ential equations dx/dt = x and dy/dt = —y. Then so
the differential equations to find an equation of the ft
line that passes through the point (1, 1).

{a) Sketch the vector field F(x, y) = i + x j and then sk¢
some flow lines. What shape do these flow lines app¢
to have?

(b) If parametric equations of the flow lines are x = x(1)
y = y(¢), what differential equations do these functio
satisfv? Deduce that dv/dx = x.




SRR AR Ry e VLI s F T e e e

1072 CHAPTER 16 VECTOR CALCULUS

Thus

L F-dr= jo‘ F((0) - r'(t) dr

1
(P rsoyg ol 2T
J.O (> + 5% dr 2 + 7 [

, 28

Finally, we note the connection between line inte grals of vector fields and line integrals
of scalar fields. Suppose the vector field F on R3 is given in component form by the equa-
tionF = Pi + Qj + Rk. We use Definition 13 to compute its line integral along C:

jc F-dr= L” F(r(?) - ¥(t) de

=J.b(Pi +Qj+RK) - (XOi+y©)j+)K)dr

= J; [P0 500, 20) 50 + (o), 301, 200)'0) + R(x(), 00, 2(0) )]

But this last integral is precisely the line integral in [10]. Therefore we have

J.CF-dr=J.Cde+ Qdy+ Rdz  where F=Pi+ Qj+ Rk

For example, the integral fC ydx + zdy + xdz in Example 6 could be expressed as

[ F - dr where

m&ercises

F(x,y,2) =yi+zj+ xk

1-16 Evaluate the line integral, where C is the given curve.

1 {.y¥ds, C:x=1¢,y=10<t=<2
2. fcxyds, Cix=t,y=21,0st=<1
3. [.xy*ds, Cis the right half of the circle x2 + yr=16
4, fcx sinyds, Cisthe line segment from (0, 3) to (4, 6)

5. (2% = Vx) ay,
C is the arc of the curve y = /x from (1, 1) to 4,2)
6. fc e*dx,
C is the arc of the curve x = y* from (-1, —1) to (1, 1)

1 fc (x + 2y) dx + x*dy, C consists of line segments from
(0,0) to (2, 1) and from (2, 1) to (3, 0)

8. [ x*dx + y*dy, C consists of the arc of the circle
C

x* + y* =4 from (2, 0) to (0, 2) followed by the line segment

from (0, 2) to (4, 3)

Graphing calculator or computer required Computer algebra system required

8. f.xyzds,

Cix=2sint, y=t z=—2cost, 0st< 7
10. [ xyz’ds,

Cis the line segment from (—1, 5, 0) to (1, 6, 4)
M. [ xe’*ds,

C is the line segment from (0, 0, 0) to (1, 2, 3)
12 [ (x> +y* + 22 ds,

Cix=t y=cos2t z=sin2t, 0< t <2
13. [ xyedy, Cix=1t,y=1 =1, 0st<1
14. fcydx +zdy + xdz,

Cx=+t,y=tz=1), 1st<4

15. { z?dx + x*dy + y®dz, Cis the line segment from (1, 0, 0)
to (4, 1,2)

16. [ ((y +2)dx + (x + 2)dy + (x + y)dz, C consists of line
segments from (0, 0, 0) to (1, 0, 1) and from (1, 0, 1) to
0,1,2)

1. Homework Hints available at stewartcalculus.com

.
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11.

18.

19-

Let F be the vector field shown in the figure.

(a) If C, is the vertical line segment from (—3, —3) to (=3, 3),
determine whether fC’ F - dr is positive, negative, or zero.

(b) If C; is the counterclockwise-oriented circle with radius 3
and center the origin, determine whether fcz F - dr is posi-
tive, negative, or zero.

/'/'/'/'—3))*“\-\.\\
/'/'/'/'—2*_“\\\\.
A NN
VAR AV 2 N
[ 1.t LR
_13 o8 _'\10 { iy gx
AR AN S S A |
\"\'\\_-2\“-—////
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The figure shows a vector field F and two curves C; and C..
Are the line integrals of F over C, and C; positive, negative,
or zero? Explain.

Ny td
R
v 1t
1Cp N/
ror s

gl -

~- — v
~ D

N e e—D

22 Evaluate the line integral fC F - dr, where C is given by the

vector function r(r).

(]
[72]

19. F(x,y) = xyi + 3y?}j,
r=11t" i+ %), 0sr=<1
A Flx,yz2)=kx+yi+(y-2j+ 7k
r)=1i+Pj+’k 0sr<1
21 F(x,y,z) =sinxi +cosyj + xzk,
ry=ri—-r’j+tk, O0st=<1
22. F(x,y,z) =xi+ yj+ xyk,
r(f) =costi+sintj+tk O0s:sx
23-26 Use a calculator or CAS to evaluate the line integral correct

to four decimal places.

