Math 3280
Differential Equations with Linear Algebra

Test 1

B. Peckham
Peb. 3, 2014

Name A "#" :

SHOW ALL WORK.

Calculators may be used for algebra and graphing only. You may NOT use calculators to
solve differential equations (using commands like DSolve) or to take integrals or derivatives
(using commands like D or Integrate).

p2.______ /26
P /30
pd_ /20
P /24
ECoo /5
Total ________/75



Directions: Do all problems. Show all work. Make no mistakes. Calculators may be used only
for algebra and graphing, but not for symbolic tasks like integrating, differentiating, or solving
differential equations. Implicit solutions will receive full credit only if labelled as implicit.

1. (4 pts) Consider the following differential equations. Are they separable, linear, both or
neither? (Do not solve.)

(a) P=2P D~2F>0C [u 4% -2 sp

(b) P=2t ¢ ~0f>2c [ e = atde =y
2. {&pts) Solve the following two initial value problems. Explain your work.
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3. (10 pts) Find the general solution to y + 3y = 2¢% and the specific solution when you add
the initial condition y(0) = 1.
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(4 pts) Verify that your answer satisfies both the differential equation and the initial condition.
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4. (10 pts) Find the general solution to 3’ = (2z + 1)/y and the specific solution when you add
the initial condition y(1) = 0. Y@= Vg
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A (5 pts Extra Credlt) What is the inferval of existence for this initial value problem above?
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5. (10 pts) For what values of A and r is Ae™ a solution to y”(z) — 3y () + 2y(x) = 07
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6. (10 pts) Sketch a phase line for the differential equation P = P(1 — P)(P — 3). Label your
axis, indicate any equilibrium points with dots, and indicate the direction of growth/decline
of the population {(as time ¢ increases) with arrows. Using only the information from the
phase line, sketch possible solutions (both forward and backward in time) corresponding to
the initial conditions P(0) = 0.5 and P(0) = 2. Label your axes. Describe the long-term
(forward) fate of the population P for both initial conditions. (Do not solve the differential

equation analytically.)
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7. (10 pts) Sketch the portion of the slope field for '(z) = 2% — y(z) along both axes and along
the parabolas y = 22, y = 22~1 and y = 22—2. (The three parabolas are shown for reference.)
Include enough additional slope marks to allow you to sketch the solution corresponding to
y(0) = —2. Use this sketch to estimate y(1.5). (Do NOT solve analytically.)
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8. (10 pts) Let ¢(z) be the solution to the initial value problem ¥/(z) = z% — y(z),y(0) = —2.
Numericallygpproximate ¢(1.5) using Euler’s method with a step size of 0.5. You do not need
to simplify your answers. Do not solve analytically.
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1
—. Make the substitution v = y3 to replace y
"
with v. Keep the independent variable as z. (8 pts) What is the differential equation in the
new variables? (2 pts) Is this substitution useful in solving the original differential equation?

Justify.

9. Cunsider the differential equation 3 +y =

’ 2!
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10. Knowing that the rate of heating or cocling of hot coffee or cold icewater is proportional to
the temperature difference between the drink and the (constant) room temperature Ty leads
to the following differential equation: T' = k(T — Tp).

(a) (3pts) If the drink is coffes (hot), 18 k£ > O cr k£ < 07 Explain briefly.
(b) (3pts) If the drink is icewater {cold), is & > 0 or k < 07 ZExplain briefly.

