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Abstract Consider a p-variate normal random vector. We are interested in
the limiting distributions of likelihood ratio test (LRT) statistics for testing
the independence of its grouped components based on a random sample of size
n. In classic multivariate analysis, the dimension p is fixed or relatively small,
and the limiting distribution of the LRT is a chi-square distribution. When
p goes to infinity, the chi-square approximation to the classic LRT statistic
may be invalid. In this paper, we prove that the LRT statistic converges to a
normal distribution under quite general conditions when p goes to infinity. We
propose an adjusted test statistic which has a chi-square limit in general. Our
comparison study indicates that the adjusted test statistic outperforms among
the three approximations in terms of sizes. We also report some numerical
results to compare the performance of our approaches and other methods in
the literature.

Keywords Likelihood ratio test - covariance matrix - independence - high-
dimensional normal vector - central limit theorem - chi-square approximation

1 Introduction

In classical statistical inference, the likelihood ratio method has been widely
used for testing parametric hypotheses, assessing statistical model fittings and
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constructing confidence intervals/regions for parameters of interest. An advan-
tage of using the likelihood ratio method is that one doesn’t have to estimate
the variances of the test statistics. It is well known that the limiting distribu-
tions for the likelihood ratio test (LRT) statistics are chi-square distributions
under certain regularity conditions when the dimension of the data or the
number of the parameters of interest is fixed.

For many modern datasets, their dimensions can be proportionally large
compared with the sample size. For example, financial data, consumer data,
modern manufacturing data and multimedia data all have this feature. How-
ever, the chi-square approximation doesn’t fit the distribution of the LRT
statistics very well for the high-dimensional case, especially when the dimen-
sion of the data grows with the sample size. To deal with this feature, Schott
(2001), Ledoit and Wolf (2002), Schott (2005), Schott (2007), Bai et al. (2009),
Chen et al. (2010), Jiang et al. (2012), Srivastava and Reid (2012), Jiang and
Yang (2013), Jiang et al. (2013), Jiang and Qi (2015a), Bao et al. (2017) and
Li et al. (2017) have derived different methods to study the classical LRT or
alternatives to LRT when the dimension p is large.

In this paper, we consider the LRT statistics for testing the independence of
sub-vectors from a high dimensional normal vector. We are devoted to deriving
the limiting distributions of the LRT statistics. Our motivation is from recent
papers by Jiang and Yang (2013) and Jiang and Qi (2015a) where several
LRTs on high-dimensional normal random vectors have been considered when
the dimension goes to infinity with the sample size and corresponding LRT
statistics are shown to be asymptotically normal. From both Jiang and Yang
(2013) and Jiang and Qi (2015a) one can conclude that the standard LRT
statistics cannot be fitted by chi-square distribution as the dimension of the
data diverges.

Our problem can be addressed as the statistical model below. For a mul-
tivariate distribution N,(u,X), we partition a set of p variates with a joint
normal distribution into k£ subsets and ask whether the k subsets are mutually
independent, or equivalently, we want to test whether the covariance matrix
X is block-diagonal. It is worth mentioning that Srivastava and Reid (2012)
and Jiang et al. (2013) consider the same testing problem for multivariate nor-
mal distributions. Both of the two papers aim at deriving new test statistics
by allowing that the dimension p can be larger than the sample size n but
assuming that p/n has a limit and the numbers of components within subsets
are proportional asymptotically. Our current paper focuses on the limiting
distributions of the LRT statistics which exist only when 2 < p < n. We will
establish the central limit theorem for the LRT statistic when the dimension
of the normal random vector goes to infinity. In this paper we allow that k
changes with n and the partition can be unbalanced in the sense that numbers
of components within subsets are not necessarily proportional. Our results are
extensions of some results in Jiang and Yang (2013), and Jiang and Qi (2015a)
where the number of the partition is fixed and the partition is well balanced.

Our central limit theorem established in (3) in Section 2 provides normal
approximation to the LRT statistic when p is large. The classical chi-square
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approximation in (9) is valid when p is fixed. To assess the normal approxi-
mation and compare it to the classical chi-square approach, we present some
finite sample simulation results in Section 3. The study indicates that the nor-
mal approximation outperforms the chi-square approximation when p is large
or relatively large, but the chi-square approximation is better when p is small.
Similar phenomena have been observed in both Jiang and Yang (2013) and
Jiang and Qi (2015a). However, the theoretical results and simulation study
don’t suggest clear ranges of p when to use the normal approximation and
when to use the chi-square approximation. Such a cutoff on p should depend
on the sample size n and grouping parameters ¢;’s and k. For the limiting dis-
tributions of —2log A,,, where A,, is the Wilks likelihood ratio statistic defined
in (2), the transition from the chi-square to the normality seems a problem
in practice. This motivates us to investigate why the chi-square approach fails
when p is large. As a result, we will propose an adjusted LRT statistic which
has a chi-square limit in the entire range of p. Some more insights will be given
in Section 2.

One related problem is to test the independence of the p variates of a p-
dimensional normal random vectors, which is also considered in Jiang and
Yang (2013) and Jiang and Qi (2015a) as a different test problem. This is
indeed a special case of our setting when the random vector is partitioned into
p blocks and each block contains only one component.

The rest of the paper is organized as follows. In section 2, we state our
main results including the central limit theorem for the LRT statistic when
dimension p goes to infinity with the sample size n and the chi-square approx-
imation for the adjusted LRT statistic for any p in the range that the LRT can
be applied. In Section 3, we carry out some simulation studies to compare the
performance of three methods including the chi-square approximation to the
LRT statistic, the normal approximation to the LRT statistics and the chi-
square approximation to the adjusted LRT statistic. We also compare our test
statistics with some other approaches in the literature. All proofs are given in
Section 4.

2 Main Results

Throughout, let Xfc denote the chi-square random variable with f degrees
of freedom and N(0,1) the standard normal variable. For each a € (0,1),
Xfc,a and z, are the « level critical values of X?c and N(0,1), respectively.
Np(p,>) denotes p-dimensional multivariate normal distribution with mean
1 and covariance matrix 3.

For k > 2, let q1,- - - , qx be k positive integers. Denote p = ¢; + - - - + ¢ and
let

= (Bijh<ij<k
be a positive definite matrix, where 3;; is a g; X ¢; sub-matrix for all 1 < 4,5 <

k. Assume &; is a g;-dimensional normal random (column) vector for each 1 <
i <k, and the p-dimensional random vector (£7,--- ,&};.)" has the distribution



4 Y.Qi, F.Wang and L.Zhang

Np(p,X). We are interested in testing the independence of k random vectors
&1, , &, or equivalently testing

Hy:3;;=0foralll1<i<j<k vs H,:Hpisnot true. (1)

Assume that xi,---,%, are independent and identically distributed (i.i.d.)
random vectors from distribution N, (p, 3). Define

n

1 n
A=) (x;—X)(x; — %) withx= - > xi,
1=1

i=1
and partition it as follows

Ajg A - Ay

Aoy Agy - Ay
A= . .

Apt Apz - Apg
where A;; is a ¢; X ¢; matrix. The likelihood ratio statistic for testing (1) is
given by
A n/2
A= AL @)
[T A2
see Wilks (1935) or Theorem 11.2.1 from Muirhead (1982).
In the sequel, we assume that both k and p can depend on the sample size n,

that is, k = k,, and p = p,, and both can diverge to infinity. First, we extend
the results given in Jiang and Yang (2013) and Jiang and Qi (2015a).

