On m-—ary Partition Function Congruences:

A Fresh Look at a Past Problem *

Qystein J. Rgdseth and James A. Sellers

Department of Mathematics
University of Bergen
Johs. Brunsgt. 12
N-5008 Bergen, Norway
rodseth@mi.uib.no

Department of Science and Mathematics
Cedarville College
P.O. Box 601
Cedarville, Ohio 45314

sellersj@cedarville.edu

February 18, 2000

*Journal of Number Theory 87, no. 2 (2001), 270-281

1



Abstract:

Let b,,(n) denote the number of partitions of n into powers of m. Define
o, = eam?® +esm® + -+ ,m", where ; = 0 or 1 for each i. Moreover, let
¢, = 1if mis odd, and ¢, = 27! if m is even. The main goal of this paper
is to prove the congruence

b(m™ M — 0, —m) =0 (mod m"/c,).

For 0, = 0, the existence of such a congruence was conjectured by R. F. Church-
house some thirty years ago, and its truth was proved by ). J. Redseth,
G. E. Andrews, and H. Gupta soon after.
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1 Introduction

In 1968, while working with the best in comtemporary computing technology
at the Atlas Computer Laboratory, R. F. Churchhouse [2] discovered the
following facts about the binary partition function b(n): For all k,n > 1,
b(2%72n) = b(2%n) (mod 2°**?) and
b(2%*t1n) = b(2*'n) (mod 2%%),

where b(n) is the number of ways to represent n as
no=20 4929 4 ...

with 0 <ag<a; <...

Within months, several mathematicians expanded on Churchhouse’s orig-
inal results. Indeed, Rgdseth [5] proved Churchhouse’s congruences, and also
proved, among other things, that for all odd primes p and all r,n > 1,

bp(p"" ) = bp(p'n)  (mod p"). (1)



The function b,,(n) is the number of m—ary partitions of n, or the number
of representations of n as

n=m"+m*+-..

with 0 <ag<a; <...
Andrews [1] extended (1) by proving that, for all m > 2 and all r,n > 1,

r

b (m™ ) = b, (m™n)  (mod m—) (2)
CT’
where ¢, = 1 if m is odd and ¢, = 2" if m is even. Finally, Gupta [4]

sharpened Andrews’result by showing that (2) holds with ¢, = 2"~! when m
is even.
It is easy to see that the generating function for b,,(n) is given by

1
1_qmi’

Bula) = f: b(n)g" = ﬁ

which clearly satisfies (1 — q)B,,(q) = Bn(q™). Thus,
b (mn) — by (n) = by, (mn — 1),
and
by (mn — 1) = by, (mn —2) = ... = by, (mn —m).
This allows (2) to be rewritten in the form
b (m™™n —m) =0 (mod m—r) (3)

Cr

The intent of this paper is to prove a family of congruences of which (3)
is simply one subset. Indeed, we will see that a binary tree of congruences
holds, for which (3) is simply one branch.

Our main goal is to prove the following:

Theorem 1 Let r > 1, and define



where e; = 0 or 1 for each i. Finally, let ¢, = 1 if m is odd, and ¢, = 2" if
m s even. Then, for allm > 1,

T

n—o.—m)=0 (mod ﬁ) (4)

Cr

bm(mT—l—l

Note that (4) is Gupta’s result in the case when o, = 0. Moreover, note
that the presence of o, implies that (4) gives 2"~ different congruences for
each value of r. This is in contrast with (3), where only one congruence is
proven for each r.

In order to prove Theorem 1, we will actually prove a stronger theorem
by studying a specific restricted m—ary partition function. Let b, x(n) be the
number of representations of n of the form

n=m*+m"+...4+m

with 0 < ap < a1 < ... <a; < k. If we denote the generating function for
bmk(n) by Bmi(q), then we have

k—1 oo . k—1 1
Buia) = [ 2™ = Il T—=
i=0 j=0 i=0 q

and it is easily seen that by, x(n) also equals the number of representations
of n of the form

n=co+cym+com?+---, 0<¢ <mb.
We now state our stronger theorem.

