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Abstract

Assume a finite set of complex random variables form a determinantal point process, we
obtain a theorem on the limit of the empirical distribution of these random variables.
The result is applied to two types of n by n random matrices as n goes to infinity.
The first one is the product of m i.i.d. (complex) Ginibre ensembles, and the second
one is the product of truncations of m independent Haar unitary matrices with sizes
n; x nj for 1 < 7 < m. Assuming m depends on n, by using the special structures
of the eigenvalues we developed, explicit limits of spectral distributions are obtained
regardless of the speed of m compared to n. For the product of m Ginibre ensembles,
as m is fixed, the limiting distribution is known by various authors, e.g., Gétze and
Tikhomirov (2010), Bordenave (2011), O’'Rourke and Soshnikov (2011) and O’Rourke
et al. (2014). Our results hold for any m > 1 which may depend on n. For the
product of truncations of Haar-invariant unitary matrices, we show a rich feature of
the limiting distribution as n;/n’s vary. In addition, some general results on arbitrary
rotation-invariant determinantal point processes are also derived. Especially, we obtain
an inequality for the fourth moment of linear statistics of complex random variables
forming a determinantal point process. This inequality is known for the complex Ginibre
ensemble only [Hwang (1986)]. Our method is the determinantal point process rather
than the contour integral by Hwang.
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1 Introduction

In this paper we will study the limiting spectral laws of two types of random matrices.
They are in the form of X; - - - X,,, which is called a product ensemble. The first type is the
product of n x n Ginibre ensembles, that is, X;, 1 < j < m, are independent and identically
distributed (i.i.d.) Ginibre ensembles; review that the n x n matrix X; is referred to as
a Ginibre ensemble if its n? entries are i.i.d. standard complex normal random variables.
The second kind corresponds to that X;, 1 < j < m, are independent n x n matrices,
each of which is a truncation of an Haar-invariant unitary matrix. We do not assume these
matrices are of the same size. To work on the two types of matrices, we derive a general
result on complex random variables that form a determinantal point process. The limit of
their empirical distribution can be obtained through the behavior of their radii only.

After obtaining the general theorem (Theorem 1) mentioned above, we then investigate
the structures of the eigenvalues of the two matrices (Lemmas 2 and 3) by using a theory
of the determinantal point processes. It is found that the absolute values of the eigenvalues
are the product of i.i.d. Gamma-distributed random variables and the product of i.i.d.
Beta-distributed random variables, respectively.

Using the theory, assuming m depends on n, we obtain the limiting distributions of
the eigenvalues of X ---X,, for both cases as n — oo by allowing m to be fixed or go
to infinity. As m does not depend on n for the first case or m = 1 for the second case,
some knowledge about their limiting distributions are known. Here our results hold for any
choice of m. For the product of truncations of Haar unitary matrices with different sizes,
the limiting distributions are very rich.

The essential role in the derivation of our results is the determinantal point process
{Z1,---,Z,}. For the two product ensembles above, their kernels associated with the point
process are rotation-invariant. We then study it and obtain a general theory in Section 1.3.
They may be useful in other occasions.

Before stating the main results, we need the following notation.

e Any function g(z) of complex variable z = = + iy should be interpreted as a bivariate
function of (z,y): g(z) = g(z,y).

o We write [, g(z)dz = [, g(z,y) dzdy for any measurable set A C C.

e Unif(A) stands for the uniform distribution on a set A.

e For a sequence of random probability measures {v,v,; n > 1}, we write
vp ~ v if P(v, converges weakly to v as n — oo)=1. (1.1)

When v is a non-random probability measure generated by random variable X, we simply
write v, ~» X. For complex variables {Z;; 1 < j < n} mentioned above, we write

0, = arg(Z;) € [0,21) such that Z; = |Z;|-¢'® (1.2)



for each j. Let Y1, - ,Y, be some given random variables, each of which may also rely on
n. We omit the index n for each Y; for clarity. Given a sequence of measurable functions
hn(r), n > 1, defined on [0, c0), set

n

1 « 1
==Y 80, maz,l)) and vn =Y Oy (1.3)
j=1 =1

The empirical measure p,, counts the frequency of the pairs of the angles and the radius of
the Z;’s. The measure v, counts the frequency of the Y;’s. Roughly speaking, we can regard
Y; as |Z;| for each j; see Lemma 1 latter. In (1.3), if h,, is linear, that is hy,(r) = r/ap,
where {a, > 0; n > 1} is a sequence of numbers, we give special notation of the empirical
measure of Z;’s accordingly for this case by

R 1 &
M = n Zde/an and vy, = n ZéY]/an (1.4)
j=1 j=1

Review the notation “~~” in (1.1). The symbol p; ® pg represents the product measure
of two measures p; and pgo. Our general result is given as follows.

THEOREM 1 Let p(x) > 0 be a measurable function defined on [0,00). Assume the den-
sity of (Z1, -+, Zn) € C" is proportional to [ [, <;cp<y, \zj—zk|2'H§”:1 ©o(|z]). LetYy,---, Yy,
be independent r.v.’s such that the density of Y; is proportional to y¥o(y)I(y > 0) for
every 1 < j < n. If {hn} are measurable functions such that v, ~» v for some probability
measure v, then i, ~ p with p = Unif[0,27] @ v . Taking hy(r) = /ay, the conclusion
still holds if “(pin,Vn, u,v)” is replaced by “(uk, v, p*,v*)” where pu* is the distribution of
Re™® with (©, R) having the law of Unif[0,2r] @ v*.

Next we apply this theorem to two types of product ensembles. The first one is the
product of m Ginibre ensembles given in Section 1.1. The second one is the product of m
truncated unitary matrices presented in Section 1.2. For the first one, no results are known
as m depends on n and m — oo. We actually will give a universal result regardless of
the speed of m relative to n. For the second product ensemble, it is not clear whether the
empirical distributions of eigenvalues converge or not in the previous literature. We obtain
the limiting laws, which have an interesting feature: the limiting law are very different

when the sizes of truncations vary.

1.1 Product of Ginibre Ensembles

Given an integer m > 1. Assume Xy,---,X,, are i.i.d. n X n random matrices and the
n? entries of X; are i.i.d. with the standard complex normal distribution CN(0,1). Let
Z1i,-++ , Zy be the eigenvalues of the product H;"Zl X;. It is known that their joint density



function is

n
¢ II 1z ==l [TwnlzD (1.5)

1<j<i<n j=1
where C' is a normalizing constant and w,,(z) has a recursive formula given by wi(z) =
exp(—|z|?) and

dr
.