Theorem 1 Let p = p, satisfy 2 < p < n and p, — o0 as n — oo and
k =k, > 2 be a sequence of integers. Assume that q1,--- ,qr are k positive
integers such that p = Zle q; and maxi<;<r ¢ < dp, for a fized § € (0,1)
and all large n. Ay, is the Wilks likelihood ratio statistic defined in (2). Then
under the null hypothesis in (1)

_QIOgAn —Dn d

Ty := — — N(0,1) (3)
0-77.
as n — 0o, where
n k k
/jn = /~Ln+ g (b(n,p) _Z b(nv Qi))v 6721 = 0’721+27L2 (b(nap) _Z b(nv QZ)) (4)
i=1 1=1
with
k 3
“”:nz( —n+ §)log(1— =)—n(p n—&—i)log(l—f), (5)
i=1
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and

b(n,q):Zﬁ for1<qg<n. (7)

Jj=1

Remark 1  The central limit theorem in (3) is still valid if f, and &,, are
replaced by p, and oy, respectively. In fact, we will show in the proof of
Theorem 1 in Section 4 that

MHO and @%1 as n — 0o. (8)

On On

In general, i, and 62 are better approximations to the mean and variance
of —2log A,,, but u, and o2 have simpler expressions. Our simulation study
indicates little difference in the convergence rate to normality between two
different selections if p is not too close to n. The situation is quite different
when p is close to n such as p = n — 1. One can verify that in this case the
convergence rates in (8) are of order (logn)~!/2. Therefore, with n = 100 or
even n = 1000, using p,, and o, in (3) can result in a serious bias in the normal
approximation.

Remark 2 When £k is fixed and p = p,, goes to infinity as n — oo,

Jiang and Yang (2013) and Jiang and Qi (2015a) prove the central limit theo-
rem for log W, under additional assumptions including: (A) 2 <p <n—1; (B)
For some ¢ € (0,1), 0 < ¢;/q; < 0~ for all 1 <4,j <n and all n. Note that
—2log A, = —nlog W, from (2). After taking into account the constant scale
—n, one can find out that the estimates for the mean and variance of —2log A,,
in this paper are slightly different from those in Jiang and Qi (2015a). Our
estimates are more accurate in the sense that our estimates catch the leading
terms not only for large p but also for small p. This will be very critical in
establishing our Theorem 2 below.

Remark 3 Our restriction 2 < p < n is a natural one since the matrix A
is not of full rank and the LRT fails when p > n. See, e.g., Jiang and Yang
(2013). Compared with Jiang and Yang (2013) and Jiang and Qi (2015a), our
present paper has removed several constraints in the following three aspects:
a). the number of the partition k¥ can depend on n; b). the numbers of the
components {g;} do not have to be comparable; c). the dimension p can be
any integer in the range 2 < p < n. In particular, it follows from Theorem 1
that the central limit theorem holds for —2log A,, when p =n — 1.

Remark 4 The classical likelihood method handles the case when both p
and k are fixed integers. When q1,qq, - - - , qi are fixed as n goes to infinity, the
standard LRT statistic of (1) has a chi-square limit:

~2plog Ay 5 X3, 9)
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where

1 k
=3 (p2 - Z(ﬁ), (10)

2(p* =0, ad) +9(r* - S )
6n(p? ~ S a?)

see, e.g., Theorem 11.2.5 in Muirhead (1982). Note that p is introduced to
achieve the second order accuracy and p converges to one as n goes to infinity.

p—1- : (11)

As we have known, the chi-square approximation and the normal approxi-
mation apply in different ranges of p. But for moderate values of p, it seems
difficult to tell which approximation method should be used, and therefore,
some guidelines in this direction are desirable in practice. To better understand
the chi-square approximation, one needs to look at the asymptotic mean and
variance of the test statistic. It is well known that the ratio between the mean
and the variance of a chi-square distribution is 1 : 2. One can verify that the
ratio of the asymptotic mean fi,, and the asymptotic variance 52 of —2log A,
is close to 1 : 2 when p is fixed but this ratio can be quite different from
1: 2 when p goes to infinity from Theorem 1. The same is true for —2plog 4,,.
This explains why the chi-square approximation for —2log A,, works only for
small p. On the other hand, a sequence of random variables with a normal
limit can be also approximated in distribution by linear functions of some
chi-square random variables, and this means that when p is large, the LRT
statistic —21log A,,, after proper normalization, can also be approximately by
some chi-square distribution. Since we aim at a unified chi-square approxima-
tion in the full range 2 < p < n, we should also take into account the case
when p is small.

We propose an adjusted log-likelihood ratio test statistic (ALRT)

(—2log Ay,)y / =+ fr — finy 2}2’ (12)

with f,, ji, and &2 being defined in (10) and (4), respectively. Note that the
ALRT is essentially the LRT statlstlc since it is a linear combination of the
log-likelihood ratio test statistic, —2log A,. We have the following theorem
regarding the chi-square approximation of Z,, statistic.

Theorem 2 Let p = p, be a sequence of integers with 2 < p < n for any
n > 1. Assume k = k,, is also a sequence of positive integers, and qy,--- , Qg
are k positive integers such that p = Zle q;. Assume there exists a constant
5 € (0,1) such that max g; < ép for all large n. Then we have under the null

hypothesis in (1)

lim sup |P(Z, <z)— P(x} <) =0. (13)

N—=0 _co<r<oo
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Remark 5 The test statistic Z,, defined in (12) is a linear combination of
—2log A,,, and the coefficients are selected in such a way that the asymptotic
mean and variance of Z,, are close to f,, and 2f,, respectively, where f,, and 2f,,
are the mean and variance of a chi-squared random variable with f,, degrees
of freedom.

Remark 6 Let o € (0,1) be any given number. Based on the classical chi-
square approximation in (9), the LRT rejects the null hypothesis in (1) if
—2plog A, > X?"m .- Based on the normal approximation in Theorem 1, the
rejection region is —2log A,, > [i,, + 0,2 Based on the chi-square approxima-
tion in Theorem 2, the LRT rejects the null hypothesis in (1) if Z,, > X?‘n,a'

Remark 7 In Theorems 1 and 2, we impose assumption that max g < dp
SISK

for some ¢ € (0,1). This condition is quite mild. We notice that it is trivial
when p is fixed. It rules out the extreme situation that max g /p — 1 along
3

the entire sequence or any subsequence. Violating this assumption may result
in a non-normal or chi-square limit.

As an application, we consider the test for complete independence inves-
tigated in Jiang and Yang (2013) and Jiang and Qi (2015a). Assume that a
p-dimensional random vector x = (z1,---,x,)" has a distribution N,(u,X).
Our interest is in testing the independence of the p components 1,2, - , 2y
or equivalently testing that the covariance matrix X is diagonal based on a
random sample x1,---, X, from distribution N,(x,X). Let R = (73;)pxp be
the correlation matrix generated from N,(u,X). Then the test is equivalent
to

Hoy:R=1, vs H,:R#1I,, (14)

where I,, denotes p x p identity matrix.

Obviously, test (14) is a special case of the test (1) with ¥ = p and ¢1 =
-+ = g, = 1. In this case, W, defined in (2), is equal to the determinant
of Pearson’s correlation matrix. More specifically, let x; = (241, , )" for
1<i<nand z; =L 3"  an;for1<j<p Forl<i,j<p,define

. Yot (Tmi = Ti) (Tmj — T;5)

’rij = — — .
\/anzl(xmi —7;)%- erz:l(xmj —z;)?

