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Abstract

Consider a truncated circular unitary matrix which is a p,, by p,, submatrix of an n by
n circular unitary matrix by deleting the last n — p,, columns and rows. Jiang and Qi
(2017) proved that the maximum absolute value of the eigenvalues (known as spectral
radius) of the truncated matrix, after properly normalized, converges in distribution
to the Gumbel distribution if p,/n is bounded away from 0 and 1. In this paper we
investigate the limiting distribution of the spectral radius under one of the following
four conditions: (1). p, — oo and p,/n — 0 as n — oo0; (2). (n —p,)/n — 0 and
(n—pn)/(logn)3 — oo as n — o0; (3). n—p, — oo and (n —p,)/logn — 0 as n — oo
and (4). n —p, =k > 1is a fixed integer. We prove that the spectral radius converges
in distribution to the Gumbel distribution under the first three conditions and to a
reversed Weibull distribution under the fourth condition.
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1 Introduction

The early study of large random matrices was stimulated by analysis of high-dimensional
data. One example is Wishart’s (1928) investigation on large covariance matrices whose
statistical properties are mainly determined by eigenvalues and eigenvectors from the point
view of a principal components analysis. Since then, the random matrix theory has been
developed very rapidly and found many applications in areas such as heavy-nuclei atoms
(Wigner, 1955), number theory (Mezzadri and Snaith, 2005), quantum mechanics (Mehta,
2004), condensed matter physics (Forrester, 2010), wireless communications (Couillet and
Debbah, 2011).

The study of random matrices has greatly been motivated by Tracy and Widom’s (1994,
1996) work. They show that the largest eigenvalues of the three Hermitian matrices (Gaus-
sian orthogonal ensemble, Gaussian unitary ensemble and Gaussian symplectic ensemble)
converge to some special distributions that are now known as the Tracy-Widom laws. Sub-
sequently, the Tracy-Widom laws have found their applications in the study of problems
such as the longest increasing subsequence (Baik et al., 1999), combinatorics, growth pro-
cesses, random tilings and the determinantal point processes (see, e.g., Tracy and Widom
(2002), Johansson (2007) and references therein) and the largest eigenvalues in the high-
dimensional statistics (see, e.g., Johnstone (2001, 2008) and Jiang (2009)). Some recent
research focuses on the universality of the largest eigenvalues of matrices with non-Gaussian
entries; see, for example, Tao and Vu (2011), Erdds et al. (2012) and the references therein.

Consider a non-Hermitian matrix M with eigenvalues z1,--- , z,. The largest absolute
values of the eigenvalues maxi<;<y |z;| is refereed to as the spectral radius of M. The
spectral radii of the real, complex and symplectic Ginibre ensembles are investigated by
Rider (2003, 2004) and Rider and Sinclair (2014), and it is proved that the spectral radius
for the complex Ginibre ensemble converges to the Gumbel distribution. This indicates
that non-Hermitian matrices exhibit quite different behaviors from Hermitian matrices in
terms of the limiting distribution for the largest absolute values of the eigenvalues.

A very recent paper by Jiang and Qi (2017) studies the largest radii of three rotation-
invariant and non-Hermitian random matrices: the spherical ensemble, the truncation of
circular unitary ensemble and the product of independent complex Ginibre ensembles. It is
proved in the paper that the spectral radii converge to the Gumbel distribution and some
new distributions.

The circular unitary ensemble is an n X n random matrix with Haar measure on the
unitary group, and it is also called Haar-invariant unitary matrix. Let U be an n x n
circular unitary matrix. The n eigenvalues of the circular unitary matrix U are distributed

over {z € C : |z] = 1} , where C is the complex plane, and their joint density function is

1 2
;16265" II |25 — 2x]%

1<j<k<n

given by



see, e.g., Hiai and Petz (2000).
For n > p > 1, write

U:AC
B D

where A, as a truncation of U, is a p x p submatrix. Let z1,--- 2, be the eigenvalues of
A. Then their density function is

P
c- II la—=lP]]a—1zP"t (1.1)

1<j<k<p j=1

where C' is a normalizing constant. See, e.g., Zyczkowski and Sommers (2000).

Assume p = p, depends on n and set ¢ = lim, oo 22. Zyczkowski and Sommers
(2000) show that the empirical distribution of z;’s converges to the distribution with density
proportional to W for |z| < cif ¢ € (0,1). Dong et al. (2012) prove that the empirical
distribution goes to the circular law and the arc law as ¢ = 0 and ¢ = 1, respectively. See
also Diaconis and Evans (2001) and Jiang (2009, 2010) and references therein for more
results.

Jiang and Qi (2017) have proved that the spectral radius max;<;<p |2;| for the truncated
circular unitary ensemble converges to the Gumbel distribution when the dimension of the
truncated truncated circular unitary matrix is of the same order as the dimension of the
original circular unitary matrix, see Theorem 1 in section 2.