) =25 [ s (2) exn()

for all integer m > 2; see, e.g., Akemann and Burda (2012). The function w,,(z) also has
a representation in terms of the so-called Meijer G-function; see the previous reference.

Through investigating the limit of the kernel of a determinantal point process, Burda et
al. (2010) and Burda (2013) showed that the empirical distribution of Z;/n™/2, 1 < j < n,
in the sense of mean value, converges to a distribution with density #|z|%_2 for |z] < 1.
Under the condition that the entries of X; are i.i.d. random variables with a certain
moment condition, Goétze and Tikhomirov (2010) prove the above result in the sense of
mean value. Bordenave (2011), O’'Rourke and Soshnikov (2011) and O’Rourke et al. (2014)
further generalize this result to the almost sure convergence. Our result next gives a weak
convergence of the eigenvalues Z;’s by allowing m to depend on n, and the result holds
regardless of the speed of m relative to n. Review (1.2).

THEOREM 2 Let {m,, > 1; n > 1} be an arbitrary sequence of integers. Define

1 n
== 06, L |z,2/mn);
j=1

Then py, ~ Unif([0,2m) ® [0,1]) as n — oo.

Theorem 2 implies that the angle and the length of a randomly picked pair (0;, % | Z;|2/mn)
are asymptotically independent. Take m, = m for all n > 1. By the continuous mapping
theorem, the above conclusion implies that, with probability one, the empirical distribution
of ﬁZj = ﬁ |Z;] ¢®i 1 < j < n, converges weakly to the distribution of R"/2¢©,
where (0, R) follows the law Unif([0,27) x [0,1]). Easily, Z := R™/2¢1® ¢ C has density
L |z| w2 for |z| < 1. This yields the conclusion mentioned before Theorem 2. In particular,
taking m, = 1 for all n > 1, we have

1< .
525Zj/ﬁw Unif{|z| <1}. (1.6)
j=1
This gives the classical circular law. For the universality of (1.6), where the entries of X;
are not necessarily Gaussian, one can check, for instance, Girko (1984), Bai (1997), Tao
and Vu (2010) or Bordenave and Chafai (2012).



The proof of Theorem 2 is based on Theorem 1 and a recent result by Jiang and Qi
(2017) in which the exact distributions of |Z;| are shown to be the products of independent

Gamma-distributed random variables (see Lemma 2).

1.2 Products of Truncated Unitary Matrices

Let m, n and {l;;1 < j < m} be positive integers. Set n; = [; +n for 1 < j < m. Suppose
{U;; 1 < j < m} are independent Haar-invariant unitary matrices where U; is n; x n; for
each j. Let X; be the upper-left n x n sub-matrix of U;. Consider the product matrix
X(m) = X, X, _1---X;. We write this way instead of the product of the matrices in the
reverse order is simply for brevity of notation below.
The joint density function for the eigenvalues Z1, - - - , Z,, of X(™) is derived by Akemann
et al. (2014):
Pz, hz) =C 1] 7 —ZkIQHw(“’"’ (Iz1) (1.7)

1<j<k<n

: - j -1 l h lnL
for all z;’s with maxi<j<m |2;| < 1, where C' = 2, IT7% | iy (ZJZH) ,and w7 ') can

be recursively obtained by

1
wlpe ) =2n [uf el )T selo), (18)
0

m U u

with initial wgl)(s) = (I/7)(1 — s®)'711(0 < s < 1). The function wﬁ,lf""’lm)(s) can be
expressed in terms of Meijer G-functions. One can see Appendix C from Akemann et al.
(2014) for details. The density in (1.7) for the case m = 1 is obtained by Zyczkowski and
Sommers (2000).

Although the density of the eigenvalues is given in (1.7), no limit law of the empirical
distribution of Zq,--- , Z, is known, even heuristic results. We now consider the problem.
Assume m depends on n and 1 < n < minj<;<,, nj. For convenience, we assume n1,--- ,n,,
are functions of n and all limits are taken as n — oo unless otherwise specified. The limiting
spectral distribution actually depends on the limit of functions F,,(z)’s defined below.

Let {vn; m > 1} be a sequence of positive numbers. Define

1
Hna:+l ze 0]

Fo(z) = (9"(37))1”” - (ﬁ %)W", z € 0,1]. (1.9)

gn(1) -+ 1

Note that F),(z) is continuous and strictly increasing on [0, 1], F,,(0) = 0 and F, (1) = 1.
We will assume that F,,(x) has a limit F'(x) defined on (0,1) such that

and

F(z) is continuous and strictly increasing over (0,1),

limg o F(z) =0 and limgy F(z) =1 (1.10)



or a limit F'(z) defined on (0, 1] satisfying
F(z) =1 for all z € (0,1]. (1.11)

Recall the notation “~” in (1.1) and “Unif(A)” standing for the uniform distribution
on a set A. Write z = re’. Evidently, z € C and (0,7) € [0,27) x [0,00) are one-to-one
correspondent. Although the empirical distributions considered in the following are targeted
as functions of (6, r), we will characterize their limits in terms of complex distributions since
the arc law and the circular law etc are easily understood.

Review (1.10). In the following result, we denote f*(z) = LF~!(z) for 0 < z < 1 if

dx
the derivative exists.

THEOREM 3 Assume there exists a sequence of numbers {y,} with v, > 1 such that
lim,, 00 Fro(x) = F(x), z € (0,1), for some function F(z) defined on (0,1). Let Z1,--- ,Zy
be the eigenvalues of X™) |, be as in (1.3) with hy(r) = (r2/by)/ 7 and b, = T2, n—"]
(a). If (1.10) holds and f*(x) exists for x € (0,1), then u, ~ (0, R) such that Z := Re'®
has density 5= f*(|z|) for 0 < |z| < 1.

2m|z] )
(b). If (1.11) holds, then uy, ~ (©, R) such that Z = Re'® has the law Unif{|z| = 1}.
(c). If vn =2, (1.10) holds and f*(x) exists for x € (0,1), then p, ~» (©,R) such that
7Z = Re™® has density 27rl|z‘f*(|z|) for 0 < |z| < 1. Further, let p) be as in (1.4) with

an = ([T, 2)Y2. If v, = 2 and (1.11) holds, then uf, ~ p* with p* = Unif{|z| = 1}.

i=1n;

From the proof of Theorem 3, it is actually seen that the condition “F~!(z) is differen-
tiable” is not necessary in (a). The general conclusion is that y, ~ p where u is the product
measure of Unif[0, 2x] and the probability measure on [0, co) with cumulative distribution
function F~!(z). We write the way in (a) to avoid a lengthy statement. In particular, (a)
is general enough to our applications next.

