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¶ k¸· 
U*d35�.<��.<�j'�������!-v$@*#��(+*,/X�M3B*,j[(oz�35"d3@�,(8"2� kYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹
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���(+�%� ����Zg"2_.�.<�( kYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk »
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_�3@�%�,�.i4&+35"2�.$@<���_.j[$@*%�]"%��;�� kYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk Á
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·�k¸» 	#(+_�3\"2(+=AÇª$[*,�A�.<�
U*d3B�.<��.<�j1�yZ�F4�,(8"2�#$[-|z�35"d3ÈkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¶ Á
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¹yk ¶ z�35"d3@�,(8"2��~
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M(E��"%�.<�j���()"2��$y=�$@_.$[j@/ k�kSk�kYkYkYkYk�kSk�kYkYkYk · Ã
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¹ykº¹ �|:g?6(+*,�.;'(+<9"d���!�]"2��~�$@<�7[(+*%j@(+<�&8(S
��.;'(��.<a�>(+Z�*23B_b��(8"���$@*%�g� kSk�kYkYkYk ·@»
¹yk Å ���,�.<�j'��35*%j@(+*>�>Z�;�F6(+*%�!$@-w�>� =�=�(8<���<��]"2� kYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ·BÁ
¹yk¸» �
3B*�/g�.<�j'�b(\35*%<��.<�j�Ï|35*d3B;^(8"2(8*2��kYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ ¶

¹yk¸»�k ¶ �
3B*,/y�.<�jR"2��(S�b(\35*%<��.<�j�	�3\"2( k�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ ¶
¹yk¸»�k¸· �
3B*,/y�.<�jR"2��(o��$[;^(+<�"%Z�; k�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹[·

Ò Ó VyO�HBKMJLKM¾¢Ô�H\´cÍÕGbWUÖwP+V9³\PR´cÔ#³\qMV l O�³EO4P+V�³ É ¿
Å k ¶ 
U*d35�.<��.<�jR"2��(Y��()"x��$@*%�f��<�(o��Z�F4�,()">$[-wz�3\"�3R35"�3R
��.;'(×kYkYk�kSk�kYkYkYk ¹@Á

�.�



Å k¸· 
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z�35"d3ÈkYkYkYk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹@Á

Å kº¹ �|:g?6(+*,�.;'(+<9"�3B_b	#(E�,Z�_]"2�#�!�]"2���yZ�F4�,(8">��?�?�*%$93@&2�¡k�kSk�kYkYkYkYk�kSk�kYkYkYk Å ·
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»�k ¶ 
���(�~#3B�%&E3@=g(8Üx~�$[*,*%(8_�35"2�.$@<��>_.j[$[*,�]"2��; kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk Å Á
»�k¸· 
U*d35�.<��.<�j'�%Z�F4�,(8"2�#$@-w=43\"�3ÝkYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk » Ã
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¶ �><f$\79(8*,7y�.(8�ì$[-U"2��(Y�,Z�F4�,()"�3B?�?�*,$�3@&2�bk£kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk »
· �><f(8:�35;'?�_.(�$@-|3R=�(+&8� �,�.$[<A"2*,(+([k6kYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk à
¹ �ì"�/g?�� &+3B_�-v(+(+=gÜí-v$[*��!35*2=A<�(8Z�*23B_b<�(8"���$[*,�ckokYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¶@¶
Å �Ð?�_.$@"�$@-b"%(E��"#�,(8"�(+*,*%$[*�*d35"%(�-v$[*���"�35<4=�3B*2=A�a��;'(+&d�635<�� �,;���-0$[*�i�*%�,"#�,(8"
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�,()">$[-M?�*,$[F�_.(8;��×kYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ·@»
î ��?�_.$@"S$@-�"%(E��"o�,(8"S(8*%*,$[*S*235"2(R�!�]"2�ª*,(E�,?c(+&)"Y"2$X"2��(�3B;'$@Z�<�"Y$[-
"2*23B�.<��.<�j

-0$[*#i�*2��">�%()">$@-w=43\"�3B�%()"d�©k�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ·@À
À ïñð9òºó+ô�óEõ4ôxöd÷�ô�÷�ö2ô�ö%ø�øxó+ø|ø�ù8ôxö�ø�ù)ôxö�ú�ûDôxü�øxöd÷�ðgö2ý2ô|ôxó�ôxü9ö#ù+þ�ó+ÿ��\ô�óEõ4ô�ø�ù+û��[û�����õ.ó+ø