11. (10 pts) Assume that if unchecked, the population of mather:sticians would grow at a rate
proportional to the number of mathematicians alive at any given time. Assume, however,
thet there are two ~hecks are operating. First, because of the interfering brain waves when
toc mary mathsmaticians are too close together, mathematicians are eliminated -at rate
prepertional to their population squared. (This is independent of the effect too many math-
ematicians kave oa the rest ¢f humanity.) Secondly, in an effort to control the population
of matheraticiazs the goverament has decided to eliminate them at a rate of 100 per year.
T4 there are curr<obly 10,050 living caihematicians, write a differential equation and initial
condisicn, that © ssozibe the.change in penulation as a function of time. Label any variables
and constants you use; distirguish between them; indicate whether the constants should be
positive or negative. (Do nei solve )
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Math 3280
Differential Equations with Linear Algebra

Test 2

B. Peckham
October 23, 2018

Name

B 4 »
,"f E

Directions: Do all problems. Make no mistakes. SHOW ALL WORK.
Closed book. Calculators may be used for algebraic computations, but not for
solving differential equations or doing row reduction.
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1. Consider the differential equation 3" + 3/ — 6y = 0.

(a) (8 pts) Find the general solution by guessing solutions of the form y = €"*. Show your

work from this guess.
L o= 2 .

9:-@”‘ = lj'; ve™ = y”= re™
-3 2c
Pheg iz = (e ke s e g goltin

@V’kt’ (VL(’Y' _ (0) e}
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(b) (6 pts) Find one solution to the related nonhomogeneous differential equation: 3" +3' —

> Fx (24
re e ve - = O

6y = 3z by guessing a soution of the form y = Az + B.
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(c) (2pts) Use (a) and (b) to determine the general solution to y” + ' — 6y = 327 If you
did not answer (a) or (b), indicate how you would use those answers to determine the

answer to this problem.
- -3x 2y
Yt = ¢, e e a—(—zx -

2. Consider the differential equation 3" +4y = aﬁe%. One solution to this differential equation is
yp(z) = 3. The complementary solution, to ¥ + 4y = 0, is y.(z) = ¢1 cos(2x) + ¢z 5in(27).

(a) (2 pts) What is the general solution to y” + 4y = 3#e?®?
QYo 7 € Cosfgu keo Silpe) + 3™
(b) (6 pts) What is the solution to y" + 4y = 3%e®” that also satisfies the initial conditions

y(0) = 2,9/(0) = 07
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a11 — 2az1 a2 — 2622 a13 — 2a23

. Define a matrix B so that BA = as1 a9 023
a31 as32 ags

a1 ai12 413
3. (6 pts) Let A= as] a2 Qg3
asy @32 ass

{ ~2 [ 4 ‘e 4',1__ e‘?

BA= Jo 4 S|l @
I 3 4.
3 3.
B

4. @ pts) If Aisa3d x3 matré-c, and det(A) = 5, what is det{2A)? Explain briefly.
3
bl (24) = 2 L4

5. (8 pts) Solve the following linear system USING GAUSSIAN ELIMINATION (row reduction
to echelon or reduced echelon form). Leave your answers as exact fractions - not calculator

approximations.
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6. (a) (8 pts) Find all solutions to (0 1 2 0 iz = |0|. Write your answer in vector
3
2.4 00] |~ 0 R free t x, =T,
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(b) (2'pts) What is the dimension of the set of solutions to part (a)" Y =4t
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(a) (6 pts) Find A™! using the Gauss-Jordan (row reduction) technique.
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b) (2 pts) Check your answer by multiplying AA™.
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8. @ pts) Write the vector equation ¢;

1
2] +c2
3
That is, identify A, # and b. Do not solve.

3
1| +e3

0

3 4
1 | = (2| in the form AT = b.

-2 0

/{,:( L ()::‘C( = le‘.
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9. (6 pts) Evaluate the following determinant. Show your work.

Lo o | Eepeldey 3 .

2 1 -1 -1 (2 - ‘ (

02 -2 0| = (‘i}/ fﬁ(j to | ... -3 S~ | ¥ [,
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10. (6+1 pts) Give an example of a 2 x 2 matrix A and a vector b for which Ab = 0, but the
entries of A are not all zero, and the entries of b are not all zero. Bonus point if no entry of
A is zero and no entry of b is zero.

(=]
¢ (/!
11. Let W = { [g] ER?:nc Z}. Recall that Z is the set of all integers, or whole numbers:

{.,—2,-1,0,1,2,3,..}.

(a) (4pts) Is W closed under vector addition? Explain briefly.

