DYSON’S CRANK AND THE MEX OF INTEGER PARTITIONS
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ABSTRACT. Andrews and Newman have recently introduced the notion of the
mex of a partition, the smallest positive integer that is not a part. The con-
cept has been used since at least 2006, though, with connections to Frobenius
symbols. Recently, the parity of the mex has been associated to the crank
statistic named by Dyson in 1944. In this note, we extend and strengthen the
connection between the crank and mex (along with a new generaliztion of the
mex) by proving a number of properties that naturally relate these partition
statistics.

1. INTRODUCTION

Given a positive integer n, a partition of n is a collection of positive integers A =
(M., Ay) with > A; = n. The A;, called parts, are ordered so that Ay > --- > ;.
Write p(n) for the number of partitions of n.

The crank is a partition statistic requested by Dyson [9] in 1944 to combinatori-
ally prove a congruence of p(n) values found by Ramanujan using analytic methods.
The interested reader can learn more about the crank, including its definition, from
the 1988 work of Andrews and Garvan [4]. The primary tool that we need in this
paper is the generating function for the crank. Let M (m,n) denote the number of
partitions of n with crank m. We use the g-series notation

(@;:9)n = (1 —aq)--- (1 —aq") and (a;¢)oc = lim (a; ).
When a = ¢, we write (¢), and (¢)o instead. The following is [I2] Theorem 7.19].

Theorem 1 (Garvan). For a given integer m, the generating function for the
number of partitions of n with crank m is

(1) Z M(m7n)qn _ ﬁ Z(_l)n—lqn(n—l)/2+n|m\(1 _ qn).
n=0 © n=1

While introducing work of Karl Mahlburg, George Andrews and Ken Ono [7]
discussed “the central role of the crank in the theory of partitions.” Our goal is to
further elucidate Dyson’s crank by way of a newer partition statistic, the mex.

The minimal excludant of a set of integers, abbreviated mex, is the smallest
positive integer not in the set. The term comes from combinatorial game theory.
Examples of the mex for some partitions of five follow.

mex((3,2)) =1, mex((3,1,1)) =2, mex((2,2,1)) =3.
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The first application of the concept to partitions may be 2006 work of Grabner and
Knopfmacher where it is called “the least gap” [15]. Andrews used “the smallest
part that is not a summand” in 2011 [2]; he and Newman started using the term
mex in 2019 [5].

Here is an outline of the remainder of the paper. In Section [2| we introduce a
generalization of the mex statistic and connect it to the partitions with a given min-
imum crank. This, along with a formula for the number of partitions with a given
mex, leads to a formula for the number of partitions with a given crank. Section
establishes connections between the crank and a classic partition representation,
the Frobenius symbol. Finally, in Section [4 we refine the partitions with odd mex
by considering the mex modulo 4; this unveils a surprising identity involving the
function g(n), the number of partitions of n with distinct parts.

2. CRANK AND A GENERALIZED MEX

We introduce a generalization of the mex in order to find results on M (m,n)
for arbitrary m. We will focus on cases with m > 0. Results for negative m follow
from the relation M(m,n) = M(—m,n) [12, (1.23)].

Definition 1. Given a partition A and a positive integer j that is a part of A\, define
mex;(A) to be the least integer greater than j that is not a part of X. If j is not
among the parts of A, then mex;(\) is not defined.

Here are some examples for the case j = 2.
mex2((3,2)) =4, mexz((3,1,1)) does not exist, mexz((2,2,1)) = 3.

If we consider 0 to be a part of every partition, then mex; for j = 0 reduces to
the mex described above.

Our first result gives the number of partitions with a specified minimum crank
in terms of mex;.

Theorem 2. Given a nonnegative integer j, the number of partitions of n with
crank(A) > j equals the number of partitions of n such that mex;(X) — j is odd.

The core of the proof is in modifying to address partitions with a specified
minimum crank. We state this as a lemma since it leads to additional results.

Lemma 3. For a given integer j, the generating function for the number of parti-
tions of n with crank(\) > j is

1 = . )
T Z qj(2k+1)+k(2k+1)(1 . q2k+]+1).
4)oo 1
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Proof of Theorem[3 The partition condition mex; —j odd means, for some non-
negative integer k, that j,7 + 1,...,2k + j are parts and 2k + j + 1 is not. The
generating function for such partitions of n is

@HUHD++(i+2k) 1 JEEFD LRI (] 2kt
k=0 Lli=1,i#2k+j+1 q 4o 1=

which matches the generating function in Lemma [3] for the number of partitions of
n with crank(\) > j. O

Let o(n) be the number of partitions of n with odd mex and e(n) the number
with even mex. The j = 0 case of Theorem [2] i.e., that o(n) equals the number
of partitions of n with nonnegative crank, was proven independently by Andrews—
Newman [6, Thm. 2] and Hopkins—Sellers [16, Thm. 1] in 2020. For the j = 1 case,
the conditions of Theorem [2| are equivalent to having even mex, thus e(n) equals
the number of partitions of n with positive crank for n > 1 [I6, Cor. 2].

