ON THE LIMITING STRUCTURE OF SOME CENTRAL

BINOMIAL EVALUATIONS

JOHN GREENE

ABSTRACT. We examine series of the form

[e s} e}
2n 1 4]92 n 2n 1 4]92 n
n—0 n 2n 2m 1 n—0 n 2n 2m 1

In each case, there is an evaluation of the form (pm(z)f(z) —
gm (x))/x%™ where f(z) is a transcendental function and p.,(x) and
gm (z) are polynomials with rational coefficients. We prove that for

lz] < 1,
qm(z)

= f(x).

From this result, we derive recurrences for m and for various loga-

rithms.

1. INTRODUCTION

Consider the sequence of infinite sums
— [ 1\" 1
Ap = —_ ) —
> (-3) e

™3 373 123 97/3
A=3-gm A= o8 A=

and so on. In general, it can be shown that

Ay =(=3)" (FT?) - rm>

for some rational number r,,. Moreover, since lim,, oo Am =0

We have

(1.1)

)

, it follows

that lim,,,—soo 7 = ”T‘/g This is not terribly mysterious if one introduces

a parameter x and writes

oo N xQn
fm(iﬁ) :;(— ) m7
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then for |z] <1,

(_1)m m—1 N x2n+1
fm(x) = ot <arctana: - Z(—l) Gy 1) .

n=0

That is, up to the scaling factor ;;}L—):I, fm(z) differs from arctanz by a
Taylor approximation of arctanz and A,, = f, (\/ig)

The sums in (1.1) are an example of a family

)
A, = § Qm,ny
n=0

where for some transcendental constant «, there is an evaluation of the
form
Ap =T+ S,
with r,, and s, rational, and g—m has some limiting behavior as m — oc.
For a subtler example, consider > %n"@". In [6, p. 456] it is proven
that
= nln!
° : mon __
ZWTL 2 —(lm+bm7T, (12)
n=0
with a,, and b, rational. It is stated in that paper that with a,, and b,
so defined,
a
lim =& =7, (1.3)
m—0o0 m

though no proof is given. On the other hand, consider the series
> %nm(—m”. For m > 2,

Z %nm(—%" =cnV3+dnyn (%) ) (1.4)
n=0

where ¢, and d,, are rational. In this case, the author is unaware of any

limiting behavior for 2=, the sequence of quotients being — L5 I

20 2y T 8 107
—%, %, —%, —%, .... The series in (1.2) was brought to the author’s
attention through an undergraduate research project [9], where the limiting
behavior (1.3) appeared as a conjecture. From the various summation tables

in that project, many other conjectures seem plausible. For example, if

= nln! 1
Z(Qn)!2n—|—2m—|—1 anmy3 (15)

n=0

then it appears that
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If

o0

nln! (—1)» 7
Z (2n)! 2n+2m +1 = V5o = dp, (1.6)

n=0

where ¢ is the golden ratio then

dm
lim —= =+5Ing.

M—00 Cpy

In [3], sums involving %, the reciprocal of the central binomial coeffi-

cient (27?), were referred to as “central binomial sums.” A proof of the
Sherman/Lehmer conjecture (the limiting behavior in (1.3)) is fairly diffi-
cult (at least to this author). We provide a proof in a subsequent paper. In
this paper, we prove a theorem containing (1.5) and (1.6) as special cases.
Our main theorem is as follows.

Theorem 1.1.

a. If |x| < 1, then there is an evaluation of the form

i nln!  (42%)" __ arcsina A () 1 Bon(a),
o 2n)!2n+2m+1  g2m+1,/1 — 32 z2m
where Ap () and Bp,(z) are even polynomials with rational coeffi-
cients, and

lim By, (xr)  arcsinz

m—oo A (2)  2v/1— 22
b. Writing arcsinhz for In (z + Va2 + 1) if [z| < 1, then

o~ nlnl - (—da?)" arcsinh x 1
= Cm(2) = —=Dm(),
; @2n)!2n+2m+1  g2m+1,/1 4 22 (z) 22m (z)

where Cy,(x) and Dy, (x) are even polynomials with rational coeffi-
ctents, and

. D,,(z)  arcsinhz
im = .
m—oo Cp(z) /1422

The proof of Theorem 1.1 depends on certain integral representations for
the series involved. We present these integral representations in Section 2
along with the definitions of A,,, By, Cp,, and D,,, and the demonstration
that the series in Theorem 1.1 have evaluations of the desired form. The
limiting behavior of the evaluations in Theorem 1.1 is proven in Section 3.
In Section 4, we use these ideas to obtain recurrences for calculating 7 and
various other transcendental constants.
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2. PRELIMINARY RESULTS

In addition to deriving integral representations for the sums in Theorem
1.1, we also need some facts related to elementary integrals. We present
these first.