(15)

Then Pearson’s correlation matrix is given by R,, = (fij)pxp.

From (2), log A,, = % log |Rn| Under condition 2 < p < n —4 and p — oo,
a central limit theorem is proved for log|R.,,| in Jiang and Yang (2013) and
Jiang and Qi (2015a), see, e.g., Corollary 1 in Jiang and Qi (2015a). Since
maxi<i<p @ = 1 < p/2 for any 2 < p < n, both Theorems 1 and 2 are valid
in this case. In our central limit theorem in Theorem 1, we have extended the
range for p and allow p =n—4,n—3,n—2 and n—1 as well. From Theorems 1
and 2 we conclude the following corollary.
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Corollary 1 Letp = p, be a sequence of positive integers with 2 < p < n. Set
log A, = 3 10g [Ry|, 52 = 2n% (plog(1—1)—log(1-2)+X2_, -l — iz )

P

B 5 1 3 p. 1 1 p

= ——n)log(l—=)—(p—n+=)log(1—=)+= —
o = 1 (p( =) o8(1= )~ los1-+50- =5~ )
and fn, = %p(p —1). Define Z,, as in (12). Then under the null hypothesis in
(14) we have

lim sup |P(Z,<z)-— P(X?cn <z)|=0.

N—=0 _co<r<oo
In addition, if lim,_, . p, = 00, we have

Z2log A = fin 4 i 1)

On

3 Simulation study

In this section, we will have some simulation studies to compare the perfor-
mance of three different approaches to the likelihood ratio test statistics and
to compare our adjusted likelihood test statistics with some other approaches
in the literature.

3.1 Comparisons of the likelihood ratio tests under different
approaches

In this subsection, we will compare the accuracy of the three different ap-
proaches to the likelihood ratio test statistic —2log A,, under the null hypoth-
esis of (1) and the performance of —2log A,, under different normalizations
proposed by Jiang and Yang (2013), Jiang and Qi (2015a) and approaches in
the present paper in terms of sizes and powers.

First, we carry out a finite sample simulation study to compare the perfor-
mance of the three approximation methods including the classical chi-square
approximation (9), the normal approximation (3) and adjusted chi-square ap-
proximation (13). For the three methods, we demonstrate how well the pro-
posed limiting distributions fit the histograms of the three test statistics based
on 10000 random samples of size n = 101. From (21) in Lemma 1, the moment-
generating function of log W, is distribution-free under the null hypothesis in
(1). Since the three test statistics are functions of 4,, and hence they are also
functions of log W, from (2), they are distribution-free under the null hypoth-
esis in (1). Therefore, the underlying distribution in our study is assumed
to be a multivariate normal distribution with independent standard normal
components.

The simulation study consists of two cases. In the first case, we test the
independence of k = 3 block vectors and the ratio of their dimensions is kept
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fixed as g1 : g2 : g3 =2 :2:1 with p =¢1 +¢2+¢3 = 5, 30, 60 and 100
respectively, and the sample size n = 101 is fixed. Figure 1 contains the his-
tograms for the three test statistics considered in Section 2 including classical
chi-square approach “Chisq” given in (9), normal approximation “CLT” given
in (3) and adjusted likelihood ratio approach “ALRT” in (12) and (13). The
second case is the test of complete independence in (14) with dimension param-
eter p = 5,30,60 and 100 and a fixed sample size n = 101 and corresponding
histograms for the three test statistics are included in Figure 2.

From both Figures 1 and 2 one can easily conclude that following common
features:

(i). The classical chi-square approximation works very well for small p, and it
becomes worse with the increase of p and eventually departs completely
from the histograms of the test statistic.

(ii). The normal approximation shows some lack of fit to the histograms for
small p such as p = 5, and the approximation is getting better with the
increase of p. For p = 100, the normal distribution is slightly away from
the histograms of the test statistic. In the range of 2 < p < n —1 = 100,
p = 100 represents the extremal case when one can apply the likelihood
ratio method, and the sample covariance matrices in this case are nearly
singular. In this case, the convergence rate in (3) is slow. The fit improves
with the increase of n.

(iii). The adjusted likelihood ratio test (ALRT) statistic given by (12) works
very well in the entire range 2 < p < n — 1 = 100, that is, for smaller p,
ALRT behaves like the classical chi-square approximation, while for large
p, the ALRT performs equally well as the normal approximation.

In summary, the adjusted likelihood ratio test (ALRT) outperforms over the
classical chi-square approximation and the normal approximation. By using
the ALRT, one doesn’t have to differentiate whether a value of p is small or
moderately large. For very large p, the ALRT and the normal approximation
work equally well.

Now we compare the performance of —2log A,, under different normaliza-
tions proposed by Jiang and Yang (2013), Jiang and Qi (2015a) and approaches
in the present paper in terms of sizes and powers. Jiang and Yang (2013) and
Jiang and Qi (2015a) use the same normalization constants. Under the null
hypothesis in (1), they show the following central limit theorem under different
constraints on qi, - - - , qr with fixed k > 2:

_ —2log Ay, —my 4

T : — N(0,1) asn — oo, (16)

Tn
where
My, = "(7"721—1(? —n+3) - Zf:l ra-1i(G =+ %))’

2 _9,2(,.2 k 2
Tn =2n (T.n—l - Zi:l 7ﬁnfl,i)?
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Fig. 1 Test of independence in (1) with k = 3: histograms for three test statistics including
classical chi-square approach “Chisq” given in (9), normal approximation “CLT” given in
(3) and adjusted likelihood ratio approach “ALRT” in (12) and (13)
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Fig. 2 Test of complete independence in (14): histograms for three test statistics including
classical chi-square approach “Chisq” given in (9), normal approximation “CLT” given in
(3) and adjusted likelihood ratio approach “ALRT” in (12) and (13)
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Table 1 Comparisons of the likelihood ratio test statistics under different normalizations.
The sizes and powers are estimated based on 10,000 simulations, and the type I errors for
all tests are set to be 0.05.

Size (6 = 0) Power (§ = 0.1) Power (§ = 0.2)
(q1,92,93) n To Zn Th To Zn T To Zn T,
(2,2, 1) 20 | 0.0730 0.0529 0.0717 | 0.1158 0.0911 0.1151 | 0.2648 0.2233  0.2637

50 | 0.0653 0.0481 0.0652 | 0.2233 0.1848 0.2230 | 0.6570 0.6109  0.6569
100 | 0.0699 0.0533 0.0698 | 0.4294 0.3722 0.4293 | 0.9471 0.9327 0.9471
(10, 10, 5) 50 | 0.0599 0.0545 0.0591 | 0.3049 0.2869 0.3015 | 0.7478 0.7327  0.7457
100 | 0.0561  0.0505 0.0559 | 0.7912 0.7783 0.7907 | 0.7912 0.7783  0.7907
150 | 0.0553  0.0497 0.0552 | 0.9701 0.9679  0.9700 | 1.0000  1.0000  1.0000
(30, 30, 10) 100 | 0.0531 0.0510 0.0520 | 0.5097 0.5004 0.5044 | 0.8920 0.8882  0.8901
150 | 0.0520 0.0508 0.0519 | 0.9154 0.9126 0.9152 | 0.9999 0.9997  0.9999
(40, 20, 20) 100 | 0.0567 0.0542 0.0545 | 0.4413 0.4343 0.4347 | 0.7980 0.7937 0.7942

ry = (—log(1 — 2))Y/2 for z > p, and r,; = (—log(1 — %))'/2 for z > ¢; and
1 <i < k. In fact, Jiang and Yang (2013) have proved (16) under assumption
that ¢;/n — y; € (0,1) for 1 < i < k and Jiang and Qi (2015a) assume only
that g;’s are of the same order and min;<;<j ¢; — 00 as n — oo.

