Math 3280
Differential Equations with Linear Algebra

Test 1

B. Peckham
Feb. 17, 2020
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SHOW ALL WORK.

Calculators may be used for algebra and graphing only. You may NOT use calculators to
solve differential equations (using commands like DSolve) or to take integrals or derivatives
(using commands like D or Integrate).
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Directions: Do all problems. Show all work. -Make no mistakes. Calculators may be used only
for algebra and graphing, but not for symbolic tasks like integrating, differentiating, or solving
differential equations. Implicit solutions will receive full credit only if labelled as implicit. For all
soutions to differential equations, write the answer with “full notation” (for example, y(z) = ...,
rather than just'y = ... ). Label the axes of all graphs. Include the variable of integration for all
integrals ([ f(z)dz rather than [ f(z)).

1. (4pts) Are the following differential equations separable, linear, both, or neither?
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3. {6pts) What is the analytic explicit solution for -2—d—:: =z, £{0) = 3. Solve by inspection or
any other technique you know.
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4. Find both the general solution to the given differential equations, and the specific solution
corresponding to the given initial conditions. Shobothw your work. Express all answers

explicitly. 93
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(b) (6 pts) % =97, y(2) = —1. Express your solutions explicitly.
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(Extra Credit +3pts) What is the interval of existence
value problem?
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(c) (10 pts) § 3y = 3et’, y(0) = 2. Show all steps; don’t just “plug 1n” to a formula.
Express your solutions explicitly. _ j 4 'f3 e _4'(. _ {_"f
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5. Consider the initial value problem (differential equation and initial condition):
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(a) (8 pts) Obtain a differential equation for v by using the substitution y = e’ to eliminate
y and obtain a new differential equation and new initial condition. Do not solve!
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(b) (Extra Credit +3 pts) Is the new differential equation any easier to solve than the
original differential equation? Explain.
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6. Consider the differential equation P = P(1— P)(P —5). = O i€ IQ =4, {/ 5

(a) (5 pts) Sketch a phase line for the differential equation. Label your axis, indicate any
equilibrium points with dots, and indicate the direction of growth/decline of the popu-

lation P (as time ¢ increases) with arrows.
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(b) (6 pts) Using only the information from the phase line, sketch possible solutions (both
forward and backward in time) corresponding to the initial conditions P(0) = 0.5, P(0) =
1 and P(0) = 2. Label 3;9ur axes. -
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(¢) (3 pts) Describe the long-term (forward) fate of the population P for aljthree initial
conditions. (Do not solve the differential equation analytically.)
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7. (10 pts) Consider the initial value problem: Sketch the slope field for 3/'(z) = ﬁﬁ — y(x)

(a) Sketch the slope field. Include slope marks at (z,y) = (=1,1),(0,1),(1,1),@®,#) and
seveﬂ‘slope marks along each axis. Include enough additional slope marks to allow you
to sketch the solution corresponding to y(0) = 1. Show your work. Use this sketch to

estimate y(3). (Do NOT solve analytically.) X, u ' ;(;Fe,
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(b) (10 pts) Assuming initial conditions, y(0) = 1, numerically approximate y(3) using
Euler’s method with a step size of 1.0. Show your work. Do not solve analytically.
Graph your Euler estimates at £ = 0,1, 2, 3.
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8. Assume that an object travels along a straight line with constant acceleration a.

(a) (5pts) Write an appropriate differential equation and solve it to show that the position
can be expressed as z(t) = %at2 + vgt + xg for some constants vy and zg. Show your
work.
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(b) (5pts) Assume a car is travelling at 100 ft per second (about 68 mph), and that it has
a constant deceleration of 10 ;f%; when the brakes are applied. How far does the car
travel before it stops? Show all work.
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9. (6pts) Assume that a pond in northern Minnesota is stocked with 300 trout at the beginning
of May. (None existed before stocking.) Assume the fish grow at a rate proportional to the
number of fish in the lake at any instant in time, but, due to competition for food, they die
at a rate proportional to the cube of the current population. Assume that the DNR allows
fishermen (and fisherwomen) to catch a total of 20 trout per month. Define appropriate
varibles to be write an initial value problem (differential equation and initial conditions) to
model this population so that any parameters in the differential equation are positive. (Do
not solve.)
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