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Abstract

Presently there is a lot of activity in the study of overpartitions,
objects that were discussed by MacMahon, and which have recently
proven useful in several combinatorial studies of basic hypergeometric
series. In this paper we study some similar objects, which we name m-
ary overpartitions. We consider divisibility properties of the number
of m-ary overpartitions of a natural number, and we prove a theo-
rem which is a lifting to general m of the well-known Churchhouse

congruences for the binary partition function.
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1 Introduction

Presently there is a lot of activity in the study of the objects named over-
partitions by Corteel and Lovejoy [2]. According to Corteel and Lovejoy,
these objects were discussed by MacMahon and have recently proven useful
in several combinatorial studies of basic hypergeometric series. In this paper
we study some similar objects, which we name m-ary overpartitions.

Let m > 2 be an integer. An m-ary partition of a natural number n is a
non-increasing sequence of non-negative integral powers of m whose sum is
n. An m-ary overpartition of n is a non-increasing sequence of non-negative
integral powers of m whose sum is n, and where the first occurrence of a power
of m may be overlined. We denote the number of m-ary overpartitions of n
by Em(n) The overlined parts form an m-ary partition into distinct parts,
and the non-overlined parts form an ordinary m-ary partition. Thus, putting

b,,(0) = 1, we have the generating function

mt

Ful) = bl = T 5
n=0 1=0

For example, for m = 2, we find

D ba(n)g" =1+ 2q+4¢” + 6¢° + 10¢* + 14¢° + ...,
n=0

where the 10 binary overpartitions of 4 are
1+14+14+1,T+14+1+1,2+1+1,2+1+1,
2414+1,24+1+1,24+2,2+2, 4, 4.
The main object of this paper is to prove the following theorem.
Theorem 1 For each integer r > 1, we have

b (M 0) — by(m™'n) =0 (mod 4m!3/2) /cl=D/2]y,

where ¢ = ged (3, m).



Putting m = 2 in Theorem 1, we get
(1) by (27 n) —by(27 ') = 0 (mod 2B7/H+2) for > 1.

Writing by(n) for the number of binary partitions of n, we have, as noted in
the next section, that by(n) = by(2n). Thus (1) can be written as

(2) ba(2772n) — by(2'n) =0 (mod 237/2142) for ¢ > 1.

This result was conjectured by Churchhouse [1]. A number of proofs of (2)
have been given by several authors; cf. [4]. Families of congruences also
appear in the literature for the m-ary partition function which are valid for
any m > 2; cf. [3]. But as far as we know, none of these m-ary results
give the Churchhouse congruences when m = 2. So, Theorem 1 seems to be
the first known lifting to general m of the Churchhouse congruences for the
binary partition function.

We prove Theorem 1 by adapting the technique used in [3]. In Section
2 below we introduce some tools and prove three lemmata. In Section 3 we
complete the proof of Theorem 1. Finally, in Section 4 we state a theorem

which generalizes Theorem 1 and sketch its proof.

2 Auxiliaries

Although many of the objects below depend on m or ¢ (or both), such de-
pendence will sometimes be suppressed by the chosen notation.
The power series in this paper will be elements of Z[[¢]], the ring of formal

power series in ¢ with coefficients in Z. We define a Z-linear operator

U Z{lqg)] — Z{[q]]

U Z a(n)q" = Z a(mn)q™.
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Notice that if f(q), g(q) € Z[[q]], then

(3) U(f(@)g(a™)) = (Uf(2)9(q)-
Moreover, if f(q) = )", a(n)q" € Z[[g]], and M is a positive integer, then we

have
flg)=0 (mod M)  (in Z[g]])

if and only if, for all n,
a(n) =0 (mod M) (in Z).

At this point, a note is in order on the relationship between the binary
partition function by(n) and the binary overpartition function by(n). Since
each natural number has a unique representation as a sum of distinct non-

negative powers of 2, we have

2YY n _
H(l +q) = Z q = T—¢
=0 n=0
so that
- 1 o 1
4 b "= -
For the binary partition function by(n), we have
b "= - = —.

Applying the U-operator with m = 2, we get

> 1 1

§ by(2n)q" = || :

— 2( n)q U(]_—ql 1_q21+1)
1

=0
1 &5 1
1—qg1—q21
= Y b(n)g" by (4),



so that
EQ(”) = bQ(QTL),

as mentioned in the Introduction.