The values of n;’s in Theorem 3 can be very different. Now let us play them and find
out their limiting distributions. The first one below is on the size n;’s that are at the same
scale and m is fixed.

COROLLARY 1 Assume that m > 1 is an integer and m does not depend on n and that

lim,, 00 % =a; €[0,1] for 1 < j < m. Assume Z1, -+, Zy are the eigenvalues of X(™).
Let an = ([}, %)1/2 and pk be as in (1.4).

(1). If a1 = -+ =y, = 1, then pf ~ Unif{|z| = 1}.

(2). If oy =+ =y, = a € [0,1), then p ~ p* with density 27F1|Z|f*(]z\) on {0 < |z| < 1},

where f*(z) = 2(1 — a)m 1z =11 — az?™)=2 for z € [0,1].
(3). If aj < 1 for some 1 < j < m, then p}; ~» p* with density 27r1|z\f*<‘2’> on the set
{0 < |2] < 1} where f*(z) = LF~Y(2).

Trivially, part (2) in the above corollary is a special case of part (3). We single it out since
f*(x) has an explicit expression. Picking m = 1 in (1) of Corollary 1, we know that, with



probability one, u ~~ Unif{|z| = 1}, where pu} = %Z?Zl 07, /a, With an = (n/n))/? =1
as n — oco. It implies that 1 > _j—10z; converges weakly to Unif{|z| = 1}. This conclusion
is obtained by Dong et al. (2012). Taking m = 1 and a; € (0,1) in (2) of Corollary 1,
we get a result by Petz and Réffy (2005): 1 > j—10z; converges weakly to a probability

n
measure with density f(z) = % for |z] < /o1 (noticing the scaling in pu, is different
from & > 5=107;)-

Pick o = 0 from (2) of Corollary 1, the limiting density becomes %]z]%_z for |z] <1,
which is exactly the same as that of the product of Ginibre ensembles; see the paragraph
above Theorem 2. This is not a coincidence. In fact, Jiang (2009) show that the n x n
submatrix X of the nq X ny matrix U; can be approximated by a Ginibre ensemble as n =
o(y/n1) in the variation norm. Similar conclusion also holds for Haar-invariant orthogonal
matrices (Jiang, 2006).

If m depends on n and m — oo, and {n;; 1 < j < m} are almost sitting on a curve, what
is the corresponding limit appearing in Theorem 37 To answer the question, assume there
exists a continuous function ¢(z) defined over [0, 1] satisfying 0 < g(z) < 1 for 0 < z < 1
and

m LS (4] o |
i L ()] o
Define
F(z) :xeXP(_ /Ollog (1-a)( —x))dt); (1.13)

CF(@) [ 1—g(t)
fla) == /Ol_q(t)(l_x)dt (1.14)

for 0 <z <1and f(0) = F(0) =0.

COROLLARY 2 Assume m depends on n, m — oo and (1.12) holds. Let F(z) and f(x)
be as in (1.13) and (1.14), respectively. Let Zy,--- ,Z, be the eigenvalues of X(™ . Set

b = [/, (n/n;) and

1

Hn = n Z 6(@j,(|Zj|2/bn)1/m).
j=1

Then ji, ~ (6, R) and Z = Re™® has density m for 0 < |z| < 1.

For an Haar-invariant unitary matrix, the empirical distribution of its eigenvalues is
asymptotically the arc law Unif{|z| = 1}, see, for example, Diaconis and Shahshahani
(1994) and Diaconis and Evans (2001). If n is very close to n; for each j in Theorem 3,
that is, the truncated sub-matrix with size n x n of U; is almost the same as U; for each
j, do we always expect the arc law Unif{|z| = 1}7 The answer is no and, as a matter of
fact, it depends on the sum of [; =n; —n for 1 < j < m.



COROLLARY 3 Let m depend on n, m — 0o and lim,_o maxi<;j<m ]nﬂ] — 1/ =0. Let
limy, o0 + Y1l =B €0,00]. Assume Zy,---,Zy are the eigenvalues of X Let
be as in (1.4) with a, = ([}~ %)1/2.

(a). If B =0, then p} ~ Unif{|z| = 1}.

Let pi, be as in (1.3) with hy(r) = (r2/by)Y/ ™ and b, = IT7%, -

(b). If p € (0,00), with v, = 2 we have u, ~ p with density m for0 < |z] < 1.

(c). If B = oo, with v, = %Z;n:l l; we have p, ~> p where p has density W

for 0 < |z| < 1.
Finally, we work on the case that n is much smaller than n;’s.

COROLLARY 4 Let m depend on n, m — oo and maxi<j<m % =0 asn — oco. Review
Z1,- -+, Zy are the eigenvalues of X(™). Set b, = [}, (n/ny) and

1 n
Wn, = E Z 5(®j?(|Zj|2/bn)1/m)-
j=1

Then pin ~ (0, R) and Z = VRe™® follows Unif{|z| < 1}, that is, the circular law.

Picking m = 1, since Z; = \Zj\eiQi, by the continuous mapping theorem, we get that,
with probability one, %2?21 5(nj Jn)l/2z, converges weakly to the circular law Unif{|z| <
1}. This result is found and proved by Dong et al. (2012).

1.3 Structures of Determinantal Point Processes on Complex Plane

In this section we state our results on rotation-invariant determinantal point processes on
complex plane; see the set-up in Lemma 1 below. The normalizing constant of their joint
density function, moments and the structures of the two product matrices aforementioned
are obtained.

Let {Z1,---,Z,} be n complex-valued random variables. Let K(z,w) : C?> — C with
K(z,w) = K(w, 2) for all (z,w) € C2. Let v be a Borel measure on C. We say {Z1,--- , Z}
forms a determinantal point process with kernel K(z,w) and background measure v if the
density function of {Zy,- -, Zx} is given by

(n— k)

!
fu(z1, 0 2k) = py det(K(Zj’Zl))lgj,zgw (21, ,2) € CF, (1.15)

with respect to the product measure v®¥ for all 1 < k < n. The determinantal point process
given above is a special case of a general definition in which the space C can be a arbitrary
metric space. The definition here is good enough for our discussion. For general case, one
can see, for example, Soshnikov (2000), Johansson (2005) or Hough et al. (2009) for a

reference.