In this paper we consider heavily truncated and lightly truncated circular unitary matri-
ces and investigate the limiting distribution of the spectral radii for those truncated circular
unitary matrices. Our results complement that in Jiang and Qi (2017).

The rest of the paper is organized as follows. The main results in this paper are given
in section 2 and their proofs are provided in section 3.

2 Main Results

Consider the p, X p, submatrix A, truncated from a n x n circular unitary matrix U in
section 1. Denote the p,, eigenvalues as z1, - - , 2, with the joint density function given by
(1.1).

For completeness, we first quote a theorem in Jiang and Qi (2017) on the limiting

distribution of the spectral radii maxi<;<p, |2;| before we give our results in the paper.

THEOREM 1 Assume that z1,- - ,2p, have density as in (1.1) and there exist constants
hi,hy € (0,1) such that hy < B < hy for all n > 2. Then (maxi<j<p, |2j| — An)/Bn
converges weakly to the Gumbel distribution A(x) = exp(—e™*), z € R, where A,, = ¢, +



n—1 1-¢2 1—c2
with
a(y) = (logy)"/* — (logy)~"/*log(v2rlogy) and b(y) = (logy) ™"/
fory > 3.

Note that in Theorem 1, a restriction on the dimension p, of the truncated circular

unitary matrix A is made as follows: there exist some 0 < hy < hy < 1 such that hin <

pn < hon for all large n. In this paper we are devoted to study of the spectral radii

maxi<;<p, |2j| in the following conditions:

pn—>ooandp—n—>0asn—>oo;
n

n — Pn
(logn)?

n_
—>ooand7pn—>0asn—>oo;
n

n — Pn
ogn

n — pp, — o0 and —0asn— oo

n —p, =k > 1 is fixed integer.

The main results of the paper are the following theorems:

THEOREM 2 Under condition (2.1) or (2.2), (maxi<j<p, |2j| — An)/Bn converges weakly
to the Gumbel distribution A(z) = exp(—e™"), x € R, where A, and By, are defined as in

Theorem 1.

THEOREM 3 Under condition (2.3), (maxi<j<p, |2j| — An)/Bn converges weakly to the
Gumbel distribution A(z) = exp(—e™®), z € R, where A, = (1 — an/n)"/? and B, =

an/(2nky,), where ay, is given by

1 el ¢ ko
e dt = 2.
(Fon — 1)!/0 ‘ n

where k, =n — py,.

THEOREM 4 Under condition (2.4), %

the reversed Weibull distribution Wy (z) defined as

exp(—(—x)k), x <0;
1, x> 0.

Wi(z) = {

maxi<i<p |zi| — 1) converges weakly to
<i<pn |%j



We notice that the limiting distribution of the spectral radii depends on the dimension
of truncated matrices. Our results in Theorems 2, 3 and 4 indicate that the limiting distri-
bution of the spectral radii of the truncated circular unitary matrices is Gumbel distribution
A if the parameter k,, = n — p,, the number of truncated columns and rows diverges. When
the truncation is very light, that is, k, =n —p, = k > 1 is a fixed integer, the limiting dis-
tribution of the spectral radii of the truncated matrices is the reversed Weibull distribution
Wy.

It is obvious that the case when k,, = n — p, is of order between logn and (logn)® has
not been covered in Theorems 1 to 4. We conjecture that max;<j<y, |2;|, after properly
normalized, converges in distribution to the Gumbel distribution in this case.

3 Proofs

Set k, = n — p, and define a(z) and b(z) as in Theorem 1. Define ¢(z) = \/%6_5’32/2

and ®(z) = \/% ffoo e ¥/24dt for z € R, the density function and the cumulative distri-

bution of the standard normal, respectively. The symbol C,, ~ D,, as n — oo means that
li Do =1
My — 00 D, —

For random variables {X,,; n > 1} and constants {a,; n > 1}, we write X,, = Op(an)

Xn

b

anbn

if limg_y o0 limsup,, oo P(\f—:\ > x) = 0. It is well known that — 0 in probability as
n — oo if X, = Op(ay,) and {b,; n > 1} is a sequence of constants with lim,,_, b, = co.
Let U;, i > 1 be a sequence of i.i.d. random variables uniformly distributed over (0, 1),
and Uy., < Uy, < -++ < Up.p, be the order statistics of Uy, U, - -+ , U, for each n > 1. Then
from page 14 on the book by Balakrishnan and Cohen (1991), we know that the cumulative

distribution function of Uj;., is given by
Fin(z) = Enj "2t -y = S /x T 1 -t 0<z <1 (3.1)
' (t—Dln—12)!Jy T =

\T
r=t

for each 1 <1 < n, and the probability density function (pdf) of U;., is given by
n!
(i —1)!(n —1)!

