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1 Introduction and Main Result

It is a great pleasure for us to contribute this paper in honour of Professor Miklds
Csorgd’s work on the occasion of his 80th birthday.

Throughout, let (B, || - ||) be a real separable Banach space equipped with its
Borel o-algebra 4 (= the o-algebra generated by the class of open subsets of B
determined by | - ||) and let {X,; n > 1} be a sequence of independent copies of
a B-valued random variable X defined on a probability space (£2,.%,P). As usual,
let S, = Y ;—, Xx. n > 1 denote their partial sums. If 0 < p < 2 and if X is a
real-valued random variable (that is, if B = R), then

S
lim 1—" = 0 almost surely (a.s.)
n—>oo n /p
if and only if
E|X|’ < oo where EX = 0 whenever p > 1.
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This is the celebrated Kolmogoroff-Marcinkiewicz-Zygmund strong law of large
numbers (SLLN); see Kolmogoroff [9] for p = 1 and Marcinkiewicz and Zygmund
[14] forp # 1.

The classical Kolmogoroff SLLN in real separable Banach spaces was estab-
lished by Mourier [15]. The extension of the Kolmogoroff-Marcinkiewicz-Zygmund
SLLN to B-valued random variables is independently due to Azlarov and Volodin
[1] and de Acosta [4].

Theorem 1 (Azlarov and Volodin [1] and de Acosta [4]). Let 0 < p < 2 and let
{X; n > 1} be a sequence of independent copies of a B-valued random variable X.
Then

. n
lim =0 a.s.
n—o0 nl/p

if and only if

S
E|X|]P < oo and =~ —p 0.
nl/l’

LetO < p <2andlet{®,; n > 1} be a sequence of i.i.d. stable random variables
each with characteristic function ¥ (f) = exp{—|t|’}, — oo < t < oco. Then B is
said to be of stable type p if Y o2 | ©,v, converges a.s. whenever {v, : n > 1} C B
with %2 |lv,|IP < oo. Equivalent characterizations of a Banach space being
of stable type p and properties of stable type p Banach spaces may be found in
Ledoux and Talagrand [10]. Some of these properties are summarized in Li, Qi, and
Rosalsky [12].

At the origin of the current investigation is the following recent and striking result
by Hechner [6] for p = 1 and Hechner and Heinkel [7, Theorem 5] for 1 < p < 2
which are new even in the case where the Banach space B is the real line. The
earliest investigation that we are aware of concerning the convergence of the series

Zoo 1 (w) was carried out by Hechner [5] for the case where {X,,;; n > 1} isa

n=1n n
sequence of i.i.d. mean zero real-valued random variables.

Theorem 2 (Hechner [6, Theorem 2.4.1] for p = 1 and Hechner and Heinkel [7,
Theorem 5] for 1 < p < 2). Suppose that B is of stable type p for some p € [1,2)
and let {X,; n > 1} be a sequence of independent copies of a B-valued variable X

with EX = 0. Then
i 1 (]E”Sn“)
— < 00
n nl/l7

n=1

if and only if

ElX[IIn(1 +[IX]) <00 ifp =1,

o0
/ PYP (IIX|| > f)dt < 00 if 1 < p < 2.
0
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Inspired by the above discovery by Hechner [6] and Hechner and Heinkel [7], Li,
Qi, and Rosalsky [12] obtained sets of necessary and sufficient conditions for

i 1 (”Sn”)

—|—— ] <o as

—n nl/p

for the three cases: 0 <p < 1,p = 1,1 < p < 2 (see Theorem 2.4, Theorem 2.3,
and Corollary 2.1, respectively of Li, Qi, and Rosalsky [12]). Again, these results

are new when B = R; see Theorem 2.5 of Li, Qi, and Rosalsky [12]. Moreover for
1 <p < 2,Li, Qi, and Rosalsky [12, Theorems 2.1 and 2.2] obtained necessary and

sufficient conditions for
o~ 1 (E|S,]|
Z - 1/p <0
n\ n

n=1

for general separable Banach spaces.

This paper is devoted to an extension of Theorem 2 above and Theorems 2.1
and 2.2 of Li, Qi, and Rosalsky [12]. More specifically, the main result of this
paper is the following theorem. We note that no conditions are being imposed on
the Banach space B.