_ (2m—=2)(2m—4)---2

Lemma 2.1. Leta; =1, a, = Gm—D@Em=3)3 if m>1.
a. Gy = Oﬁ/2 sin?™ 1z dz,
b. [y sin®™  udu = an, — cosw Py, (sin® z),
e fy sinh*" tudu = (=1)"a,, — (=1)™coshzP,,(—sinh®z) for
some polynomial Pp,(x) of degree m — 1 with positive rational coef-
ficients.

Proof. These are easy consequences of the reduction formulas

1 _ n—1 _
/sm”:vdac——sm” Ygcosz+ —— [ sin® 2 adx
n n

1 -1
/sinh” rdr = = sinh" 'z coshz — n /sinh"_2 z dx.
n n

The formula 2.1(a) is sometimes called Wallis’ integral. O

We will need to know the asymptotics of the a,, in Lemma 2.1. This is
well-known, but we state it here for completeness.

Lemma 2.2. Leta; =1, a,, = % if m > 1. Then

— V7

. 2mag,
im
m—oo /M

Proof. This fact is stated in [1, p. 4]. It follows easily from formula (2) in
[6, p. 28] using

m!m!

22771(2—7%)!'

2ma,, =
]

As in Theorem 1.1, we use the trigonometric form arcsinh () rather than
In (:1: +Va? + 1) in what follows. Using Lemma 2.1, we now give integral
representations for our series.

Lemma 2.3. If |z| <1 then

a.

i nln! (42" arcsinx _2m arcsinz wsin?™ = o du
! T o2mHl, /T — 2 2m+1 ’

= 2n)!2n+2m+1 g Vi—z T
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b.
arcsinh x

=, nln! (—4x%)n arcsinh z 2m Como1
Z = - U Sin u du.
— (2n)!12n+2m+ 1 o2mtlyTH42 a2+l J,

Proof. For (a), we begin with the evaluation [2, p. 59, but also see 3, 4, 6,
9,

) 5 nln! 22nx2n+2
(arcsinx) —HZZO Gl ngl

which is valid for |z| < 1. Differentiating twice with respect to =, we have

o0

nln! o0, 1 x .
;m(@c "= . + A= 2272 arcsin . (2.1)

Multiplying by 2™ and integrating,

In! 2 T

2m+1 nn. ) 1 t . 2m
t) 2t

Z 2n'2n+2m+1 /0 (1—t2+(1—t2)3/2msm

2m

arcsin x
= / (sec? u 4 u tan u sec? u) sin®™ u cos u du
0

arcsinxT
= / sin?™ u(secu + u tanusec u) du.
0

Integrating this last expression by parts, using (secu + utanusecu) du =
d(usecu), we have

nin! 2) arcsin x 9
p2mtl E ’ / sin“™ u(secu + u tanu secu) du
0

(2n) '2n—|—2m—|—1

I2m

arcsin x
= ——— arcsinx — 2m/ wsin®™ 1w du,

V1—2a?
as desired.
The proof of (b) is similar, starting with [5, p. 52],

_1)"7

arcsinhz nln! 22ng2ntl
\/1-1-,@2 2n' o1

which is valid for |z] < 1. leferentlatlng with respect to x,

= nln! om 1 x .
;W(_4I )= T + a +x2)3/2arcs1nhx. (2.2)

As before, we multiply by 22, and integrate. Finally, we integrate by parts
using
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(sechu — wtanhusechu) du = d(usechu).
O

The integral representations of Lemma 2.3 allow for the evaluation of
the sums in Theorem 1.1.

