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Abstract
In this article, we consider various arithmetic properties of the function po(n) which denotes
the number of overpartitions of n using only odd parts. This function has arisen in a number of
recent papers, but in contexts which are very different from overpartitions. We prove a number
of arithmetic results including several Ramanujan-like congruences satisfied by po(n) and some
easily-stated characterizations of po(n) modulo small powers of two. For example, it is proven

that, for n > 1, po(n) =0 (mod 4) if and only if n is neither a square nor twice a square.
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1 Introduction

Throughout this work, we let p(n) be the number of overpartitions of the integer n and p,(n) be
the number of overpartitions of n in which only odd parts are used. Here an overpartition of the
nonnegative integer n is a nonincreasing sequence of natural numbers whose sum is n where the first
occurrence of parts of each size may be overlined. For example, the overpartitions of the integer 3
are

3,3, 2+1,2+1,2+1,2+1, 1+1+1, T+1+1.

Thus, from this example, we see that p(3) = 8 and p,(3) = 4.

The function p(n) has been considered recently by a number of mathematicians including Corteel,
Lovejoy, Mahlburg, Yee, and the authors. See [, 5] and [8, [0 10, 1T, 12]. In [8] and [12], several
Ramanujan-like congruences modulo small powers of two were proven for p(n). Indeed, all of these
(and many more) congruences modulo small powers of two follow from a functional equation satisfied

by the generating function for p(n).



Our goal in this note is to focus on similar results which hold for p,(n). Interestingly enough,
the generating function for p,(n), which we will denote by P,(q), has appeared quite recently in the
works of Ardonne, Kedem, and Stone [2], Bessenrodt [3], Santos and Sills [I3]. However, in none
of these cases do the authors connect their work to overpartitions into odd parts. Moreover, they
do not consider arithmetic properties satisfied by p,(n); this was simply not their focus. But given
the wealth of results now known for p(n), it is natural to consider whether p,(n) satisfies similar
properties.

In Section we prove functional equations involving the generating functions for p(n) and p,(n),
respectively. We then utilize these to develop characterizations of p,(n) modulo small powers of 2.
In particular, we prove the following two theorems:

Theorem 1.1. For alln > 1,

(mod 4) if n is a square or n is twice a square,

2
Po(n) = ,
0 (mod 4) otherwise.

Theorem 1.2. Assume the prime factorization of n is given by
n = 2% Hp?‘qlﬁ’r;y’ S?i
where each
pi=1 (mod8), ¢ =3 (mod38), ;=5 (mod8), s, =7 (mod 8).
Then Dy(n) =0 (mod 8) if and only if one of the following holds:
e at least one 0; is odd

e all §; are even and at least one ~y; is odd

e all §; are even, all v; are even, at least one B; is odd and
H(ai +1)(8; +1) =0 (mod 4)
e all §; are even, all ~; are even, all B3; are even and
H(ai +1)=0 (mod4)

We then state a number of corollaries of Theorems and which yield nice Ramanujan-like
congruence results modulo powers of 2. We close Section [2] by proving a number of generating
function identities for p,(n) for specific arithmetic progressions.

In Section [3] we consider two infinite families of results culminating in the proof of the following
theorem:

Theorem 1.3. For alln > 0 and all a > 0,

Do(9%(9n +6)) =
Do(9%(2Tn +9)) =

(mod 12) and
(mod 6).

o O



The techniques employed below are elementary and involve a number of generating function

manipulations. Moreover, Jacobi’s Triple Product Identity [I Theorem 2.8] is used often, so we

state it here:

[e.e]
2 —
> 2 = (—24:67) o (—2 7 4 0P)oo (65 0 ) o

n=—oo

where (a;q)o0 := (1 —a)(1 —aq)(1 —aq?)... . We will, at times, shorten (¢; ¢)oo

(@)oo

2 Results Modulo Powers of Two

We begin with the generating function for p(n) which is given by

Plo) = S s = [[ L = Code _ (i)

= =t (@9x  (@0k

Our first goal is to prove a functional equation for P(g) which involves

oo

pl@)= > ¢ =1+2> ¢

n=-—oo n>1

Theorem 2.1.

Proof. From , it is clear that

(a%d%)5,

(e n2)\2 2, 2 . \14 Joo
?(q) = (—q;¢ )oo(q G )00 = (q;q)%o(q“;q“)go

after straightforward manipulations. Therefore

B/ 212 (6% 43 (0% \’
Py = i (@)
(4% 4%) o
(¢ 9)%
= P(q).

