Math 3280
Differential Equations with Linear Algebra

Test 1

B. Peckham
Peb. (3, 201¢

Name A"K" -

SHOW ALL WORK.

Calculators may be used for algebra and graphing only. You may NOT use calculators to
solve differential equations (using commands like DSolve) or to take integrals or derivatives
(using commands like D or Integrate).
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Directions: Do all problems. Show all work. Make no mistakes. Calculators may be used only
for algebra and graphing, but not for symbolic tasks like integrating, differentiating, or solving
differential equations. Implicit solutions will receive full credit only if labelled as implicit.

1. (4 pts) Consider the following differential equations. Are they separable, linear, both or
neither? (Do not solve.)
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2. {&pts) Solve the following two initial value problems. Explain your work.
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3. (10 pts) Find the general solution to 3 4 3y = 2¢% and the specific solution when you add
the initial condition y{0) = 1.
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(4 pts) Verify that your answer satisfies both the differential equation and the initial condition.
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4. (10 pts) Find the general solution to ¥" = (2x + 1)/y and the specific solution when you add
the initial condition (1) = 0. l Y=g \j’ )
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(5 pts Extra Credlt) Wha,t is the interval of existence for this initial value problem above?
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5. (10 pts) For what values of A and r is Ae™ a solution to y"(z) — 3y'(z) + 2y(z) = 07
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6. (10 pts) Sketch a phase line for the differential equation P = P(1 — P){P — 3). Label your
axis, indicate any equilibrium points with dots, and indicate the direction of growth/decline
of the population (as time ¢ increases) with arrows. Using only the information from the
phase line, sketch possible solutions (both forward and backward in time) corresponding to
the initial conditions P(0) = 0.5 and P(0) = 2. Label your axes. Describe the long-term
(forward) fate of the population P for both initial conditions. (Do not solve the differential
equation analytically.)
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7. (10 pts) Sketch the portion of the slope field for y(z) = 2% — y(x) along both axes and along
the parabolas y = 2°, y = x2~1 and y = z2—2. (The three parabolas are shown for reference.)
Include enough additional slope marks to allow you to sketch the solution corresponding to
¥(0) = —2. Use this sketch to estimate y(1.5). (Do NOT solve analytically.)

|

A

Mu.(* L ’&"’""3"‘
|Y\«)Y:£[ C-T)"J.-&\Nﬂ
8. (10 pts) Let ¢(x) be the solution to the initial value problem y'(z) = z? — y(z), y(0) = 2.

Numericallyqpproximate ¢(1.5) using Euler’s method with a step size of 0.5. You do not need
to simplify your answers. Do not solve analytically.

W | x| v, Y. - o 4l

0 0 -y \3 e @"W
{ .5 - ;3‘ T h - ((N.\‘fti

2 1o |y 2451 o)
3 1Ly

Y2 = =1 ¢ (5I(57)- (1))

oo A2 oy s
2

= -.‘}77

Y3 T T K(S) (i4+.375)

RGN Ty

e



1
9. Consider the differential equation ¢’ +y = —. Make the substitution v = 3® to replace y

2
¥
with v. Keep the independent variable as z. (8 pts) What is the differential equation in the
new variables? (2 pts) Is this substitution useful in solving the original differential equation?
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10. Knowing that the rate of heating or cccling of hot coffee or cold icewater is proportional to
the temperature difference between the drink and the {constant) room temperature Tj leads
to the following differential equation: T' = k(T — Tp).

(a) (3pts) If the drink is cofie= (hot), 15 k > 0 cs k < 07 Explain briefly.
T <o T =T 70 35 €0
(b) (3pts) If the drink is icewater (cold), is & > 0 or k < 07 Sxplain briefly.
T > LT Teds , & p2d
11. (10 pts) Assume that if unchecked, the population of mather sticians would grow at a rate
proportional to the number of mathematicians alive at any given time. Assume, however,
thet there are two checks are operating. First, because of the interfering brain waves when
toc mary mathematicians are too close together, mathematicians are eliminated at rate
prepertional to their population squared. {This is independent of the effect too many math-
smaticians Lave on the rest ¢ humanity.) Secondly, in an effort to control the population
of matherraticiazs the goverament has decided to eliminate them at a rate of 100 per year.
YT there are curinby 16,000 Lving meathematicians, write a differential equation and initial
conditlon, that o -scribe the cr ange in pepulation as a function of time. Label any variables
and constants you use; diztinguish between them; indicate whether the constants should be
positive or negasive. (Do net solve )
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