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Chapter 1: Introduction

In the area of nonlinear difference equations, one fundamental question deals with the

existence of periodic solutions over the integers. For example, the difference equation

(an-1 + an-2)
an = 5 ’
Apn_1 + an_o, otherwise,

when 5 divides a,,_; + a,_,,

has a periodic solution starting with a, = 9 and a; = 11, namely 9, 11,4, 3,7,2,9, 11 ... In this
project, | looked at a generalization of this and studied the system

(1 1) A, = {x(an_l + aTl_Z)' ifx(an—l + an—z) is an integer,
| " An-1 + an_,, otherwise,

where x is a rational number. The problem was to find values of x which would allow these

periodic solutions to appear.

This type of problem has been looked at by others within the mathematics community. In
[5], a different version of this system,
an = [Can—ll — ap-2,

is studied for values of |c| < 2 with ¢ # 0, £1. In [4], the system

adp—1 + ,Ban—z . .
_ ) ifa,_, +a,_, is even,

an = 2
yan_1 +8a,_s, otherwise,

with a, B,y,8 = £1, is studied. The authors were able to use a duality lemma to reduce the
number of equations being studied from 16 to 8. One of these particular systems,

2 )

an—1 an—2 . .

_— ifa,_1 + a,_, is even,

a, =
Ap_1+ an_o, otherwise,



is talked about more in [6] with some conjectures given. Other examples can be found within the

mathematical literature.

Dr. John Greene had done some research into values of x which allow a periodic solution
to (1.1). The approach he was using was to search for products of the matrices A and B that have

one as an eigenvalue, where

(1.2) A= (i (1)) andB=(] 3)

To shift from (1.1) to the use of A and B involved moving from our second order system to a

first order system, namely:

For vectors v,, = @") with integer entries
n

(1.3) v = {an_l, if x(y—1 + Z,—1) is an integer,
. =

Av,_4, otherwise,

where A and B are as in (1.2).
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; )- The periodic solution 9, 11,4, 3,7, 2,9, 11 ... for

So, in our example with x = % letv, = (

system (1.1) corresponds to the periodic solution to (1.3) of v, = (191) , V1 = (141),172 = (i)

vy = (;),m = (?),vs = (3),176 = (191),---. Since v = Avs, v5 = Av,, v, = Bv;, and so

on, we see that v, = A2BAB?v,. That is, v, is an eigenvector of A2BAB? with eigenvalue 1.

This leads us to the following theorem:

Theorem 2.1: For every periodic solution to (1.1) with period k, there is a corresponding matrix
W, which is a product of A’s and B’s, that has an eigenvector v,, with eigenvalue 1. The

entries of v, give the initial conditions for the periodic solution.



Initially, we were only interested in positive values of x which lead to a periodic solution.

Dr. Greene had exhaustively checked all products of A’s and B’s through strings of length 12
and had found % % and %to be the only positive values of x which allowed periodic solutions.

We were interested in whether or not there were other possible positive values of x which would
lead to periodic solutions. Along the way we also became interested in the negative x-values and

the patterns that seemed to occur.

This paper deals mainly with how the products of A’s and B’s were found and the
rational x-values that correspond to these products. We exhaustively checked all products of A
and B through strings of length 24 (reproducing those through strings of length 12 to check for
accuracy) and found that patterns of x-values were appearing early on. These patterns occurred
mainly among negative x-values, which is what prompted the search for all values of x through

strings of length 24.

The organization of this paper is as follows: In Chapter 2, we will present theorems that
were used to reduce the number of products that had to be examined. Studying strings of length
24 would have involved 2%* possibilities or about 17 million possibilities. Using some of these
theorems allowed us to decrease this number to about 700,000. We also include some theoretical

results that are needed in Chapter 3.

Using the theoretical considerations from Chapter 2, we searched for possible values of x.

The results of this search are given in Chapter 3. We also looked at the patterns that seemed to be



appearing as we collected our data and include proofs for those patterns that we were able to
prove to be true. Chapter 4 will include questions that I still have about this topic as well as what
more could be done in this area of research. This will be followed by appendices that include the

Mathematica code we used as well as a list of the results.



Chapter 2: Theoretical Considerations

As in the introduction, let A = G é) and B = (}16 J(;) Then relying on Theorem 1.1,

the goal of this project was to find all values of x for which some product of at most 24 A’s and
B’s had one as an eigenvalue. The information presented in this chapter was essential in helping
with our search. The use of the function fy,,(x), defined below, was critical in our search and led
quickly to looking at reversals and necklaces to cut the amount of work required. This chapter
contains theoretical material about f;;,(x) used in our search. We also include some needed

background on the Fibonacci and Lucas numbers that is useful in Chapter. 3.

We were only interested in products of these matrices that had one as an eigenvalue, so

we started with the basics: the characteristic polynomial of a 2x2 matrix. Now, one is an

eigenvalue for X if and only if det(X — I) = 0. For general = (‘Cl Z) ’

det(X—-1)=1—-(a+d) + (ad — bc)
=1—tr(X) + det(X).
Now, let’s say W is some product of A’s and B’s. We define a function fy,,(x) by
(2.1) fw(x) = —det(W — 1) = tr(W) — 1 — det(W).
Since —fi(x) is the result of setting z = 1 in the characteristic polynomial det(W — zI), W will
have one as an eigenvalue for exactly those x for which f;,,(x) = 0. Looking at this equation we
see that —1 is not dependent on the order of the A’s and B’s. Also, det(WW) is not dependent on

the order of the A’s and B’s since det(AB) = det(A)det(B) = det(B)det(4) = det(BA) [3, p.