Let ¢(z) > 0 be a measurable function defined on [0, 00) with 0 < [ y*~1p(y) dy < 0o
for each 1 < j < n. Define A
y? o)y 2 0)

pi(Y) = 5 (1.16)
! 1" v Y(y)dy
for 1 < j < n. Define
1 n
Pa(y) =~ pi(y), y>0. (1.17)
j=1

Now we start a series of results on the determinantal point processes. The following
is a special case of Theorem 1.2 from Chafal and Péché (2014). It is another version of
Theorem 4.7.1 from Hough et al. (2009).

LEMMA 1 Let ¢(x) > 0 be a measurable function defined on [0,00). Let f(z1, - ,2n)
be the probability density function of (Zy,---,Z,) € C™ such that it is proportional to
[Ticjcrenl? —zk|2-H?:1 ©(|2j]). Let Yi,--- .Y, be independent r.v.’s such that the density
of Y; is proportional to y* ~Lp(y)I(y > 0) for each 1 < j <n. Then, g(|Z1],--- ,|Zs|) and

g(Y1,---,Y,) have the same distribution for any symmetric function g(y1,- - ,Yn)-

The next result is mostly known. Our contribution is that we are able to evaluate C' for

any p(z), where f(z1, -+, 2n) = C - []1cjpan |2 — 2]? - [T5—; #(lz) is as in Lemma 1.

PROPOSITION 1 Let ¢ and f be as in Lemma 1. Set ¢, = 2m [ w2+l o(x) dx for all
k=0,---,n—1. Then, C~' =nlcgecr - --cp1 and (Z1,--- , Z,) forms a determinantal point
process with background measure p(|z|) dz and kernel K(z,w) = ZZ;& i(zw)k.

The next result gives an estimate of the fourth moment of the sum of a function of Z;’s,
where the Z;’s forms a determinantal point process. Hwang (1986) obtains a similar result
2|2

for the special case of the complex Ginibre ensemble with ¢(z) = e~ I?°. In particular, we

do not assume any differentiability of p(x).

PROPOSITION 2 Let Zy,--+ ,Zyn and ¢(x) be as in Proposition 1 with p(dz) = ¢(|z])dz.
Then, for any measurable function h(z) : C — R with sup,cc |h(2)| < 1, we have

E[zn:(h(zj) — En(Z;)) "< kn?
j=1

for all m > 1, where K is a constant not depending on n, ¢(z) or h(z).
The essential of the proof of Proposition 2 is the estimate of E ijzl(h(Zj) —Eh(Z;)). It is

carried out by using (1.15) repeatedly. Our proof is different from the analysis of a contour
integral by Hwang (1986), which seems to fit the Gaussian kernel ¢(z) = e~ l#l? only.



Let Uy, --- , Uy be independent and real-valued random variables with Var(U;) =1 for
each j and C := sup; <<, E(U;-l) < oo. It is easy to check that B[} 7, (U; —EU;j)|* < Kn?,
where K is a constant depending on C' but not depending on n. This suggests that, although
the Z;’s from Proposition 2 are correlated each other, they are weakly correlated.

We will use Proposition 2, the Markov inequality and the Borel-Cantelli lemma to prove
the almost sure convergence stated in Theorem 1.

PROPOSITION 3 Let Z;’s and ¢(x) be as in Lemma 1. Then the following hold.
(i) Let P,(-) be as in (1.17). Then, for any bounded measurable function h(z),

Bh(Z)) = - /0 Oo( 0% h(rei®)d6) Pa(r)dr

27
(ii) Let ©1 be as in (1.2). Then, |Z1| has density P,(r), ©1 ~ Unif[0,2x] and the two are
independent. Consequently, for any bounded measurable function g(r,0),

1 e 2m
Eg(0©1,]21]) = 2/ (/ g(9,r)d0)Pn(r)dr. (1.18)

T Jo 0
The following result reveals the structure of the eigenvalues of the product of Ginibre
ensembles. The key is the Gamma distribution. We will switch the use of the notation of

r” in the next two lemmas, which will serve as an index instead of the radius of a complex

number used earlier.

LEMMA 2 Let Zy,--- ,Z, have density as in (1.5). Let {sj,, 1 <j<n,1<r <m} be
independent r.v.’s and sj, have the Gamma density y'~te=YI(y > 0)/(j — 1)! for each j
and r. Then g(|Z1|%, -+ | Znl?) and g(TTLy S105- 5 [1ey Snr) have the same distribution
for any symmetric function g(ty, - ,t,).

Recall the beta function

[(a)L'(b)

—_— . 1.1
T(atb) a>0,b>0 (1.19)

1
B(a,b) = / 71— s)blds =
0
The following lemma describes the structure of the eigenvalues of the product of trunca-
tions of Haar-invariant unitary matrices. It has the same setting as Lemma 2 with “Gamma

distribution” replaced by “Beta distribution”.

LEMMA 3 Let Zy,--- ,Zy have density as in (1.7). Let {sj,,1 < j <n,1 <r < m}
be independent r.v.’s and s;, have the Beta density %yj_l(l — )10 <y < 1)
for each j and r. Then g(|Z1)?,- - ,|Zn|?) and g([1/y 1,0, s |11ty Snr) have the same
distribution for any symmetric function g(t1,--- ,t,).

10



Comments. In this paper we study the empirical distribution of the eigenvalues of the
product of m Ginibre ensembles as well as the product of truncations of m Haar-invariant
unitary matrices. Now we make some remarks and state certain problems for future.

1. There are other type of studies on the product of random matrices in literature.
The size of each matrix is assumed to be fixed and conclusions are obtained by letting the
number of matrices go to infinity. Two typical interests of the product matrices are their
norms and entries; see, for example, Furstenberg and Kesten (1960) and Mukherjea (2000).

2. In this paper we study two kinds of product matrices: the product of Ginibre
ensembles and that of truncated Haar unitary matrices. Notice the Ginibre ensemble and
truncated Haar unitary matrices are of the Haar-invariant property. We believe that the
same method (Theorem 1) can be used to derive the spectral limits of the products of
other independent Haar-invariant matrices. The key is the explicit formula of ¢(z) and the
verification of “v, ~ v as stated in Theorem 1.