÷�ö2ý2ó�����÷�ö2ô�ó+õ��9ù8ô�ù+÷�ö%ôx÷	�£kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ·BÁ
Á ��?�_.$@"S$@-�"%(E��"o�,()"o(8*%*,$[*S*235"2(^-0$[*S=��.�6(+*%(8<�"Y7[35_.Z�(+�Y$[-���� =�=�(8<ª<�$y=�(E��-v$[*

i�*2��"��,()">$[-�=43\"�3@�,()"d�§k�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ Ã
à ï¦ð�òºó+ô�óEõ�ôxöd÷�ô�÷�ö2ô�ö%ø�øxó+ø�ø�ù8ôxöoø�ù8ôxö�õ.ó+ø
�[û��gö%øxö
�\ô��Eù+òºÿ[öd÷�óEõ
ü[û����[ö
���[ó��[öd÷�õ.ó+ø

÷�ö2ý2ó�����÷�ö2ô�ó+õ��9ù8ô�ù+÷�ö%ôx÷ kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ ¶
¶8Ã �Æ?�_.$@"�$[-�"2(E��"��,(8"o(+*%*,$[*o*d35"%(�-v$@*�=g�.�c(+*,(+<9"�7[35_.Z�(+�S$[-#_.(\35*%<��.<�j�*235"%(�-v$[*

i�*2��"��,()">$[-M?�*,$[F�_.(8;�� kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹@¹
¶@¶ ïtð9ò¸ó+ôYóEõ
ôxö2÷�ôS÷�ö%ôSö%ø�øxó+øYø�ù)ôxö�ø�ù8ôxöRõ.ó+ø��[û���ö%øxö	�5ô
�Eù8ò¸ÿ[öd÷�óEõ�ò¸ödù8ø��[û����Aø�ù8ôxöRõ.ó+ø

÷�ö2ý2ó�����÷�ö2ô�ó+õ6ð[øxó��9ò¸ö2þ�÷ìkSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ Å
¶ · �}?�_.$B"�$[-I"2(+��"��,(8"
(+*,*%$@*�*d3\"2(�-0$[*�=��.�6(+*,(+<�"
7@3B_.Z�(E�
$@-�;'$[;^(+<�"%Z�;�-v$@*
i�*%�,"

�,()">$[-�=43\"�3@�,()"d�!kYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹[»
¶ ¹ ï�ð9òºó+ôbóEõ�ôxöd÷�ô�÷�ö%ôUö%ø�øxó+ø�ø�ù8ôxö�ø�ù8ôxö|õ.ó+ø��[û��gö%øxö
�\ô��+ù+òºÿ9ö2÷�óEõyþ�óEþ�ö
�\ôxÿ[þsõ.ó+øU÷�ö2ý2ó����

÷�ö%ô�óEõ���ù)ô�ù+÷�ö2ôx÷ÂkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹ î
¶�Å �æ�23B;^?�_.(�$[-U"2��(S��� { *%$E�¦?�*,$g&)(E�%�#-0$[*�3@=�=��.<�j^��� =�=�(8<fZ�<��]"2�8k�kSk�kYkYkYk Å4¶
¶ » �9"2(8?4�#$[-U"2��(o~#3B�2&+3@=g(8Ü�~
$[*,*%(+_�3\"2�.$@<�35_.j[$@*%�]"2��;�k'k�kSk�kYkYkYkYk�kSk�kYkYkYk Å à
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¶ À Çª(8�.j[��"!Z�?c=435"%(Y*,Z�_.(Y�.<���Z�� &d�gÏ�*,$[?bk k�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk » î
¶ Á z>/g<43B;'� &Y3@=�3B?�"d35"%�.$[<�$@-w_.(E3B*,<��.<�j'*d3\"2(S�.<���3B_.$@;'$[<a35<4=A7[35<a��(8;';'(+<�CD�
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¶ # ü[ö$��ù+ý&%5ð9øxó8ðyù'�\ù8ôxû¸ó��Rù+ò��+ó+øxûºôxü[þìõ ó+ø|ô�ø�ù+û��[û����Yù�õ ö2ö
�)(võ ó8ø�úwù8ø��*�[ödÿ@ø�ù+ò+�[ö%ô`ú�ó+ø,%-� ¶ »
· 
���(S=43\"�3B�%()"d��Z4�,(E=A�.<�$@Z�*!(8:y?c(8*%�.;'(8<�"d�8k�kYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk · ¶
¹ 
�3BF�_.(o�,��$\�>�.<�jR"2��(�(+*,*%$[*!*235"2(+�#$[-M7@3B*,�.$[Z4�#_.(\3B*,<��.<�j';^(E&d�43B<�� �%;'�+k�kYkYkYk ·B¹
Å ~
$[<979(+*,j[(8<4&8(�*%(+�%Z�_]"d�#-v$@*#"2��(Y=43\"�3@�,()"d�#Z��,(E=X�.<f$@Z�*!(8:y?c(+*,�.;'(+<9"d�8k�kYkYkYk · î
» 	#(E�,Z�_]"d���,��$\�>�.<�ja"%��('"2(+��"��%()"�(+*,*%$[*o*d3\"2(�-v$@*o7@3B*%�.$@Z4�Y7[3B_.Z�(E�o$[-#��� =�=g(+<