Iteration of Theorem [2.1] yields the following theorem.

Theorem 2.2. %:Oﬁ(n)q" = ¢(q) 9(¢*)? d(g*)* D(q®)® - -+

(1)

by simply writing

We note that various congruences modulo small powers of two can easily be proved using Theorem
and we refer the reader to [8] and [I2] for more information. (Note that the methods employed

in [8] are quite different from those used in [12].)
We now obtain a theorem similar to Theorem for po(n).

Theorem 2.3.
P,(q) = ¢(9)P(¢?)



Proof. We begin with the generating function for p,(n) which is

— _ 1+¢" " (—¢:¢%)o (a%d%)3
PO(q) = po(n)q" = H n—1 2 = 2 4 004
nzzo i 1—d (0% (602 (0% 4"

after some manipulations. Therefore

5.2 (¢*4°)3% (4% 4"
ADPT) = G %h )% (%)%
IS

(4 9)% (4% %) oo
= Py(q).

We can combine Theorem [2.3] with Theorem [2.1] to obtain the following:

Theorem 2.4. gO]To(n)q" = ¢(q) ¢(q2) ¢(q4)2 ¢(q8)4 T

Theorem can be utilized to obtain characterizations of P, (n) modulo small powers of two in
a very straightforward way. We do this below for the moduli 4 and 8.

For completeness’ sake, we note that for all n > 0, py(n) = 0 (mod 2). This follows since,

o 1+ 2n—1 1—
> Po(n)g" = H#E Hﬁzl-

n>0 n>1 n>1

modulo 2,

We turn our attention to a characterization of p,(n) modulo 4 by proving Theorem mentioned
above.

Proof. (of Theorem Note that (¢(q))2k =0 (mod 4) for k > 1. This is clear when one writes
2k:

o) = 1+2> ¢

n>1

and then expands via the binomial theorem. Therefore we have

D )" = #(q) 6(q%) d(a") d(®)* -

n>0
= ¢(9)p(¢®) (mod 4)
2 2
= (1+2) ¢")A+2> ¢)
n>1 n>1
= 1—|—22:q"2 —l—ZZqZ"Q (mod 4).
n>1 n>1
The result follows. O

From Theorem [I.I] we see that numerous Ramanujan-like congruences modulo 4 are satisfied
by Po(n). All that is necessary is to find arithmetic progressions which fail to contain squares and
doubles of squares. For example, we know that, for all n > 0, p(2/n + (2r + 1)) = 0 (mod 4) for
all j > 2and 1 < r <2771 — 1 where r is not a multiple of 4. Many additional examples could be
stated.

We next consider a characterization of p,(n) modulo 8 by proving Theorem But before we
prove Theorem |1.2] we state one important lemma.



Lemma 2.5. Let rigymy(n) be the number of ways to represent the integer n as the sum of two
(possibly equal) squares and let ryoyomy(n) be the number of ways to represent the integer n as the

sum of a square and twice a square. Also, assume the prime factorization of n is given by

n—QO‘HpZ q2 r) s

where each
pi=1 (mod8), ¢ =3 (mod38), r;, =5 (mod8), s, =7 (mod 8).
Then
0 if any B; or &; is odd
rio+oy(n) = ‘
A1 + D)(vs +1)  if all B;, d; are even,
and
0 if any y; or §; is odd
rioteny(n) = ‘
2[[(es + 1)(Bi +1)  if all v;, 6; are even.
Proof. These results follow from results of Jacobi and Dirichlet. For proofs of these see [6]. O

With Lemma [25] in hand, we can now prove Theorem

Proof. (of Theorem We consider the following set of equalities and congruences:

Y )" = $@)d(@®)b(q") b(¢")" -

n>0

= ¢(@)¢(d*)(q")*  (mod 8)

= 6(a)(¢(a) +0(¢")? —1) (mod 8)

= ¢(a)o(a®) + d(@)o(a")? — ()

= $l)o(a?) + (#la) + ( 2-1) = 6lg) (mod8)

= ¢(a)o(a®) + o(q")* —

= Z (o420} (n)q" + Z riosoy (n)g*" — 1.

n>0 n>0
It follows that, modulo 8,
po(n) = {04203 (1) ?f 4tn
ro+20y(n) + ooy (n) if 4l