Lemma 2.4. If |z| < 1, then

a.
N arcsin x 1

= A (z) = =B (),

nZ:o 2n)!2n+2m +1  g2m+l,/1 — 32 (z) 2om ()

where Ap,(z) and By, (x) are even polynomials with rational coeffi-
cients of degrees 2m and 2m — 2, respectively, defined by

arcsin
Ap(z) =2my1 — 22a,, — 2my/1 — 22 / sin? 1w du + 2™
0

and

arcsin x u
B, (z) = 2ma,, arcsinx — 2m / / sin®™ 1 ¢ dt du.
0 0

b.
o~ nlnl - (—da?)" arcsinh x 1
= Cm(2) = —=Dm(x),
n;o @2n)!2n+2m+1  g2m+1,/1 4 22 (z) 22m (z)

where Cp,(x) and Dy, (x) are even polynomials with rational coeffi-
cients of degrees 2m and 2m — 2, respectively, defined by

arcsinh x
Cp(z) = (=1)"2mv/1 4 22a,, —2my/1 + 22 / sinh®™ !y du 4 2>™
0
and
arcsinhz  pu
2D (z) = (—=1)"2maparcsinhz — 2m/ / sinh®™ ! ¢ dt du.
0 0

arcsin x .. 2m

Proof. Integrating | usin®™ =1 4 du by parts, we have

0

arcsin x
/ usin®™ L udu
0

arcsin x arcsin x u
= arcsinx/ sin®™ !y du — / / sin?™ tdtdu.  (2.3)
0 0 0
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Thus, by Lemma 2.3 (a),

i nin!  (42%)" _ arcsinz  2marcsing arcsin sin2m1 o du
=) 2n+2m+1 2y/1—a? x2mtl 0

2 arcsin x u . B
— T sin?™ 1t dt du
2t o 0

arcsin x

I S ) x
arcsin x
<x2m —2my/1 — 22 / sin?™ Y udu + 2m/1 — x2am>
0

1 arcsin x u
BT 2m/ / sin®™ 1 t dt du — 2ma,, arcsinz
X 0 0

arcsinx 1

Top2ml /1 — 52 m(@) — 72m

With P,,(z) as in Lemma 2.1,

B (x).

arcsin x
/ sin®™ udu = a, — V1 — 22 P, (27).
0
Consequently,

A (x) = 22™ 4+ 2m/1 — 22a,, — 2my/1 — 22 (am —V1- xQPm(x))

= 2% —2m(1 — )P, (2%)

is an even polynomial with rational coefficients. Since the coefficient of z2™

in Pp,(z) is , it follows that A,,(z) has degree 2m.
Similarly,

1 arcsinz  pu
B, (z) = (—2m/ / sin?™ =1 t dt du + 2may, arcsin a:)
0 0
(—2m/ (G — cos uP,, (sin u)) du + 2ma,, arcsin x)
0

2 x
= _m / Pm(u2) dua
T Jo

is an even polynomial with rational coefficients, and degree 2m — 2.

_1
2m—1

8=
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Again, (b) is very similar. After an integration by parts,

. nln!  (—42?)" arcsinhz  2marcsinhg [oresimhe
Z = — sinh u du
= 2n)!2n+2m+1 21+ 22 p2m+l 0

inhx u
2m arcsin . _
T sinh®™ = ¢ dt du
p2m+ 0

arcsinh x

S
J:21n-i-11 /1 + .1'2
arcsinh x
<x2m —2my/ 1+ 22 / sinh®™ ! udu 4 (—1)™2m/1 + x2am>
0

1 arcsinh x u
+ S <2m/ / sinh®™ ™ t dt du — (—1)™2ma,,arcsinh x)
= 0 0
arcsinh x (2) 1
x2m+14 /1 + $2 I2m

The proof that Cy,,(z) and D,,(x) are polynomials with the proper degree
is entirely analogous. This completes the proof of the lemma. O

Dy, (z).

3. A Proor orF THEOREM 1.1

To complete the proof of Theorem 1.1, we must show that with A,,(z),
B, (z), Cp(x), and Dy, (z) as in Lemma 2.4,

lim By, () _ arcsing

W A (@) A= a2
or

lim 2B, () _ arcsinz

e Au(@) VI
and that

lim 2D (z) _ arcsinh

m—»o0 Cm(x) V14 2 '

These will both follow from the following lemma.