2. | F-dr,where F(x,y) = xyi + sinyjand

r=ei+e”j l<r<2

Y
[ 1{]

A
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28, [ F-dr where F(x,y,z) = ysinzi + zsinxj + xsinyk
andr(r) = costi+ sintj + sin5tk, 0<t< =

25. fcx sin(y + z) ds, where C has parametric equations x = 12,
y=0,z=1,0<s1<5

26. fc ze™™ ds, where C has parametric equations x = ¢, y = ¢2,

z=e ', 0=s1=<1

[cAs|27-28 Use a graph of the vector field F and the curve C to guess
whether the line integral of F over C is positive, negative, or zero.
Then evaluate the line integral.

21. F(x,y) = (x — y)i + xyj,
C is the arc of the circle x> + y? = 4 traversed counterclock-
wise from (2, 0) to (0, —2)

i ——
T e
C is the parabolay = 1 + x* from (—1,2) to (1, 2)

28. F(x,y) =

29. (a} Evaluate the line integral jCF + dr, where
F(x,y) = e~ 'i + xyjand C is given by
) =1ri+1j,0sr=<1.
(b) Illustrate part (a) by using a graphing calculator or com-
puter to graph C and the vectors from the vector field
corresponding to ¢ = 0, 1/+/2, and 1 (as in Figure 13).

30. (a) Evaluate the line integral fc F - dr, where
F(x,y,z) =xi—zj + ykand Cis given by
r®)=2ti+3tj—’k,~1<sr<1.
(b) Illustrate part (a) by using a computer to graph C and
the vectors from the vector field corresponding to
t = *1and *1 (as in Figure 13).

cas] 31. Find the exact value of | x’y’zds, where C is the curve with

parametric equations x = e~ ‘cos4t,y = e ‘sindt,z = e,

0<:=<2m

32. (a) Find the work done by the force field F(x, y) = x*i + xy j
on a particle that moves once around the circle
x> + y* = 4 oriented in the counter-clockwise direction.
(b) Use a computer algebra system to graph the force field and
circle on the same screen. Use the graph to explain your
answer to part (a).

33. A thin wire is bent into the shape of a semicircle x* + y* = 4,
x 2 0. If the linear density is a constant k, find the mass and
center of mass of the wire.

34. A thin wire has the shape of the first-quadrant part of the
circle with center the origin and radius a. If the density
function is p(x, y) = kxy, find the mass and center of mass
of the wire.

35. (a) Write the formulas similar to Equations 4 for the center of
mass (X, y, z) of a thin wire in the shape of a space curve C
if the wire has density function p(x, y, z).

i
i
f
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36.

37.

38.

39.

a.

4.
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(b) Find the center of mass of a wire in the shape of the helix
x=2sint,y =2cost,z=3t,0 =t < 2, if the density
is a constant k.

Find the mass and center of mass of a wire in the shape of the
helix x =t,y = cos t,z = sint, 0 < ¢ < 2, if the density at
any point is equal to the square of the distance from the origin.

If a wire with linear density p(x, y) lies along a plane curve C,
its moments of inertia about the x- and y-axes are defined as

I, = jcy2p(x, y) ds I, = L x%p(x,y) ds

Find the moments of inertia for the wire in Example 3.

If a wire with linear density p(x, y, z) lies along a space curve
C, its moments of inertia about the x-, y-, and z-axes are
defined as

1, = L (y* + 22plx,y,2) ds
1= | G+ 2)p(x,y,2) ds
I, = L (x* + y)p(x, y, z) ds

Find the moments of inertia for the wire in Exercise 35.

Find the work done by the force field F(x,y) = xi + (y + 2)j
in moving an object along an arch of the cycloid
r)=(@¢—sin)i+ ({1 —cost)j0<r=<2m

. Find the work done by the force field F(x, y) = x%i + ye*j on

a particle that moves along the parabola x = y* + 1 from (1, 0)
to (2, 1).

Find the work done by the force field
F(x,y,z) = {(x — y%,y — z% z — x*) on a particle that moves
along the line segment from (0, 0, 1) to (2, 1, 0).

The force exerted by an electric charge at the origin on a
charged particle at a point (x, y, z) with position vector

r = (x,yz)is F(r) = Kr/|r | where X is a constant. (See
Example 5 in Section 16.1.) Find the work done as the particle
moves along a straight line from (2, 0, 0) to (2, 1, 5).