By using T3 in (16), one rejects the null hypothesis in (1) at level « if
Ty > My + Thza-

As some empirical evidence has shown, the classical chi-square approach
to the likelihood ratio test statistics is improper to our current settings. Our
comparison of the likelihood ratio test statistics under different normalizations
will focus on the test statistics Ty, Z, and T4, defined in equations (3), (12)
and (16), respectively.

In our simulation, we generate 10000 random samples of size n from a mul-
tivariate normal distribution N,(0,X5), where X5 = (1 — §)I,, + §J,, where
I, denotes a p x p identity matrix, J, denotes a p x p matrix with all entries
equal to 1, and ¢ € [0,1) is a constant.

First, we set k = 3. With different choices of (q1, g2, ¢3) and n, we estimate
the sizes (when ¢ = 0) and powers (when 6 = 0.1 and 0.2) for the three test
statistics based on the 10000 random samples. The comparison results are
given in Table 1.

Then we consider the case when k is large. In the study we assume p is an
even integer and set k = p/2. We discuss two different cases as follows.

Case 1 (Balanced case). ¢g1 = -+ = qr = 2;
Case 2 (Unbalanced case). g =k+1, go=---=¢qx = 1.

Again the sizes and powers are estimated from 10000 random samples of
size n from N,(0,3s) with different choices of p and n under each of the two
cases above. The simulation results are given in Table 2.

From Tables 1 and 2 we can conclude that test statistic Z,, gives the most
accurate sizes (type I errors), especially when dimension parameter p is not
large. Both Ty and T3 are also working very well in terms of sizes when p is
reasonably large. Ty and T} have larger powers than Z,, especially when p is
small, and this can be explained by the difference among sizes of the three
test statistics. Note that all three test statistics are linear transformations of
likelihood ratio test statistic —21log A,,. Since Ty and T; have larger and less
accurate sizes, their rejection regions are larger than that of Z,, and naturally
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Table 2 Comparisons of the likelihood ratio test statistics under different normalizations.
The sizes and powers are estimated based on 10,000 simulations, and the type I errors for
all tests are set to be 0.05.

Case Size (6 = 0) Power (6 = 0.1) Power (8 = 0.2)
P No. n 1o Zn T To Zn 71 To Zn 1
10 1 20 0.0659 0.0537 0.0627 0.1389 0.1200 0.1348 0.3630 0.3328 0.3560
1 50 0.0635 0.0534 0.0631 0.3721 0.3429 0.3713 0.8981 0.8838 0.8980
20 1 50 0.0584 0.0530 0.0579 0.5360 0.5152 0.5333 0.9761 0.9735 0.9755
1 100 0.0589 0.0533 0.0587 0.9456 0.9409 0.9456 1.0000 1.0000 1.0000
40 1 50 0.0598 0.0568 0.0562 0.5468 0.5372 0.5346 0.9769 0.9760 0.9759
1 100 0.0563 0.0539 0.0557 0.9928 0.9922 0.9926 1.0000 1.0000 1.0000
10 2 20 0.0690 0.0565 0.0670 0.1246 0.1051 0.1215 0.2847 0.2496 0.2774
2 50 0.0644 0.0541 0.0640 0.3008 0.2683 0.3002 0.8140 0.7895 0.8134
20 2 50 0.0591 0.0525 0.0583 0.3993 0.3790 0.3974 0.9205 0.9137 0.9196
2 100 0.0611 0.0544 0.0609 0.8615 0.8475 0.8611 1.0000 0.9999 1.0000
40 2 50 0.0597 0.0561 0.0561 0.3643 0.3535 0.3533 0.8657 0.8586 0.8583
2 100 0.0584 0.0547 0.0581 0.9415 0.9382 0.9413 1.0000 1.0000 1.0000

their powers are larger than that of Z,,. When p increases, the size of Z, is
getting closer to those of Ty and T and the powers of all test statistics are
comparable. From Tables 1 and 2, we note that the performance of Ty and T}
are quite similar in terms of both sizes (type I errors) and powers.

3.2 Comparisons of adjusted log-likelihood ratio test statistic and
other methods

In this subsection, we plan to compare our adjusted log-likelihood ratio test
statistic, i.e., Z,, in (12) with other three test statistics, including two trace
criterion test statistics by Jiang et al. (2013) and Li et al. (2017) and Schott
type statistics by Bao et al. (2017). Jiang et al. (2013) and Bao et al. (2017)
propose test statistics for test (1) for any fixed &k > 2 while Li et al. (2017)
consider test (1) for k = 2 only.

Bao et al. (2017) have compared numerically the performance of test statis-
tics in Jiang et al. (2013), Jiang and Yang (2013) and Bao et al. (2017) when
k = 3. They conclude that Schott type statistics are very robust, and when
the sample size n and the total dimension p are large, all three test statistics
perform very satisfactorily in terms of the empirical sizes, except the likelihood
ratio test statistics when the total dimension p is too close to the sample size
n. In terms of the empirical powers, Schott type statistics are very competitive
among the three test statistics in most cases.

Since Li et al. (2017)’s test statistics apply to the case kK = 2 only, for
convenience, we will compare the aforementioned test statistics in case k = 2
and compare them with the test statistics in the present paper.

Jiang et al. (2013)’s large-dimensional trace criterion test statistic (T%) is
defined as

L = tr(An AT A1 AZY).

where tr(A) denotes the trace of matrix A. If r,; := g2/q1 — r1 € (0,00),
T2 = q2/(n—1—q2) = r2 € (0,00), g2 < n, then

L, —a,

Vb

T := iN(O,l) as n — oo (17)
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under the null hypothesis in (1), where

2,2 .2
2hrera, _ @2Tn2

9 n - 9
(Tnl + rn2)2 Tn1 + Tn2

bn = hn = \/rnl + Tn2 — ThiTn2-

It is easy to verify that a,, = ¢1¢2/(n — 1) and b, = 2¢1g2(n —1—q1)(n — 1 —
32)/(n —1)%.
In case k = 2, the Schott type statistics proposed by Bao et al. (2017) reduce
to
tr(Ay * An AT A1 A5 ) = tr(An AT A AR,

which is equal to L,. Theorem 3.1 in Bao et al. (2017) leads to (17) in this
case.
Define for i,5 = 1,2
1
(n—2)(n+1)
The trace criterion test statistic by Li et al. (2017) is defined as ;2. Under
the null hypothesis in (1) for k = 2, it is proved in Li et al. (2017) that

1
Vij = 1 tr(Aii)tr(Ajj))-

(tr(AijAjZ—) -

T5 := (n=2)n+1) o A N(0,1) as n — o0 (18)

2 Vv Y11722

if p=qg1+q — 0o asn — oo and

0 < lim 1tr(zi) < oo fori=1,2,4. (19)
n— oo p
Note that the test statistic T3 is not distribution-free under the null hypothesis
of (1), and the asymptotic normality (18) is proved under condition (19),
however, condition p = ¢; + g2 — 00 is less restrictive than those required for
other statistics mentioned above.

Given a size a € (0,1), test T» (or T3) rejects the null hypothesis if 75 > z,
(OI‘ T; > Za).