This is the so-called Beta distribution, denoted by Beta(i,n —i + 1).
From (3.2), Up,—j+1:n—; has a Beta(p, — j + 1, ky,) distribution with pdf given by

fin(x) = Il —-2)" 0<z<l. (3.2)

(n —j)! P—j kn—1
_itlm—i(x) = - xPr= (1 —x)™ z € (0,1).
For each n > 2, let {Y,;; 1 < j < p,} be independent random variables such that Y;,;

and (Up, _j+1.—;)"/? have the same distribution. Jiang and Qi (2017) have shown that




maxi<j<p, |2j| and maxi<;<p, Yn; have the same distribution, that is

Pn
2 — . )
P(lg;m;n 122 < t) P(lrr%ny < t) - 1'[11?”_]“%_]@). (3.3)
J:
for any 0 < ¢ < 1, and
L= Frg,(z) <1=Fopp1(2) < < 1= Fpm1(z) (3.4)

for x € (0,1). See the proof of Theorem 2 in Jiang and Qi (2017).

3.1 Preliminary Lemmas

We will present some useful lemmas before we prove our main results.

LEMMA 3.1 Suppose {l,; n > 1} is sequence of positive integers. Let zp; € [0,1) be real
ln
numbers for 1 < j <, such that maxi<;<i, znj — 0 as n — co. Then lim (1—2y,5) €
n—oo
j=1

ln
(0,1) exists if and only if the limit lim Z zn; =: z € (0,00) exists and the relationship of
n—oo

j=1
the two limits is given by

ln

nhﬁnolo 1(1 —zpi) =€ ~. (3.5)

Proof. From the Taylor expansion
log(l—z) = —x 4+ O(z?) asz — 0,

which implies log(1 —z2,;) = —2n; +O(z,2w») uniformly over 1 < j <[, since max;<j<y, 2nj —
0 as n — oo. Therefore,

1<5<l,

In
H(l Znj) = exp( Zlog — 2znj)) = exp(—(1 + O( max z,;) ZZW
7j=1

The lemma can be easily concluded from the above expression. |

LEMMA 3.2 Let {l,} be a sequence of positive integers such that l,, — oo and for each
n, {znj, 1 < j < l,} are non-negative numbers such that z,; is non-increasing in j with
zn1 > 0. Then for any sequence of positive integers {ry}satisfying that r, <1, for all large
n and rn/l, — 1 as n — oo, we have

Zé‘”:l Znj N
257;1 Znj

as n — o0.



Proof. It suffices to show that l

Zj:rn—l—l Znj
Zgll Znj

.. 1 n
as n — oo. In fact, from the monotonicity of z,;, we have z,; < P Z;Zl Znj for r, +1 <

—0 (3.6)

j <l,. Hence

In Tn

Z Znj < lnr_rnZan

j=rnt1 =1

which implies

In )
Zj:rn—l—l Zn] < ln —Tn

— 0,
257;1 Znj  Tn
proving (3.6). ]
For the rest of the proofs, define
Znj = 1- FpnfjJrl:nfj(tn)’ 1 <7 <pn, (3-7)

where t, € (0,1) will be specified later in the proof of each theorem. From (3.4),
Znl = Zn2 2t 2 Znp, = 0. (3.8)

Obviously, we have for 1 < j < p,.

(n—j)! / o
T , tPni(1 — )k 1qy
R 1T T A S

n—1q)! 1-ty ‘
~ (pa —(j)!(ézl— 1)!/0 (1—tyrIthn—ta. (3.9)

LEMMA 3.3 Assume that 1 < p, < n and p, — 00 as n — oo. Let {r,} satisfy the

condition in Lemma 8.2 with l, = p,. Assume a, > 0 and 5B, are real numbers such that

limy, o0 P(Y,2 > B + anz) = 0 for any x € R. If (maxi<j<r, Yn2j — Bn)/an converges in
distribution to a cdf G, then (maxi<j<p, Ynzj — Bn) /o converges in distribution to the same
distribution G.

Proof. Note that (maxi<j<, Ynzj — Bn)/an converges in distribution to the cdf G if and
only if
lim P( max Y, < Bn+ onz) = G(2) (3.10)

n—oo  1<j<ry
for every continuity point x of G with G(x) € (0,1). We need to prove the above expression
is still true when r,, is replaced by p,. Now fix x, a continuity point of G with G(x) € (0,1).
Set t, = tp(z) = By + anx and define z,; as in (3.7). Note that (3.8) holds, 2,1 — 0 as

n — 00,

1<j<rn

P( max Yan < Bp + apx) = H(l — Znj)
j=1

7



and

Pn
P(lg}i};nY < Bn + anx) = 1_[1(1 — Znj)-
j:

By using Lemma 3.1 and (3.10) we have » ', 2,,; — 2z = —log G(z) which, together with

Lemma 3.2, implies Z?" | Znj — 2z = —log G(x). Once again we have from Lemma 3.1 that

Pn
lim P( max Y < Bn + anx) H (1 — zpj) = G(x).

n—00 1<j<pn
This completes the proof of the lemma. ]