467]. Therefore, in our equation, the order of the A’s and B’s only matters when dealing with the

tr(W).

A linear algebra fact that proved to be useful is that cyclic permutations (also known as
necklaces) of matrix products have the same trace [3, p. 110]. This meant we would not have to
look at cyclic permutations of A’s and B’s, reducing the number of cases by approximately a
factor of n when dealing with strings of length n. The 2x2 case is included below as a theorem,
and a proof follows. (The 2x2 case is all that is used in this paper, but the theorem holds true for

mxm matrices as well.)

Theorem 2.1: Let Ay, A,,-+, A,, be 2x2 matrices. Then

tr(Ay Ay - Ap) = tr(Ag Ay * -+ Apq).

Proof: LetA; = (‘Z b) and A, = (; f). Then

d h

A A _(ae+bg af+bh)
127 \ce+dg cf+dh)

SO
tr(A14;) = ae + bg + cf + dh.
Also,
A4, = (ea+fc eb +fd>
ga+hc gb+hd
has

tr(A,A4;) = ea+ fc+ gb + hd.

Therefore tr(4,4,) = tr(A,A;). In general, for matrices A,, A,, -+, 4, let



B=A, A, A, ,
Then by the above calculations,
tr(BA,) = tr(4,,B)
or
tr(Ay Ay =+ Ap) = tr(Ap Ay w0 Ay q).

Thus the trace is invariant under cyclic permutations. m

Corollary 2.2: Let Ay, A, -+, A, be 2x2 matrices of the form G é) or (’16 ’5) If

Wl = Al A2 - ""An and WZ == An Al toee 'An_l, then le(x) - fWZ(X)

Proof: By (2.1) and Theorem 2.1,
fw, (x) = tr(Ay Ay - -+ Ap) — 1 —det(A; Ay - -+ Ap)
=tr(A, Ay Apo) — 1 —det(A, Ay Apq)
= fw, (x). =
While looking at small cases of strings of A’s and B’s, it seemed apparent that two strings

of A’s and B’s which were reversals of each other also had the same eigenvalues. We defined a
reversal to mean reversing the order of the string. For example, A3B?AB and BAB?A3 are
reversals of each other. Moreover, if W' is a reversal of W, it seemed that f;,, (x) = fiy (x). We

used A3B2AB as an example to check whether this was even sometimes true.

We let W = A3B?AB and W’ = BAB?A3. Then

_ (6x3 +10x% +5x 6x3 + 7x2)
4x3 + 6x% 4+ 3x  4x3 + 4x?



and
fw () = 11x3 + 14x2 + 5x — 1.
Similarly,
W = (10363 +11x% 6x3 + 7x2>
5x2 + 8x 3x2 + 5x
and

fur(x) = 11x3 + 14x? + 5x — 1.
So we see that fi,,(x) = fi,(x) for at least this case. It appeared that f;,, (x) always equaled

fw:(x), but to show this, we would first need the following theorem.

Theorem 2.3: For any 2x2 matrix W, W? = tr(W) - W — det(W) - I. In other words, every

2x2 matrix satisfies its own characteristic equations [3, p. 509].

a b

Proof: The matrix W = (C d> has characteristic equation A2 — tr(W)A + det(W) = 0 so we

have W? — tr(W)W + det(W)I

a’*+bc ab+bd) _ a b _ 10
(ac+cd bc+d2) (a+d)(c d>+(“d bc)(o 9

<a2+bc ab+bd)_(a2+ad ab+db)+(ad—bc 0 )
ac +cd bc + d? ac+cd ad+d? 0 ad — bc

(o o)

Thus W2 — tr(W)W + det(W)I = 0 so W2=tr(W)W — det(W)I. m

Consequently, for any 2x2 matrix W, W2 = cW + dI for some ¢, d. Now assume that for

all strings of length six and less, reversals have the same trace. Then A3B2AB can be rewritten
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as AA’B%AB and BAB?A3 can be rewritten as BAB?A%A. We then let A2 = cA + dI and
substitute this into both products giving us cAAB2AB + dAB?AB and cBAB%AA + dBAB?A.
Matrices AAB?AB and BAB?AA are reversals of each other and are strings of length six. Also,
AB?AB and BAB?A are also reversals of each other and are strings of length five. So,
tr(A3B?AB) = c - tr(AAB?AB) + d - tr(AB*AB)
and
tr(BAB%A3%) = ¢ - tr(BAB?AA) + d - tr(BAB?A).
By our hypothesis, AAB?AB and BAB?AA have the same trace and AB2AB and BAB?A have the
same trace, so tr(A3B2AB) = tr(BAB?A3). This method can then be generalized to products of

n matrices.

Theorem 2.4: Let W be a product of 2x2 matrices Aand B,say W =V, -V, - ---- V,,, where V;

iseitherAor B. Let W' =V, - V,,_; - -~ V1. Then £, (x) = fy,(x).