3. The universality of Theorem 2 is an interesting problem. Namely, replacing the
normal entries in the Ginibre ensemble with i.i.d. non-Gaussian random variables, does
Theorem 2 still hold? In fact, Bordenave (2011), O’'Rourke and Soshnikov (2011) and
O’Rourke et al. (2014) show that this is true for fixed m. We expect Theorem 2 to hold
for non-Gaussian entries and arbitrary m which may depend on n.

4. There are three Haar-invariant matrices generating the Haar measure of the classi-
cal compact groups: Haar-invariant orthogonal, unitary and symplectic matrices; see, for
example, Jiang (2009, 2010). Similar to Theorem 3 one can work on the same limiting
problems for the orthogonal and symplectic matrices.

5. If we change the square matrices X; in Theorem 2 to rectangular matrices and keep
the Gaussian entries of each matrix, that is, X; is n; x n;41 with n,,11 = nq, it will be
interesting to see the corresponding result. The limiting distribution will have a rich feature
as the ratio nj/n;q1 fluctuates for each j.

6. Let Z1,---,Z, be the eigenvalues of the product HTZI X, where Xy,---,X,, are
i.i.d. Ginibre ensembles. The spectral distribution of Z1, - - - , Z, is well understood through
Theorem 2. The transitional phenomenon of the spectral radius maxi<;<m |Z;| is obtained
by Jiang and Qi (2017). It is classified by c := lim 7* with ¢ = 0, ¢ € (0,00) and ¢ = oo.
The spectral radius of X(™) in Theorem 3 with m = 1 is also investigated in the same
paper. With the help of Lemma 3, the spectral radius of X(™) for arbitrary m can be done
similarly.

The rest of the paper is organized as follows. In Section 2.1, we prove the results
stated in Section 1.3 that serve as technical tools to prove the main results. We then prove
Theorems 1-3 and all of the corollaries in Sections 2.2-2.4.
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2 Proofs

In this section we will prove the main results stated in the Introduction. We first prove
those in Section 1.3 since they serve as tools to derive the main limit theorems. Theorems

1-3 and all corollaries are proved one by one afterwards.

2.1 Proofs of Propositions 1-3, Lemmas 2 and 3

Proof of Proposition 1. For 1 < j < n, let Z; = Rjeiej with R; > 0 and ©; €
[0,27). The Jacobian is obviously equal to 7q---r,. Thus the joint density function of
(Ry, -+, Ry, 01,---,0,) is given by

n

c I e —ree® - T (rie(ry). (2.1)

1<j<k<n j=1
Set
1 1 1
rlei‘gl rgeiGQ rnew”
Mn = .
r?—lez(n—l)ﬁl rg—lez(n—l)eg T;Lz—lei(n—l)Qn

By the formula of the Vandermonde determinant, the first product in (2.1) is equal to
(det(M,,))?2. It follows that

H |riefi — rpeif)? = UT
1<j<k<n

where

n

U = det(M, Zs1gn H (@)1 i(a(5)-1)0;

and o is a permutation running over all elements in the symmetric group S,.
Note that f[o o) €7%d9 = 0 for any integer j # 0. Therefore, any two terms in the sum

are orthogonal to each other, that is, for any o # o¢’,

/ Hezwu) 19, He—“’ D=6 dg, ... b,
027r]"

Thus,

/ U dby -+ db, = 2y ST 20V,
[0,27]™

12



By integrating out all #;’s in (2.1), we get that the probability density function of (Ry,--- , Ry)

is equal to
n 2(o(5)—1 n 20(5)—1
C - (2m) (T‘l"'Tn)ZHTj( ) )go(rj):C-(Qﬂ') ZHT] ()
oES, j=1 o€y, j=1
for r1 > 0,---,r, > 0 and the density is 0, otherwise. It follows that
1 = C@2n) / . <J'>*1¢(rj) dry--- dr,
0,00

UGS j= 1

= Z 130(7“]-) dry -+~ dry,.

0€ESh [0,00)"

For each o € 5, it is easy to see that the integral is equal to H -1 OOO 2i=lo(x) do. We
then get the value of C.
Second, the first step says that the density function of (73, - ,Z,) is

fle - m) = ———— JI Jm—al T ela. (22)
j=1

T 1<j<k<n
Now write
P0(21) Po(zz) s po(Zn)
1 p1(z1 P1(z2 o Pilz
1/2 H (Zj _Zk> = det (. ) =2 ) )
(co-cn-1) 1<j<k<n :
pn—l(zl) pn—1(Z2) s pn—l(zn)

where p(z) = zl/\/a for | =0,1,2---. Let A be the above matrix. Then,

1
_— H zj — z|* = det(A*A)
Co" " Cp—1,_-
1<j<k<n
n—1
= (D or(zpe(21)) 0 = det((K (26, 2 nxn)- (2.3)
k=0
By the polar transformation, fcg P2 o(|z]) dz = 27 foo Z+lo(r) dr = c; for j = k, and

the integral is equal to 0 for any non-negative integers j # k. Hence {po(2),p1(2),p2(2), -}
are orthonormal with respect to the measure ¢(|z]) dz. By using Exercise 4.1.1 from Hough
et al. (2009), we get the desired conclusion from (2.2) and (2.3). [ |

To prove Proposition 2, we need some basic facts regarding point processes. Let
Zi,---,Zn be random variables with symmetric density f(z1,---,2zn) with respect to
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reference measure i on C. View them as a point process Zf\; 19z;- Then this process has

n-point correlation function
N!
pulere ) = e [ Fene o) ) - den)
for 1 <n < N and pn(z1, -+ ,2n) = N!f(z1,---,2n). Let fun(z1,--+,2,) be the joint
density of Z1,--- , Z,. Then,

N —n)!
fulen vz = P (a2 (2.4
for 1 < n < N. This means that, for any measurable function h(z1,---,z,) with 1 <n < N,
we have
N —n)! -
]:1
provided

[zl o o [ ) <

See further details from, for example, Johansson (2005) and (1.2.9) from Hough et al.
(2009). Let Zy,---, Z, be as in Proposition 1. Then

i
L

1
pr(z1,- 5 2) = det (K (2, Zj))lgi,jgk where K(z,w) = &(zw)k (2.6)
0

B
Il

Evidently, K(z,w) = K(w,z2) for all (z,w) € C2. Further, the product of the diagonal
entries of (K (2, 25))1<i j<k is equal to H§:1 p1(z5).
Proof of Proposition 2. For convenience we now switch the notation n to N. So we
need to prove

N 4

B[ > (h(2;) - ER(Z;)| < KN? (2.7)

j=1
for all N > 1, where K is a constant not depending on N, ¢(z) or h(z).