. The position of an object with mass m at time ¢ is

r(t) =at*i+ b’j,0s 1< 1.

(a) What is the force acting on the object at time ¢?

(b) What is the work done by the force during the time interval
O0st=<1?

. An object with mass m moves with position function

r(z) =asinti + bcostj + ctk, 0 <t < /2. Find the work
done on the object during this time period.

45,

46.

47.

49,

51.

52,

A 160-1b man carries a 25-1b can of paint up a helical staircage
that encircles a silo with a radius of 20 ft. If the silo is 90 ft
high and the man makes exactly three complete revolutions
climbing to the top, how much work is done by the man
against gravity?

Suppose there is a hole in the can of paint in Exercise 45 and
9 Ib of paint leaks steadily out of the can during the man’s
ascent. How much work is done?

(a) Show that a constant force field does zero work on a
particle that moves once uniformly around the circle
x>+ yr=1.

(b) Is this also true for a force field F(x) = kx, where k is a
constant and x = (x, y)?

. The base of a circular fence with radius 10 m is given by

x = 10 cos ¢,y = 10 sin t. The height of the fence at position
(x, y) is given by the function h(x, y) = 4 + 0.01(x* — y?), so
the height varies from 3 m to 5 m. Suppose that 1 L of paint
covers 100 m®. Sketch the fence and determine how much paint
you will need if you paint both sides of the fence.

If C is a smooth curve given by a vector function r(t),
a <t = b, and v is a constant vector, show that

Lv «dr = v - [r(b) — r(a)]

. If Cis a smooth curve given by a vector function r(z),

a <t =< b, show that
L r-dr= %[lr(b)|2 - }r(a)|2]

An object moves along the curve C shown in the figure from
(1, 2) to (9, 8). The lengths of the vectors in the force field F
are measured in newtons by the scales on the axes. Estimate
the work done by F on the object.

y
(meters)
C+—
/ %4
A
ARy
el
C
1
| | |
0 1 x
(meters)

Experiments show that a steady current [ in a long wire pro-
duces a magnetic field B that is tangent to any circle that lies in
the plane perpendicular to the wire and whose center is the axis
of the wire (as in the figure). Ampére’s Law relates the electric

A
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Comparing this equation with Equation 16, we see that

|
P(A) + K(A) = P(B) + K(B)

J which says that if an object moves from one point A to another point B under the influence
| of a conservative force field, then the sum of its potential energy and its kinetic energy
; remains constant. This is called the Law of Conservation of Energy and it is the reason
}. the vector field is called conservative.
1

1 m Exercises

1. The figure shows a curve C and a contour map of a function f 9. F(x,y) = (Iny + 2xy*)i + Bx%y* + x/y) §
| whose gradient is continuous. Find . Vf - dr.
10. F(x,y) = (xycosh xy + sinhxy)i + (x*cosh xy)j

12-18 (a) Find a function f such that F = Vf and (b) use

3-10 Determine whether or not F is a conservative vector field. part (a) to evaluate fc F - dr along the given curve C.

i
1
l y
i \
! 50 60\ 11. The figure shows the vector field F(x, y) = (2xy, x*) and
! C 40 \ three curves that start at (1, 2) and end at (3, 2).
. 30 (a) Explain why f.F « dr has the same value for all three
20 curves.
10 (b) What is this common value?
| o : e
, 3 - o
2. A table of values of a function f with continuous gradient is ©o- A
given. Find fc V£« dr, where C has parametric equations Lo - P
J x=t24+1 y=£+r O0=s:t=sl 4
e
’7
v o 1 2 !
l b voror L7
| 0 1 6 4 Cororr ot
i ) PN S ¢
| ! 3 5 ’ 0 1 2 3 X
i
‘x 2 8 2 9 ‘
il
I If it is, find a function f such that F = V£, 12. F(x,y) = x%i + y?j,
4 F(x,y) = e*sinyi + e*cos y j 13. F(x, y) = xy*i + x%yj,

. o C:r(t) = (t+ sinime,t + cosime), 0<t<1
5 F(x,y) =e*cosyi+ e*sinyj
14, F(x,y) = (1 + xy)e™i + x%”},

C:r(t)=costi+ 2sintj, 0= 7w/2

f

|

1 3 F(xy) = (2x - 3p) i + (=3x + 4y — 8) j C is the arc of the parabola y = 2x? from (—1, 2) to (2, 8)
i 6. F(x,y) = (3x* =2y i+ (dxy + 3)j