Theorem 3. Let 0 < p < 2and 0 < g < oo. Let {X,; n > 1} be a sequence of
independent copies of a B-valued random variable X. Then

o 1 (1Sa]\*
ZZE(nW) <00 (1)

n=1

if and only if

o0

1 (1Sal?
Z;(nup < 00 a.s. )
and

o
/ PP (IIX|[9 > 1) df < 00 if 0 < g < p,
0

. 3
E|X[PIn(l + |X]) <co  ifqg=p, )

E[IX]| < oo ifq>p.
Furthermore, each of (1) and (2) implies that
lim 5 = 0 a.s. 4)

For 0 < g < p, (1) and (2) are equivalent so that each of them implies that (3)
and (4) hold.
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Remark 1. Let g = 1. Then one can easily see that Theorems 2.1 and 2.2 of Li, Qi,
and Rosalsky [12] follow from Theorem 3 above.

Remark 2. 1t follows from the conclusion (4) of Theorem 3 that, if (2) holds for
some g = g; > 0 then (2) holds for all g > ¢g;.

The proof of Theorem 3 will be given in Sect. 3. For proving Theorem 3, we
employ new versions of the classical Lévy [11], Ottaviani [3, p. 75], and Hoffmann-
Jgrgensen [8] inequalities which have recently been obtained by Li and Rosalsky
[13] (stated in Sect.2). As an application of the new versions of the classical
Lévy [11] and Hoffmann-Jgrgensen [8] inequalities, in Theorem 7 some general
results concerning sums of the form Y oo a,| Y ;_; Vi||? (where the a, > 0 and
{Vi; k > 1} is asequence of independent symmetric B-valued random variables and
g > 0) are established; these results are key components in the proof of Theorem 3.

2 New Versions of Some Classical Stochastic Inequalities

Li and Rosalsky [13] have recently obtained new versions of the classical Lévy
[11], Ottaviani [3, p. 75], and Hoffmann-Jgrgensen [8] inequalities. In this section
we state the results obtained by Li and Rosalsky [13] which we use for proving the
main result in this paper. Then, as an application of the new versions of the classical
Lévy and Hoffmann-Jgrgensen [8] inequalities, we establish some general results
for sums of the form Y2 | a,|| Y}, Vi||%, where the a, are nonnegative and where
{Vi; k> 1}1is a sequence of independent symmetric B-valued random variables and
> 0.

! Let {V,; n > 1} be a sequence of independent B-valued random variables defined
on a probability space (£2,.%,P). LetB® = BxBxBx--- andg: B® - R, =
[0, oo] be a measurable function. Let

Thn=gWVi,....,Vp,0,..), ¥, =g(0,...,0,V,,0,...), M, = max Tj, N, = max Y,

1<j<n I<j<n
forn > 1, and

M =supT,, N=sup?,.

n>1 n>1

The following result, which is a new general version of Lévy’s inequality, is
Theorem 2.1 of Li and Rosalsky [13].

Theorem 4 (Li and Rosalsky [13]). Let{V,; n > 1} bea sequence of independent
symmetric B-valued random variables. Let g : B*® — Ry = [0,00] be a
measurable function such that for all X,y € B,

g (X ; y) < amax (g(x). g(y)). 5)
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where 1 < o < o0 is a constant, depending only on the function g. Then for all
t > 0, we have

PM, >1t) < 2IP’(T,, > é)
and
P(N, >1) < ZIED(Tn > é)
Moreover if T,, — T in law, then for all t > 0, we have
P(M > 1) < 2P (T > é)
and

]P’(N>t)§2IP’(T>£>.

Remark 3. Theorem 4 includes the classical Lévy inequality [11] as a special case
if B = Rand g(x1,x2,...,%,,...) = }Z?zlx,- , (1, x2,...,%,,...) € R®,
Theorem 4 is due to Hoffmann-Jgrgensen [8] for the special case of @ = 1.

The following result, which is Theorem 2.2 of Li and Rosalsky [13], is a new
general version of the classical Ottaviani [3, p. 75] inequality.