<�$g=g(E�#�.<4&)_.Z4=��.<�j^"2��(Y_�35*%j[(8*!<yZ�;�Fc(+*#$@-���� =�=�(8<fZ�<��]"2� kYkYkYk�kSk�kYkYkYk ·Bà
î # ü[ö/.0.21435ÿ��9÷�ö%ô65|ù+ò��Eó+øxûºôxü[þtõ.ó+ø
ô�ø�ù+û��9û����où7�[ödÿ@ø�ù+ò��[ö2ô`ú�ó+ø,%�ó��^÷�ÿ)�9÷�ö2ôx÷
óEõ�ôxü[ö

�9ù8ô�ù�û���ó��[ö�ð�ù+÷�÷|ôxü[øxó+ÿ��+ü�ôxü[ö �9ù8ô�ù+÷�ö%ô
�Ñk�kYkYkYkYk�kSk�kYkYkYkYk�kSk�kYkYkYk ¹@à
À 
���(���� { *%$\�98���Z�F4�,()";:U3B_.j@$[*,�]"2��;æ-0$[*M"%*d35�.<��.<�j�3><�(+Z�*23B_�<�(8"���$@*%��$[<��,Z�F�Ü
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÷ST��5ôxü[ö%ôxû¸ý O�Ê ~ g�gP1��0i ~ R�ÊP5 O)g ~ N`Ê�1��0i ~ R�æP5 O)g ~ ÊWNO1��/g ~ Ê�QP5 O�i ~ OPQ�1��/g ~ g<Ê�5 O�i ~ g<Ê�1��/g ~ OPU�5 U�O ~ ÌWNO1��/g ~ Ê�Ì�5
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.0. ?�øxó�ú .0.21åW|ù+÷�ö2ò¸û��[ö'5 .0. ?�øxó�ú .0.21åW|ù+÷�ö2ò¸û��[ö'5 .0. ?�øxó�ú .0.21åW|ù+÷�ö2ò¸û��[ö;5
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ù��[ÿ9òDô gTR ~ N`Ì�1��0i ~ g	i`5 gTR ~ g<Ê�1��0i ~ N`æP5 gTR ~ RPO�1��0i ~ g�N�5 g!N ~ OPR�1��0i ~ Ì�æ�5 gTR ~ æPQ�1��0i ~ i�i`5 g!N ~ UPU)1��0i ~ i�Q�5
ù'�9ó���(vþ�÷�ú�ö	� ÊWN ~ U�NO1��0i ~ Ê�æP5 ÊWN ~ ÌPQ�1��0i ~ g!N�5 ÊPR ~ N�gP1��0i ~ gFQP5 ÊWN ~ NPNO1��0i ~ g!N`5 ÊPR ~ æ�U)1��0i ~ i�i`5 ÊWN ~ æWNO1��0i ~ Ê)g<5

üPTBðgó æ ~ Ì�Q�1��$i ~ g<ÊP5 æ ~ ÊPQ)1��$i ~ ÊPRP5 æ ~ Ê�Ê�1��$i ~ g<ÊP5 æ ~ iPæ)1��$i ~ g!N�5 æ ~ g<Ì�1��0i ~ i�RP5 æ ~ i�O�1��0i ~ gFRP5
%5ø,(a�@÷S(a%Bð Ê ~ æ�O�1��$i ~ gTOP5 i ~ OPR)1��$i ~ Ì�ÌP5 Ê ~ i)gP1��$i ~ Ì�ÊP5 i ~ æ)g�1��$i ~ g<ÊP5 g ~ O)gP1��0i ~ g<ÊP5 i ~ RPO�1��0i ~ g	i`5