LEMMA 3.4 Let Z, be nonnegative random variables such that (Z2 — B,)/ay, converges

weakly to a cdf G(x), where cu, > 0 and 3, > 0 are constants satisfying that lim, oo ap,/Bn =
0. Then

7z, — gL/?
711/2 converges weakly to G. (3.11)
an /(264" 7)

Proof. Set W,, = (Z2 — B,)/an. We have Z2 = B, + anWy, = Bn(1 + %—:Wn) Then by
Taylor’s expansion

V21 4 Srgp 12— g2 Sy 4o,
= A1+ SRW 2 = B4 oG
and thus we have 1/2
Dy — n
71/2 =W, + O (; )
an /(28 7) n
which implies (3.11). [

LEMMA 3.5 (Lemma 2.2 of Jiang and Qi (2017)) Let {jn,n > 1} and {x,,n > 1} be
positive numbers with lim,,_oc T, = 0o and lim,_, jnac;l/Q(logx )1/2 = oo. For fized
y R, if{cn;,1 <j<jn,n>1} are real numbers such that lim,, o maxi<;<;j, |Cn jTn 12 _

1] =0, then

nh_)rgloi: (1= @((j — Deny + alzy) + b(zn)y)) = e (3.12)
C
lim o((j — V)eny + alzn) +blan)y) =e ¥ (3.13)

”_“’O (J - 1)Cn,J + a(ry) + b(wy)y

LEMMA 3.6 (Lemma 2.3 of Jiang and Qi (2017) or Proposition 2.10 of Reiss (1981))
Let B be the collection of all Borel sets on R. Then there exists a constant C' > 0 such that



forallr>k>1,

3/2 ,

s [P (Ureriir =) € B) = [ (14 10) + oot

BeB r—k)k

=@ ((r—rk:)k>3/2

where for i = 1,2, 1;(t) is a polynomial in t of degree < 3i, depending on r and k, and all

of its coefficients are of order O(((Tjk)k)i/2)~

LEMMA 3.7 Define Vp,,_ji1:n—j as in (3.25). Assume that k, = n — p, — oo and

kn/n — 0 as n — oco. Then for any 6, > 0 such that 6,, — oo and 0, = o 71/6)

P(Vy, i1y > 2) = (1 4+ o(1))(1 - B(x)) (3.14)

uniformly over 0 <z < 6,, 1 <j<p,—k, as n — oo.

n_' n*‘ kn 1/2 n_' }L/Q
Proof. Set f,;(x) = 2=/ + ((p(n_J;)?)/)Q x ==l (1+ (n_j)l/kg(pn_j)l/g z). Then 1-B,;(z) =
. 1/2 \1/2
nnipj?l _ ((pzzn?])')ksn/l/ T = nk—jj(l - %x), and the density function of V), _j41.,—j is
given by
((pn = J)kn)'/?
hj(z) = Wfpn—jﬂm—j(ﬁnj(x))

n_.knl/z n—j)! —J -
= ((p(n _j]?)?,/)Q (pn —(])'(éi — 1)!5nj($)pn ](1 - ﬁn]($))kn !

(pn — j)pn_j+1/2k2n+1/2 (n _ ])' (1 (pn _ j)1/2 )71 (3 15)
B (n—j)n-ati/2 (P — J)'kn! (n—j)l/Qk,ln/z '
b - (pn — )/
x (14 : )P i1 - )k (3.16)
(n— )V2(pn — §)1/? (n — )12k
To estimate h;(z), we need Stirling’s formula:
. s 1 1

= i+1/2,=i+e() /9 h N o< — 1

jl=y e 7, where 57 1 <e(y) < 12 (3.17)

and Taylor’s expansion: 1 —t = exp(log(l —t)) = exp(—t — 3t + O(t3)) as t — 0. By
applying Stirling’s formula to k!, (p, — j)! and (n — j)!, the product in (3.15) is equal to
L\/;%)(l +0(1)) for |z| = o(le/G) uniformly over 1 < j < p, — k, as n — co. By applying

k! i (En=D)"?_ \kn :
CR I x)Pr=7 and (1 — W.’r) , the product in

Taylor’s expansion to (1 +



(3.16) is equal to

ox (oo = e 1 (oo —kar® (o —)kn |2 )
(n—3)Y2(pp — HYV? 2(n—3j)(pn — J) (n = §)3/2(pn — 5)3/?
kn n_.1/2 1kn n_. 2 kn n_'3/2 3
Xexp(_ (Pn — J) 1/;3_7 (p .J)ﬂf Lo (pn — J) 3I/»”UQI )
(n — §)1/ 2k 2 (n—j)ky (n— §)3/2k3
= (P 1kt KR
(n— )12 2(n—j) (n = 3)%2(pn — §)V/?
o (- TV D R ) O ) i )
(n— )12 2 (n—j) (n — j)3/2kL?
x? 1 1 3
_ exp(—z—l-O((leL/Q o)l ))

