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ABSTRACT. The goal of this paper is to prove new recurrences involving 2—colored and 3—colored generalized
Frobenius partitions of n similar to the classical recurrence for the partition function p(n).

Section 1. Introduction.

For many years, recurrences for partition functions have been widely used to compute the values of the
functions in a straightforward manner. The classical example of a partition function recurrence involves the
function p(n):

1
p(n) = Z (=)™ Ty (n — 5m(3m - 1)) . (1.1)
m#0
The proof of this result relies heavily on Euler’s Pentagonal Number Theorem. (See Andrews [1], Chapter
1, for a complete discussion of this result.)
The goal of this paper is to prove five new recurrences similar to (1.1) involving 2—colored and 3—colored

generalized Frobenius partitions, or F—partitions. Namely, we will prove that

cdz (2n) = Y (~1)" ez (20— m?), (1.2)
0

chy (2n+1) = %:0(—1)"‘“0@ (2n+1) —m?)| + 4/;)]7(71 — 2k% — 2k). (1.3)

ch3 (3n) = ;(—1)m+1(2m +1)cos (Bn - <;m2 +_;m>> , and (1.4)

ch3 (3n+1) = 7;(—1)m+1(2m +1)cos <3n +1- (;m2 - ;m» + 9az(n). (1.5)

ch3 (3n+2) = ;(71)“%“(% +1)cos <3n +2- (;m2 + ;m>> (1.6)
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with the convention that c¢,, (n) = 0 for n < 0 and m = 2 or 3. Here we define c¢,,(n) as the number
of F—partitions of n using m colors [2]. Then c¢,, (n) is the number of F—partitions of n using m colors
whose order under cyclic permutation of the colors is m. (See [4] and [6] for more on this family of partition

functions.) Moreover, az(n) is defined as the number of 3—cores of n.

Note the similarity of (1.2), (1.4), and (1.6) to (1.1). The main difference between them is the use of

pentagonal numbers in (1.1), squares in (1.2), and triangular numbers in (1.4) and (1.6).

Section 2. One Proof of Recurrence (1.2).

The recurrence (1.2) above will be proven as a corollary of the following key theorem:

Theorem 2.1.

S ) ()= (Smene) (Ser). e

n>1 meZ n>0 meZ

Proof. The most important tool that will be required in the proof of this theorem is Jacobi’s Triple Product
Identity:

> =T (=) (L2 (L4 27 (22)

n=-—oo n>0

Two special cases of (2.2) are given by the following:

S @™ = > 0" = (%)t (2:3)

n=-—oo n even
and
i 2 2
D a® = 3" 0" = 4(6% 0% (—0% 0% oo (—4" 0) e
n=—o00 n odd

=24(¢% ¢*) oo (—q% ¢®)%
Qq(qlﬁ;qIG)go
T () (24)

where the notation (a;b).. is defined by

From Andrews [2] we see that
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Next, since chy (n) = cpa(n) — p(n/2), we have

B [51;7;4))5 - 1} (g% 2 ?)so

_ [(—q;qQ)2 — (6% ](qQ, 7)o
(739%)% (g% q) (4% ¢%) o
lz -y (—1)”(1"21 by (2.2)
= >
nodd
q'%)%
- zo<q F Y

Now we can develop the generating functions for ¢, (2n) and cgo (2n + 1).

n>1 n>0 n>0
_ 2q(q16; q16)2 { 1 1 ]
(45 4%)%(¢%; ) @)% (6%
_ 2(1((]1 ) 2. 22_ 2. 2 L 2\2
= PR ) ( [( )20 — (@5 0%)oo(4: 42 ]
B 2q(q16 -
T < ) e

~2q(¢"%¢"%)2% (q Q) 8. 8\ [ 8. 82
=~ q) o ) [49(0%; ¢®)oo (—¢%; ¢*)2.]

_ 8%(¢"%0")% (0% ¢*)2 (0% )%
(9% 6%)5: (4% ¢*%) %
_ 8¢°(a"%¢°)3. (% ¢°)3
(a%a*)3(—q*; a®)3
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Also,

e (671 67) oo (— 4 )% + (%507 (43 67) %)
oo b) o0

Qqu'q)w)?q 7 ( Zq) by (2.2)
6 ¢")2 (4% ¢*)2 (6% ¢®)
q)(q q*)2.(¢% ¢®) o

7'% ¢"%)2 (¢% ¢®)2 (6% ¢*)2
)(qq)(qq)(qq)

= )iO. (2.6)

by (2.3)

Multiplying (2.4) by (2.6) and (2.3) by (2.5) we see that

ZC¢2 27’L <Z q4m > = Z%(%l_’_ 1) q2n+1 (Z q(2m+1)2>
n>1 meZ

n>0 meZ
since both sides equal
8¢2(q'%: ¢'%)2 (g% ¢®)2,
2. 2)5 - u
(% ¢%)3

Given Theorem 2.1, we can now prove the desired recurrence:

Theorem 2.2. For alln > 1,

ey (2n) =Y (1) ey (2n —m?).

m=##0

Proof. Theorem 2.1 shows us that

(c2(2)q* + cha(4)g* + cd2(6)g° +...) x (1+2¢* +2¢"° +2¢° +2¢% +...) =
(cda(1)q + c2(3)q® + ch2(5)g° +...) x (2q+2¢° +2¢* +2¢* +2¢% +...).