Now we compare the performance of test statistics 1o and T3 and our ad-
justed log-likelihood ratio test statistic Z,,. In our simulation study, we assume
g1 > q2 > 1 and p = g1 + g2 < n. Our samples are generated from the pop-
ulations similar to those in Jiang et al. (2013). Let z = (z1,---, %) be a
random vector whose components are independent normal random variables
with mean 0 and variance 1.

Model 1. x = (x1,--- ,xp)’, where z; = (1 +¢)z; for i = 1,--- ,p1, Tp,4; =
Zpi4+4 +czj for j=1,--- py, and c is a constant;

Model 2. x = (z1,- - ,zp)’, where z; = (1 +¢)z; for i = 1,--- ,p1, Tp,4; =
Zpiyj Fezjforj=1,--- pp—1,2,= p’l/‘*zp7 and c is a constant.

With a selection of (¢1,¢2,n, c), we generate 10000 random samples of size
n from each model above and then estimate the sizes of the tests (when ¢ = 0)
or the powers of the tests (when ¢ # 0). The size « is set to be 0.05 in the
simulation.
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Table 3 Comparisons on Size and Power under Model 1. The sizes and powers are estimated
based on 10,000 simulations under Model 1, and the type I errors for all tests are set to be
0.05.

Size (¢ = 0) Power (¢ = 0.1) Power (¢ = 0.2)
(q1,492) n Zn 75 75 Zn T 75 Zn 15 75
(6, 4) 20 0.0570 0.0518 0.0587 0.0666 0.0595 0.0746 0.0990 0.0940 0.1345

50 0.0525 0.0567 0.0612 0.0851 0.0932 0.1060 0.2385 0.2594 0.2973

100 0.0523 0.0621 0.0612 0.1398 0.1616 0.1685 0.5578 0.5942 0.6173

(18, 12) 50 0.0588 0.0523 0.0543 0.0791 0.0744 0.0951 0.1860 0.1888 0.3065
100 0.0481 0.0496 0.0529 0.1190 0.1235 0.1509 0.5622 0.5799 0.6830

150 0.0470 0.0488 0.0533 0.1840 0.1918 0.2185 0.8561 0.8663 0.9074

(36, 24) 100 0.0519 0.0524 0.0548 0.1050 0.1052 0.1477 0.4225 0.4536 0.6923
150 0.0515 0.0504 0.0507 0.1647 0.1677 0.2192 0.8139 0.8312 0.9305

200 0.0528 0.0531 0.0544 0.2503 0.2545 0.3109 0.9701 0.9732 0.9922

(60, 40) 150 0.0484 0.0482 0.0523 0.1339 0.1370 0.2201 0.6536 0.7049 0.9403
200 0.0477 0.0473 0.0516 0.2112 0.2138 0.3110 0.9370 0.9486 0.9953

300 0.0514 0.0510 0.0514 0.4073 0.4116 0.5225 1.0000 1.0000 1.0000

Table 4 Comparisons on Size and Power under Model 2. The sizes and powers are estimated
based on 10,000 simulations under Model 2, and the type I errors for all tests are set to be
0.05.

Size (c = 0) Power (¢ — 0.1) Power (¢ = 0.2)

(q1,492) n Zn 7> 75 Zn 7> Zn 75 75
(6, 4) 20 0.0570 0.0518 0.0601 0.0903 0.0836 0.2168 0.2024 0.1464
50 0.0525 0.0567 0.0627 0.1879 0.2028 0.7439 0.7474 0.3421
100 0.0523 0.0621 0.0605 0.4344 0.4667 0.9944 0.9949 0.7049
(18, 12) 50 0.0588 0.0523 0.0541 0.1513 0.1391 0.5664 0.4817 0.3172
100 0.0481 0.0496 5 0.4172 0.3888 0.9967 0.9858 0.7095
150 0.0470 0.0488 0.7130 0.6808 1.0000 1.0000 0.9262
(36, 24) 100 0.0519 0.0524 0.2901 0.2596 0.9434 0.8424 0.7062
150 0.0515 0.0504 0.6009 0.5238 1.0000 0.9979 0.9400
200 0.0528 0.0531 0.8461 0.7755 1.0000 1.0000 0.9940

(60, 40) 150 0.0484 0.0482 0.4087 0.3467 0.9927 0.9511 0.9438
200 0.0477 0.0473 0.7179 0.6008 1.0000 0.9997 0.9958
300 0.0514 0.0510 0.0524 0.9800 0.9344 0.5331 1.0000 1.0000 1.0000

Tables 3 and 4 present results for the numerical comparisons on the three
test statistics. From the two tables, empirical sizes for three tests are close
to the nominal level 0.05 in most cases under both Model 1 and Model 2. In
view of empirical powers, Z,, and T are comparable in most cases while T3 is
better than both Z,, and T5 under Model 1. Under Model 2, Z,, has a slightly
larger power than 75 in most cases and both are significantly better than T3.

4 Proofs

4.1 Some Lemmas

For two sequences of numbers {a,} and {b,} the notation a, = O(b,)

as n — oo means limsup,,_, 7= < 0o, and a, = o(b,) as n — 0o means
n

n o —

: a
hmn%oo b,

Througflout the paper I'(z) stands for the Gamma function, given by
I'(z) = / t*te7tdt x> 0.
0

Define the multivariate Gamma function by

Iy(x) = gPe=1/4 f[ F(m - %(i - 1)) (20)
i=1
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with & > (p — 1)/2. See p. 62 in Muirhead (1982).
We will need the following formula for the moments of W,,, where W,, is
defined in equation (2).

Lemma 1 (Theorem 11.2.3 from Muirhead (1982)) Let p = Zle gi and Wy,
be Wilks’ likelihood ratio statistic defined as (2). Then under (1),

E(W}) =

n—1 k n—1
Ip("5= +1) HFFQi(T) (21)

FP(HT_l) i=1 fh(nT_l +t)
for any t > (p —n)/2, where I',(x) is defined as (4.1).

To prove our main result in Theorem 1, we will establish the central limit
theorem for log W, by showing that the moment generating function for prop-
erly normalized log W,, converges to that of a normal distribution. Since
E(etlosWn) = E(W}!), Lemma 1 bridges the moment generating functions for
log W, and the multivariate Gamma functions defined in (20). Before we pro-
ceed to prove Theorem 1, we will present several lemmas, some of which involve
deliberate expansions of the Gamma functions.

Define

£(x) = —2(log(l —z) +z), x€][0,1). (22)

&(z) is nonnegative in its domain. By the definition of &(z), £(0) = 0, and
¢ (z) = #&. We have

£(x) = &(x) — £(0) = / " (t)dr =2 / L

Substitute t = ux, then dt = zdu. Therefore

1 2 1
ﬂz)z?[Zl%imdu:2x%A 1:Lxmh z€0,1). (23)

We also define

n(x)zf(gj):2/0 Y du, x€10,1).

1—ux
Then
n(xz) > 1 is increasing in [0,1), and lim,4 n(x) = . (24)
One can easily verify
n
q(n —q)
which together with (24) yields

<2, forl<qg<n (25)
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Lemma 2 Let r, be any sequence of positive integers and satisfies r, — 00
and r,/n — 0 as n — oco. Then

q

: n(n—q)
1 =0 27
e 27

and

lim max 2% g, (28)
n—00 1, <g<n f(ﬁ)

Moreover, we haven for any e > 0

lim max ﬂ))lﬁ =0 (29)
e r 8 T (D) '
Proof. Tt is easy to see that
max L r =0 asn— oo (30)

ra<q<n—rn g(n—q)  rp(n—ry)
Note that

_q _n__
n(n—q) _ q(n—q)

) )
Then it follows from (30) and (24) that

q n
D ) n
_ < —0
regignor €(0) T ngagnon (@) T ra—r.)
and from (25) that
q
A=) 2 2
a a —0
n771"15<);<n (4) — "*g<)‘§<” n(E) =~ m(l =)

since n(z) — oo as & 1 1. Therefore, we obtain (27). Similarly, we can show
(28).