Theorem 2 Let r > 1, k > 2, and s = min(r, k — 1). Moreover, let o5 and
cs be defined as in Theorem 1. Then

m’/‘

'n—o,-~m)=0 (mod C—)

bm,k (m”

Two remarks are in order before moving to the proof of Theorem 2. First, we
note that the case o5 = 0 of Theorem 2 was proven by Dirdal [3, Theorem 2.
Secondly, it is clear that, for a given n, b,,,(n) = by, x(n) for a sufficiently large
value of k. Therefore, Theorem 1 must follow once Theorem 2 is proven.
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In section 2 below, we briefly mention some preliminaries needed through-
out the remainder of the paper. We provide the bulk of the mathematical
work needed, including several crucial lemmata, in Section 3. We close the
paper in Section 4 by incorporating the various results in Section 3 to com-
plete the proof of Theorem 2.

2 Preliminaries

Let Z[[g]] be the ring of formal power series in ¢ with coefficients in Z. We
define a Z-linear operator U : Z[[q]] — Z][q]] by putting

UZa(n)q” = Za(mn)q”. (5)

n
Notice that

U a(n)g" =3 a(mn —1)¢", (6)

n n

and if f(q),9(q) € Z[[g]], then

U(f(g)g(d™)) = (Uf(q)g(q). (7)

Finally, if f(q) = >, a(n)¢™, g(q) = >, c¢(n)q™ € Z[[g]] and M is a positive
integer, then we know

fl@)=9g(q) (mod M)  (in Z[¢]])

if and only if, for all n,

a(n) =c(n) (mod M) (in Z).

3 The Lemmata

We open this section with a lemma concerning binomial coefficients.

Lemma 1 Ifn,r > 1, then there exist o,.(i) € Z such that

<mn+r—1>:§ar(i)<n+lj—l>. ®)

r ]



Proof. We consider the binomial coefficients involved as polynomials in n

over Q. Since (m"tT_l) is a polynomial of degree r in n, and ("Jrf_l) is a
polynomial of degree i in n, i =0, 1,...,r, there exist a,(i) € Q such that
mn+1r —1 " ~(n+i—1
=Y (i) _ :
r = i
Putting n = 0, we see that a,.(0) = 0. Putting n = —j, we get
. mi\ & (i)
1) = (") - S (L, d=12e
i=1
By induction on i, it follows that all the «,.(i) are integers. m
Comparing the coefficients of n” in (8), we get
ar(r) =m’", (9)
and comparing the coefficients of n"~!, we get
1
a(r—1) = —5(7" —1)(m —1)m"*, (10)
We also have
a,(j) =0 formj<r (ie,ifj< Vﬂ — 1J)
’ —Lm
Next, let .
hi = hi(q) = ————, > 0.
(a) (1— q)+! !
Then
= (n+i—-1)\ ,
=3 (M e (1)
n=1 v
so that
= (n+r—-1\, X [(mn+r—-1\ ,
S (e
n=1 r n=1 r
It follows from Lemma 1 and (11) that
Uh, =) a.(i)h;, r>1. (12)
i=1
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Let 1
H(] = h,o and Hi+1 = U(li

H), i>0. 13
i) (13

Then we have
3 m
lemhl and ngm hg— 9 Hl.
We can prove analogous results for H, for each » > 1.

Lemma 2 Letcy = 1 if m is odd and co = 2 if m is even (as in the statement
of Theorem 1). Then, for r > 1, there exist 8,.(i) € Z such that

r—1
H, =m2""Dp, =3 B,.(i)H;, (14)
=1

where ,
r—1

m

B-(1) =0 (mod ), i=1,2,...,r—1. (15)

C2

Note. In the following we set 5,(r) =1 and (3,(0) = 0 for all r > 1.

