Complex Exponentials and their Significance in LTI Systems

Euler’s Identity |
e?"F = cos(2Af -t) + jsin(2f -t)
Also _
e 127 = cos(2Af -t) — jsin(2Af -t)
ejzﬂth +e—j2ﬂth
—> cos(2xf-t) = >
and
_ ejzﬂth B e—jzﬂth
= sin(2xf-t) =

2]
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Review of Euler’s Identity — Complex valued sinusoidal signals

Euler’s Idefitity
Ce!"e"*9 — C cos(2Af -t + 0) + jCsin(2Af -t + 6)
Also

Ce /"9 — C cos(24 -t + 0) — jCsin(24f -t +6)

Cel@fets6) | cp-i(2retso)
2

— Ccos(2xf -t +0) =

and

0 -jo
:>CCOS(27Z’th+H)ZceTeJZﬂth_l_Cez o127t
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Three ways to represent a sinusoidal frequency f

Method 1: _
Ce'? pi2et | Ce )’ o~ j2et
2 2
Method 2:
Ccos(2Af -t +6)
Method 3:
Acos(27f 1) + Bsin(2f -t)
Where B
C =+A?2+B’ Q:tan‘l—x
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Derivatives of Complex Exponentials
y(t) = Be'*"
y'(t) = B(j2rf, )e*""

yV*(t) = B(j2A, ) e/

y"(t) = B(j2f, )"e !

What does it mean regarding LTI systems?
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Here i1s the Answer

X(t)="7

> H

. y(t)=Be

a,y"(t)+...+ay (t)+a,y(t) = x(t)

a B(j2A.) e +...+a,B(j24 . )e!" " +a,Be’*" = x(t)

el '[a B(j2A )" +.

+a,B(j2A4,)+a,B] = x(t)

— Ae?F = x(t)

Complex exponential output means complex exponential input

Complex exponential input will produce complex exponential output
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Linearity and Superposition

If an excitation can be expressed as a sum of complex sinusoids the
response can be expressed as the sum of responses to complex sinusoids.

x(t) = A AT A ST — h(t) YO

2nft
Onft Be 7t
A1cj‘nf1 — h(f) 1
2 +
., B J2mft
A h() 20
+
L2nft
Drft B.e"™
A3efnf3—"' h(t) :

Department of Electrical and Computer Engineering



Significance of Complex Exponential

« Complex Exponential Functions are called
Eigenfunctions of LTI Systems.

(If applied at the input, output will remain same
with a different constant)

* Any periodic function can be represented by

weighted summation of complex exponentials.
Concept of Fourier Series
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Fourier Series

Any periodic function can be represented by
weighted summation of complex exponentials

X(t) = kzoo X [k]p 27 (4

k=—00

X[K] needs to be found for any periodic signal
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Concept of
representing a
periodic signal
with a summation
of sinusoids

Original signal
S AANAAN o o 1
I I fF - T
r[) to + TF £

Average value

cos(2mfpt) component

sin(27ft) component

: " M
cos(2'rr(|2 f2)0) conllponent : |
sin(211'(l2 fe)t) conllponent E E
— I TN TN N
cos(2*rr(3 fe)t) conjlponent E E
B WM
sin(2w(3fF)) component : |
cos(2m(4 )t corﬁponent ' :
Sin(2m(4f,)) component : :'
1 1 : q : q 2 :
‘rO t() + TF IO tO + TF

- Figure 4.3
Illustration of the concept of representing an arbitrary signal
as a linear combination of sinusoids.

I I LI

PP T ¥ T
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representing a
periodic signal |

with a summation w Qi Qﬁ N

of sinusoids ...

Concept of Original Signal Original Signal

Cont. k=2 k=2
YV aNYaNVaV-Ns Y- Pora

I k:S | | kZS |

e 1 'k=10"

g 'k=20"
r—-—-—1 | | W

Ik:50| Ik:50|
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Kt)= 3 X[k

k=—o0

e j27(qfe )t

Multiplying both sides with , Where q is an integer

k=00
X(t)e—jZE(qu o _ Z X [k]ejZn(kfF)te_jzﬂ(qu )t

k=—o0
k=00

X(t)e—jh(qu n_ Z X[k]eJ'ZE[(k—Q)fF]t
k=—o0

Integrating both sides over one period i.e., from t, to t,+ T,

to+TE th+Te Kk—oo
Ix(t)e—ih(qu)tdt _ J‘ kz: X [k]eJ'Zﬂ((k—Q) feltgt
to ty, K=—
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J‘X(t)e—iZﬂ(qu)tdt _ I Z X[k]eJ'Zﬂ((k—Q)fF)tdt

to ty, K=—o
to+TE to+TE
IX(’[)G i27(afe )ty — Zx[k] J‘eJZﬂ((k 9 fe)t gt
k=—o0
to+Te