Finally, (29) follows from (27) and (25). This completes the proof of the
lemma. O

Lemma 3 Let p = p, satisfy p <n and p — o0 as n — oo. Assume k =k,

is a sequence of positive integers, qi,--- ,qr are positive integers such that
p= Zle qi- 02 is defined as in (6). Then
k
p qi
o2 =n2(e(2) - Y e(t), (31)
i=1
and i
2 q; 2) p 2 2,/ P
1-— = =)< < =). 32
n?(1-2007)e) < of < ne(]) (32)

i=1
Furthermore, if for some § € (0,1), maxi<i<k ¢; < 0p for all large n, we have

n2(1-0)¢(2) < o2 <n?e(2). (33)
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Proof. (31) is trivial by using the definition (22) and the fact that p = Ele qi-
We will prove (32) and (33).

Since £(z) is nonnegative in its domain, it follows that 02 < n2¢(2), that
is, the first half of (32) is true. It follows from (23) that

n

n i=1
k 1 2
IR u()?
_ ;(p))m/o [
k
= (120,

which, together with (31), yields (32).
Since maxi<i<x ¢; < op and Z1§i§k q; = p,

k k
Z(@)2 < maxi<i<k q; Z& _ maxi<;<k q; < 57
=1 P p iz P p

we can easily conclude (33) from (32). This completes the proof of the lemma.
O

Lemma 4 Let ¢ € (0,1) be any given number. Then

I'(z+0b) 1 1 b? B> + 1
logw = (z+0b) log(x—l—b)—xlogaz—b—(%—&- 12x2)b+@+0( = )
(34)
holds uniformly on b € [—dx,0x] as x — oo. Furthermore,
I'(x+b) I'(2)
1 .
g ( I(x) T(z+ b))
1 1 1 1
—b<logx—logz—(2x—2z)—(12x2—1222)) (35)

11 1 1 b3z —2)  [bP+1
2 — — — — o —
+b <2x 2z + 42 422> +0( 22 * 23 )

uniformly over b € [—dz,0z] and x > z as z — ©.
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Proof. A similar expansion to (34) has been proved in Lemma A.1 in Jiang and
Qi (2015b). We need to use the well-known Stirling formula (see, e.g., Ahlfors
(1979)):

log I'(z) = (z — %) log(z) —z+ = 10g(27r) + E + O( 3) (36)

as  — oo. For any fixed ¢ € (0,1), we have that
log I'(x + b) — log I'(x)

b 1 1 1 1
(m—i—b)log(m—i—b)—xlogx—b—flog(l—i— )+12(x+b E)—'—O(ﬁ)
uniformly on b € [—dx,dz] as * — co. Then (34) follows from the facts that
bbb b3
log(1+2) = - — — + O( %
og(l+-)=——-55+0(3)
and . 2 e
1 1 +1
e AR Rl

uniformly on b € [—dz,0z] as © — cc.
To prove (35), we have

c(z,b) := (z+b)log(z + b) —zlogw — b — (5= + 1212>b+ 4:1:2
= Ob%((ert) log(z +t))dt —b— (& + 12mz)b+ 412
= Jo log(x + t)dt — (& 12:1:2)b+ 4x2
= bfo log(z 4 bv)dv — (5= + 5ez)b + L 4362
= blogm—i—f — (% + 12x2)b+?+bf0 (log(1+ %) — 2)ay
= bloga — (& + 1ha)b + (5 + 22)b% — b [} 7

=blogxr — (ﬂ + W)b—i— (ﬂ + ﬁ)b2 — bfol v? éj/m Ty dudv.

Then we obtain from (34) that uniformly over b € [-dz,0z] and = > =
I'(x+b) I'(?)
1 :
g ( I'(z) T(z+ b))
o> 4+ 1
23

=c(b,x) — ¢(b, z) + O( )

1 1 1 1 1 1
= b(logz — log z) — (2 +12x2)b+( +4f2)b2+(g+—12z2)b

11, L,y b|2 + 1
—(Z+—)b—b/0v/ dudv + O(" D),

422 b/: 1+uv

and (35) follows since

d (
b/x b/x _
|b/ / dudv| < / 2\/ du|dv = |b| (@ —2)
1+wv (1—-96)z 3(1—6)zz?

This completes the proof of the lemma. O
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Lemma 5 Asn — oo

St =tg- D -0 Ty )

on-t n-l n(n —q)
and
q
1 g, (n—1)q q
l 1) -1 =(n—q—=)log(1—= 0]
> (logn—1)~log(n—3)) = (n—g—g)log1 = 1)+ H 400 L)
(38)
hold uniformly on 1 < g < n.
Proof. By the partial sum of harmonic series,
zkjl —logh + 7+ o — (k)
A Y ’
i=1
where ~y is the Euler-Mascheroni constant and 0 < (k) < (k =y . See, e.g.,
Young (1991). Rewrite the above equation as
kill—l kot — = — (k) (39)
£ T BRI Ty '
By applying (39) we have
Zq: ( 1 1 )
c~'n—13 n-—1
=1
Ly i n—1
i=1 =
q q q q
=—log(l—=)— = — —q) — .
a1 - )~ L+ gl - s uin )~ u(n)

By noting that |[¢)(n—q) —1

show

(n)| < Wm, to show (37), it suffices to
= O(n(nq_q)). In fact, we have from (25) that

1
(n—q)(n—q+1)
1 - n q 2q
(n—a)n—q+1) an-qnn—qt1) nln—q)
This finishes the proof of (37).

To show (38), we apply the Stirling formula (36). By setting + = n and
x =n — q respectively and then taking the difference, we have as n — oo,

logf( )—logI'(n —q)

(n—§)logn—(n—q—g)log(”—Q)_q"‘ 112(711 niq>+0((njq)2)
= (n—%)logn—(n—q—%)IOg(n—Q)_q_ 12n(7(”]L—q) O((n—lq)Q)

:(n—%)logn—(n*qf%)IOg(”*Q)*qJFO(m .
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In the last step, we have used inequality (25) to get

1 _ n q < 2q

(n—q? qn—qn(n—q) ~ n(n—q)

Since I'(m) = (m — 1)! for any integer m > 1, we have

q

S (log(n — 1) — log(n — )

i=1
=qlog(n — 1) — (log I'(n) — log I'(n — q))

=qlog(n —1) — (n - %)10gn+ (n—q- %)log(n—q)+q+0(ﬁ)
=(n—q- %) log(1 — %) +q+ qlog(l — %) + O(ﬁ)
1 q 1 q
=(n—q—3)log(l = ~)+q(1 - —) + O(m),
proving (38). 0

Lemma 6 Assume &(x) is defined as in (22). Then there exists a sequence of
integers {sn} satisfying s, T 0o and s, = O(logn) such that as n — oo

F(";l) ( )
log((r(nT-l ) L ) v
:t((q—n+g)log( g) n-2 +%(nj1)2 _éb(n’Q))
9 21413 2
+% ({(%) +2b(n.q) = (n iql)2> + O(n;intl q) " j11((t”f;)))

holds uniformly over [t| < *7% and 1 < q <n —s,, and

F(%_l) ))qu(n;lth)) (41)

o8 (et )"~y
= t(la=n+ Sion(1 =)~ 24 S s — a(nag))

: ? 2 _ sn))1/2
4 (6 + 2b(n) - 20 o HEDNEC DT

holds uniformly over [t| < *7 and n — s, < q <n.