Obviously, h(z) = h'(2)—h~ (z) where A" (2) := max{h(z),0} and h™ (z) := min{h(z),0}.
With the trivial bound (a + b)* < 8(a* + b%) for (a,b) € R?, to prove the proposition, we
can simply assume 0 < h(z) <1 for all z € C.

Set e, = Eh(Z1). Then e, € [0,1]. Without loss of generality, we assume p is a
probability measure, i.e., u(C) = 1. Review the identity that

(a1+---+aN)4
Z a; +6 Z a; —|— Z ag’aj + 12 Z a?ajak + 24 Z a;a;jaa;
1<j 1#£j 1#j#k 1<j<k<l
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where 14, j, k,l are all between 1 to N. Set a; = h(Z;) —ep, 1 < j < N. Since h(z) is a
bounded function, it is easy to see that, to complete the proof of (2.7), it suffices to show

2N(N — 1)(N = 2)E[(h(Z1) — en)*(h(Zs) — en)(h(Z3) — ep,)] < 6N? (2.8)
and
4
N(N — 1)(N — [H ~en) ] < 82N? 1 18N (2.9)
for all N > 4. Define ug(z1,- -+ ,2x) = Hj:l p1(zj) — pr(21,- -+, zx) for any k > 1. By using
the Hadamard inequality, px (21, , 2k) < H§:1 p1(25), we know wuy(21,--- ,2,) > 0. Then
using (2.4)

k
up(z1, o 2) = [N A = NV =1 (V= b+ Dfalar - 2.
j=1

Since 1 — [T¢_ 1—xzj) < K ziforall z; € 0, 1], we obtain
J=1 J=1%J J

k(k—1
2

/ukzl, 2 HMdZ] N(N-1)---(N—k+1) < ) k-1, (2.10)
Ck

It follows from (2.4) that
2N(N = 1)(N = 2)E[(M(Z1) — en)*((Z2) — en)(h(Z3) — en)]

3
= 2/ (h(21) — en)*(h(z2) — en)(h(z3) — en)ps(z1, 22, 23) [ [ m(dz))
c3 j=1
3
= 2/ (h(21) — en)?(h(z2) — en)(h(z3) — en)pr(z1)pr(22)p1 (23) [ | u(d2))
c3 =1
3
-2 /CS(h(zl) — €h>2(h(22) —ep)(h(z3) — ep)us(z1, 22, 23 ]1;[1 p(dz;).
Since p1(21)p1(22)p1(22) = N3 f1(21) f1(22) f1(23) from (2.4), we have
3
2 /c3(h(zl) —en)*(h(z2) — en)(h(z3) — en)p1(21)p1(22)p1(23) | | w(dz;) = 0.
j=1

Thus, we get from (2.10) and the assumption h(z) € [0,1] for all z € C that
2N(N = 1)(N = 2)E[(h(Z1) — en)*(h(Z2) — en) (h(Zs) — e

3
— [ =2 [ (he) =~ enP(h(a2) - en)(h(an) - en)uCan, 22, 20) [ )
C3 j=1
3

< 2/@3 u(zl,ZQ,Z:s)HH(dzj)

j=1
= 6N?,

15



proving (2.8). Now, we start to prove (2.9).
Define by, = E[[[}_, h(Z;)] for 1 <k < 4. Note that

4
H )—en) = —ehZh )+ er Z h(Z

7=1 1<i<4 1<i<j<4
—en Y. WMZ)h(Z)M Zk) + h(Z0)h(Z2)h(Zs)( Zs).
1<i<j<k<4

Taking expectations on both sides and noting that by = e;, we have

4
|:H — ep :| = —36% + 66%()2 — 4epbs + by. (2.11)

b, = (N]\T_|k)'/(ck [ﬁh( )}Pk z1, ﬁ (dzj)

Jj=1 j=1
(N — k) b k
= S5 [ [1eme] Tz

k k 3
(N];'k)' / [H h(z]-)} (Pk(zl, ) — ] pl(zj)> [T n(dz)

Ck paie = o

k k
W _]\f!)!N e — (N];!k:)i/@ [Jth(zJ)}uk(zl,. ’Z’“)]Hl“(dzf)

a :/@c [Hh(zj)}uk(zl,... ,zk)ﬁﬂ(dzj). (2.12)

Then we have

|
", (2.13)

for k = 2,3,4. Obviously, ay > 0 for 2 < k < 4 since ug(z1,- -+ ,2k) > 0forall (21, -+ ,2) €
C*. In order to prove (2.9), we need to study bs, b3, by in (2.11). Based on (2.13), it suffices
to work on ae, a3, ay. We will do so step by step in the following.

Estimate of ag. It follows from (2.10) that
0<as<N. (2.14)
Meanwhile, by the determinantal formula (2.6), since that
p2(z1,22) = K(z1,21)K(29,22) — K(21,22)K (22, 21)

= pi(z1)pi(22) — K (21, 22) %,
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we have

o = / B(21)h(22) K (21, 22) Puden)(dzs), (2.15)
CQ

which will be used later.
Estimate of az. Set
3 3
B3 = / [H (24 :|K(21,ZQ)K(22,23 (23,21 H (dzj). (2.16)
c3 i1 i—1
J J
In this step, we will show
max{as, |Ba[} < 3N2.
It is easily seen from (2.10) that az < 3N%. We now estimate 33. By (2.6) again,
us (21, 22, 23)
= p1(z1)p1(22)p1(23) — p3(21, 22, 23)
= K(Zl, 21) (ZQ, z ) (2'3, 2'2) + K(Zl, Zg)K(ZQ, ZQ)K(Zg, Zl) + K(Zl, ZQ)K(ZQ, Zl)K(23, 23)
—K(z1,29)K (22, 23)K (23, 21) — K(z1, 23) K (22, 21) K (23, 22)

= p1(21)|K (22, 23)]* + p1(22) | K (21, 23)° + p1(23)| K (21, 22) 7 (2.17)
—K(Zl,ZQ)K(ZQ,Z3)K(Z3,2’1)—K(21,23) (22,2’1) (Z3,2:2)

All three functions in (2.17) are nonnegative. For the first term in (2.17) we have from
(2.15) and then (2.4) that

3 3
/ [Hh zj }Pl 21)|K (22, 23)” | )
j=1 J=1
= [ e enn(@an) [ heb(e) K ez Pulduddzs)
C C2
= & /C h(z1)pr (21)ldz)

= Naosey,.