Proof: With fi, (x) = tr(W) — 1 — det(W) and fy,,,(x) = tr(W') — 1 — det(W"). Note that,
det(W) = det(W"), since the determinant is not dependent on the order of the A’s and B’s.
Thus we only have to show that tr(W) = tr(W"). We do this using induction on n where

n = 1 is atrivial case and n = 2 follows from Theorem 2.1.

Therefore we assume that this is true for all products of A’s and B’s with fewer than n
matrices. Thengiven W =V, -V, - ---- V,,, we will first look at the case in which W does not
contain two consecutive A’s or B’s. This means that the A’s and B’s alternate which gives us

two cases to look at. The first of these is either ABAB ... AB or BABA ... BA. These are just
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cyclic permutations of each other and thus have the same trace as already proved above. The
second case is either ABAB ...BA or BABA ... AB, which are their own reversals and

therefore have the same trace as well.

Now let’s consider the case in which W does contain two or more consecutive A’s or two or
more consecutive B’s. Here we will apply the fact that M2 = ¢cM + dI in order to rewrite W
as a linear combination of fewer products. If V; = V;,,, then W = W, VW, where W, =V, -

VyrorViegand Wy = Viyp = Vigs « -+ V. Also, W' = W, VAW, . Now using V2 = cV; + dI,

we get
W = cW,V,W, + dW, W,
and
W' = cW,V,W{ + dw,wj.
Also,
WoVwy = (W, V;W,)'
and

WyWy = (Wi Ws,)".
Now, W, V;W, and W, V; W/ are strings of length n — 1 and W, W, and W, W] are strings of
length n — 2. Therefore, by induction, W, V;W, and W, V; W, have the same trace since they
are reversals of each other and W, W, and W, W, have the same trace since they are also
reversals of each other. Thus,
tr(W) = tr(W, VA W,)
=c-tr(W V;\W,) + d - tr(W, W)

= c - tr(WLV, WD) + d - tr(W, W)
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= tr(W,VZWy)

—tr(W'). =

Fibonacci numbers were used at different times throughout this project and are defined as
follows:
Fob=0F =1andF, =F,_{+ F,_,,n> 2.
This gives the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, .... We also found Lucas numbers to be
useful. Lucas numbers are defined as:
Ly=2L,=1andL, =L, 4+ L, ,n=>2,

leading to the sequence 2, 1, 3,4, 7, 11, 18, 29, ....

Some identities associated with these two sets of numbers which were useful to us
include the following from [1, p. 59]:
(2-1) Fan = Fm+n + (_1)nFm—n

(2.2) LinFy = Fyn + (D)™ By,

Other items that were useful to us include the following lemmas and theorem.

Lemma25: IfA = G (1)) then A™ = (F’I;“ FF” ) [1, p. 65].
n n—-1

Proof: If A = (1 1), then A% = (2 1) and A3 = (

2
10 1 1 ) Assume that
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for some n. Then

4 _(1 0)* E, F,_.

(B Bt R
Fasr B )

But

Fopit By =Fpppand By + Fyg = Fya

F, F, F, F,
S0 A" = ( 2 "“). Thus A" = ( A )
Fn+1 Fn Fn Fn—l

Lemma 2.6 (Cassini’s Identity): F,,,F,_; — E?> = (—1)"[1, p. 57].

. F, E
Proof: Given A™ = ( ’1}:1 Fn:)’ Fpi1Fpoq — Ff = det(4™) = (det A" = (-D". =

Theorem 2.7: Let M and N be 2x2 matrices.
a. If M and N both have v as an eigenvector with eigenvalue 1, then MN also has v as an
eigenvector with eigenvalue 1.
b. If M and N both have v as an eigenvector with eigenvalue -1, then MN also has v as an

eigenvector, but with eigenvalue 1.

Proof:
a. By definition, My = v and Nv = v. Thus,
(MN)v = M(Nv)

= Mv



= .
b. By definition, My = —v and Nv = —v. So,
(MN)v = M(Nv)
=M (-v)
= —Mv

=7v. i

Using these theorems and lemmas we are able to now look only at the necklaces of the
products of matrices A and B. Also, we are able to ignore the reversals of all cases that we do

investigate. This will also help reduce the number of cases that we are actually interested in.

14
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Chapter 3: Results

Using Mathematica, we exhaustively searched all necklaces of A’s and B’s up to strings
of length 24, finding all the rational zeroes of fi,,(x) for these cases. An example of the code we

used can be found in Appendix 1, but an explanation of how the code works follows.

Combinatorica is a package within Mathematica which performs functions from
combinatorics and graph theory. Loading this package allowed us to then use the ListNecklaces
function to find only the cyclic necklaces of A’s and B’s rather than all possible permutations.
0’s were used to represent A’s and 1’s were used to represent B’s for simplicities sake during this
process. The sequences of 0’s and 1’°s were each individually labeled for ease of reference
purposes. The next step in the code multiplies the appropriate A’s and B’s together. For example,
if f[i]={0,0,0,1,1,1,0,0,0,1,1,1,0,1,1,1}, the code would multiply
A.A.A.B.B.B.A.A.A.B.B.B. A. B. B. B and store the resulting matrix. In the same loop, fi,(x)
is found, the rational solutions to this polynomial are found, and the solutions are stored. The
final loop looks at these values and prints out only those that are rational solutions along with

their corresponding necklace value.