Proof. Let I''(z) denote the first derivative of I'(x). Define

1 (@) .
n,i — 4 42
. €1— 1) (1/422#1 I'(x) e ) (42)
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for 1 < i < n. Observe that for each fixed k, lim,_,o ¢, = 0. For each k& > 1,
there exists a positive integer ji > 2 such that c;; < k—lg for all j > ji. We
can choose ji > 2j,_1 for each k > 2. From this we can conclude that jj, > 2*
for all £ > 1. Define s,, = k if jp < n < jgy1. Then s, — 0o as n — oo, and
$n = O(logn) since 2°» < n. Moreover,

PR RS LY (L
for all large n.
We first apply (35) in Lemma 4 to get
r(=t+t) (=)
log .
F(%) F(";i+t)
n—1 n—1i 1 1 1 1
:t((log ;e ) -G ) - G T T smoie ))
9 1 1 1 t3(i t3+1
+ <(n—1 _n—i)+((n—1)2 a (n—i)2))+0(| |(TE—Z)2) (|n—+z)3)
1 1 1 1 3G -1 P +1
+t2((n—1_n—i)+((n—1)2_(n—i)Q)) O(LJ(TE—W) (|n——:)3)

uniformly over [¢] < ”Zi and 1 < i <n—s, as n — oco. Rewrite the above
equation as

() r()

ICORCED
= t((togn — 1) ~tog(n — 1) ~ (== = =)~ 317 ~ =)
+t2((nil_n1—i)+((n—11)2_(n—lz) )>+d"’() (44)
for |t| < 2% and 1 <i < n — s, where
st < R(ICD ALyt )

nn—1)2 (n—1)3

for all 1 <17 <n — s, for some constant K > 0.
From the definition of I',(x) in (20) we have

rest) (oLy(3 + (%5t +1) (%)
log ((F(anlz_‘_t)) Fq( ) ZIOg "Tfl) F(%2—|— t))
(46)
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Note that the range of ¢ in (44) and (45) depends on i for 1 < i < n — s,.
For each 1 < ¢ < n — s,, we limit ¢ in a common range [t| < “3Z for the first
q terms with ¢ = 1,--- | q. First, note that

=1 =1
q
1 1
< _
_;((n—i—l) n—z)
1 1
T n—g¢g—-1 n-1
_ q
(n=1)(n—-q-1)
<2
n(n — q)
for all large n. From (45) we have
q q 3(; 3
N
2 il <KD (a0 i)
=1 =1
q .
-1 [P 41
<K
K2 Gz Y a2
i=1
91,03 1 42 1
<K (P +1 +1)Z(n_i)2
i=1
Q1,3 4 42 2q
<2K(=|t t 1)———— 47
< 2K (A 4 1) s (47)

for all large n, which coupled with equation (44), definition (7) and Lemma 5
yields that

SNUCIONC
;bg F("T*l) .F(%l#t)
1 1 1 1

=13 ((og(n = 1) ~Jorn =) = (=3 = 7= ~ 31

1 - 1 1 1 1
_(nfi)Q)) i ;(<”1 a 7272‘)—i_<(n71)2 a (n—z)z))
|t q(t* +1)
O(n2(n—q) i n(n—q))
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B t((n - g) tog(1 = %) + ;2)(] - é(n = e %b(n,q))
_g(g(%) +2b(n,q) — ﬁ) n O(n2%2tjq) q(t;(_; |fq+) 1))

= t((n—q - 2)tog(1 - 1) + (n ;2)11 B é(n_qw 4
_g(g(%) +2b(n, q) — ﬁ) n O(n2%2tjq) i((t; :3)

holds uniformly over [t| < *3% and 1 < ¢ < n — s,,. In the last step we drop

the |t| term inside the big “O” since [t| < % This proves (40) by using (46).
Next we will prove (41). First we show that

ACEORNICY

log ; (48)
(=) r(se)
—t((log(nfl) —log(n — 1)) — (nil - nl_l-) B é((n_ll)z B (n—lz‘)z))
o 1 1 1 1
+ ((n—l - n—i)+((n—1)2 - (n—i)2)>
+O(W +t2+%)

uniformly over [¢| < 27 and n — s, <i<n asn — oo.

Using (42) and (43) we conclude that
7+t F/
=1/ dl
(
|

(@)
< |t| sup
| |1/4§m§sn I'(z)

< Il = 22) e,
_ sn)\1/
_ a5

3
Sn

[log (=~ +1) -

for [t| < 2 <i<n.
We can use (34) and estimate ¢(x,b) defined in the proof of Lemma 4 to
derive that

r(et+1) n—-1 1
7=t(log

r(z) ot

1 1
log —|—t2( + )
n—1 " (n—1)>2

2 n—1 3(ni1)2)
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uniformly over [t| < 23+ as n — oo. Since for any n—s,, < i < n, any [t| < 27
is also bounded by ”T’l, the above approximation holds true uniformly for

[t] < "Zi and n — s, < i < nasn — oo. Also note that uniformly over

[t| <22 andn—s, <i<n

4
n—i 1 1 2 1 1
|t<10g SR 73@_1')2) +t (m + 7(n—i)2>|

_sny\1/2
= O(sult| + %) = O(M +2)

for all large n. We have used the second inequality in (43). Immediately (48)
follows from the above three estimates.
Now rewrite (48) as

) o)
ICORECED
= t((tog(n — 1) ~lox(n =) = (=5~ =)~ 372 ~ =)

n—1 n—1
+t2((

log

1 1 1 1
n—lin—i)+((n—1)2 C(n—i

7)) + dna)

for |t| < "Zi and n — s, < i < n, where

[t(g(1 — %))/

3
Sn

0] = O +24 ) (50)

n—i
7

For any n — s, < ¢ < n, limit ¢ in the common range of [t| < "3 so that

we can apply both (45) and (50) for different ¢ with 1 <4 < ¢ and estimate

71 |dni(t)]. For the sum of the first n — s,, terms, we apply (45) and get

holds uniformly over |¢]| < and n— s, <i<nasn— oo.

= — Sn 2(n — $p SK([t3+1
Sl i(t)] < 2K(BEm B 4 g2 4 1) 2= n) o SR D)
=1 n ns

n STL

which is essentially the estimation in (47) with the choice ¢ = n — s,, which
together with (50) and (43) yields

q Nn—=sn q

Do ldui®Ol= D dns®+ Y |dnal®)]
i=1 i=1 i=n—sn+1
3 _ sn)\1/2
< 8K +1) +O(Itl(£(1 2n)) st 4 5
Sn 52 n
tP+1 (7)1 - 22))12
:O(I\Sn L )(S(2 ) )

uniformly over [t| < *7% and n — s, < ¢ < n.
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Therefore, it follows from the above estimate and Lemma 5 that

() ()
2 ) ()

—t3 ((log(n—l) log(n — 1)) — (

1 1

)

n—1 n-—1

[

+t2§:((ni1_nl—i)+((n—11)2_n—z ) Zdnl

=t yiontt D+ B %(n—ql)Q * %b("’q))
2 3 2 _ sn))1/2
_%(5(%> +2b(n, q) - (n zq1)2) + O<‘t|5: ! + (i + ¢ )(i(%l =) )

uniformly over [t| < “7% and n — s, < ¢ < n. This together with (46) proves
(41). The proof of the lemma is completed. O