The same is true for other two terms in (2.17). Trivially,

3 3
53 — / |:H Z] ]K(Zl,ZS)K(ZQ,Z]_ 23722 H dzj
Cs =1 7=1
Therefore, we obtain

3 3
043 — / [H Zj :|u3 21, 22, 23 H dZ] — 3Na2€h - 2B37 (218)
C3
J=1

Jj=1
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which together with the facts ag < N and ag < 3N 2 implies

a3 3Na2
B3| < == <3N
Estimate of ay. This step is a bit involved. The sketch of the proof is as follows. Since
p4a(z1, 22, 23, z4) is the determinant of (K(zl-, Zj))lgi,j§4’ it can be written as the sum of 24
terms:
pa(z1, 22, 23, 21) = Zs1gn K (21,2 o(1 ))K(ZQaza(Q))K(Z?n20(3))K(z4vza(4))a

where o0 = (0(1),0(2),0(3),0(4)) runs over all 24 permutations of (1,2,3,4). Excluding
(1,2,3,4), all other 23 permutations can be classified into one of the following 4 sets:

Dy ={(1,2,4,3),(1,4,3,2),(1,3,2,4),(4,2,3,1),(3,2,1,4),(2,1,3,4) },

Dy ={(2,1,4,3),(3,4,1,2),(4,3,2,1)},

Ds =1{(4,1,2,3),(4,3,1,2),(3,4,2,1),(3,1,4,2),(2,3,4,1),(2,4,1,3)}
and
Dy ={(1,4,2,3),(1,3,4,2),(4,2,1,3),(3,2,4,1),(4,1,3,2),(2,4,3,1),(3,1,2,4),(2,3,1,4) }.

Define

Ti(z1, 22,23, 22) = D K(21,20(1)) K (22, 20(2)) K (23, 20(3)) K (24, 20(4))
€Dy,

for k =1,2,3,4. Then

1
pa(z1, 22, 23, 24) = K (21, 21) K (22, 22) K (23, 23) K (24, 24) + Y _(=1)*Ti(21, 22, 23, 2a).
k=1

This implies
4

ug(21, 22, 23, 24) = Z<—1)k+lTk(zla 22,23, 24). (2.19)
k=1

Within each class Dy, all K (21, 25(1)) K (22, 25(2) ) K (23, 25(3)) K (24, 25(4)) contribute equally
to the integral [, [ =1 h(zj)| Tk (21, 22, 23, 24) H?Zl p(dz;). We have

4 4
/(:4 [Hh(zj)]Tl(Zl,Zz,Z:s,Zz;)H,u(dzj)
J=1 Jj=1
4 4
- 6/ [Hh(ZJ)]K(Zl,Zl)K(ZZ,ZQ)K(23,24)K(Z4,23)H,u(dzj)
o e o
4 4
= 6/ [Hh(zj)]pl(zl)pl(ZQ)K(23,z4 (24, 23 H (dzj)
o e i
= 6N2€]21Oéz

18



by using (2.15) and the definition that e, = Eh(Z;). For Ty, we have

4 4
/ Hh ;) Tg(z1,22,23,24 H (dzj)

J=1

4 4
Hh 2 ]K(zl,zz)K(zQ,zl)K(23,24 (24, 23 H (dzj)
j=1 j=1

h(21)h(z2)| K (21, 22) " p(dz1) p(dz2)

3/@4
g8

X 2h h(z4)| K (23, 24) |2 p(d23) u(d2g)
C

- 30[2

< 3N?

by (2.14). Noting that H?-:l p(dz;) is a probability measure, we have from the Cauchy-
Schwarz inequality and the fact 0 < h(z) <1 for all z € C that

4 4
/(:4 [Hh( )]Tg 21,29, 23, 24 H dzj
j=1 =1
4 4
= 6/ [H h(zj)]K(zla24)K(227Zl)K(Zg,Zz)K(Z4,23) Hu(dzj)
(o st i
4 1/2
< 6 (/ [Hh(zj)] |K(21,Z4)K(23,2’2)|2 H,u(dzj))
c Jj=1 j=1
4 A 1/2
* (/ L] 1K G2 K (s, 20) P M(dza'))
C = j=1
4 4
= /C4 {H }\K z1,Z4)| ‘K(Z;},ZQ)PH,U,(de)
j=1 i
= 6[/@2 h(Zl)h(Z4)‘K(2’1,Z4)|2u(d21),u(d2:4)}2
= 603
< 6N?

by (2.15) and (2.14).
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We next estimate the term on Ty. In fact,

4
/ Hh z] T4 (21,22, 23, 24 H (dzj)
il il

4

4
= 8/C4 [H h(zj)| K (21, 21) K (22, 24) K (23, 22) K (24, 23) H ((dz;)
j=1

j=1

E»

4
= 8/ [Hh(zj)}Pl(Zl)K(Z%24)K(23,2’2)K(2’4,2’3) p(dzj)
c4 j=1

1

J
4 4

— 8Ney /C [TL PV o2 20) K (o, 2 (2, 25) T | ()
j=2 =2

= 8N€h/337

by (2.16).
Now multiplying H?:1 h(z;) on both sides of (2.19) and integrating with respect to the
measure H?Zl p(dzj) we obtain from (2.12) that

Qq = 6N26ha2 — 8Neyp B3 + dag, (2.20)

where |da3| < 9N2. From (2.13), (2.18) and (2.20) we see that

by — Ne% B ag,
N—-1 N{HN-1)

b3 _ N26% _ 3Neha2 — 2,33 .
(N—1)(N-2) NN-1)(N-2)

by = N3€;1L 6N26%062 — 8Neyp B3 + dog

(N—1)(N—=2)(N—3) N(N—-1)(N—-2)(N—-3)
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Then it follows from (2.11) that

4

B[ [Tn(z) — en)
7=1
= —36% + 66%[)2 - 4€hb3 + b4
6N 4N? N3 A
- <_3+ N—1 (N—1)(N-2 (N—l)(N—Q)(N—S))eh
6 12N 6N 5
+< TNON—D)  NN-1)(N=2) NN _-1)(N-2)(N— 3)>eh0‘2
8 8N
_<N(N “1(N-2) N(N-1)(N-2)(N— 3))6“33
das
- N(N —1)(N —2)(N —3)
B (3N + 18)et (6N + 36)e2
T (N-1D(N-2)(N-3) N(N-1)(N-2)(N-3)
. 24ep, B3 B da3
N(N—-1)(N-2)(N-3) N(N-1)(N—-2)(N —3)
90N? + 54N