While first starting to collect our data, we noticed a rather large number of cases in which
x = 0and x = —1. We knew for any string W of length n with a A’s and b B’s that det(W) =
(=1)™xP. Therefore,

fw (@) = t(W) — 1 —det(W) = tr(W) — 1 — (—1)"xP.
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Thus, whenever the trace had a constant term of 1, this 1 would cancel with the -1. This would
leave all the remaining terms with at least one x in them, giving x = 0 as a solution to fi, (x). To

prevent having to look through so many cases, we disregard cases in which x = 0.

We also noticed early on that many of the cases in which x = —1 had combinations of
AB? and B3 in them. When x = —1, AB? and B3 have ((1)) as an eigenvector with an eigenvalue

of one. Thus by Theorem 2.7, any product using only AB? and B3 has an eigenvalue of one when
x = —1. Because of the large number of these combinations, we choose to disregard cases in

which x = —1 as well.

Next, we organized the solutions by the number of B’s in the string. Table 3.1 shows x-

values for strings with only one B.
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Table 3.1
Product x-value
B %)
AB 0
A’B 0
A’B -1/4
A‘B -2/9
A°B -1/3
A°B 7122
A'B -4/11
A%B -5/14
A°B -3/8
AB -54/145
Al'B -11/29
A’B -143/378
AB -8/21
A¥B -94/247
A®B -29/76
Al°B -986/2585
A'B -21/55
A®B -2583/6766
AB -76/199
A%B -1691/4428
A%B -55/144
A?’B -17710/46369
A%B -199/521

Early on in the research, while examining these values, we noticed that the numbers in
both the numerator and denominator seemed to be close to Fibonacci numbers. From Lemma 2.5

XFn+1 + Fn an+1

F K
n _ n+1 n
we know that A™ = < xE, +F,_, xE,

,and thus A"B = (
E, Fn—1>

). From there we

found that

fw(x) = xFppp + F, —1— (—D™'x = (Fp = (D™ Dx + B, — 1.
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Setting this equal to zero, we found that

Fp—1

X=—-——""")
Fpyz+(=1)"

Therefore, for W = A™B, there is always a value of x allowing W to have one as an eigenvalue.

Looking more closely at these values we also noticed that when n was odd, there seemed

to be some sort of cancellation happening. Table 3.2 contains only these values.

Table 3.2
Product x-value
AB 0

A’B -1/4
A°B -1/3
A’B -4/11
A°B -3/8
A'B -11/29
ALB -8/21
A®B -29/76
A''B -21/55
A’B -76/199
A%B -55/144
A%B -199/521

We soon noticed that those of the form A***1B had Fibonacci numbers as their
numerators and denominators, while those of the form A**~1B had Lucas numbers as their

numerators and denominators.
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We can prove that these are real patterns. Starting with those cases of the form A*"*1B,

3

. 1 8 . . - F.
we obtained the numbers 0, — 3T T which gives in general, — Fi rather than our
2n+2

expected — 22172 \We then identified that by (2.1)

4n+3~
Fonlons1 = Fangr — F4
= Fyni1 — 1.

Similarly,

Fonyolonsr = Fanss — F4

= Fyne3 — 1.
Thus, we have
_ Finy —1 _ FonLaon+1
F4n+3 -1 F2n+2L2n+1
- _ FZn
Fonyo

Now, using a similar argument for those cases of the form A*"~1B, we were getting

_Lanq Fan—1-1

— rather than " Using (2.2), we identified
Lyn-1Fon = Fan—1 — F_4
= Fyn-1— 1,
and
Lon+1Fon = Fany1 — F1
= Fine1 — 1.
Therefore,

F4n—1 -1 _ LZn—lFZn

F4n+1 -1 B L2n+1F2n




_ LZn—l

L2n+1

Next we looked at string with two B’s. Table 3.3 shows all cases where f,, (x) has

rational zeroes x.

Table 3.3

String Length Product x-value
2 B? Y
3 AB? -1,1/3
4 (AB)? 0, -2/3
5 A’BAB 0, -4/7
6 A’BAB -1/3
6 (A?B)? 0,-1
8 (A3B)? -1/2, -1/4
10 A°BA’B -3/8
10 (A*B)? -4/7, -2/9
12 (ASB)? -1/3, -317
14 A'BA°B -8/21
14 (A®B)? -9/20, -7/22
16 (A’B)? -2/5, -4/11
18 A’BA'B -21/55
18 (A®B)? -5/14, -11/27
20 (A°B)? -7/18, -3/8
22 A'BA’B -55/144
22 (AYB)? -56/143, -54/145
24 (A1B)? -5/13, -11/29

Looking at these x-values, there seem to be two patterns. The first is for W of the form
(A™B)? and the second for W of the form A2"*1BA2"~1B. We first looked at the (A™B)? case.

Table 3.4 shows just these cases.