= exp(—a;;%-o(l))

for |z| = o(k:,l/ 6) uniformly over 1 < j < p, — k;, as n — oo. Therefore, we have

B 1—|—0(1)e
- Vor

uniformly over 1 < j < p, — k, as n — oco. Next we will give an estimate of the upper
1/2(

bound of hj(x) for large x. Note that f,;(z) < 1 if and only if z < % = O(k}l/Q)

() sp(~5a%),  Jal = o(kl/%) (315)

1/2 1/2
uniformly over 1 < j < p, — k,, and thus (n—j)lljg(p:—j)l 7z < O(%) — 0 uniformly over
120, _i1/2 . . .
O<z< %, 1<j<pn—Fk,asn— oco. Now by applying Taylor’s expansion to

kL2
A+ a2 ®

)Pn=J and inequality

1
1 —t <exp(—t— 5t2), te(0,1)

to (1 _ (pn—j)l/Q

k
T x)" we get

1/2

hj(z) < ! T/%l) exp(—%a@), 0<z< ’W (3.19)
uniformly over 1 < j < p, — k, as n — oc.
Assume that 0 < z < d,,. From (3.19) we have
ke (=)
P(Vp—jtim—j > @) = / P (e

k'}z/z(Pn*j)l/2
(n—5)1/2

IA

(1+ o(1) / o(t)dt

T

(1+0(1))(1 — &(x))

VAN

10



uniformly over 0 < x < d,, 1 < j < p, — k, as n = oco. Therefore, to complete the proof
of the lemma, it suffices to show that

P(Vy,—ji1n—y > 2) > (14 o(1))(1 — B (x)) (3.20)

uniformly over 0 < x < d,, 1 < j <p, —k, as n — oo.
From (3.27), we see that

P(y) = @(z) = (1 +0(1))(1 = &(2)), 0<z=o0(y)

uniformly if y — oco. Since (6nk711/6)1/2 = o(krl/6), by using (3.18) we have

(6 k1/6)1/2
P(Vp,—jt1m—j > ) > / hj(t)dt

(5nk,11/6)1/2

— (1+0(1) / o(t)dt

T

= (L4 0(1)(R((6uk/%)'?) - B(x))
= (I+o()(1 = &(x)),

proving (3.20). This completes the proof of the lemma. |

3.2 Proofs of the Theorems

Proof of Theorem 2. We need to prove

1 d
B max 5] = An) 5 A, (3.21)

where 4,, = ¢, + 1(1 = 2)Y2(n — 1)"2q,, B, = 1(1 — )2 (n - 1)1/,
2 n 2 n

2 2

pp — 1N\ 1/2 ne ne
C“:(n—1> ’ b”:b<1—2g)’ a”:“(1—7;,21>

with a(z) = (logz)'/? — (logz)~'/2 log(\/ﬂlog z) and b(z) = (logz)~ /2 for = > 3.

Fix z € R and set t, = t,(x) = c2 + ¢, (1 — 2)Y2(n—1)"Y2(a,, + byx). For each n > 2,
define z,; as in (3.7), that is, z,; =1 — F), _j11:n—j(tn(z)) for 1 < j < pj,.

Since Yan and Uy, —jy1.n—; are identically distributed, we have

T

P(maXY <t ) HPY2<t ) =TI~ 2) (3.22)

1<5<r
VS j=1

for any 1 <7 < p,.
Part 1. First we show (3.21) under condition (2.1). We will prove that

lim P( max Y2 G <tu(x )) = exp(—e *). (3.23)

n—00 1<j<pn

11



Let j, = [pi/g], the integer part of p?/S. For 1 < j < j,, define

o (n ])3/2 Pn—J
O e COR )

Prn—1  ((pn— 1)ky)"/?

Meanwhile, we rewrite

(@) =3 (n—1)3/2 (@n + bnz).
Then we see that uniformly over 1 < j < j,,
T (pn—l _pn—j)' (n—j)3?
! n—1 n—3/ ((pn—j)kn)/?
— i\3/2 , — 1\ 1/2
(ETIY (BY
n—1 Pn—1J

o = R = S

G () b

Now, Z;f’f = 16;20 ~ ;T Also, given 7 € R, trivially ( ) — 1+O(j*1) and (n {> _

T .
1 + O(%£=) uniformly for all 1 < j < j,,. Since a, ~ (log pn)'/? and by, ~ (log p,) =2, we

)

have

Unj = (nl/cfc)(J—1)(1+o(1))+an+bnx+0<(] )(pogp ) )
(1— )12
= =D +o(1) +an + bz (3.24)
nt/?e,

uniformly for all 1 < j < 5, as n — oo.