Ve [0 Wt wm = nimé 2
. + 5~
d 0 b .
(b) (4 pts) Is W closed under scalar multiblication? Explain briefly.

b Lm :Hé W, u[;}é&

(c) (2pts) Is W a vector subspace of R?? Justfy briefly.
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4 2
12. (6 pts) (True or False) {6‘ is in the span of |:1} {
0
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13. (10 pts) Let P; = {a + bz : a,b € R}. It turns ont that P; is a subspace of the set of all
functions (with domain all real numbers and range in the real numbers). Show that the set
{1,z + 1} is a basis for P;. Work directly from the definitions of linear independence and
span.

§) bieowbo . Sl &[G (¢ ) = O
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14. Extra credit (6 pts) Consider the vector equation AZ = 0, where A is an m x n matrix. Let
W be the subset of all solutions to this vector equation. Assume that % is a function in W.
Show that cjif is also in W, where ¢ is any real number. @ vedder
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Math 3280, Differential Equations with Linear Algebra,

Test 3

B. Peckham

November 29, 2018

Name

SHOW ALL WORK.
Please do not write on the provided Laplace Transform tables.
Indicate clearly any places where you use either the Laplace transform tables
or a calculator.

P2 /28
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pd. /25
p5. /13
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1. (9 pts) Find the general solution to y” — 3y’ — 4y = 2887, Th ot uige vatm. Fprus§soms,

I ~X . X
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2. (6 pts) Find the general solution to the constant coefficient linear homogeneous differential
equation which has the following characteristic polynomial: (r? 4-9)(r —4)(r +4)? (obtained
by trying a solution of the form y{z) = e™).

PRLEWANRG § % o <
Y = Ge thge Ttixe e, Gs 3K +egSta 3X

3. For each function listed below, write down a constant coefficient differential operator that
annihilates it. Use the notation D = a‘—i—.

(a) (2 pts) &
D~3
Go (93] = 303 P e

(b) (3 pts) 2e3% + 4e~4=

(D-3) (o#¢)
or; eywmletly (.V_i"_’)_@_:ﬂ
ov D+ Ptz

4. Find the form of a particular solution to the following differential equations. Do not include
any terms that are part of the complementary (homogeneous) solution, and do not evaluate

the “undetermined coefficients.”

(a) (4 pts) ¢’ + y = sin(t) l}" f l?‘ 43 = lfég =7 jf’: A{ﬁ‘ 66'2&(;1‘:‘#:9
g, = ¢ st v st « «
3"’ | - ’ 2 ("7‘4v*\ does wst heve st o ¥=2, 3o vo e
2 Je T AtostiBesnt boltigon o & ave packel )
(b) (4 pts) y" + y = sin(2t). ‘)n_ ‘j‘ _ 23 = 3 smot fele *:feqe
‘ @&
Yy © Asn At + Beos 26 From BHS. ol fry y,= Asin2d theos2t + C&55 Pe
| By s vl fr-2fFed L2 i ash fe g,

2 N f€
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5. What is the Laplace transform of the following functions. You may use the tables. You need
not simplify your answer. (u(t) is the unit step function.)

&'l‘
(a) (3 pts) 3t* —u(t — 4) + e* cos(2t)?
1 .
Go= 3 Tty st
s s é_q"i 42‘-

Gk1=
(b) (3 pts) u(t — 3)e’. Show your work.

) 3 Ss - & ; . . €63 3 €
wle-31 et = al3) 3] e FlE-3) =5 3 o= [l 3) =0 0,
, 3 — -3 3
. FCSI > & S_(__ ) Ml& a:) G[S) = e . _C_
- : S=1
6. (8 pts) Compute the Laplace transform of f(t) = e? directly from the definition of the
Laplace transform (not the tables). , J»_S'ﬁ'
) ~3 )6 ) ~-2)¢ 1 .
6 }(S’l : e'“@ At = { € = e =0~ = -(—— o
~(§ 2 £-2
b ~g-2) e

2 0<t<3
7. (6 pts) Define f(t) = { 2—-3t 3<t<5 Usestep functions to write f(t) as a single line
t3 5<t.
formula.

flers €%+ ue-3)(e-%/-¢7) Lu(e-s—/(ti =)

8. (8 pts) Solve using the method of Laplace transforms: y/(t) = 4y(t), y(0) = 3.