ò¸ö%ô�ôxö2ø Ê)g ~ Ì�i�1��0i ~ Ê�OP5 gTO ~ R�Ì�1��0i ~ Ì�U�5 g�U ~ Ê�U)1��0i ~ ÊPU�5 gTR ~ OPO�1��0i ~ N�R�5 gTR ~ NPNO1��0i ~ gFOP5 g!N ~ R�Ê�1��0i ~ Ê�U�5
÷xù8ôxödòºò¸ûDôxö gTR ~ Ê�æ�1��0i ~ Ì�ÊP5 g<æ ~ æ)gP1��0i ~ R�ÌP5 g<Ì ~ ÌWNO1��0i ~ Ì�ÌP5 gTR ~ æPO�1��0i ~ OPQ�5 g<Ê ~ O�Ì�1��0i ~ N�QP5 gTR ~ ÊPQ�1��0i ~ U�O�5
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�\ô�ù8ôxûºó�� O ~ Ì�NO1��$i ~ Ì)g;5 U ~ g�g�1��$i ~ N�RP5 U ~ gFQ�1��$i ~ ÊWN�5 æ ~ g�g�1��$i ~ N�OP5 æ ~ N�U)1��0i ~ N�U�5 R ~ ÌWNO1��0i ~ N�U�5
÷�ü5ÿ[ô�ôxòºö	(Lù8ò¸ò g ~ R�Ê�1��$i ~ ÊWN�5 g ~ R�U�1��$i ~ RPQP5 g ~ g
Ì�1��$i ~ Ê�ÊP5 g ~ gTR)1��$i ~ Ê�æP5 i ~ OPO�1��0i ~ iPæP5 g ~ gTQ�1��0i ~ Ê�æP5

÷�û¸ý�% æ ~ i�U)1��$i ~ i�U�5 R ~ O�i�1��$i ~ ÊPRP5 R ~ R�Q�1��$i ~ Ì�ÊP5 R ~ Ê)g�1��$i ~ N�OP5 R ~ g�U)1��0i ~ Ê)g;5 N ~ U�gP1��0i ~ Ì�RP5
÷�ð9ò¸ûºýdö N ~ Q�Ì�1��$i ~ Ê�U�5 N ~ NPN�1��$i ~ ÊPOP5 N ~ O�Ì�1��$i ~ ÊPOP5 N ~ N�Q)1��$i ~ Ê�æP5 N ~ æ�U)1��0i ~ Ì�i`5 N ~ Ì�i�1��0i ~ Ê�ÌP5

õ ó8øxöd÷�ô,(vý2ó<�\ö%ø ÌPO ~ Ê�æ�1��/g ~ Q�OP5 ÌWN ~ U�Ì�1��0i ~ Ê�U�5 ÌPR ~ U�æ�1��$Ê ~ N�OP5 ÊPO ~ R�Ê�1��/g ~ N�R�5 ÊPO ~ iPÊ�1��0i ~ O'i`5 Ê)g ~ R�i�1��0i ~ ÊPR�5
÷ST��5ôxü[ö%ôxû¸ý OPQ ~ Ê�Ê�1��0i ~ ÊPU�5 OPR ~ g!NO1��$Ê ~ ÌPRP5 OPR ~ ÌPR�1��$Ê ~ NPæP5 O�Ì ~ g�U)1��$Ê ~ æPR�5 O�Ê ~ QPO�1��/g ~ NPÊP5 O�Ê ~ i�U)1���Q ~ N�U�5
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ù��[ÿ9òDô g<æ ~ N�gP1��0i ~ g
æP5 g!N ~ QPQ�1��0i ~ g!N�5 g<æ ~ U�æ�1��0i ~ g
ÌP5 gTR ~ i�gP1��0i ~ Ê�iP5 g<æ ~ QWNO1��0i ~ g
ÌP5 gTR ~ i�gP1��0i ~ gTQ�5
ù'�9ó���(vþ�÷�ú�ö	� ÊPR ~ O�æ�1��0i ~ Ê�æP5 ÊWN ~ O�U)1��0i ~ gTOP5 ÊPR ~ Q�U)1��0i ~ gFOP5 ÊPR ~ i�gP1��0i ~ gTO�5 Ê�æ ~ i�R�1��0i ~ Ê�N�5 ÊPR ~ i�O�1��$Ê ~ O�U�5