It is now an easy matter to use Lemma to complete the proof of the theorem. O

Indeed, we can do better. We can provide a full characterization of p,(n) modulo 8 as follows:
Theorem 2.6. For alln > 1, py(n) =0 (mod 8) if and only if one of the following holds:

e at least one §; is odd,

e all §; are even and at least one y; is odd,

e all §; are even, all v; are even, at least one B; is odd and

H(O‘i +1D)(Bi+1)=0 (mod 4),



e all §; are even, all y; are even, all B; are even and
H(ai +1)=0 (mod 4);
Do(n) =4 (mod 8) if and only if one of the following holds:
e all §; are even, all ; are even, any (B; is odd and
H(O‘i +1)(Bi +1)=2 (mod 4),
e all §; are even, all ; are even, all B; are even and
[[(e:i+1)=2 (mod 4);
Do(n) =2 (mod 8) if and only if one of the following holds:
e n is an odd square or twice an odd square with
> (ai+8)=0 (mod4),
e n is an even square or twice an even square with
D (ai+Bi)=2 (mod 4);
Do(n) =6 (mod 8) if and only if one of the following holds:
e n is an odd square or twice an odd square with
Z(ai +6;)=2 (mod 4),
e 1 is an even square or twice an even square with
Z(ai +3)=0 (mod 4).

At this point, it is worthwhile to highlight a number of corollaries to Theorems [1.2] and as
numerous Ramanujan-like congruences can readily be seen from the theorems.
Corollary 2.7. For all n > 0,
Po(8n+5) = 0 (mod8) and
Do(8n+7) = 0 (mod 8).

Proof. In the case of numbers of the form 8n 4+ 5 or 8n + 7, either at least one d; or one ~; is odd
(using the notation employed in Theorem and Theorem |2.6)). This implies the result. O

Corollary 2.8. For alln > 0,

Po(18n +15) =
Do(36n+21) =

(mod 8) and

0
0 (mod B).



Proof. Note that 18n + 15 = 3(6n + 5), 316n + 5 and 6n + 5 is not a square. It follows that either
at least one §;, v; or «; is odd, or at least two of the (3; are odd. In any case the result follows.
Similarly, we have 36n 4+ 21 = 3(12n 4+ 7), 34 12n + 7 and 12n + 7 cannot be a square. The proof

proceeds as above. O
We next consider a corollary which produces infinitely many congruences modulo 8 for an infinite
subset of primes.

Corollary 2.9. Let p be a prime such thatp =5 (mod 8) orp =7 (mod 8) and letr € {1, --- ,p—
1}. Then, for all m > 0, po(p*n +pr) =0 (mod 8).

Proof. Note that p?n + pr = p(pn +r) and p { pn + r, so at least one §; or ~; is odd. The result
follows. 0
Corollary 2.10. For alln > 0,

. —Do(n) (mod 8) if n is twice an odd square,
Do(2n) = .
Do(n) (mod 8) otherwise.

In particular, if po(n) =0 (mod 8), then Po(2n) =0 (mod 8).
Thus, for example, for all n > 0 and all a > 0, we have
Do(2%(8n+5)) = 0 (mod8) and
Po(2%8n+7)) = 0 (mod8).
Because the analysis of characterizations of p,(n) becomes difficult modulo higher powers of 2,
we now consider a different strategy. Using elementary generating function manipulation techniques,
we can prove a number of generating function identities for p,(n) for certain arithmetic progressions.

We first provide a lemma which will prove useful within the intermediate steps of the proof.

First, we define four functions of ¢, one of which has already been used above:

— - n? _ 2n—1\2(7 _ . 2n\ _ (QQ)EO
)= > ¢ =[]0+ 0 - ") = 55

n=—oo n>1 (q)oo(q4)oo
W(q) = Z q2”2—” _ H(l @MY (1 4 ¢ (1 — ¢t = ((qq));o7
_ - _ nn2: _2n—1\2/1 _ 2n\ _ 1_qn7(Q)go an
D(Q)in;oo( D 7};[1(1 LA )*nl:IllJrq"*(qQ)oo’ d

> 612
Y(C]) = Z (_1)nq3n2—2n _ H(l _ qﬁn—S)(l _ q6n—1)(1 _ q6n) _ (Q)oo(q )oo
n=—oo n>1
Next, we state without proof a lemma which contains a number of elementary results relating these

four functions. The proofs of each of these identities are relatively straightforward.