Alternatively, it is rather easy to construct a bijection between the set of
binary overpartitions of n and the set of binary partitions of 2n: Consider a
binary overpartition of n. Multiply each part by 2. Write the overlined parts
as sums of 1s. Then we have a binary partition of 2n. On the other hand,
let a binary partition of 2n be given. The number of 1s is even, and the sum
of 1s can in a unique way be written as a sum of distinct positive powers of
2. Overline these powers of 2. Divide all parts by 2. Then we have a binary
overpartition of n.

For example, starting with a binary overpartition of 11, we get
4424+2+1+1+1—-8+44+4+2+2+2—

8+14+14+1+14+4+14+14+24+2=84+4+2+24+1+14+1+1+1+1,

which is a binary partition of 22. Conversely, starting with this binary par-
tition of 22, we find

8+44+242+14+1+1+14+141—-8+44+24+2+4+2

—44+24+14+14+24+1=4+2+2+1+1+1,
which is the original binary overpartition of 11.
We shall use the following result for binomial coefficients.

Lemma 1 For each positive integer r there exist unique integers a,.(i), such
that for all n,

(5) (mn+r—4) E:ar <n+z—1)



Proof. See the proof of [3, Lemma 1]. =
Comparing the coefficients of n” in (5), we get
a(r)=m',
and comparing the coefficients of m" ™!, we get
a(r—1)=—3(r—1)(m—-1)m,

so that
(6) a_1(r—1)=2a,(r—1)=(rm—m —7r+2)m" .

We also note that by setting n = —j in (5), we get

(1) = (-1 (") - i(—l)i(j)ar@, j=12..

Next, we put

Then

(7) hizg(“j_l)q",

so that
. /mn+r—1
h, = "
S

n=1

It follows from Lemma 1 and (7) that
(8) Uh, = Zar(i)hi for r > 1.
i=1

In particular,

(9) Uh1 = mhl,
(10) Uhg = m2h2 - %(m - 1)mh1,
Uhy = m’hs — (m —1)m’hy + £(m — 2)(m — 1)mhy.
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Let

M; = 4mhy and M;,, =U (1—MZ> for i > 1.

= (o))

= 4m(2Uhy — Uhy)
= 4m(2m*hy — m*hy) by (9) and (10)

= 23m3h2 — mQMl.

Then

Similarly, we find
Mz = 2'mP®hz — 2m* My — 1(2m — 1)(2m + 1)ym®M;.

Lemma 2 For each positive integer r there exist integers (i) such that

r—1

(11> Mr = 2r+1mr(r+1)/2hr _ Z MT(Z)MH
i=1

where

(12) 3u,(1) =0 (mod m!Gr=0+1/2])

fori=1,2,....,r—1.

Note. In the following we set p,.(r) = 1 and p,.(0) = 0 for » > 1. Notice
that these values of y satisfy (12).

Proof. We use induction on r. The lemma is true for » = 1. Suppose

that for some r > 1, we have
7j—1

(13)  M; =27 d U020, = N " ()M, for j=1,2,...,r — 1,
i=1

where all the 41;(7) are integers satisfying
3uj(i) =0 (mod m!GU=DFD2NY -y — 1 95— 1.
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Then, using (13) with j =r — 1, we get

1
Mr = U(lﬂ 7"—1)

—q
- ) 1 + q
— 9ryr(r 1)/2U - 1 . M
m =4 Z“ i
r—2
= ortlyr=D2yp, — oy D2y, — Z fr—1(8) M1
i=1

By (8), we further get

r r—1
Mr _ 2r+1mr(r—1)/2 Z Oér(l)hz _ 27’m7’(7"—1)/2 Z ar—l(l)h

_Zﬂr 1 Z+1

= 2 R, =N (i - 1)M,

r—1

-3 2 DR,y () — 20, )y

j=1

Moreover, by (13),

r—1
MT — 2T+1mr(r+1)/2hr — Z /JLr—l(Z. — I)M
=2

r—1 d
_ Z or—1=jy,r(r=1)/2=j(j+1)/2 (ozr_l(j) - 2047"0)) Z Mj(i)Mi
= =1

= 2R, =N (= 1M,

r—1 r—1

S O 2 0, () — 20, () 0) M.