Theorem 5 (Li and Rosalsky [13]). Let{V,; n > 1} be a sequence of independent
B-valued random variables. Let g : B®° — R4 = [0, oo] be a measurable function
such that for all X,y € B>,

gx+y) =B (x +gky), (6)

where 1 < B < o0 is a constant, depending only on the function g. Then for all
n > 1 and all nonnegative real numbers t and u, we have

]P’(Tn > é)

1-— maxi<kg<n—1 P (Dn,k > %)

PM, >t+u) <

where
Dyy=g(0,-+-,0,=Vjyy,-+- . =V,,0,--+), j=1,2,....n— L.
In particular, if for some § > 0,

’ f

1<k<n—1
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then for every t > 8, we have

P (M, > 2t) 52]P’(Tn > é)

Remark 4. The classical Ottaviani inequality follows from Theorem 5 if B = R
and

gxi,x0, .. Xy, ..) = . (1, x0, .. X, .. ) €ER™

n
2
k=1

The following result, which is Theorem 2.3 of Li and Rosalsky [13], is a new
general version of the classical Hoffmann-Jgrgensen inequality [8].

Theorem 6 (Li and Rosalsky [13]). Let{V,; n > 1} be a sequence of independent
symmetric B-valued random variables. Let g : B® — R, = [0,00] be a
measurable function satisfying conditions (5) and (6) . Then for all nonnegative
real numbers s, t, and u, we have

P(Tn>s+t+u)§IP’(Nn>%)+ZP(TH>£)P(MH>%)

t
= (v ) o (1> 35) P (7 )
s 1
P(Mn>s+t+u)§2P(Nn>W)+8P(Tn>#)P(Tn>az—ﬁz)’

and

s u t
PM > t <2P|N > — AP (M > — |P{M > — ).
Wbt 28 (W o) sar (v ) (> 2 )
Remark 5. The classical Hoffmann-Jgrgensen inequality [8] follows from Theo-
rem6ifa = 1and g = 1.

For illustrating the new versions of the classical Lévy [11] and Hoffmann-
Jgrgensen [8] inequalities, i.e., Theorems 4 and 6 above, we now establish the
following general result.

Theorem 7. Let g > 0 and let {a,; n > 1} be a sequence of nonnegative real
numbers such that Y oo a, < oo. Let {Vi; k > 1} be a sequence of independent
symmetric B-valued random variables. Write

o0
b, = E ag, n>1
k=n
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and

2174 if 0 < g <1 I, if0<g<l
o = and B = (7)
I, ifg> L 2071 if g > 1.

Then, for all nonnegative real numbers s, t, and u, we have that

[ele] n q
t
P (supbn RAEES t) <2P (Zan vl o> —) (8)
o

n=zl n=1 |li=1
! s
>s+1+ u) <P (supbn | Vall? > E)

n>1

and
o0
P (Z ay,
n=1

+ 4P (Ziil an | 2= Vil|* > ﬁ) P (Z:il an | i vil|* > o#) -
)

q
) (10)

n

>

i=1

Furthermore, we have that

o0
E | supb, |V,||?] < 2«E a
(nzg [ ||> (Z

n=1

i=1

and
o0 n q
E (Z an |y Vi ) < 6(ax + B)’E <sup by ||vn||4) +6(a+ B, (1)
n=1 =1 nzl
where
[e%e} n q
to = inf{t> 0: P (Zan dYovi| > l) <24 Ya+ B3 .
n=1 i=1
Proof. Form > 1 and (x1, x2,...,x,) € B", write

m q
8m (X1, X2, ..., Xp) = E a
n=1

m
2
i=1

One can easily check that, for each m > 1, the function g, satisfies conditions (5)
and (6) with « and 8 given by (7) . Let

Town=28nVi,....V0,0,...,0), Yyun=8m(0,...,0,V,,0,...,0), 1 <n<m.
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Clearly,

q

m
]}Lm — E ay
n=1

n
>
i=1

and

1<n<m 1<n<m \ 4
i=n

m
max Y, = max (Z ai) Va9 = max (by — bps1) |[Vall?.
1<n<m
Then by Theorem 4 we have for all nonnegative real numbers ¢,

P (lmax (by — b)) || Va|l? > t) =P (1max Yiun > t)
<n<m

<n=<m

t
=< mp(jﬁmz> &) (12)

q
t
> — |,
o

and by Theorem 6 we have for all nonnegative real numbers s, ¢, and u,

n

>

i=1

n=1

P(Tom >s+t+u) <P (lmax (by — b1) || Vall? > %)

u t
4P\ T — P Tum — .
- ( ’>aﬂ) ( ’ >a/32)

q

(13)

Note that with probability 1,

m q 00
]}Lm - E ay /ﬂ E ay
n=1 n=1

n
>
i=1

n
>
i=1

and

max (b, — but1) |Vall? /7 sup b, |Vu]|? as m — oo.