4.2 Proof of Theorem 1

We will first show (8), that is,
MHO and @%1 as n — 0o.
On on

In fact, it suffices to show that
n(b(n,p) = 3, b(n, ;)

On

Since 0 < b(n,p) — S5, b(n,q;) < 3202, & = O(5L), we have
>

—0 asn— oo (51)

J n—p

b ai) _ s (T
1 » i :O( n—p ):O( (n—i)) )_>0

VET)

from (28) in Lemma 2. Moreover, since we have

b(n,p) —

S|

n 1 1
<—< —

from (32) in Lemma 3, (51) is obtained.
Set V;, = —2log A,. Then it follows from (2) that V,, = —nlogW,, and
—(Vo = in) /6y = 3= log Wy, 4 £ To show (3) it suffices to show the moment

(52)
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generating function of —(V,, —fi,) /7, converges to that of the standard normal
in a neighborhood of zero, that is, for some d; > 0

Vi — i 5\ o o)5 2
]Eexp(—_ius) = E(W:f“’/"")e“”s/"" —ez, s/ <

n

or equivalently

= 2
log E(Wns/ny 4 Hn% % Is| < 4. (53)

n

In the proof below, we will choose §; = ¥ 18_5, and assume that |s| < 4.
Set t = 25, Since

On 1
<2(n-p)
56
from (26), we have [t| = @Sl < le‘ < 2. Thus we can apply (21) in
Lemma 1. It is trivial that [t < “5% for all 0 < i < k, and we can apply

Lemma 6 with ¢ = p, and g = ¢; uniformly over 1 < i < k. Define

R(q) = log (( F(%_l) ))qu(n;l +t)>

rezt+1) "L

~ (g =+ toalt = ) = gt St — D)

12
2

(e +2m0) - 2.

n
Then it follows from (21), (5) and (31) that

LT+ gy, TP+ 1)
L,(50) ; ® L (50
_ regly (%5t +1)
= s () ey )

- L") o Ly (25t +1)
_glog((ﬂ"gww) qu-l))

2

log E(W}) = log

ti, 1252 K
_ n .
= % R - Y Ria)

i=1

— 2 v
Uns S
= HnF 5 R~ S R(g)).
5 T TEP ;:1 (¢:)
Therefore, in order to prove (53), it suffices to show that

k
nlggoZR(qZ) =0 and lim R(p) =0. (54)

e n—o00
i=1
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Let s, be a sequence of positive integers defined in Lemma 6, satisfying
sp T oo and s, = O(logn) as n — co. Since maxi<;<x ¢ < on < n— s, for all
large n, we have from (40) that

k
q \t| qzt —l—l
R(g;)| = 0O :
5 i =0 S
1<i<k i=1 i=1
k 9 k
(anaxn D, Sn) Zl nmax(n — PaSn);ql)
t)? 2 +1
_o(—2 °lt] I )
nZmax(n —p,s,) nmax(n—p,s,)
2t3 t2
_ o g p p

n2max(n —p,s,) nmax(n—p,s,) nmax(n—mp,s,)’

In the above estimation, we have used the following facts

ax gi < min(p,n — sn), Z g =p, i (n—q) = max(n—p,sn).

Set r, = min(py, s,). Then r, — oo and r,/n — 0 as n — oo. From (52)
and (24),

1 1 Vi-d 1 n
VI3 EB) 8 8ymBp T &

n n
[t = —ls| < —|s| <
On On

and thus we have

P2t . i n3 1
n?max(n —p, s,) ~ n?8p3max(n —p,s,)
1 n

= 5 pmax(n — prsy) 0w T lena)

1 n n
= (o Tpensy T
<3 <p(n —p) (p<n—sn) T Dén (p>n Sn))
1 n n
< < (———I(p<n_ Tipsn_s
= g3 (p(n —p) (p<n—sn) T (1 — $1)5n (p>n ‘n))
< 2 n
—  max ———
8 ru<g<n—r, q(n —q)
—0
as n — oo from (30). Similarly, we have
pt? 2 n
_— < = —— =0
nmax(n — p,s,) ~ 8 rnqon—rn q(n —q)
and 1
P <— =0

nmax(n —p,s,) ~ Sp
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Hence, we have shown that lim, o Y1 ;<) |[R(g:)] = 0. Similarly, we can
show that lim, ,. R(p)I(p <n—s,)=0.

To finish the proof of (54), we need to show that lim, , R(p)I(n — s, <
p <n).In fact, if n — s, <p <n—1 for large n, we have

|| 1 [s] 1
=07 V& ~ 0=V JEa— %)

n

—0

n n
[t =—ls| < —Is| <
On On

and thus

1P +1 ()€~ %))”2) —o(1) 5o

Sn s2 Sn

R(p) = O(

as n — oo. Consequently, we have proved (54). The proof of the theorem is
completed. O

4.3 Proof of Theorem 2

To prove (13), it suffices to show that for any subsequence {n'} of {n},
there is a further subsequence {n”} such that (13) holds along {n”}. The
subsequence {n”} can be selected in a way that both the limits of k,» and
pr exist, and both the limits can be infinity. For the sake of simplicity, we
can assume both the limits of k,, and p,, exist along the entire sequence and
prove (13) holds. Note that if the limit of a sequence of integers is finite, the
sequence takes a constant value ultimately. We will show (13) under each of
the following two assumptions:

Case 1: p, = p and k, = k for all large n, where both p and k are fixed
integers;

Case 2: lim,, 00 pr, = 00.

Proof for Case 1. We can assume q,- - , qi are fixed integers. Otherwise, we
can use subsequential limit argument since qi,--- ,qr are bounded by p and
their subsequential limits always exist. Thus, under case 1, (9) holds. Since p
defined in (11) converges to one, we have —2log A,, converges in distribution
to a chi-square distribution with f degrees of freedom. Review Z, in (12). To
prove (13), it suffices to verify that

2fn . _
lim Lzland lim (f, — fin

n—o00 5’% n—o0
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Note that b(n,p) — Zle b(n,q;) = 0(#). Then by using Taylor’s expansion
we have from (6) that

an =0 +o(1)

1 o 1g 1
=on?(7+ 50 = Y+ 50 +0(5)) +o(1)
k
=p* =) a +o(1)
i=1
=2fn +0(1),
which implies the first limit in equation (55). Similarly we have from (5) that

1
Hn = pn + O(E)

:”45}%—"+§Fi—3692<x2»—@—n+;
L+ 58P +0(50) +ol3)

= (pzzk;qf)JrO( )

= [+ 0(5),

which yields that f,, — fin/ % = fn—fn(140(1)) = o(1) since f, is bounded.
This proves the second limit in (55).
Proof for Case 2. Note that (13) is equivalent to

Z 7f X2 _fn
lim  sup |P(Z2—I" <) p(&dn <) =0. 56
HOO_M}?@I ( 57, = ) — P( 57, = ) (56)

Since Xfc can be written as a sum of f, independent chi-squared random
variables each having one degree of freedom, it follows from the central limit
theorem that

X?‘n - fn <

lim sup |P( <z)—P(x) =0.

n—00 _so<a<oo 2fn
Therefore, in order to show (56), we only need to show that
Zn — Jn
2fn
which follows from Theorem 1 since

Zpn—fn  —2logA, — fin

2fn On

converges in distributon to N(0, 1),
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This completes the proof of Theorem 2. O
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