Table 3.4
Product | x-value from A™"B | New x-value
B2 1 -

(AB)? 0 -2/3
(A?B)? 0 -1
(A%B)? -1/4 -1/2
(A*B)? -2/9 417
(A°B)? -1/3 -3/7
(A°B)? -7/22 -9/20
(A'B)? -4/11 -2/5
(A®B)? -5/14 -11/27
(A°B)? -3/8 -7/18
(A°B)? -54/145 -56/143
(A1B)? -11/29 -5/13

21

Here, we confirmed our suspicion that one of the x-values was the same as the x-value in

the A™B case. We just needed to find where the other x-value was coming from. For this case,
fw2(x) = —det(W? — I) = —det(W — I)det(W +I)

where W is some product of A’s and B’s. Now, —det(W — I) = f,,(x), which gives us the old

x-value, so the new one is coming from det(W + I) and

det(W + I) = tr(W) + 1 + det(W).

If we let

gw(x) = tr(W) + 1 + det(W),

then

Setting gy (x) equal to zero and solving, we have

X = —

Fp+1

Fpyz—(-1)™

fw2 () = fiwr () gw ().

Therefore in the case of (4"B)?, the corresponding x-values are
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Fh—1 EF,+1
X = —”—nandx = _n—n.
Fpyz+(-1) Fnyo—(-1)

The second case of two B’s is of the form A2"*1BA2"~1B, Table 3.5 gives only these

cases.
Table 3.5
Product x-value
A°BAB -1/3
A°BA°B -3/8
A’'BA°B -8/21
A°BA'B -21/55
AIBA’B -55/144

Using Maple we checked further cases of these values to determine if there really was a
pattern or if it just seemed to be early on. We found that the pattern really did exist and thus we
tried to determine what the x-value was. Since

AnB — (XFn+1 + Fn XFn+1)

xE, +F,_1 xF,
and

AMB = (me+1 + Fm me+1)

XFp +Fpoq1 xEy
The product of these is

AMBA™B = (szm+1Fn+2 + me+2Fn+1 + Fan szm+1Fn+2 + meFn+1>
szan+2 + me+1Fn+1 + Fm—an szan+2 + XFm—an+1
Then,
tr(A™BA"B) = x?Fmi1Fpip + XFpyaFpyq + FpFy + X2 FpFrpp + xFp_ 1 Fpyq

= xZ(Fm+1Fn+2 + Fan+2) + x(Fm+2Fn+1 + Fm—an+1) + EnF,
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= x?Fnp2(Fna1 + Fp) + XFn 1 (Fgz + Fmt) + i Fy
= X*Fpi2Fni2 + ¥Fnp1(Fngr + By + Fpq) + R F,
= X*Fny2Fnsz + XFni1(Fpgq + Fngq) + EnFy
= x%Fp 2 Fnip + 2XFp 1 Fpiq1 + ELE,.
Using this formula, we have
tr(A*"1BA?"IB) = x*Fypi3Fonst + 2XFop40Fon + Fony1Fonq
and
det(42"*1BA?""1B) = x2.
Therefore
fw () = x*Fani3Fong1 + 2XFoni2Fon + Fopy1Fonog — 1 — %2
= x*(FansaFone1 — 1) + 2xFon42Fon + FongqFonog — 1.
Applying Lemma 2.6,
Foni3Foni1 = Finyp + (D2 = Ffp + 1
Similarly,
Fon+1Fon—1 = Fzzn + (=D = Fzzn + 1.
Therefore,
fw(X) = X*Fn1p + 2XFpn 12 Fon + Fiy = (XFpnip + Fan)?.
Setting this equal to zero and solving, we find that

x=_F2_n

Fonto

Next we looked at strings with three B’s, which are shown in Table 3.6.



Table 3.6

24

String Length Product x-value

3 B3 Y

6 A’BAB? 1/5

8 A’BAZB? -1/2
12 A°BA’BAB -1/3
12 A‘BA’BA’B -1/7
12 (A’B)® -1/4
15 (A*B)® -2/9
16 A°B(A?B)? -3/4
16 ASBA’BAZB -1/2
16 A’BA‘BAZB -2/5
18 ASBA‘BAB -1/3
18 A’B(A*B)? -4/15
18 ASBABA’B -17/59
18 (A°B)3 -1/3
20 A°BASBA’B -3/8
21 (A°B)? -7122
24 AlBA’BA’B -5/13
24 ASBA'BA®B -37/107
24 (A'B)® -4/11

Again, when looking at this table, we noticed that certain patterns were appearing. The

first of these involved products A2"*1BA™*1BA™1B which are shown in Table 3.7.

Table 3.7

n-value Product x-value
1 ASBA?B? -1/2
2 ASBA’BAB -1/3
3 A’BA*BA’B -2/5
4 A°BA°BA’B -3/8
5 A'BA’BA‘B -5/13
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To explain this table, we refer back to Theorem 2.7 and give two examples of how this

works. If we look at row two of Table 3.7, with x = —§, M = A°B, N = A®BAB thenv = (i)

is an eigenvector with eigenvalue 1 for both M and N. Then MN = ASBA3BAB and when x =

1

—5 V= (i) is an eigenvector for MN with eigenvalue 1.