Next, we derive a formula for the number of partitions with a given crank in
terms of p(n). We will then connect a special case of this with the mex.

Corollary 4. Given nonnegative j, the number of partitions of n with crank j is

Mo = S0 (oo HEEZZNY _( h 50 0))

k=1
=pn—j)—pn—3j—1)—pn—2j—1)+pn—2j—3)+--.

Note that such a formula involves finitely many terms since p(n) = 0 for n < 0.

Proof. The formula follows directly from (1)) by interpreting 1/(¢)sc as > ,,~o 2(n)q"
and equating coeflicients. B O

We want to highlight the m = 0 case of Corollary [l While it needs no additional
proof, we provide a second verification in order to apply the following result which
we will use again in the final section.

Let 2:(m, n) be the number of partitions of n with mex m. Write t, =1+---+k
for the kth triangular number.

Proposition 5. Given positive integers n and m, the number of partitions of n
with mex m is

z(m,n) =p(n —tm-1) — pn — tn).

Proof. For a partition to have mex m, it must include 1,...,m — 1 as parts and
exclude m. The number of partitions of n with the required included parts is
p(n — t;,—1), since removing one 1, one 2, ..., one m — 1 leaves a partition of

n — t;m—1. The number of partitions of n with m also included as a part is
p(n —tm—1 —m) =p(n —tn),

so the number with m excluded is p(n — t;,—1) — p(n — ). O
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One can find the ideas for this result in the second proof of [5, Thm 1.1].
We can use Proposition |p|and the earlier results about odd and even mex to give
a second verification of the formula for M (0,7n) in terms of p(n), namely,

(3) M(0,n) =p(n) —2p(n —1) +2p(n — 3) — 2p(n — 6) + - - -

Alternative proof of the j = 0 case of Corollary[f} By the j = 0 case of Theorem
there are o(n) partitions of n with nonnegative crank. As discussed above, there
are e(n) partitions of n with positive crank. Therefore,

M(0,n) = o(n) — e(n)

o0
z(2k +1,7n) Zx (2k +2,n)
k=0

p"qg

k=0
o0 o0

=Y (p(n —tar) = p(n — tars1)) = Y (P(n = taps1) = p(n — tar+2))
k=0 k=0

M

(p(n —tar) — 2p(n — tog41) + p(n — tart2))

n)+22(1)kp<nk(k2+l)> . O
k=1

Vaclav Kotesovec recorded (3) in 2016 [18, A064410].

In 2019, Yuefei Shen showed that o(n) > e(n) for n > 1 [I7, Thm. 1]. Hopkins—
Sellers improved this to o(n) > e(n) for n > 2 [I6, Cor. 3]. The j = 0 case of
Corollary {4 provides (3]), a precise expression for o(n) — e(n).

E
I
=

3. FROBENIUS SYMBOL AND THE CRANK

Frobenius developed a two-row notation for partitions [I1] now called the Frobe-
nius symbol. Each row consists of strictly decreasing nonnegative integers; see [3,
p. 78] for more information.

In 2011, Andrews [2, Thm. 4] proved that the number of partitions of n whose
Frobenius symbol has no 0 in the top row equals the number of partitions of n with
odd mex (in the current terminology). Thus, by Andrews—Newman [0, Thm. 2]
and Hopkins—Sellers [16, Thm. 1], the number of partitions of n whose Frobenius
symbol has no 0 in the top row equals the number of partitions of n with nonnegative
crank. In this section, we extend this result of Andrews in two ways.

First, we connect the crank 0 partitions with partitions whose Frobenius symbols
have no 0 in either row. Let [¢*]f(q) denote the coefficient of ¢* in the polynomial

f(q).

Proposition 6. The number of partitions of n with crank 0 equals the number of
partitions of n whose Frobenius symbol has no 0 minus the number of partitions of
n — 1 whose Frobenius symbol has no 0.

Proof. The generating function for Frobenius symbols with no occurrence of 0 is,
letting s be the number of parts,

Zq (—t¢; @)oo (— wq;q)m:ZqSQ(q -
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Thus the number of partitions of n whose Frobenius symbol has no 0 minus the
number of partitions of n — 1 of the same type is
q

Zq 2 (g2

Now the a = b = 0 case of Heine’s q—analogue of Euler’s transformation [I3] (1.4.3)]
with ¢ = ¢ and z = ¢° gives

0 s2490g

=(1-9)

Py

k=0

/—\

(9}
Since (¢%;q)00 = (q)oo/(l - q), we have

0 s249g

(1__Q)j£: a <x

s=0 ( S k=0

Mg

The right-hand side of this last equation is an alternative expression for the gener-
ating function for the number of crank 0 partitions of n [6, p. 5]. O

The sequence of the number of partitions of n whose Frobenius symbol has no
0 is [I8, A188674]. By Proposition @, the first differences of this sequence give the
number of partitions with crank 0, [I8, A064410].