=1 j=t

Thus (11) holds with

(14)  pe(i) = peoa(i—1)



r—1

+ Y 2 RO (o, () = 200(7))p(6),

j=i

so that p,.(i) € Z. We continue to show that (12) holds. Since (12) is true

for r = 1,2, 3, we can assume that » > 3. With exponents of m in mind, we

70— 1) = gt + 1+ | L) |2

have
2 2 2
for j <r — 2. Thus we get by (14), (6), and the induction hypothesis,

Bur(i) = 3pr_1(t — 1) + (ap_1(r — 1) — 20, (r — 1)) - 3p,—1(7)
(rm —m —r4+2)m" ' 3p,_1(i) (mod mlBr=D+/2,

Now, looking at exponents of m, we have

3(7’—1—2’)—1—1J - {3(7’—2’)—1—1J’

-1
T +{ 7 7

and (12) follows. m
We notice that by putting i =r — 1 in (14), we get
pr(r —1) = pp_1(r —2) + ap_1(r — 1) — 2a,.(r — 1),
so that, by (6),
pr(r —1) = pip1(r —2)+ (rm —m —r+2)m"' forr > 1.
Since p1(0) = 0, induction on 7 gives
(15) pr(r—1)=(r—1)m’ for r > 1.
Lemma 3 Forr > 1, we have

(16) 3lr=D2INr =0 (mod 4mBr/2).



Proof. We use induction on r. The lemma is true for » = 1. Suppose
that for some r > 1, we have

D21 =0 (mod 4ml?/2])
fori=1,2,...,7 — 1. By Lemma 2 and the induction hypothesis, we find

LD/ g = gle=D/2gr i D2y )32l
r—2

=3 glen/2-le=D/2-0 gy ) L gLimD2

i=1

= —pu(r—1)-31"D2Ip 0 (mod 4m!3/2)),

and using (15), (16) follows. =

3 Proof of Theorem 1, Concluded

Theorem 1 now follows from Lemma 3 and the following result.

Lemma 4 Forr > 1, we have

e e}

Z(EM(mT—Hn) - bm(mr_ln))qn = M, F,(q).

n=1

Proof. We use induction on r. We have

o)

o i 1+qmi 1+q -
Fm(q):me(n)q :Hl—qml = 1_qu(q )7
n=0 =0

so that

I—gq
1+4+g¢

= qum(Q)

= (ﬂ)Q Fol(q™);

1—gq

g‘gémmq“ - (1) )
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that is -
Z (mn)q" = (4hy + 1) F,,(¢™),
n=0

and it follows that

(e 9]

Z(EM(mQTl) — bin(n))q" = My F(q),

n=1
so the lemma is true for r = 1.

Suppose that for some r > 2, we have

S ) = By in™=2n))q" = My o).
Then -
> (") = B )" = 1M APl
so that
T (et o=l \\.n 1+gq
S () B = (0 (T ) ) Pl
= MrFm(q)a

and the proof is complete. m

4 Restricted m-ary Overpartitions

We close by noting that we can actually prove a result which is stronger
than Theorem 1. For a positive integer k, let b,, x(n) denote the number of
m-ary overpartitions of n, where the largest part is at most m*~!. For this

restricted m-ary overpartition function we have the following result.

Theorem 2 Let s = min(r,k — 1) > 1. Then we have
D e (M"0) = by g—o(m™In) =0 (mod 4m/T1s/2 jls=D/2]y
where ¢ = ged (3, m).
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For a given n, we have b,,(n) = by, x(n) for a sufficiently large value of k.
Therefore, Theorem 2 implies Theorem 1.

We now sketch a proof of Theorem 2. We have the generating function

k

Fnsla) = 3 Bsln)” =]

n=0

|
—

I
o
—_
I
L)
3

Putting F,0(¢) = 1, minor modifications in the proof of Lemma 4 give the

following lemma.

Lemma 5 Forl <r <k—1, we have

[e.9]

Z(Em,k(mr+1n) - Em,k—Q(mr_ln))qn - MrFm,k—l—r(Q)~

n=1

Now, by Lemma 3 and Lemma 5, Theorem 2 holds for » < k — 1.

For the remaining case r > k, we need one more lemma.

Lemma 6 Forv>1 andt > 0, there exist integers A, (i) such that
UM, =Y Aa(i)M;,
i=1
where
SU=0/20) () =0 (mod m|Gu—i+D/2l+)

This lemma is proven by induction on ¢t. However, for the induction step we
need the special case ¢ = 1 of the lemma, and this special case is proven by
induction on v.

By Lemma 3 and Lemma 6, we find that
(17) 3=D2IgtaL, =0 (mod 4mlP/21H)

for v > 1 and t > 0. Applying the operator U’ to the identity of Lemma 5
with r = k —1 > 1, we get, by (17), that Theorem 2 also holds if r =
E—1+1t>k.
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