Looking at row three of Table 3.7, if x = —%, M =A’Band N = A*BA?B, thenv =

(g) is an eigenvector with eigenvalue -1 for both M and N. Therefore MN = A’ BA*BA?B and

whenx=—3,v= (3
5

2) is an eigenvector for MN with eigenvalue 1.

The next pattern that was noticed is shown in Table 3.8.

Table 3.8
Product x-value
A’BAB? 1/5
A‘BA’BA’B -1/7
A°BA°BA‘B -17/59
A®BA'BA’B -37/107

Here the exponents on the A’s have the pattern (2, 1, 0), (4, 3, 2), (6, 5, 4), and (8, 7, 6).
This seemed very suspicious to us and using Maple again, we checked to see if this pattern
continued. The pattern is real and much work was done on finding the x-value for this pattern. It
is too in depth for this paper, but for more on this subject see [2].

Seeing these infinite patterns in the cases of one B, two B’s, and three B’s sparked our

curiosity as to whether or not there would be infinite patterns for the case of four B’s or five B’s,



or even six B’s. Again, using Maple we checked to see if patterns could be found for these. It
was determined that there were infinite families for the cases of four B’s and six B’s and the

formulas for the x-values of these can also be found in [2].
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Chapter 4: Conclusion

One question that was particularly interesting to me, but never answered, is

whether or not there are more positive values of x which produce a periodic solution. We found

that through strings of length 24, the only positive values which produce periodic solutions are %
g, and § Would other positive values be found in strings of length greater than 24? We suspect

that % § and i are the only positive solutions, but were not able to prove this.

As far as negative values of x, we found what we referred to as infinite families while
doing our research [2] and have speculated that it’s possible that these are the only infinite
families that give solutions to (1.1). Again, we were unable to verify this, and it would be

something that could be examined more closely on a future project.

It would also be interesting to try to write a code for Mathematica, or a similar program,
that allows this information to run faster. When looking at strings of length 24 with 12 B’s, the
code being used took about two days to run. It may be possible to write a code that would be
faster and thus allow a person to look at longer strings. This may reveal more patterns or lead to

a greater understanding of what is going on.

One final point of interest is that while examining the infinite families, we came across
some rather interesting Fibonacci and Lucas identities.
F4n+2F4n+1F4n -1= (F4nF2n—1 + F4n—1F2n+1)(F4n+1L2n—1 + F4nL2n+1),

F4n+2F4n+1F4n +1= (F4nL2n—1 + F4n—1L2n+1)(F4n+1F2n—1 + F4nF2n+1),
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FinsaFani3Fania — 1= (Fansalon + Fans1loniz) (FansaFon + Fani2Fans1),

FynsaFani3Fania + 1 = (FansaFon + Fans1Fons2) Fansalon + FanyoLloniq).

These are discussed more in [2], but it’s possible that further investigation of the infinite families

may lead to more of these types of identities.
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Appendix 1: Mathematica Code

This is an example of the Mathematica code that we used to find all rational solutions to
fw(x). The code was used to find necklaces for strings of length n, 4 < n < 24, with the
number of B’s ranging from one to n. The code then finds f,, (x) for each combination and

solves for all rational solutions. This particular code is a string of length 16 with 9 B’s.

<<"Combinatorica™

n:=16

neck=ListNecklaces[n, {0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1}, Cyclic]

a={{1,1}{1,0}}

b={{xx},{1,0}}

For [i=1, i<Length[neck] +1, f[i_]:=necK][i]]; i++]

For[l=1,I<Length[neck],I++,

For[k=1, k<n,k++, IT{[1][[k]]==0,mult=mult.a, mult=mult.b];];
values[l]=Reduce[1-Tr[mult]+Det[mult]==0,x,Rationals];