Thus’ﬁw—-\i s ¥ b Ci 7 3
O {)’(s’_z :?YE',

Soloe fov Xslz Ysi ({_1():; 3

Y(Sl = 2
s-4

4t
Wutraes om: y&i = 3e
9. (6 pts) Compute the Laplace transform of the solution of the initial value problem:

Y +3y +4y =2¢%%; y(0)=0,4/(0)=3

(Find only Y'(s), not y(t).) Write-your-answer-ss-a-pelynemial-{in-s)-over-a-polynomial: You

need not simplify your answer.
T/a‘.,}‘ﬁ/‘m (g XSI~S\J@| 7(5’)““?(5)251 -7@.)1"7 )(g._‘- 2, {
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10. Find the inverse Laplace transform of

35— 1 95 - | Alse<) ¢3:2 35~ = Alsr) i 2.8
; ) o

(a) (4pts) G(s) — .2____._._ = P W
8 20 i
sree [5“‘)2* 2* (s+9) a2 @ 3= A
-« 2 ¢ ~f = ¥AC2D = jat28
L Gltlz 3e es -0 v 26
o i(“tl e — e s , 13428
Or 3- _lg

_ 2 -25 i — . 2

=l - 1@-4@6 9 fEA) = zc"(((@"a'/
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11. (7 pts) Write the differential equation u” — 3u’ + » = 1 — cos(3¢) with initial conditions
#(0) = 3,5’ (0) = 4 as an equivalent system of first order differential equations. Write the
system in vector form: x'—- Ax 4+ b. Write the initial conditions in vector form as well.

() [_U(’U—- u T @ —3’«1, te =/ - Qfﬁﬁ) Zwv:,mz.s’ U’ -ty = /- ¢ 3
ﬁa-wvi‘f:kj : uuﬂ#‘)‘-—oi eqis u'= v

U TUR T (e B

2 1)‘?"; wilk anliod

@ LJ ( ) A:/ o ‘) L’(: a@s?e) How Ao system of )f«ﬁe‘;_“ gundeeh & % ) gondifem:
2. (10 pts) Fmd the colu‘rlon to the vector differential equation —%(})- = [‘11 _12} Z(t) with @‘3’2@; :[5}
Z(0) = [ ] You may use the fact that [{I and [2] are both eigenvectors for [‘i _12] .
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13. (7 pts) Let A = [1 _3].

oot Jeb (Aol Jin 3 eyt pei)s
Y

i
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14. Consider the system of differential equations =G =/ | #Y
=C | muliple
1 .
it =z — 12— zy, y'=—§y el [’f‘y‘d)

(a) (4 pts) Find all equilibrium points.

E7ff5' xowy-o u»/xx Xy <o %\\‘)

X WG 20

Iy e @y = x-x 20
& x((-x=>0
gt @Y o (1Y 9 %o
(b) (2 pts) Compute and sketch in the (z,y) phase plane the two velocity vectors at (z,y) =
(1,1) and (z,y) = (0,-1). )
Y-
Clesgl=(111 ;
(K9) = (1= 1"t 43 - 4]

@ gt 20 5Y, (ky/ = (6-c7-e), ~51))

15. (Extra credlt 8 pts) Use the deﬁnldOQ‘ of the Laplace transform to show that if F(s)
is the Laplace transform of f(¢), then the transform of f ’(t) is sF(s) —

£(0).
f&@}@' } fe’ Fée dt = ™" fe /e - jﬂ’e'“ﬁf vdE (o 1((0,}+5j “fedt
_fu:e,_' #du'- »s(- ‘ )
do > flnde o= fe = - ¢S FEI

= sl - fei.