In Lemma 3.6, take r = n — j and kK =n — p, to have

1
sup [PV, 4105 € B) = [ (L+1(6) + L(®)o(t)at| = O()
BeB B Pn
uniformly over 1 < j < j, as n — oo, where
(n - ])3/2 Pn—J
Von—it1m—j = Up, —j+1n—j — : 3.25
Pn—j+1lin—j ((Pn 7])( pn))1/2< Pn—j+lin—j n— j ) ( )

and where, for i = 1,2, [;(¢) is a polynomial in ¢ of degree < 3i, depending on n, and all
of its coefficients are of order O((1/p,)"/?) uniformly over 1 < j < j, as n — oo. Now, by
taking B = (up;,00) we obtain

znj = P(Vp,—j1n—j > tnj) = /00(1 + (1) + (1)) p(t)dt + O(p,*/?) (3.26)

nj

12



uniformly for 1 < j < j, as n — co. From L’Hospital’s rule, we have that for any » > 0
o0
/ trp(t)dt ~ x" L (x) as T — oo. (3.27)
x

Since minj<j<;, unj — 00 as n — oo by (3.24), it follows from (3.27) that

[ ottt ~ () o)

nj

holds uniformly over 1 < j < j,. Furthermore, since the coefficients of ;(¢) are uniformly
bounded by O((1/p,)"?) for i = 1,2, we have

Zn /00(1 + 0 (1) +la(1))p(t)dt (3.28)
j=1unj

_ u+wm§f“%ﬁ+0%hnfﬁiw%”+0“>fﬂ%m%”
j=1 n =1

Unj Unyj Pn

In Lemma 3.5, by taking x,, = nc2 /(1 —c2) and and define ¢,, j such that u,; = (j —1)c,j+

a(zp)+b(zy)x for 1 < j < j, with ¢, = 2 /2. Tt follows from (3.24) that ¢, j = x;1/2(1+
o(1)) uniformly over 1 < j < j,, as n — oo, which implies lim,,_,~, maxi<j<j, \cnvjx,llﬂ—l\ =
0. Then we get
Jn
. (Z)(unj) _ -z
nl;n;o; T (3.29)

We will show that the second term and the third term on the line below (3.28) converge to

zero as n — 0o. By noting that (1;10/231;/2 ~ p;1/2 we have
3 Jn 3/8
up; = O(=37) = O(}/®) (3.30)

3/2
pn/

uniformly over 1 < j < j,,. Thus, it follows from (3.13) that

. 1/8 . 1/8
Unj i/ = Und p

Oy) S22 = 0y et) = 0(y) =0

as n — oo. Similarly, we have

L dn y )
o(-—)> :ugjd)(u 'ﬂ) =O0(——) =0
Pn = Unj

as n — oo. Therefore, by combining (3.28), (3.26) and (3.29) we get

In
Zznj — e * asn— oo (3.31)
7=1

13



It follows from (3.24) that

(G — (A +o0(1) _ pi®
unjnz p71’b/2 Z 2

for all large n. Then we estimate z,;, by using (3.26) with j = j, and (3.30)

L+o(1) | U, Unj 1
i = +O%#Q+O(M)MWWJ+QEF)
1
= Ofexp(—yu2,)) + Ol 575)

n

= Of(exp(— §P£/4))+O<%)

n

as n — oo. From (3.8) we have 3" | 2; < pn2nj, = O(p,_ll/g)

together with (3.31) yields

— 0 as n — oo, which

E Zpj — € " asn — oo.

We can also prove from (3.26) that z,; — 0 as n — oco. In view of (3.22) and Lemma 3.1
we conclude (3.23), ie

maX1<]<pn ﬁn d A
an ’
where o, = (1 — 2)/2(n —1)71/2b, and B, = 2 + ¢, (1 — 2)/?(n — 1)7*/%a,,. Since

_2N1)2 1)-1/2
%<cn(1 A2)\2(n—1) bn:bin_>0
Bn = cn(l —c2)Y2(n —1)"Y2a, a,

as n — 0o, we can apply Lemma 3.4 and get that

' 1/2

M:mmﬂ%%ﬁ’liA (3.32)
Recall that A, = ¢, + 5(1 = ¢2)'/2(n = 1)72a,, = ¢y (1 4 0(1)) and B, = 5(1 - ¢3)'/?(n
1)712by ~ 5(n—1)7/(log p,)~"/2. Then

1— )12
12 _ 1 (A= cp) an i
Bn Cn( + (Tl _ 1)1/20n )
B (1—c2)Y?%a, (1-ch)ay

— 4, +0((1°g§91"/2)

14



and

o
"~ = By(l+o0(1)),
26,°
which, together with (3.32), yield
maxi<jcp, Yoj — An Mg /(2847 + BY* — A,
By, B By,
A Bp(1+0(1)) + o(By)
= B
= (1+4o0(1)A, +o0(1)
d
— A

ie., (3.21) holds. The proof of Part 1 is completed.
Part 2. We will show (3.21) under condition (2.2). First, it follows from condition (2.2)

that )
ne;, :n(pn—l)Nniﬁoo
1—¢2 n—pp ky,

as n — oo. Noting that n < n?/k, < n?, we get that

2 2
nc, )N(log( nc, ))1/2

2 2
1—c2 1—c

an = a(

is of order (logn)Y/? as n — oo.
Use the same notation as in Part 1. Recall that p,/n — 1, k, = n — p, = o(n)

and logn = 0(1@11/3) as n — o0o. In order to use both Lemmas 3.5 and 3.7, we take
2 1/2
Tp = 12 . Define j, = [5(logn)'/?\/z,] + 1. Then j, ~ %

1 < jn < pp — ky for all large n. Define ¢, ; for 1 < j < j, in the same way as in Part 1.