1<n<m n>1

Thus, letting m — o0, (8) and (9) follow from (12) and (13) respectively.
We only need to verify (11) since (10) follows from (8). Set

2 Vi
i=1

q

oo
Yy = o+ f and T=Zan
n=1
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Letc > ty. Notingy > 1, y/a > 1,and y/B > 1,by (9) withs =t = u = y3x, we

have that

o0
E(T) = 3)/3/ P (T > 3y°x) dx
0

IA

A

3)/3(/ +
0

/Coo) P (T > 3y’x) dx

o0 o0
3y? <c + / P (sup by || Vall? > x) dx + 4/ PX(T > x)dx)
c n>1 c

o0
3y? <c +E (Sup by, ||vn||4> + 4P(T > c)/ P(T > x)dx)
0

n>1

1
3y3c + 3y°E <supb,, ||Vn||q) + E]E(T)

n>1

since 12y3P(T > c¢) < 1/2 by the choice of c. We thus conclude that

n>1

E(T) < 6(a + B)°E <sup by, ||V,,||") + 6(c + B)3c Y e > 1

and hence (11) is established.

3 Proof of Theorem 3

For the proof of Theorem 3, we need the following five preliminary lemmas.

Lemma 1. Let {c; k > 1} be a sequence of real numbers such that

o0
D ekl < o0
k=1

and let {a,;; k > 1,n > 1} be an array of real numbers such that

Then

sup
n>1k>1

|anil < 00 and lim @, =0V k= 1.

00
lim E an kCx = 0.
n—>00 P
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Proof. This follows immediately from the Lebesgue dominated convergence theo-
rem with counting measure on the positive integers. (]

The proofs of Lemmas 2 and 3 and Theorem 3 involve a symmetrization
argument. For the sequence {X,; n > 1} of independent copies of the B-valued
random variable X with partial sums S, = Y ;_ Xy, n > 1, let {X".X/; n > 1}
be an independent copy of {X, X,; n > 1}. The symmetrized random Varlables are
definedby X = X — X', X, = X, — X', n > 1.Set S, = Y0, X, S, = Y'_ X;,
n>1.

Lemma 2. Let 0 < p < 2 and let {X,;; n > 1} be a sequence of independent copies
of a B-valued random variable X. Then

.S
if and only if
Son
E|X|? < oo and —— —p 0. (15)

2n/p

Proof. By Theorem 1, we see that (15) immediately follows from (14) . We now
show that (15) implies (14) . For 0 < p < 1, (14) follows from (15) since

o k=t Xl

. =0 a.s.if and only if E|X|]” < oc.
n—>c>o n /p

Clearly, for I < p < 2, (15) implies that E||X|| < oo and hence by the SLLN of
Mourier [15]

S
L L EX as.
n
Then
Son
— —p EX
o P

and so EX = 0 in view of the second half of (15) . We thus conclude that when
1 <p <2, (15 entails EX = 0.
Next, it follows from the second half of (15) that
S
on/p

—P 0.

Hence for any given € > 0, there exists a positive integer n, such that

P <H52

> 2"/”6) <1/24, Vn>n..
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Note that {)A(n; n > 1} is a sequence of i.i.d. B-valued random variables. Thus, by
the second part of Proposition 6.8 of Ledoux and Talagrand [10, p. 156], we have

E ngn < 6E max ?A(,H + 6 x 2"P¢ < 12K max |1 Xi|| + 6 x 2"Pe Y n>n,
1<i<2n 1<i<on
and hence
E | S E max;<i< | Xi|
1<i<2» i
“onlp =< 12( T )+6e, Y n>ne.

It is easy to show that, for 1 < p < 2, the first half of (15) implies that

. E max;<j<» || X —o.

n—o0o 2”/17

We thus have that

E || Sy
lim
n—oo 2n/p

= 0. (16)

Since EX = 0, applying (2.5) of Ledoux and Talagrand [10, p. 46], we have that

ElSull _ S1p ElSall _ i ENS2l _ 1y B[S
o i =2 M Ty =2 Ty 22X T
for n > 1. It now follows from (16) that
E|S
lim ”1 g
n—oo pl/p
and hence that
Sn
m —P 0.
By Theorem 1 again, we see that (14) follows. O

Lemma3. Let 0 < p < 2and 0 < g < oo. Let {X,; n > 1} be a sequence of
independent copies of a B-valued random variable X. If (2) holds, i.e., if