Lemma 3.1. If |z| < 1, then the five quantities

arcsinz . — arcsinz ru . _
xm sin?™t u du Jotsin®™ ¢ dt du
0 0 0
[ Qm ’ Qm ’
arcsinhz . — arcsinhz pu . _
J. sinh®™ ' udu J. sinh®™ Y ¢t dt du
0 0 0
A ’ A

each have a limit of 0 as m — oco.
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ON LIMITING STRUCTURE OF BINOMIAL EVALUATIONS

Proof. First, note that for |z| < 1, if 0 < u < arcsinz, then 0 < sinu < z.
Thus,

arcsin x arcsin x
/ sin?™ Y du < / 22 L dy = 2™ Larcsinz,
0

0
arcsinx  pu arcsinx  pu 1
/ / sin®™ "t dt du < / / 2?1 dt du = = (arcsinz)?2*™ 1.
0 0 0 0 2

Similarly, for |z| < 1, if 0 < u < arcsinhz, then 0 < sinhu < z, so

arcsinh x
/ sinh®*™ 'y du < #*™ 'arcsinh z,
0

arcsinh x u 1
/ / sinh®™ ! ¢ dt du < 3 (arcsinh z)?2?™ L.
0 0

Consequently, we need only establish the limit

Now

2
2>,

SO @ > 5= Thus, for |z| < 1,

2m

0< r < 2m:v2m,
am
and
lim 2maz®™ =0.
m—00
This completes the proof of the lemma. O

We now complete the proof of the theorem. As expected, cases (a) and
(b) are very similar, so we only give a proof of (b). Assume first that
|z] < 1. By Lemma 2.4 (b), we are interested in the quantity

2Dy, (x)

Cn ()
- (—1)™2ma,arcsinh z — 2m Oarcsmhx o sinh®" " tdt du
(=1)m2mV/1 + 22a,, — 2mv/1 + 22 foamsmhw sinh®™ ™ u du + 22m
arcsinhz — ((—1)m Oarcsmhm o sinh®" ¢ dt du) Jam

\/H-—I2 N (=1)ma2m ((_1)m Oarcsinhz Sinh2m_1 udu) /amv

2Mmam
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arc:amh T

and by the previous lemma, in the limit, this becomes , as desired.

. 2m . .
We note that since —— — 0 is essentially as z2m = 0, the convergence is

rapid for small z (but strictly first order).
Finally, in the case of part (b), we must show that the result is true for
2 = +1. By Abel’s Theorem [8, p. 174], we have

= nln! —4)n inh 1
Z 7’;”'2 ( 2) 1: m(l)arcsm —Dm(1)7
— (2n)! 2n + 2m + V2
with
arcsinh 1
Cr(1) = (—1)m2m\/§am +1- 2m\/§/ sinh®>™ ' udu
0
and

arcsinh 1 u
D, (1) = (=1)™2mamarcsinh 1 — 2m/ / sinh®™ ! ¢ dt du.
0 0
It follows from an easy induction that
arcsinh 1
2m/ sinh®™ ™ u du < 2.
0

However, Cp, (1) and D,,(1) both grow like v/7m (by Lemma 2.2). Since

o0

nin! (—4)"
Z —0
= (2n)! 2n+2m +1

as m — 00,
arcsinh 1

Cn(1)5

as well. This obviously forces
D,,(1)  arcsinh 1_ In(1++/2)

lim =

m=00 O (1) V2 V2o

—Dp(1) =0

as desired.

4. RECURRENCES AND OTHER RESULTS

Using the fact that for fixed |z| < 1,

n'n! 4?)"
1
mfaooZ (2n) '2n+2m+1

and

nln! 4x%)n
1 -0
minéoz 2n'2n+2m+1 :
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it follows from Lemma 2.2 that

2 arcsin x

arcsinx
lim ——— wsin?™ ludy = ———— 4.1
m—oo p2m+l 0 v/ 1 — 12 ( )
and
inhz .
. 2m aresin . _ arcsinh 2
lim —— usinh®™tudu = (4.2)

m—oo 2m+l 0 v 1 + ZC2
Given Lemma 2.3, we may rewrite our results in terms of limits of re-
currence relations. To do this, we make use of the reduction formulas:

1
/a:sin2m_1 rdr = o 1xsin2m_2 T CosT + m sin?m~1
(4.3)
2m — 2
2m 1 /xsin2m_3 x dx,
m—
1
/:zrsinh2m_l rdr = Y 13:sinh2m_2 zcoshx — m sinh®™ 1y
(4.4)
- ;m — i /xsinh2m_3 zdz.
m—
Letting f,,(z) and g,,(x) be defined by
= nln! (42)"
‘muﬁ_Z;@mnn+%n+f
and
= nln! (—422)"
gm@)_gg(%m2n+2m+l
we have
1 arcsin x 2m 1 2m 1
m = - - NG —HJm— ) 45
fm() 2m — 1 zv/1 — 22 2m—1x2+2m—1x2f 1(@), (45)
and
1 arcsinh x 2m 1 2m 1
(z) = — - _ — G . (4.6
Inl@) = =5 s T G2  am — 121 @) (46)

Comparing with Lemma 2.4, this gives the following theorem.
Theorem 4.1. With A,,, B, Cp, Dy as in Lemma 2.4
(a)
AO = 1; Am (I)

2m ( ) p2m
= m— xTr) —
om — 1 ! om — 1

for m > 1,
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(b)
Bo=0, Bu(z)= "By 1(a) + —2" 222 for > 1
0o—Y m —2m_1 m—1 (2m_1)2 = 4
(c)
2m x>
=1 m - - m— - 217
Co=1, Cn(x) S — 1(x) g1 Jorm
(d)
Do =0, Dp(x) 20 (2) 2N am=2 o >
= m(t) = ———D,_1() — —————=x or m>1.
0= om—1 """ (2m —1)2

In particular, by Theorem 1.1, with polynomials A,,, By, Cm, Dy, de-
fined as in (a), (b), (¢), (d), we have
B, (z) arcsin x
lim - , 4.7
m—oo Ap(z) 11 — 22 47)

for |z| < 1 and

i D, () _ In (z + V1 + 2?)

m—o0 C, () zv/1 + 2 ’

(4.8)

for |z| < 1.

Many variations of these formulas exist. In particular, we may scale
away the 22" term and multiply the limits (4.7) and (4.8) by any given
fixed r. If we also introduce a factor of (—1)™ for C' and D, then with

2m

ap =1, ap(z)= mam,l(:r) ~ g for m > 1,
2m 2mr
bo =0, bpr(x) = —5——bpm_1.r — & >1,
0 ’ (@) x2(2m — 1) L) + x2(2m — 1) or.m
2m m
co=1, en(z) = mcm_l(a@) — (-1 Y for m > 1,
2m 2m
do =0, dpr(z) = ————dn_1,(x) — (-1)"————= f >1,
0 ’ (@) x2(2m — 1) @) = (1) x2(2m —1)2 orm
we have
. bme(x) rarcsinz
lim : = , 4.9
m—00 (A, (T) zvV1 — 22 (4.9)
and

. dpr(z)  rin(z+V1+2?)
im = .
m—=o0 Cm () /1 + 22

One may select r so as to simplify the look of special cases of (4.9) and

(4.10). For example, if z = % and r = %, then lim,, oo b;’;‘:(f)) =73, If
dmw‘(z)

@) = V51n ¢, where ¢ is the golden ratio.

(4.10)

T = %, r= %, then lim,,
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With (4.10), if we let z = 2 and r = 22 then limy, 0 220l = 12,

16 cm ()
More generally, if p? — ¢® < 2pq, then with = p22;;12 T = %, we obtain
. dm,r(m) _ 2
lim,,— 00 e In (q).
If in (4.9) we replace = by sin (Z) then we have
b r 2
g @ _ S L (4.11)
m=oo G (r)  msin(Z)cos(Z)  nsin (2X)
In particular, if we let r = %n sin (27’7), then
bm kA
i 2mer(®@) (4.12)

mMm—00 @y, (gj)

The simplest case of (4.12) is with n = 4, so x = %, and r = 2. In this
case, with

4m
=1, am=— g1 — f > 1,
ag , a 2m_1a 17 5 or m >
4m 8m
bo =0, by = — b 4 — >, 4.13
0= om 1" T oo N (4.13)
lim = =7.

m—00 Uy,
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