= o(n), which implies

Similar to the proof of (3.24) we can show that

(1 _ 02)1/2 .
Upj = ——F—( — 1)1 +0(1)) + an + bpx (3.33)

nl/2¢,

uniformly for 1 < j < j, as n — oo. Then u,; = O((logn)/?) = o(k}/G) uniformly for
1 <j<j,asn — oco. We can also verify that all conditions in Lemma 3.5 are satisfied.
Thus, from (3.14) and (3.12) we have

>z =(140(1) Y (1= ®uyj) — e (3.34)
Jj=1 j=1
as n — oo.
Next, we will show that
Pn
lim > 2 =0. (3.35)
J=jn+1

15



Note that (3.14) holds uniformly over 1 < j < p, — k,, and u,;, > 4(logn)/? for all large
n. By employing (3.14) with j = j, and = = 4(logn)'/? and using equation (3.8) and

Lemma 3.7 we have

Pn
Y

< nzpg,
< nP(Vp,—jptin—jn > Unj,)
< nP(Vp,—ju+tm—jn > 4(logn)'/?)
= (1+o0(1))n(1 — d(4(logn)/?))
1
- O(=
()
— 0.

Thus, we obtain that Z?;l zpj — e~ 7 for any . Then equation (3.23) follows from equa-
tion (3.22) and Lemma 3.1. The rest of the proof will follow from the same lines in the
proof of the first part. Again Lemma 3.4 will be used. The details are omitted. |

Proof of Theorem 3. Recall that a, is given by
1 Y k1t kn
—_— i dt = —. 3.36
(kn — D)1 /0 ‘ n (339
By using integration by parts, we have
Yy Yy Y y
yrre Y = kn/ tknletdt—/ thre~tdt > kn/ tknletdt—y/ thn=le=tqt,
0 0 0 0
which implies

1 Y 1
k—yk”efy < / thn—letdt < myk”efy, 0<y<ky,. (3.37)
n 0 n -

By using Stirling’s formula (3.17), we have under condition (2.3) that

kn!kn)l/kn — exp(§10g kn 1+ 5(kn) + IOg V27T

_ logn

kn

) exp(

Yn = ( ) —0
Since te™! is strictly increasing in (0,1), for all large n such that y, < 1 define &, as the
unique solution to te~! = y,, in (0,1), that is, £,e 7" = y,,, which implies that &, — 0 and
En ~ Yp a8 N — 00 and
1 kn —knen kn
m(kngn) e = W

for all large n. Then it follows from the the first inequality in (3.37) that

knen
o thn=le=tqs > Fn

16



for all large n, which together with (3.36) implies that a,, < k&, for all large n,and thus
an = o(ky) as n — oo. By plugging y = a,, in (3.37) and using a,, < kpe, for large n we
conclude @ .

/0 thn=te=tdt = k—aﬁ"e_a"(l + O(en))

n

which implies

kn 1 k=1 —t Loy,
— n — n an 1 n
= (kn—l)!/o t'nT e N dt = kn!a” e (14 O(ey))

as n — 0o, and consequently

n afe™™ =14 0(1) asn — oo. (3.38)
kK,
Define z,; as in (3.7) with ¢, = t,(z) =1 — (1 — ;%) for any fixed z. Then 1 -1, =

l-) = 0(%”) = 0(10%) as n — 0o, where we have used the fact that k, = n—p,, — oo

and k, = o(logn) from (2.3). This implies n(1 —t,)? — 0 as n — co.
It is easy to verify the following expression

1—t=et79  0<t<1/2

where 0 < d(t) <t for 0 <t < 1/2. Then
1 ' 1—tp .
/ i1 — )k lar = / (1 —tyPrdghn—Lay
tn 0
1—ty, .
= (14 o(1)) / hn—t = n )ty
0
1—ty, .
= (1+ 0(1))/ thn—Le=(n=0)t hnt gy
0

1—ty .
= (1+o(1))/ thn—Le= (=0t gy
0

_ l+o(r) [Utnd) P
— (n=j)k Jo ©

Furthermore, by using Stirling’s formula (3.17), we get

(n—j)! (n — j)n—j+1/2€—(n—j)+6(n—j)
m - (pp — j)Pr=3+1/2e=(Pn—i)+e(pn—1j)
= (1+ L)m—jﬂﬂ(n — j)kneFnesPn=i)=e(n=j)
Prn—1J