Proof. We use induction on r. The lemma is true for r = 1. Suppose that
for some r > 1, we have

1 ./ j_l
Hy=m2U D, N~ 8,0 H;, j=1,2,...,7—1, (16)
=1

where all the (3;() are integers satisfying

B;(i) =0 (mod . ) i=1,2,...,5—1 (17)
2
Then
Hr = U( ! 7"—1) = m%(r_l)TUhr - Tizﬁ?"—l(i)Hi-l-l
I—q i=1 ’
and, by (12),



Using (9) and (16), we further get

H, = m?+p, +Zm%’“ Dr=3i0+ Zﬁj )H; — Zﬁr (i — 1)H,
J=1
r—1r—1

= D, 4 TS a5t g, ()8, () Hy — Z By_1(i — 1) H,.
i=1

i=1 j=i
Thus (14) holds with

Bo(i) = Bror (i — 1) — z 3=Dr=30+ g, (7)5;(4),

so that 8,(i) € Z. Since 5(r — 1)r — 3j(j +1) > r—1for j <r —2, we
further have

B (1) = Br1(i — 1) — ap(r — 1)B,_1(i)  (mod m"™1),
and, by (17) and (10), we see that (15) holds. m

Lemma 3 Let ¢, be defined as in Theorem 1. Forr > 1, there exist v,.(i) € Z
such that

UH, = Z%(i)Hi, (18)
i=1
where ,
mr+1—z
(1) =0 (mod ) 1=1,2,...,7 (19)
Cr41—i

Proof. We use induction on r. We have UH; = mH, so the lemma is true
for » = 1. Suppose that for some r > 1, we have

J
i=1
where all the v;(i) are integers satisfying

i1

v;(@) =0 (mod (21)

Cjt1—i



Applying U to (14), and using (12) and (20), we have

r—1
UH, = m""YUh, -3 8,()UH

j=1
J
— i+ §:(1T )h; _-§:/z, )}:fw(ﬁlf
r—1r—1
_ z:l %r r+1)—25(j+1) Oér Zﬂj 22@‘
ji= =1 j=1
ror r—1r—1
= S AU, ()85 (i) Hy — Y0 S B, () () H,
i=1 j=1 i=1 j=1i

Thus (18) holds with

r r—1
() = om0 e, ()8, (6) = 3 5, (i); ()
J=

j=i

which shows that all the v,.(i) are integers. For 1 < j < r — 1, we have
tr(r+1) — 1j(j + 1) > r, so that, using (9),

i) ==X 8:0)t0) - (mod m),

and by (15) and (21), we obtain (19). m

Lemma 4 Forr >1 andt > 0, there exist v.,(i) € Z such that

U'Hy = ra(i) Hi, (22)
i=1
where ,
m'r—l—t—z
Y1) =0 (mod ) 1=1,2,...,7. (23)
Cr4+1—i

Proof. We use induction on ¢t. The lemma is trivially true for ¢t = 0. Suppose
that the lemma is true for ¢ replaced by ¢t — 1 for some ¢t > 1. Using Lemma



3, we have

. . i
U'H, = > % (DUH; = > Yra1(§) Y % (0) Hi
j=1

j=1 i=1

= Z Z Yri—1(5);(2) Hi,

i=1 j=1

and we see that (22) holds with
'Yr,t@) = Z Vrt—1 (j)')/j (Z>
=i

Thus, all the 7,+(7) are integers. By the induction hypothesis and (19), we

have - .
mr+t— —J m]+ —1i

Yrt—1()7; (1) =0 (mod
Cro1—j  Cjt1-i
or

mr—i—t—z

).

Therefore, (23) is satisfied and the proof is complete. m

Yrt—1(43)7;(1) =0 (mod
Cri1—i

We now define K; = K;(q) by

€

q
1—g¢q

K1 = Hh K,L = U( Kifl) for i Z 2, (24)

where ¢; = 0 or 1 for each i (as in the statement of Theorem 1). Then we
have the following lemma.