J‘X(t)e—jh(qu)tdt _
t

to+TE

ZX[k] j [cos(2z(k —q) f.t)+ jsin(2z(k —q) f.t)[dt

k=—00
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to+Tg
J'X(t)e—jh(qu)tdt _

to

fto+TF N
io X[K] I[COS(Zﬂ(k —q) fet) + jsin(2z(k —q) ft)]dt
k=—o0 S t )

to+TE
itk#q  [[cos(2r(k—q) fet) + jsin(2z(k —q) f t)ldt =0

to

to+TE to+TE

Ifk =g j [cos(0) + jsin(0)]dt = j dt =T,

ty
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to+TE

= [ x(t)e " dt = X[q]T,
l

1 to+TE _
— X[q]=— j x(t)e 127t gt
Te "
That is what we wanted to find
1 to+TE .
= X[k]== [x()e ) dt
Te .
Please note:
1 to+TE
X[O]:_l_— J' X(t)dt = average value

F oot
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One more fact about X[k]

1 to+TE _
X[k]=— j x(t)e 127 KXt
T
1 to+TE _
X[-k]=— j x(t)e 127 M)t g
T
1 to+TE _
== [ x(t)e
T
= X[k]*
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A Step Back! Let’s be focused on actual point

Kt)= 3 X[k

k=—c0

X(t) = X[0] + k:ZO“O(X [kle!# Mt ¢ X[-k]e 1274

However, if we find this, that will be more interesting!

x(t) = X[0] + kf(xc[k]cos(zfzkth) + X [K]sin(27kf 1))
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X(t) = X[0] + k:ZO:O(X [kle'# M 4 X[-k]e 127 F))

x(t) = X[0]+ kf (X [K][cos(27KF t) + jsin(27kf_t)]

+ X [-k][cos(27kF t) — jsin(27kf.1)])

X(t) = X[0]+ kf(c:os(27z|<th)(x [k]+ X[=k])

+ Jsin(2zkf-t)(X[k]— X[-k]))

Department of Electrical and Computer Engineering



x(t) = X[0]+ kioo(cos(zfzkth)(x [k]+ X [k])

+ jsin(zkft)(X[k]= X [=K]))

Please note

X [K]+ X[-k] = X[K]+ X[K]* = 2 Re(X[K])

X[K] = X[=k] = X[K]— X[K]* =2 j Im(X[K])

= x(t) = X[0] + kf‘j(c;os,(27z1<th)(2 Re(X [k])

+ jsin(27kf1)(2 j Im(X[K]))
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— x(t) = X[0] + kioo(cos(zyzkfpt)(z Re( X [k])

+ jsin(2zkf1)(2 j Im(X[K]))

— x(t) = X[0]+ kf(cos(zyzkth)(z Re(X [k])
+sin(27kf._t) (=2 Im(X [K]))

Remember what we wanted to do?

x(t) = X[0] + kf(xc[k]c:o:~~,(27zl<th) + X [K]sin(27kf. 1))
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= x(t) = X[0] + kf(cos,(2;z|<th)(2 Re(X[K])
+sin(27kf_t)(=2 Im(X [K]))

Remember what we wanted to do?

x(t) = X[0]+ kio(xc[k]c;c>s(2;zkth) + X [K]sin(27Kf. 1))
k=1

Comparison of the above two equations give us
X _[k]=2Re(X[K])

X ,[k] = —2Im(X[K])
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Let’s find Re and Im parts of X[k]

1 to+TE _
X[K]==- [x(t)e 2 dt
T
1 to+TE
X[k]= = j [x(t) cos(27kf_t) — jsin((27kf.t)]dt
F oot
1 to+TE - to+Te
X[k]=— j X(t) cos(27kf.t)dt — 3 j x(t) sin(27kf-t)dt
TF t TF t,
X[K]= Re(X[k])  + J Im(X[K])
W also know

X [K1=2Re(X[K)  X,[K]=-2Im(X[K])

Do we have the answer?
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Yes, We do!

to+TE
X [K] = 2 j X(t) cos(27kft)dt
T
2 to+TE
X [K]=— j x(t) sin(27kft)dt
F oot

Department of Electrical and Computer Engineering



Trigonometric Fourier Series
k=00
X(t) = X[0] + Z(Xc[k]cos(zyzkth) + X [K]sin(27kf-t))
k=1

x(t) = X[0] + kf M [k]cos(27KF .t + O[K])

M K] =/ X [K]? + X, [K]? Magnitude

=2,/Re(X[k])? + Im(X[K])?