Comparing the coefficients of ¢?* on either side of this equality yields

c(2t) + 2cha (2t — 4) + 2¢2(2t — 16) + 2cg2(2t — 36) + 2co(2t — 64) + - =
2009 (2t — 1) + 2cha (2t — 9) + 2cgo (2t — 25) + 2cda (2t — 49) + 2chy (2t — 81) +

Moving everything on the left-hand side over to the right-hand side (except for cgo(2t)) yields the result of
the theorem. W
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Section 3. A Shorter Approach.

Note that (1.2) can also be proven in the following way. Consider

Flg) =Y fn)g" = [ 3 cda(n)q” (3—1)%”2)

n>1 n>1 nez
_{ 4q(q*; q")%

(45 9)3 (4% ¢®) oo

_ 9%
(qg;qg)m(q2§q2)oo

} (0% 4% oo (03 6%)2%]

This shows that F(g) is an odd function in ¢, which means f(2n) = 0 for all n > 1. This implies (1.2). We
can also prove (1.3) using F(q).

Given that 5 oo
ZGQ(n)qn _ (q 3 q )oo
= (¢ @)oo
and
S p(n)g = ——,
= (¢ @)oo
we know
Flg) =4 as(n)¢® | | D p(n)g*+!
n>0 n>0
Since

1, if n is a triangular number,
as(n) = .
0, otherwise,
we see that f(2N 4 1) is
1
4 N —4(=(k* .
2o (voa (a0 o))
k>0

Using the same type of argument as above, we then have
o (2n+1)= |23 (=1)"egy (2n+1) —m?) | +4> p(n — 2> — 2k).
m#0 k>0
This is (1.3).

Section 4. The Recurrences for c¢s.

Recurrences (1.4)—(1.6) can be attacked in a similar manner. Consider

Gla) =Y g = | S ety <Z<_1)n(2n+1)qnz+n>_

n>1 n>1 n=0

From [5] we know that
— 9q9(¢%; ¢°)3,
chps(n)q" = — 75—
nzz:l (0)3,(¢% ¢3) o

and from Jacobi we have

oo 2

(1" @2n+1)¢" =" = (g;9)%.

n=0
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Therefore,

3

G(g) = 9a(: ) (4 9)5%

(6 9)3.(¢% ¢*)
_ 994"
(2% ¢%)

)

which has nonzero power series coefficients only for powers of g of the form ¢3"!. Thus, g(3n) and g(3n—1)

both equal zero for all n > 1, and these facts imply (1.4) and (1.6) respectively.

Za3(n)qn _ (?S;qg)go’

= 4 q)os

q) -9 Z a3(n)q3n+1.

n>0

Moreover, since

we see that

Thus, we have

> cds(n)g” <Z(—1)”(2n—|— 1)q"1*’"> =9 as(n)g’ .

n>1 n=0 n>0
Considering the terms of the form ¢®"™! on both sides of this identity yields (1.5).

Section 5. Final Remarks.

Several remarks can be made in closing. First of all, note that (1.2) can be rewritten as

chy (2n) =2 Z )™ egs (2n —m?) . (5.1)

m>1

Since it is known from [3] that cés(n) = 0 (mod 4) for all n, (5.1) provides a new proof that cg(2n) = 0
(mod 8). This congruence was proven in [7].

Also, note that (1.2)—(1.6) now allow us to completely determine the values of c¢y (n) and c¢3 (n) for all n
using recurrences, as long as recurrences exist for p(n) and az(n). Indeed, p(n) satisfies one such recurrence
thanks to the Pentagonal Number Theorem [1]. It turns out that as(n) also satisfies a very nice recurrence,

as seen in the following two results.

Theorem 5.1. If n is not of the form (3k? + 3k)/2, then
as(n) =az(n—1)+az(n—2) —azg(n —5) —as(n —7) + az(n — 12) ...
Note that this is the same recurrence that is satisfied by p(n) for all n.
Proof. The generating function for az(n) is given by

Zas n_QQ)

= (¢ @)oo

Multiplication by (g; q)s yields the quantity (¢3; ¢®)3, which is equal to

Z "(2n+1)q (3n*+3n)/2

n=0
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Since
© 2
(q; Q)oo _ Z (_1)nq(3n +n)/2’
we see that
( ) <—1>”q<3”2+">/2> S asm)g” | =D (=1)" 20+ 1) gO 2, (5.2)
n=—o00 n>0 n=0

Hence, for n # (3k% + 3k)/2, the coefficient of ¢" on the right-hand side of (5.2) is 0. Thus,
az(n) —az(n—1) —az(n —2) +az(n —5) +az(n —7) —az(n —12)... = 0.

This is equivalent to the result in Theorem 5.1. W

Now we simply must ask whether a recurrence exists for az(n) where n = (3k% + 3k)/2. Indeed, such a

recurrence exists.

Theorem 5.2. If n = (3k? + 3k)/2, then
az(n) = [az(n — 1) + ag(n — 2) —az(n — 5) —az(n —7) + azg(n — 12)...] + (=1)*(2k + 1). (5.3)

(3k>+3k) /2

Proof. Again returning to (5.2) above, we see that comparison of the coefficient of ¢ on each side

yields
az(n) —asz(n —1) —az(n —2) + az(n —5) +az(n —7) —az(n — 12)--- = (=1)*(2k + 1).

Moving all the terms to the right-hand side except for ag(n) yields (5.3). W
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