— 1 (”Sn“)q
E - <00 a.s.,
n \ nl/r

n=1

then (14) holds, i.e.,
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Proof. We first show that (2) implies that

Son
To see this, forn > 1 and x = (x1,x2,...,Xm) € B%' write

_on q
ont1_1 | Hzfi—ll 2 xi‘

Clearly, g, : B* — [0, 0c] is a measurable function satisfying condition (6) with 8
given by (7) . Set

Vi=8y, Vi=Xonyjr, 252",
MnJ:gn(Vly-..,‘/ijy...,O), DnJ:g,,(O,...,O,—Vj,...,—Vzn), 1 ijzn

By Theorem 5 (i.e., Theorem 2.2 of of Li and Rosalsky [13]), we have that

P M, o >t
IP’(maxM,”->t+u)< (M /P) , Vs>0,u>0.

1<j=2" ~ 1 —maxy<j<on P (Dyy > u/B)
(18)
It is easy to see that
ot
1 Ci—gsp ((152211Y7
M =0 52.0.0 = | 3 | sz 270 (2
k=2n
(19)
and it follows from (2) that
ot
1/ I1Sell\?
Mn,Z" = &n (Szn,X2n+1, Ce ,X2n+l_1) = Z % (%) — 0 a.s. (20)

k=2"

Since {X,;; n > 1} is a sequence of independent copies of X, we have that for all
u>0,

]P)(DI’LJ > I/t) = ]P)(gn (0,...,O,Xl,...,in_j_l_l) > u)’ 2 5]5 2}1.
Note that
8n (0""’0’X1’X2’---’X2"—j+1) S &n (O,--.,O,XI’XZ,-..,X2ﬂ_j+2)’ 2 S] S 2”

We thus conclude that for all u > 0,

max ]P’(D,,J > u/,B) <P(g, (X1, X2,...,Xm) >u/p). 21

2<j<on
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Set

k I+q/p
(5) ifl <k<?2"

apk =

0 if k > 2",
Then clearly {a,; k > 1,n > 1} is an array of nonnegative real numbers such that

sup ayx <1 <oo and lim a,;, =0 Vk=>1.
n>1k>1 n—>00

Note that, forn > 1,

2n+1_1 1 H Zl;+l—2” Xi H 4

i=1
S k—zz k Ki/p

51 (bl
3G )

“Y (1 (nskn)q)
— nk \ 7 1 .
— k\ kl/r

Then, by Lemma 1, (2) implies that

R~

lim g, (X;,X2,...,X0n) =0 as. (22)
n—oo

It now follows from (18) and (20)—(22) that

P(Mn‘zn > ﬁ)
lim P(M,; >¢€) < lim
n— 00 n—00 1—]P’<gn (Xl,XZ"-'vXZ”) > %)

=0Ve>O0;
that is,
Mn,l —>P 0

and hence (17) follows from (19).
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We now show that (2) implies that
E|X]P < oc. (23)
To see this, (2) clearly ensures that

g 01 (1507 [ AR
() n (S S e

’ (24)

S

00
> an
n=1

where a, = n='79/? n > 1. Since {)A(n; n > 1} is a sequence of independent copies
of the B-valued random variable X, it follows from (8) of Theorem 7 that

=1 (180
P X >1] < 2P - " >—| Vr>o,
(@ )— (,;,,(W) a) -

o0
b, = Zn_l_‘m’, n>1
k=n

which, together with (24), ensures that

where

~ 14
sup b, || X,

n>1

< 00 a.s. (25)

It is easy to check that

m
n—00 n_Q/P

and so we have by (25) that

q

A

X

N
sup ~—-% | = supn alp HX”H < 00 a.s.
n>1 N p n>1

Since the )A(,,, n > 1 arei.i.d., it follows from the Borel-Cantelli lemma that for some
finite A > 0,

o0
3P (||X|| > )Lnl/”) <0
n=1
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and hence
E|X —X'|IP < o0

which is equivalent to (23) . By Lemma 2, (14) now follows from (17) and (23) .
The proof of Lemma 3 is complete. O

Lemma 4. Let (E,9) be a measurable linear space and g : E — [0,00] be a
measurable even function such that for all X,y € E,

gx+y) =B X +g¥),

where 1 < B < oo isa constant, depending only on the function g. If 'V is an
E-valued random variable and V is a symmetrized version of V (i.e., V=V =V’
where V' is an independent copy of V), then for all t > 0, we have that

P(g(V) < NEg(V) < BEg(V) + pr (26)
and
Eg(V) < 2BEg(V). 27)
Moreover, if
2(V) < 00 as., (28)
then
Eg(V) < oo ifand only if Eg(V) < oo. (29)

Proof. We only give the proof of the second part of this lemma since the first part
of this lemma is a special case of Lemma 3.2 of Li and Rosalsky [13]. Note that,
by (28), there exists a finite positive number t such that

P(g(V) <7)>1/2.