O[k] = tan™— X [k] —tan - Im(X[k]) Phase
X.[K] Re(X[k])
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Summary — chart 1

Exponential Fourier Series

where

Please note

k=00 _
X(t) _ Z X [k]ejbr(kf,:)t

k=—o0
1 to+TE _
X[k]=— j x(t)e 127Kt
Te ¢
to+TE
X[O]:_I_— I Xx(t)Jdt = average value
F ot
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Summary — chart 2

Trigonometric Fourier Series

x(t) = X[0]+ k:f(xc[k]cos(Zﬂkth) + X [K]sin(27kf.t))

to+TE

where xc[k]zTi j X(t) cos(27kf.t)dt
F oot
2 to+TE

X [k]=—= j X(t) sin(27kf_t)dt

Te

ty

X [k]=2Re(X[k]) X [Kk]=-2Im(X[k])
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Summary — chart 3

Compact form of Trigonometric Fourier Series

x(t) = X [0] + kzoo M [k] cos(27kf .t + A[K])

Where
M K] =/ X [K]? + X, [K]? Magnitude
— 2,/Re(X[K])? +Im(X[k])? = 2|X[K]
(9[k] —tan 1= Xs[k] tan Im(X[k]) Phase

XK1~ Re(X[k])
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Example 1

Te=1sec=>f.=1Hz

X(t) t
< 1 < < > > >
0.25 0.75 1.25
-1
1 to+TE
X[0]== [x(t)dt=0
T 2
2 to+TE
X [K]== | x(®)sin(2kft)dt =0
F ot
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Example I ... Cont.

Te=1sec=>f.=1Hz

X(t) i
1 |e
0.25 0.75 125 ¢
-1
2 to+TE
X [K]=— j X(t) cos(27kf_t)dt
F oot

X [1]=2 j x(t) cos(2at)dt = 2x2 j x(t) cos(2t)dt

4 jz 5cos(27zt)dt +4 j (~1) cos(27t)dt

0.25
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Example I ... Cont.

Te=1sec=>f.=1Hz

X(t) N :
0.25 0.75 125
-1
0.25
=4 _[cos(27zt)dt+4 j (—1) cos(2xt)dt
0.25
|4sin@at)|”” |4sin@at)|
2 | 27 oo
_ 4 (__) 4 4
27z 27 27r 2r 7
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Example I ... Cont.

Te=1sec=>f.=1Hz

X(t) i
1 |e
0.25 0.75 125 ¢
-1
2 to+TE
X [K]=— j x(t) cos(27kf .t )dt
F ot

X [k]=2 Ofx(t) cos(2zkt)dt = 2X2TX(’[) cos(27kt)dt

-0.5 0
_|4sIn(27Kkt) o _|4sIn(27Kt) o
27K |, 27K |yog
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Example I ... Cont.

Te=1sec=>f.=1Hz

X(t) t
1 |
0.25 0.75 125 ¢
-1
_|4siIn(27kt) o _|4sIn(27Kt) o
27K 0 27K 095

2 . 7K 2 . 7K 4 . 7K
= %sm(?) — (—%sm(?)) = %sm(?)

= X [K] =%sin(%)

Department of Electrical and Computer Engineering



Example I ... Cont.

Te=1sec=>f.=1Hz

X(t) t
1 |e
0.25 0.75 1.25
-1
4 . 7K
X [kK]=—sIn(—
K] — (2)
X [1]=2 X _[4]=0
7T
A
X_[2]=0 XC[5]=§
A
X [8l=—— X [6]=0
3
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Example I ... Cont.

Te=1sec=>f.=1Hz

X(t)

0.25 0.75 1.25

X(t) = X[0]+ kio(xc[k]c;os(27z|<th) + X [K]sin(27kf 1))

= X(t) = % cos(2t) — % cos(27z(3)t) + % cos(2zz(5)t)

—icos(27z(7)t) +...
lr
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Example I ... Cont.

Te=>f.= 1T Hz

X(t)

-

0.25T  |0.75T; 1.25T¢

X(t) = X[0]+ kio(xc[k]c;os(27z|<th) + X [K]sin(27kf 1))

= X(t) = %COS(Zﬂth) — %COS(ZH(C’) fo)t)+ % cos(2x(51-)t)

—icos(27z(7 fot)+...
lr
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Example 2

y(t) A ‘ TF => fF = 1/TF Hz

0.25T.  0.75T,  1.25T, t

y(t) =1+ X(t)

Y[0]=1+ X[0] =1

to+TE

Y [k] = Ti | y(t)sin(2zkf.t)dt =0
F oot
2 to+TE

ANEES j y(t) cos(27kf t)dt = X _[K]
F oot
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to+TE

Y [k] = Ti | y(t)sin(2kf.tydt

F ot

ito] (14 X(1)) sin(27kF t)dt

F ot

t0+TF t0+TF

== j sin(27kf t)dt +— j X(t) sin(27kf t)dt

Te Te
=0+X [K]

=0+0=0
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to+TE

Y [K] = Ti j y(t) cos(27kf_t)dt

F ot
2 to+TE
== j (1+ X(t)) cos(27kf_t)dt
F ot
t0+TF 2 to+TE
- j cos(2kfet)dt + — j X(t) cos(27kf t)dt
F F ot
=0+ X [K]
= X [K]
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Example 3

y(t) 1 To=>f.= UT. Hz

t

05T, 05T, 1,07, 15T,

y(t) = Y[0] + kf (Y. [K] cos(27kFt) + Y. [K]sin(27kf. 1))

1 to+TE

Y[0]=— [y()dt=0
Te "
2 to+TE
Y [K] = = j y(t) cos(27kf_t)dt =0
F to
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Example 3 ... Cont.