mult:=1dentityMatrix[2]]
For[i=1,i<Length[neck],i++,If[Head[values[i]]==Or|[Head[values[i]]==Equal,Print[i,":
" values[i]," ",neck[[i]]11]
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B’s | String Length Product X-Value Why?
1 1 B Ys A"B
2 AB 0 A"B
3 AB 0 A"B
4 A’B -1/4 A"B
5 A‘B -2/9 A"B
6 A°B -1/3 A"B
7 A°B -7/22 A"B
8 A'B -4/11 A"B
9 A®B -5/14 A"B
10 A°B -3/8 A"B
11 A'B -54/145 A"B
12 A'B -11/29 A"B
13 AB -143/378 A"B
14 ABB -8/21 A"B
15 A¥B -94/247 A"B
16 AB -29/76 A"B
17 AB -986/2585 A"B
18 A'B -21/55 A"B
19 AB -2583/6766 A"B
20 A¥B -76/199 A"B
21 A*B -1691/4428 A"B
22 A%B -55/144 A"B
23 A*B -17710/46369 A"B
24 AZB -199/521 A"B
2 2 B? Y (A"B)?
3 AB? -1, 1/3
4 (AB)? 0, -2/3 (A"B)?
5 A’BAB 0, -4/7
6 A’BAB -1/3 AMMIBAITIB
8 (A%B)? -1/2, -1/4 (A"B)?
10 ABA’B -3/8 AMIBAZTIR
10 (A*B)? -4/7, -2/9 (A"B)?
12 (A°B)? -1/3, -317 (A"B)?
14 A'BA°B -8/21 AMIBAZTIR
14 (A°B)? -9/20, -7/22 (A"B)?
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B’s | String Length Product X-Value Why?
16 (A'B)? -2/5, -4/11 (A"B)?
18 A°BA’B -21/55 AIBAZ-IB
18 (AB)? -5/14, -11/27 (A"B)?
20 (A°B)? -7/18, -3/8 (A"B)?
22 AYBA°B -55/144 A?™IBAZIB
22 (AB)? -56/143, -54/145 | (A"B)?
24 (AIB)? -5/13, -11/29 (A"B)?
3 3 B3 -1, % powers
6 A’BAB? -1,1/5 Ad2BAMTHIB A4NB*
8 A’BA?B? -1/2 A™IBAM™IBAMIB
12 ASBA’BAB -1/3 A’™IBAMIBAMIB
12 A‘BA’BA’B -1/7 ANTHAB ANNIB Ad2R*
12 (A®B)® -1/4 powers
15 (A*B)® -2/9 powers
16 A°B(AZB)? -3/4
16 ASBA’BA’B -1/2
16 A’BA‘BA’B -2/5 AIBAMIBAMIB
18 ASBA‘BA’B -1/3
18 A’B(A'B)? -4/15
18 A°BA’BA‘B -17/59 A2 AtHIB AdnB*
18 (AB)? -1/3 powers
20 A°BA’BA’B -3/8 A™IBAMIBAMIB
21 (A%B)? -7/22 powers
24 AU'BASBA‘B -5/13 A™IBAMIBAMIB
24 ASBA'BA’B -37/107 AAB AT Adn2Bx
24 (A'B)® -4/11 powers
4 4 B* Y powers
6 (AB?)? -1,1/3 powers
8 (AZB?)? 172 (AZ"2BATB)2%
8 (AB)* 0,-2/3 powers
10 (A’BAB)? 0, -4/7 powers
12 (A'B?)? -1,-1/9 (AT *BATB)2*
12 (A’BAB)? -1/3 powers
16 ABA®B(AB)? -3/4
16 A’BA’BA’BAZB -1/2
16 (A’BAZB)? -2/5 (AZ"2BAZB)2%
16 (A%B)* -1/2, -1/4 powers
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B’s | String Length Product X-Value Why?

18 AUBAB? -1/3
18 A’'BA*BA®B? -1/3
18 (ASB)?A’BAB -1/3
20 (A°BA?B)? -9/16, -1/4 (AZBAB)Z*
20 (ABA3B)? -3/8 powers
20 (A*B)* -417, -2/9 powers
24 AY'BABA® BA’B -1/5
24 A°BA‘BA’BAB -1/3
24 AB(A’B)? 217
24 (A°BA’B)? -5/13 (AZ2BA2B)2*
24 (AB)* -3/7, -1/3 powers

5 5 B® Y powers
16 ASBA’B®A?’B -1/2
16 (AB)°AB2 172
18 A’BABA®B? -1/3
18 ASB(ABAB)? -1/3
20 A°BA’BA°B?A’B -1/4
20 (A3B)°B2 -1/4
20 (AB)® -1/4 powers
24 AYBA’BA’BA’BAB -3/13
24 A°BA'BA®B? -1/3
24 A°BA’B3A°B -1/5
24 A°BA‘BA’B2?A’B -1/3
24 A°BA’BA°BA’BAB -1/5
24 ASBASB(AB)? 172
24 A’BA‘BA°B?A’B -1/3
24 A'BA‘BABA‘BAB -1/3
24 A’B(A®B)* -1/3
24 A°BA’BABA’BAZB -1/2
24 (A°B)°A’BAB -1/3