üPTBðgó æ ~ gFO�1��$i ~ gTRP5 æ ~ iPÊ)1��$i ~ g<ÊP5 æ ~ Ê�Ì�1��$i ~ g<ÌP5 R ~ Q�æ�1��$i)g<ÌP5 æ ~ ÊWNO1��0i ~ g<ÊP5 R ~ Q�Ê�1��0i ~ iPOP5
%5ø,(a�@÷S(a%Bð g ~ UWR�1��$i ~ ÊPRP5 i ~ RWN�1��$i ~ i�U�5 g ~ æ�æ�1��$i ~ gTOP5 i ~ R�Ì)1��$i ~ iPæP5 g ~ æ�æ�1��0i ~ Ê�ÌP5 i ~ R�Ê�1��0i ~ i�æP5

ò¸ö%ô�ôxö2ø g!N ~ QWNO1��0i ~ ÊPU�5 g<Ê ~ QPO�1��0i ~ Ì�U�5 g!N ~ QPQ�1��0i ~ ÊPU�5 g<Ê ~ Ê�i�1��0i ~ ÊPQ�5 gTR ~ i�U)1��0i ~ Ì�ÌP5 g�g ~ æWNO1��0i ~ Ê�iP5
÷xù8ôxödòºò¸ûDôxö g<Ê ~ ÊPO�1��0i ~ ÌPU�5 g!N ~ Ê)gP1��0i ~ RPRP5 g<Ê ~ iPÊ�1��0i ~ ÌPU�5 g!N ~ ÊPR�1��0i ~ æPQ�5 g<Ê ~ gTO�1��0i ~ R'i`5 g<Ì ~ æ�Ì�1��0i ~ æ�U�5

÷�ö
�+þ�ö
�\ô�ù8ôxûºó�� R ~ O�NO1��$i ~ Ê�æP5 N ~ Ì�Ì)1��$i ~ Ê�U�5 R ~ Ì�æ�1��$i ~ N`ÊP5 N ~ i�O)1��$i ~ Ê�æP5 R ~ g
i�1��0i ~ ÌWN�5 Ì ~ U�NO1��0i ~ Ê�ÊP5
÷�ü5ÿ[ô�ôxòºö	(Lù8ò¸ò i ~ R�NO1��$i ~ g
i`5 g ~ i�g�1��$i ~ gTQP5 i ~ Ì�Q�1��$i ~ i�U�5 i ~ O�Ì)1��$i ~ g
i`5 i ~ Ì�æ�1��0i ~ iPÌP5 i ~ U'i�1��0i ~ gTU�5

÷�û¸ý�% N ~ æ�Ì�1��$i ~ Ê�U�5 N ~ U�g�1��$i ~ æ�i`5 N ~ N�O�1��$i ~ Ì�ÌP5 Ì ~ QPR)1��$i ~ NPN�5 N ~ Ì�i�1��0i ~ Ì�æP5 Ì ~ R�i�1��0i ~ Ê�N�5
÷�ð9ò¸ûºýdö N ~ O�R�1��$i ~ Ê�ÌP5 N ~ Ì�i�1��$i ~ g�U�5 N ~ OPU)1��$i ~ ÊWN�5 N ~ Ì�Ê)1��$i ~ Ê�i`5 N ~ OPQ�1��0i ~ ÌWN�5 N ~ ÌWNO1��0i ~ g�N�5

õ ó8øxöd÷�ô,(vý2ó<�\ö%ø Ê�U ~ N�R�1��0i ~ ÌPU�5 gTQ ~ ÌWNO1��0i ~ ÌWN�5 ÊPR ~ g<Ê�1��$Ê ~ iPQP5 gTO ~ N�Q�1��0i ~ O�U�5 Ê�Ì ~ ÌWNO1��/g ~ U'æP5 g�U ~ g!NO1��0i ~ Ê�æ�5
÷ST��5ôxü[ö%ôxû¸ý O�Ê ~ i�NO1��0i ~ N�i`5 O)g ~ N`Ê�1��0i ~ R�æP5 O)g ~ N`Ê�1��0i ~ O�ÌP5 O�i ~ OPQ�1��/g ~ g<Ê�5 U�Q ~ ÊWNO1��/g ~ R�OP5 U�O ~ ÌWNO1��/g ~ Ê�Ì�5
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Previous step,
the sign of the derivative
is negative

Current step,
the sign of the derivative
is positive −− minima is skipped

Zero Error

Actual Value of the Error

PositiveNegative

−E_(t−1) +E_t

E
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Slope in current step (a)

Slope in previous step (b)
Weight change from

previous step (c)

Parabola: y^2 = ax^2 + bx + c

New weight in the current step
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)Value (n − 

Slightly Higher

Slightly Lower

Learning rate from
previous step (n)

Value (n + ) Error with (n + )

Error with (n − )

Learning rate 
in current step
(one with less error)
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