For our second result in this section, we connect partitions with minimal crank
j to certain partitions whose Frobenius symbols have no j in the top row. We
will need the following identity which combines a result of Euler [I} (2.2.6)] and a
geometric series.

(4)

tk
1+th Z q Z 1)t gt

k>0 £>0

Andrews’s [2] Thm. 4] is the j = 0 case of the following theorem.

Theorem 7. The number of partitions of n with crank(\) > j equals the number
of partitions of n — j whose Frobenius symbol has no j in its top row.

Proof. Using , the generating function for Frobenius symbols with no j in the
top row, where s is the number of parts, is

i St St (S )
Tl
oo ()

where the last line follows from [2], (4.1)] based on the decomposition of all partitions
by Durfee rectangles of size s x (s +b) [14] p. 92]. Next, by , we know that the
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generating function for partitions with minimum crank j is

1 - -1 _n(n— nj 1 = n ("TY) nj
A 2 )T = e 3 (1) (R g,
(Q)OO n=1 (q)oo n=0

Comparing the corresponding coefficients in the two expressions gives the desired
result. O

4. SPLITTING THE ODD MEXES

Recall that o(n) is the number of partitions of n with odd mex. Write 01(n) for
the number of partitions of n with mex congruent to 1 mod 4, similarly os(n) for
3 mod 4, so that o(n) = 01(n) 4+ o3(n).

Let g(n) denote the number of partitions of n with distinct parts. We prove an
interesting relationship between o1(n), o3(n), and ¢(n) which depends on the parity
of n.

Proposition 8. Forn > 1,

(n) = o3(n) if n is odd,
o = o3(n) +q(n/2) if n is even.

To prove Proposition we use the following 1973 result of John Ewell [10, Thm.
2]. Recall that t;, denotes the kth triangular number 1+ --- 4+ k.

Theorem 9 (Ewell). For each nonnegative integer k,

(5) D (=1)'p(2k — ;) = q(k),
=0
(6) (—=)%p(2k +1—t;) =0.
=0
Proof of Proposition[8 From Proposition
o1(n) = x(n,4i+1) =Y (p(n —ta;) — p(n — taiy1)),
i=0 i=0
o3(n) = Z x(n,4i +3) = Z(p(n —taiy2) — p(n — tait3)).
i=0 i=0

Consider the two cases of the theorem separately. First, suppose n = 2k. Write

as

Z(p(% —ty;) = p(2k — taiv1) — p(2k — taiy2) + p(2k — taiys)) = q(k).
=0
Then we have

Z(p(% —t4i) — p(2k — tait1)) = q(k) + Z(p(% — tyit2) — P(2k — taits))
i=0 i=0

which, by Proposition [5| and the comment above, can be written

01(2k) = g(k) + 03(2k).
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Second, suppose n = 2k + 1. Write () as
Z(p(Qk’ +1-— t4i) — p(2]€ +1-— t4i+1) —p(2k +1-— t4i+2) +p(2k‘ +1-— t4i+3)) =0.
i=0
Then we have

> P2k +1—ta;) = p(2k+1—tais1)) = > _(P(2k +1—taiys) — p(2k + 1 — tai13))
i=0 i=0
which, by Proposition [5| and the comment above, can be written

The surprising relationship between o1(n) and os(n) allows us to give a short
proof of [5, Thm. 1.2]. (Unfortunately, the terms even and odd were reversed in
that original theorem statement.)

Theorem 10 (Andrews—Newman). o(n) is almost always even and is odd exactly
when n = j(3j £ 1) for some j.

Proof. By Proposition

203(n) if n is odd,
203(n) +q(n/2) if n is even,

o(n) = o01(n) + o3(n) = {

~ JOmod 2 if n is odd,
q¢(n/2) mod 2 if n is even.

That is, the parity of o(n) for even n reduces to the parity of g(n/2). The result
follows from Euler’s well-known pentagonal number theorem. [

We conclude with some ideas for further exploration. Proposition [8| suggests a
bijective proof perhaps along the lines of Franklin’s combinatorial proof of Euler’s
pentagonal number theorem [3] p. 25]. Also, which partitions of n with nonnegative
crank correspond to o1(n) rather than osz(n)? Similarly, which partitions of n with
Frobenius symbols having no 0 in the top row correspond to o01(n)? Regarding
Section [2} while there are combinatorial understandings of the crank [8], what tools
allow for combinatorial proofs involving the mex and mex;?
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