6 6 BS -1, % powers
9 (AB?)? -1, 1/3 powers
12 (A’BAB?)? -1,1/5 powers
12 (AB)® 0, -2/3 powers
15 (A’BAB)? 0, -4/7 powers
16 A°BA’B*A’B -1/2
16 A’BAZB3A3B? -1/2
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B’s | String Length Product X-Value Why?
16 (A®B)}(AZB2)? 172
16 (A’BA?B?)? -1/2 powers
18 A‘BA3BA‘B2AB? -1/3
18 (ABAB)® -1/3 powers
20 ASBA’BA?B?A°B? -1/10
20 (A°BAZB?)? -1/4
24 A°BA°’B*A’B -1/2
24 A°BABABAB?® -1/3
24 ASBABA’BAB?A’B -1/2
24 A’BA‘BA3B?ABAB -1/3
24 A’BA’B:A’BAB -1/3
24 ASBABA’BA’BA’BA?B -1/2
24 ASBA’BABASB?A’B -1/2
24 (AB)2(A’BAB)? 173
24 (AB)2(A%B)* 172
24 ASBABAZBASB?A’B -1/2
24 (A*BA3BA?B)? -7/11, -1/7
24 (A%B)® -1/2,-1/4 powers
7 7 B’ Yo powers
16 ASBA?B*A?B? -1/2
16 A’B(AB2)? 172
24 A°BA’B*A’BA’B -1/2
24 A°B(AZB)°AZB? 172
24 ASBABABZABA*B? -1/3
24 ASBA®B*A®B? -1/2
24 A’BA‘B(AB)*A’BAB =217
24 A’BA’B3A*B(AB)? -1/3
24 A’B(A’B)*(AB)* -1/3
24 A’BAB(A’B)’A’B? -1/3
24 A’BABA*‘BA°B? -1/3
24 APBASB(A’B)2A%B? 172
24 APB(A’B)’A’B3AZB 172
24 A°BABA’BA3BAB? -1/2
24 A°BA’BABA’BA?B?°A’B -1/2
24 APB2(A’B)2AZBAB? 172
24 ASB(A’B??ABA’B -1/3
24 ASB(ASBA3B2)? -1/3
24 ASBA3BA?BA’B2A’B? -1/2
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B’s | String Length Product X-Value Why?
24 ASB(A’BAB)? -1/3
24 ASBA?BA’BA’BA’B?A’B -1/2
24 ASBABA’B(AZB)2A%B? 172
24 (A’B)°AZB? 172
8 8 B® Y powers
12 (AB2)* -1,1/3 powers
16 (A%B?)* -1/2 powers
16 (AB)® 0,-2/3 powers
20 (A’BAB)* -4/7, 0 powers
24 AY'BA’BPAZB -1/2
24 AU'BAB?(AB)’AB?AB -1/3
24 ASBA’B*A3BA?B? -1/2
24 A'B?A‘BAB?ABA®B? -1/3
24 APB(A’B)2AZB*AB 172
24 A°BA’BAZB?A’B3AB -1/2
24 A°BA’B3A’BA’B?A’B -1/2
24 A°BA’B’A’BA’B3A%B -1/2
24 (A°BAZB?)? 172
24 (ABABAB?)? 117
24 (ASB)?AZB2A2BAZB? 172
24 (ASB)?AZB2AB3AZB 172
24 ASBA’B?A’B(AB)?AB? -1/3
24 ASBA’B(AB2AZB)? 172
24 ASBA’BABA?B(A?B?)? -1/2
24 ASBA’B?A?BA°BA?B? -1/2
24 ASBA’B?A’BABA’B?A’B | -1/2
24 A’BAZB3(A’B)?A%B? -1/2
24 (A'BY)’ -1/9
24 (A’B)*(A?B?)? 172
24 (A’B)*A?B?A’BAZB? 172
24 (A’B)?A’B%(A’B)?A?B? 172
24 (A*BAB)* -1/3 powers
9 9 B° -1, % powers
18 (A’BAB?)? -1,1/5 powers
24 A'B’A’BA?B® -1/2
24 APBA®BS(AZB)? 172
24 A°BABAZB2A’B*A’B -1/2
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B’s | String Length Product X-Value Why?
24 ASBAZB?A’BA?B*A’B -1/2
24 APB(A2B2)2A°BAZB 172
24 ASBAZB*ASBAZB? -1/2
24 ASBA’BAZB3A°B* -1/2
24 ASBA’B3ASBAZBA?B? -1/2
24 ASBA?B?A’BA?B3A3B? -1/2
24 ASBA?B3A3BA’B?A?B? -1/2
24 ASBAZB3A3B?A?BA3B? -1/2
24 ASBA’B*A?BA’BA3B? -1/2
24 (AB)3(A%B2)® 172
24 (A’B)2AZB2A’B(AZB?)? 172
24 (A’B)2(A’B2)?ASBAB? 172
24 (A’BAZB?) 172
10 10 B Yo powers
15 (AB?)° -1,1/3 powers
20 (AB) -2/3,0 powers
24 ASBA’B°A’BA?B? -1/2
24 ASB(AZB2)2AZB*AZB 172
24 ASBA’B?A’BA?B*A?B? -1/2
24 ASBAZBAB2(AZB?) 172
24 (ASBAZB)? 172
24 ASBA?B*A’BA®B?A2B? -1/2
24 ASBA’B*A’B?A?BA’B? -1/2
24 ASB?ABAB3A’B* -1/2
24 ASB?A’BA’B*A?BA2B? -1/2
24 (A’B)}(AZB?)* 172
24 A’B(A’B)?AZB?AB AR | -1/2
24 ASBAZB?A’B(AZB?)® -1/2
24 [A’B(AZB?)?]2 172
11 11 B Yo powers
24 ANBAZBY -1/2
24 A’B*ASB3A?B* -1/2
24 ABA’B*(AZB?)? 172
24 APB(A’B2)° 172
12 12 B2 -1, % powers
18 (AB?)® -1,1/3 powers
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B’s | String Length Product X-Value Why?
24 (A’BAB?)* 1/5 powers
24 (A?B?)" -1/2 powers
24 (AB)* -2/3,0 powers
13 13 B Yo powers
24 ASB°A3B2A2B® -1/5
14 14 B Y powers
21 (AB?)’ -1,1/3 powers
15 15 B® -1, % powers
16 16 B Yo powers
24 (AB?)® 1/3 powers
17 17 BY Yo powers
18 18 B8 -1, % powers
19 19 B Yo powers
20 20 B% Yo powers
21 21 B -1, % powers
22 22 B2 Yo powers
23 23 B= Yo powers
24 24 B Y powers

* See [2]
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