Lemma 2.11.

o(q) = o(q*) + 2qv(¢%),
0(q)* = ¢(¢°)* + 4qv(q*)?,
1 1+¢" (P ¢(q)
- H —qn - (q)2 - D(q2)2'

(oo}




With this lemma in hand, we can now proceed to prove a number of generating function identities
for particular arithmetic progressions. We combine these in the statement of one theorem.

Theorem 2.12.

5 N Nty S
§p0(2n+1)q - 2((1)%0(q4)00’

2 4 8\2

gmnm)qn U >oc<(qq)>§<q Y
Bo A (' S (1S
;po(Sn + 7)q = 16 (q)go )

Proof. The proof follows from generating function manipulations that rely heavily on the lemmas
mentioned above. First, note that

2n—1
Z}To(n)q” - Hijg%z—l

n>0 n>1
_ H1+q”/H1+q2n
n>1 L=q" n>1 L—gn
D)
~ D(g)
?(q)

= using Lemma [2.17]
= —————— using Lemma[2.11

It follows that

_ n 0@ (@)ee(d®)Z
2T =2 = g e

This proves the first identity in the theorem. Next, we can use Lemma once again to write

the generating function for p,(2n + 1) in a different way to obtain the generating function result for
Do(4n + 3). Doing so yields

_ o ¥la)((a") +2¥(q%))

2 en + 0" =2 = DiP?

n>0
Then we see that

S poldn + 3)g" = LL@)0(eh) _ (@5 (69)% (@3 _ 4 (4)oo(9)oo(¢¥)5

n>0 D(q) (@%)o (@) (@4 (@)%

We can apply this principle once again to obtain the result for p,(8n + 7). Notice that

— n_ (@) v(a)e(a)?  v(@®)v(eh)(6(e)? + 4q(gh)?)
§p0(4n+3)q =4 D =4 D@ :
Thus’ 2\3 2\2 4\6 2\4 2\3 4\6
— n_ 1o 0@Y(@®)” ()5 (6% (7). (07)5(07)5
D 7 L o ) 7
This completes the proof. O



One obvious and immediate corollary of Theorem [2.12] follows:

Corollary 2.13. For alln > 0,

Po(8n+7)=0 (mod 16).

3 Results Modulo Multiples of Three

We now consider a number of results modulo multiples of three. Before proving the main results of
the section, we state a few important lemmas. The first lemma, a series of three short results, is
stated without proof, while outlines of the proofs of the other lemmas are given.

Lemma 3.1.

3\4 _
D(q)D(wq)D(w?q) = D((qq9)) where w = >3 and
D(q)*
3\3 _ 3 _
D(q”)” — 84¢Y(q) D(g)
Lemma 3.2. - 1ons s 6
()% (0% _ (0)5(a )5
(@)oo ("o (¢%)3(d"?)
Proof. Let
c(q) — Z m2+mn+n?+m-+n
In [7], it was shown that
(¢*)3 1y _ o (09%(@%)5%
c(q) =3 and c¢(q) —qc(q”) = 35—
@ (@)oo (@) = geld) (4%)2(4"%)o0
The result follows. O
Lemma 3.3. 3 o 1943 5
(0% 5 (050 ) _ (0
(") (09 (0°)3  (¢*)
Proof. Let
e 2 2
b(q) _ Z wmfnqm +mn+n
where w = €273, In [7], it was shown that
(a)3 " (4*)3.(a")3
b(q) = > and b(q) = b(q*) — 3¢g-—— 2
0= (). 2 M=) =30 (e,
The result follows. O

Lemma 3.4. . ) .
()5 4 (0205 _ (@)%(¢7)5
(@) (@)oo (@H)%(¢*)




Proof. From Lemmas [3.2] and [3.3] we have

(@*)3 @)
@e (@D

(@®)3 @)L\ ., (@)
(@m %ww>3%wm

(¢")3.(¢°)2% (¢"%)3,

@%@ (gD

(@®)% (@, (@®)% (@)
(ﬂ@@ﬁ% Mwhw&)
()3, (4%
(0%)2%,(¢%) o0

We now state and prove a theorem in the same vein as Theorem [2.12

Theorem 3.5.
_ (6*)%(%)3(¢°)
o(3n)g" = and
gp ! (@)% (a)w
_ N (7 L (1
n%:opo(Qn—FG)q = P oze.
Proof.
v _ D)
TLZOpO(n)q - D(q)
_ D(¢*)D(wq)D(w?q)
D(q)D(wq)D(w?q)
9
= D( )< ) —2¢°Y (¢° )(D(qg)*2qu(q3))(D(q9)*2w2qY(q3))
using Lemma [3.7]
D(q")