Lemma 5 Forr > 1, there exist k,(i) € Z such that

T

K, => k.(i)H;, (25)
i=1
where k,.(r) =1, and
kr(1) =0  (mod . =), i=1,2,...,r—1L (26)



Proof. We use induction on r. The lemma is trivially true for » = 1.
Suppose the lemma is true for r replaced by r — 1 for some r > 2. Putting
k-(0) = 0 for all , we have

U Kea) = S rea(U (1)

1 —q i=1 1 —q
r—1 T
= Z IK‘/T71<Z')HZ'+1 = Z /ir,1<2' — 1)Hz
i=1 i=1

Moreover, using Lemma 3, we get

r—1 r—1 J
UK,_1 = Y ki a())UH; =) ke_1(j) D7 (i)H;
j=1 i=1

j=1
r—1r—1
= > > fa(h)y (@) Hi
i=1 j=i
Now we have
_ ¢ _ 1
K = Uy Kom) = U(— Ko — e Km)
r r—1r—1
= Z /fr_l(i — 1)[’]Z — &y Z Z /{r_l(j)’)/j(i)Hi.
i=1 i=1 j=i
Thus (25) holds with
r—1
kei) = Kol = 1) = 2 3 ke () )
j=i

Then all the k,(i) are integers, and in particular k,.(r) = Kk,_1(r — 1) = 1.
Using the induction hypothesis and (19), we also see that (26) holds. m

Lemma 6 Forr=1,2,...,k—1, we have
Z bm,k (mr-i-ln — O0p — m)qn = KT(Q)Bm,kz—r—l(Q)' (27)
n=1

Proof. It is clear that, for £ > 1,

By x(q) = Tqu,k_l(qm). (28)



Suppose that k£ > 2. Because

Bm,k(Q) = Z bm,k(n)qna
n=0

we see from (28) that

e 1
bk (n)q" = ——Bnx-1(¢").
;) k(n) - k-1(4")

Since Ul—iq = L (7) and (28) imply that

1—q

> 1
Z bm,k(mn)an = HO(Q)Bm,k—l(Q) = EHO(Q)Bm,k_z(qm)-
n=0
By (6), (7), (13), and (24), it follows that (27) is true for r = 1.
Suppose that (27) holds for r replaced by r — 1 for some r in the interval
2 <r <k-—1. By (28), we then have

- r n q m
Z bm,k(m n—0op_1— m)q ter - qufl(q>Bm,kfrfl(q )
n=1

Now use (5) if &, = 0 and (6) if ¢, = 1. Then, by (7) and (24), we obtain
(27), which completes the proof. m

4 Proof of Theorem 2

With the various lemmata provided in the previous section, we can now
quickly prove Theorem 2. Using Lemma 2, we get by induction on r that

m'/‘

H.(¢9) =0 (mod —), r>1. (29)
Cr
It follows by Lemma 5 that
K,(q) =0 (mod ﬁ), r>1.
Cr

Thus, by Lemma 6, Theorem 2 holds for 1 <r <k — 1.
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Next, suppose that r > k—1>1. Let r =k —1+1t¢,¢t > 0. By Lemma
6 (with r = k — 1) and Lemma 5,

o0 k—1
> bgp(mPn — op1 —m)q" = Ki_a(q) = Y ke-1(j) H;(q)
n=1 j=1

Applying U' and using Lemma 4, we get
k—1
mek n_Uk 1—m)qn = Z/fkq(j)UH
j=1

k—1 j

= zlﬂk—l(j)zw,t(i)H
j=1 i=1
k—1k—1

= zzﬁkl 'Vjt H-

=1 j=1

By Lemma 5, (23), and (29), it follows that

mk—1+t

Kr-1(7)7: (1) H; =0 (mod ).

Crk—1

Thus

Ty 1<k -1<r
Cr—1

bp(m™ T — 0o, 1 —m) =0 (mod

This completes the proof of Theorem 2. m
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