It thus follows from (26) and (27) that

ﬁEg(V) < Eg(V) < 28Eg(V) + 261

which ensures that (29) holds. Ul

The following nice result is Proposition 3 of Hechner and Heinkel [7].
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Lemma 5 (Hechner and Heinkel [7]). Let p > 1 and let {X,; n > 1} be a
sequence of independent copies of a B-valued random variable X. Write

1
u, =inft: P(|X||>1) < —-;,n>1.
n

Then the following three statements are equivalent:

o0
) / PUP(IX| > f)dt < 0o
O% u
(i) Z—nm/p < o0;
n=1

oo

1

i 3 e (e ) <o
n—=

Proof of Theorem 3. Firstly, we see that (1) immediately implies that (2) holds.
Thus, by Lemma 3, for 0 < g < oo, each of (1) and (2) implies that (4) holds.

Secondly, we show that (1) follows from (2) and (3). To see this, by Lemma 4,
we conclude that (1) is equivalent to

o] P q
L (18]
> -E < | <o (30)

Since (2) ensures that (24) holds, by (10) and (11) of Theorem 7, we see that (30)
holds if and only if

X,

E (sup b, q) < 00, 3D
n>1

where b, = Y =, n~179/P p > 1. Since lim,_ o0 b, /n"9? = p/q, we conclude
that (31) is equivalent to

~ PN\ 4P ~ |14
Xn n
E | sup—— =E|sup—7—— | < o0. (32)
n>1 n n>1 nQ/p
Note that we have from (3) that
E|X]|? < oo if0 <qg <p,

EIX["In(1 + |IX])) < oo ifg = p,

E|X|¢ < oo ifg>p
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which is equivalent to

E|IX|I” < oo if0<gq<p,
E[IX[”log(1 + [[X]) < oo ifg = p, (33)
E|IX|7 < oo if g > p.

Burkholder [2] proved that (33) and (32) are equivalent. We thus conclude that (1)
follows from (2) and (3) .
Since (1) and (30) are equivalent, (30) implies that (32) holds, and (32) and (33)
are equivalent, we conclude that (3) follows from (1) if ¢ > p.
We now show that (1) implies that (3) holds if 0 < g < p. By the Lévy inequality,
we have that, for everyn > 1 and all t > 0,
~ e
P(max XkH >t) =IP(maX >t1/‘1)
1<k<n 1<k=<n

A

X

A ~ |14
< 2P (HSH > /1) =2p (|5, > 1),
which ensures that, for every n > 1,
~ |14 ~ |19
E (max XkH ) <2E |3, (34)
1<k<n
Since (1) and (30) are equivalent, it now follows from (1) and (34) that
> S g
2; pRERy (121?; Yk) - 2} e (f;‘?;‘n Xk ) = (35)
n= n=
N N
where py = p/q > 1 (since 0 < g < p)and Y = |[X|4, Y, = ‘Xn . n> 1.By
Lemma 5, (35) is equivalent to
o0
/ P/PI(Y > f)dr < oo,
0
1.e.,
o0
/ PP (|1X — X'||7 > 1) dt < oc. (36)
0

Let m(]|X||) denote a median of || X||. Since, by the weak symmetrization inequality,
we have that
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P(IX | —m(IXID| > ) < 2P ([IIX]| = IX"[[| > 7)

t
<P (X —X'|| > 1) < 4P <||X|| > 5) Vi>0,
we conclude that (36) is equivalent to
o0
[ PP (|X |14 > 1) dt < oo,
0

i.e., (3) holdsif 0 < g < p.

Finally, by Lemma 3, (2) implies that E||X|” < oo. Then (32) holds and
hence (30) holds if 0 < g < p. Since, under (2) , (1) and (30) are equivalent,
we see that (1) follows from (2) if 0 < g < p. O
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