7. F(x,y) = (ye* +siny)i + (¢ + xcos y) j
) =0 2 ( 2 15. F(x,y,z) = yzi+ xzj + (xy + 22) k,

l
1‘ 8 Flx,y) = Qxy + y i+ (x*-2xyj, y>0 C is the line segment from (1, 0, —2) to (4, 6, 3)

Computer algebra system required 1. Homework Hints available at stewartcalculus.com




16. F(x,y,2) = (yz + 2xz%)i + 2xyzj + (xy? + 2x%) K,
Cix=+t,y=t+1,z=1 0=<t=<]

17. F(x,y,2) = yze*i + e* j + xye™ Kk,
Cri)=C+Di+E-Dj+E*—-20k, 0st=<2

18. F(x,y,z) = sinyi + (xcosy + cosz) j — ysinzKk,
C:r(t)=sinti+tj+2tk, 0st<7/2

SECTION 16.3 THE FUNDAMENTAL THEOREM FOR LINE INTEGRALS

19-20 Show that the line integral is independent of path and eval-
uate the integral.
19. . 2xe7dx + (2y — x’¢7) dy,

C is any path from (1, 0) to (2, 1)

20. { sinydx + (xcosy — siny) dy,
C is any path from (2, 0) to (1, )

21. Suppose you're asked to determine the curve that requires the
least work for a force field F to move a particle from one
point to another point. You decide to check first whether F is
conservative, and indeed it turns out that it is. How would
you reply to the request?

22. Suppose an experiment determines that the amount of work
required for a force field F to move a particle from the point
(1, 2) to the point (5, —3) along a curve C; is 1.2 J and the
work done by F in moving the particle along another curve
C, between the same two points is 1.4 J. What can you say
about F? Why?

23-24 Find the work done by the force field F in moving an
object from P to Q.

2. F(x,y) = 2y"*i + 3xvy j; P(1,1), 0(2,4)

4. F(x,y)=e7i—xe™j; P0,1), 02,0

25-26 s the vector field shown in the figure conservative?
Explain.

25. Y4 26. y
R et N
SR DEEE A
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—»/v/v/'/‘/‘fT llz/,//q/é——

CAS| 21, If F(x,y) = sinyi + (1 + x cos y) j, use a plot to guess

whether F is conservative. Then determine whether your
guess is correct.

1083

28. Let F = V£, where f(x, y) = sin(x — 2y). Find curves C,
and C; that are not closed and satisfy the equation.

(@L}-a=o w)LF-a=1

29. Show that if the vector field F = Pi + Q j + R k is conser-
vative and P, O, R have continuous first-order partial deriva-

tives, then
9P _ 90 9P _ R 909 _ R
dy ox 0z ox 9z dy

30. Use Exercise 29 to show that the line integral
foydx = xdy + xyz dz is not independent of path.

31-34 Determine whether or not the given set is (a) open,
(b) connected, and (c) simply-connected.

N {(x,y) | 0<y<3} 32 {xy) |1 <}x| <2}
B {x,y) |[1sx*+y*<4,y=0}

M {(xy) | (xy) #(2,3)}

—yi+xj
xP+yr

(a) Show that 0P/dy = Q/dx.

(b) Show that J' o F * dr is not independent of path.
[Hint: Compute {, F « dr and f_ F - dr, where C,
and C; are the upper and lower halves of the circle
x* + y? =1 from (1, 0) to (—1, 0).] Does this contradict
Theorem 67

3. LetF(x,y) =

36. (a) Suppose that F is an inverse square force field, that is,

for some constant ¢, where r = x1i + yj + z k. Find the
work done by F in moving an object from a point P,
along a path to a point P, in terms of the distances d; and
d, from these points to the origin.

(b) An example of an inverse square field is the gravita-
tional field F = —(mMG)r/|r|? discussed in Example 4
in Section 16.1. Use part (a) to find the work done by
the gravitational field when the earth moves from
aphelion (at a maximum distance of 1.52 X 10® km
from the sun) to perihelion (at a minimum distance of
1.47 X 10® km). (Use the values m = 5.97 X 10* kg,
M =199 X 10* kg, and G = 6.67 X 107" N-m%*/kg?)

(c) Another example of an inverse square field is the electric
force field F = eqQr/| r |? discussed in Example 5 in
Section 16.1. Suppose that an electron with a charge of
—1.6 X 107" C is located at the origin. A positive unit
charge is positioned a distance 107> m from the electron
and moves to a position half that distance from the elec-
tron. Use part (a) to find the work done by the electric
force field. (Use the value & = 8.985 X 10°)