= (1+o(D)(n—j)*

uniformly over 1 < j < j,, where j, := p, — kp. Then from (3.9) we obtain that

ddo) (O

17



uniformly over 1 < j < j,.
Note that n(1 —t,) = o(k,). Then it follows from (3.39) and (3.37) that

1+0(1)

i = Ty (n — §)Fn(1 — ty)kmem(nm)1=tn)
(n—j+1)(1—tn)
1 +0(1)/ thne—tdt
L=tn Jn—j)(1—ta)

uniformly over 1 < j < j,, and thus

in n
1+ o0(1 . —(n—)(1—
Swy = L '( )Z(nﬂ)kn(lftn)kne (n=5)(1~tn)
j=1 "=l

_ 1—|—0(1)§: 1 /(n_j+1)(1_tn)tk"e_tdt
k! =1 —=tn Jnj)(1-t,)

1
_ 140 1 /n(lt”) thn et gy
k! 1 —=tn Jin—ju)(—ta)

n{l—tn 3(1— n
_ 14+0(1) 1 (/ (1—t )tk"e_tdt— /k:n(l t )tk"e_tdt)
! 1—tn "/ 0 '

The second integral above is dominated by the first one since t*»e~* is increasing over (0, k,,)
and k3 (1 —t,)/(n(1 —t,)) = k2 /n — 0 as n — oo. Therefore, in view of (3.37) and (3.38)

we have

In n(l—tn)
_ 1+o(1) 1 ( kot
2:1,2”]' = o 1_tn/0 timetdt
]:
1+o(1) 1 a1
G +(1))!1_t (n(1 — ty)) ket =tn)
14+0(1))n Cn(l—
- ((/-c +(1))>!(”(1—tn))’“"e (=)
1 1
_ ( —]:0‘]2 )>n(7’L(1 . tn))kne—n(l—tn)
= LA oy L yngentoti)
_ (1+0(1))n kn _—an —x
T hak, €

—X

— €

Tasn — oo. It

as n — oo. Therefore, it follows from Lemma 3.2 that Z§i1 Znj — €~
is easy to conclude that z,;1 — 0 as n — oo from (3.39), (3.37) and the above estimates.

Accordingly, by taking 8, =1 — 9= and o, = ;= with G(x) = A(x) in Lemmas 3.3 and

18



3.4 we conclude that

maxi<j<p, |2 — (1 —a)? 1 maxigjgp, 2] — (1 an)'?
an/(2nk,) (1—ax)'2  an/(nk,2(1 — a,)'/?)
maxi<j<p, |7 = (1 — an)'/?
= (1 1
( +0( )) an/(nkzn2(1—an)1/2)

4 A
as n — oo. This completes the proof of the theorem. ]
Proof of Theorem 4. We first show that

pl+1/k

((k+ ))1/k (1<J<p |ZJ| a 1) We (3.40)

Fix @ < 0. Let t, = to(z) = 1+ 0 Then 1, € (0,1) for all large n. Since
n(l —t,) — 0 as n — oo, we have
(1—t)P»7 =14 0(1) uniformly over 0 <t <1—t,, 1 <j < pp.

Therefore, we have from (3.7) and (3.9) that

n—7)! 1=tn ;
Znj = 1 _Fpn—j—l—l:n—j(tn) = (pn _(])'(‘2)'_ 1)|/0 (1 _t)pn_jtk_ldt
_ (n —j)! o e
- (1))/0 =14y
_ (=gt PRV
- e - )
n— 1)l k+1
B ((pn —jj>)'(1 (1))( +nk)J£1 )

uniformly over 1 < j < p, =n — k. Since

(n—J)

(P — 3)!
we have maxi<j<p, 2n; = O(1/n) — 0 as n — oo. To complete the proof of (3.40), by using
(3.5) we need to show that

<n¥

(n—j)lk+1
nh_)H;OZ A =1. (3.41)

Let {j,} be a sequence of integers such that j, — oo and j,/n — 0 as n — oo. Then

Pn . .
m—ji)Nk+1 (kE+1)j,
E < 0
(pn — 7)! nktl = n -

Jj=n—jn+1

19



as n — oo, and

(pn — J)! pn—3J+1

uniformly over 1 < j < n — j,, which implies that

k
=i =+ DR T+ —=) = (o =+ DR+ 0(1))
(=1

pi ((n—j)!k+1 B (1+o(1))(k+1)p§"(w)k

j=1 P = J)! ko n j=1 n
(A HoM)(k+1) X
= > (5)
n .=
J=in+1

1
— (k+1)/ thdt =1
0

as n — oo. This proves (3.41) and thus we obtain (3.40).
1/k
Finally, the theorem follows from Lemma 3.4 with a, = ((ljjl}ri)l'/)k/ and 3, = 1. This

completes the proof. [ |
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