= Z (D(qls) - 2612Y(q6)) (D(qg)2 +2¢D(¢”)Y (¢°) + 4q2Y(q3)2)-

It follows that

amwwzg@wmm>4wmmmm
“ - e (s~ )
- @§§§%M<$§—@ﬂﬁﬁ
L T

Now we wish to dissect the generating function for p,(3n) in order to obtain the generating function

10



for Po(9n + 6) and complete our proof. We do so by the following manipulations:

2170(371)(]" _ (q2)go(q3)go(q6)00

= (03 (¢") oo
_ D(¢*)D(¢°)
D(q)*
D(wq)D(w? 2
RGLle )
= D(q;zgggg)Q (D(a")? +2aD(¢")Y (¢*) + 4q2Y(q3)2)2.
It follows that
S mon+6)g" = D(q;)(z(;)(ff (12D(¢*Y (a)?)
n>0
_ 15 P@*)D(¢*)Y (9)?
D(q)"
()% (®)S
(9)32(q%) o

Two corollaries of Theorem are worthy of note here.

Corollary 3.6.

12 (mod 24) if n = 6k? &+ 4k for some k > 0

Do(In+6) =
0 (mod 24) otherwise.

Proof. Notice that

Po(9n+6) (¢*) (%)%
Z iz @20
(¢*)(d")3
(q4)oo(q6)<x>

= Y(¢*)

1+ 3 (% =4 4 ¢ +4%)  (mod 2).
k>1

(mod 2)

The result follows.

Corollary 3.7. For alln >0,
Po(72n+15) =0 (mod 48).

Proof. This follows from Corollary and Corollary

O

We close this article by proving the two infinite families of congruences stated in Theorem

These follow as corollaries of the following theorem:

11



Theorem 3.8. For alln > 0,

P5(2Tn+9) = 0 (mod 6) and
Do(27Tn) = Do(3n) (mod 12).

Proof. Using what has already been proven above regarding the generating function for p,(3n), we

have
> Po(9n)g" = D(q;)(l;)(gg)Q (D(q3)4+16qD(q3)Y(q)3)
n>0
— D(q;)g)(fg)j (D(q‘g)3 + 16qY(Q)3)
- D (q;)(lj)(fg)g (D(g*)* = 8qY(@)*)  (mod 24)
_ D(@®)D(¢%)? (D(q)“)
D(q)" D(q?)
_ D)D)
D(q)?
9 5 [ D(wq)D(w?
= D)D) (ngi"q))“/l(?(qg;)
= 5((;39))130 (q2)(D(q9)2+2qD(q9)Y(q3)+4q2Y(q3)2)3
_ D(q9)3 2 9\6 9\5 3 2 914 312
= D)o (q )(D(q )" +64¢D(q”)°Y (q°) + 24¢°D(q”)"Y (¢°)
+56¢°D(q°)*Y (¢%)® + 964" D(¢°)*Y (¢*)* + 96¢° D(¢°)Y (¢°)° + 64q6Y(q3)6)
D(¢°)?

D(q?,)mD(qQ) (D(qg)6 —16¢°D(¢")°Y (¢°)® + 64¢°Y (¢°)° + 6qD(q9)5Y(q3)) (mod 24)
9\3 2
= 5((;3))101?((12) ((D(q9)3 - 8q3Y(q3)3) + 6qD(q9)5Y(q3)>

D)3 , D(a3)4\ 2

- D((qq?)))loD(q ) (( D((qqg)) > " GqD(qg)SY(QS)>

- DD((Sg;’L)D(q2) (D(q?’)8 - GqD(q9)7Y(q3))

_ Dlzc(zzjzo (D(qlg) - 2q2Y(q6)) (D(q3)8 + GQD(QQ)7Y(‘13))‘

It follows that, modulo 24,

_ n_ D(@)PD(O)Y() . (%)X
2 P2+ 9" = 6= T = S

n>0

and, modulo 12,

This completes the proof. O

12
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