T
y(t) =x(t _IF) 1 T =>f = 1T, Hz

t

05T, 05T, 107, 15T,

X(t) = i(:os(Zyszt) 4 cos(2z(3f-)t) + iCos(27r(5 fot)
T 37 Y/4

—iCOS(Zﬂ'(7 fo)t)+...

I
= y(t) = %COS(ZﬂfF (t —TTF)) —%COS(M(B fo(t —TIF))

4 Teyw 4 Te
+§cos(27z(5fF)(t—I)) 772(303(27z(7fF)(t 4))+...
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4 Teoy 4 cosomai e
Y(t)=;COS(27ZfF(t—7)) 37[‘305(2 (31:)(t 4))

4 Teyy 4 Te
+§cos(27z(5fF)(t—I)) 7ﬁcoc~:(27z(7fF)(t 4))+...

y(t) =2 cos(2ft— 2 FTF>—icos<2n(3fF>t—”3f elr)

T 3

+5icos(27z(5 f)t— ”5f ey cos(27z(7 Al ;FTF )t
7T

y(t) = 2 cos(2rf t - Ty - 2 cos(27(3 1, )t — )
T 2" 3x 2

2 cosr(5F )t =2 2 cos2r(7 )t -0 1.
St 2 1#/4 2
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y(t) = 2 cos2rf .t - 5y — & cos(2z(3 )t —%3)

T 2 3r

7 4

+ 2 cos@a(f -2~ 2 cos@a(7f - "Dy 4.
2’ Tz 2

S

= y(t) = isin(27szt) -+ 3isin(27z(3 for)

T

+ iSin(27z(5 fo)t) + iSin(27z(7 fo)t)+...
S 7

X K] =Y, [K]

Please note that you have also found
M[K] and g[k]!
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Example 4

y(t) 4 Te =>f=1THz

0.625[T,  -0.1257, 03757, |0.875T, |13751 ©

y(t) =Y[0] + kzoo (Y. [K]cos (27K t) + Y. [K]sin(27Kf. 1))

Y[O]:Ti Oij(t)dtzo

F ot

Te
y(t) = X(t _E)
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Example 4 ... Cont.

— TF
y(t) =x(t- E) T.=>f.= UT, Hz

0.625[T,  -0.1257, 03757, |0.875T, |13751 ©

X(t) = 2 cos(27f t) — - cos(2(3F. )t) + — cos(2z(5 f. )t)
T 3z oY/
A

———cos(2x (7 f-)t)+...
[
= y(t) = 4 cos(2xf . (t - T—F)) _4 cos(2z (31 )(t - T—F))
T 8 3 8
+ % cos(2x (51 )(t - TEF)) — %cos(&z(? fo)(t— %F)) +...
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y(t) = cos(2f, (t —-£)) ~ —cos(27(3 )t - -E)
T 8 3 8

- % cos(2z (51 )(t - TEF)) — % cos(2z (7 f-)(t— %F)) -

y(t) =2 cos(2ft— 2 FTF>—icos<2n(3fF>t—”3f elr)

T 3

+5icos(27z(5 f)t— ”5f ey cos(27z(7 Al LFTF )t
7T

y(t) = 2 cos(2rf t - Ty - 2 cos(27(3 1, )t — )
T 4° 3r 4

2 cosr(5F )t =2 2 cosr(7 )t -0 1.
51 4 V4 4
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y(t) = 2 cos(2f t - )= 2 cos(2x(3F. )t — )
T 4° 3rx 4

+iCOS(27z(5fF)t—7[5)— 4 COS(27z(7fF)t—7T—7)+...
b 4° Tr 4

You have found M[k] and 4[k]!

or

— X [k]— non-zero Y [k] and Y [k]

Hint-> cos(a+b) =cosacosb+sinasinb
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Changing from f (Hz) to @ (radians/sec)

Fourier Series Pair in f

w = 271
U

Fourier Series Pair in @

/’

<

<

K(t)= 3 X[k

k=—00

1 to+TE

X[k]=— j x(t)e 127Kt
)

e TF

Cx()= 3 X[k

k=—00

1 to+TE

X[K]=— j x(t)e ket

. S
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