<
~— N(N—-1)(N—2)(N —3)

for N > 4 by the facts 0 < ep, < 1,0 < as < N, |#3] < 3N? and |da3| < 9N?2. This proves
(2.9). The proof is then completed. [ |

Proof of Proposition 3. We will only need to prove (ii). In fact, conclusion (i) follows from
(ii) since h(z) = h(|z|e?) with z = |z|e?®. By Proposition 1 and (2.4), the density function
fi(z1) of Z; is given by

|2k

1 1 n—1 ‘
f)el2]) = K (2 D)p(lzl) = - 3 EE
k=0

Write z = 2 + yi = re® with » > 0 and 6 € [0,27). Then (x,y) = (rcos,rsinf). The
Jacobian for the transformation is known to be r. By (1.16), (1.17) and Proposition 1, this
implies that the joint density function of |Z;| and O is given by

n—1 n—1
1 r?kp(r) 1 r2k o (r) 1
—T'gZT— ;ZT—an(T)
k=0 k=0
for r > 0 and @ € [0,27). Therefore, |Z;| and ©; are independent, the density function of
|Z1] is P,(r), and ©1 is uniformly distributed over [0,27). The conclusion (1.18) follows
immediately. |

Proof of Lemma 2. Let Y,,;, 1 < j < n, be independent random variables such that Y,,;

2j—1

has a density function proportional to y* = wy,(y) for each j, where wy,(-) is as in (1.5).
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Then it follows from Lemma 1 that g(|Z1|%,--- ,|Z,]?) and g(Y,%, -+ ,Y,2)) are identically
distributed. In the proof of their Lemma 2.4, Jiang and Qi (2017) show that ij has the
same distribution as that of H;n:l sj for each 1 < j < m. This yields the desired conclusion.
|

Proof of Lemma 3. Define p()(s) = (1 — s)"'I(0 < s < 1) for I > 1. Then we have
wgl)(s) = (1/m)p®(s?). Set pgll)(s) = p()(s) and define pq(él""’lm(s) recursively by

S

ydu (2.21)

u u

1
i) = [

for m > 2 and positive integers l1,--- ,l,. Evidently the support of pﬁ}””’l’“(s) is [0, 1].
By induction, it is easy to verify from (1.8) that

1 m
(I, lm) I N e lm) (G2
wl ) (s) = — ([ et (s?) (2.22)

for m > 1. Define

Obviously, 9511)(t) = B(t,l1). Now, for any m > 1, we have from (2.21) that
i)duds

1 1
g ) () — // =1 () () (15 A1)
m (t) S ()P ()=,
1

_ Vs, S du
= [ttt (as)

u u

1 1/u
_ /O ut—lp(lm)(u) (/0 yt—lpg;_,l ,lm—l)(y)dy) du.

Keeping in mind that the support of psrlll’m ’l’")(s) is [0, 1], the above is identical to

' ! b1 ()
/0 utlp(’")(U)(/O y Ty (y)dy>du

1
= o) [
0

6 ) (1) Bt ).

We thus conclude from the recursive formula that for any m > 1,

m

1
gl tm) (1) = / sl pltm) (s)ds = T B(t ). (2.23)
0

r=1

Let ¢;(y) be a density function proportional to yjflw,(,lf""’lm)(yl/z) for 1 < j < n.

Thus, ¢;(y) is also proportional to yjflpgll1,-~~,lm)<y) from (2.22), that is, for some ¢; > 0,
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qj(y) = c}lyj_lpgél"" ’lm)(y). Let Y, ; be a random variable such that the density function

of Yn%j is gj(y). Since ¢;(y) is a density, then ¢; = fol yj_lpfn,lf"”’lm)(y)dy = 07(7111,---,17,1)(‘7.) =
[, B(4,1;) from (2.23), and hence

| — l 7"'7lm
i pl ) ()

q](y) - I—I;n:1 B(], l'r) )

O<y<l.

Denote by M;(t) the moment generating function of log Yn%j. Then,

1
ogY? .
M;(t) = B(e!98Y25) = /0 v () dy
Jo gt pl ) (g dy
II:lﬂ,lg(j’lT)

B(j+t,1,
TngU’ L) ) (2.24)

for ¢ > —j, which is the same as [ | Eexp{tlogs;,}, where {s;,, 1 <j<n,1<r <m}
are independent random variables and s; , has the Beta density %yj 11—yl <
y < 1) for each j and r. Then, Yn% ; and [TX, s;, have the same distribution. This and
Lemma 1 lead to the desired conclusion. |

2.2 Proof of Theorem 1

Proof of Theorem 1. Write Z; = R;e’® with ©; € [0,27) for 1 < j < n. We need to
show that for any continuous function u(6,r) with 0 < u(f,r) < 1 for all € [0,27) and
r >0,

1 & 1 0o 2w
n;u(@k,hn(Rk)) — 277/0 /0 u(@,r)dOv(dr) a.s. (2.25)

as n — 00. Obviously, (O, R) for 1 < k < n have the same distribution. First, by the
Markov inequality and Proposition 2,

n

P(\% > w(O, hu(Ry)) — Eu(©1, ha(R1))| = 5)

k=1
_ B[ (O ha(Ry)) - Eu(O1, hn(R1)))]*
- niet
C
S 2

for every € > 0, where C > 0 is a constant not depending on n or e. This implies that

3 p(\% > (O ulha(By) — Bu(©1, ha(B1))| > <) < oo.
n=1 k=1
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We conclude from the Borel-Cantelli lemma that, with probability one,

% S ((O hn(Ri)) — Bu(O1, hn(R1))) — 0 (2.26)
k=1

as n — oo.

Note that G(r) = 5= OQW u(f,r)df is bounded and continuous in r € [0,00). Since v,

converges weakly to v with probability one, we have

1 & o0
= " G(h,(Y2)) = G(r)v(dr)
2 O |

with probability one. This implies
1 ¢ >
E‘— 3 Glha(Ya)) - / G(r)y(dr)‘ =0
n 0
k=1
via the bounded convergence theorem. Hence
1. >
LEY Glh(vD) - [ Gl o,
n 0
k=1
which together with Proposition 3 yields

Eu(O1, hn(R1)) = /OOO G (B (1)) Pa(r)dr = %E 3 Glha(Yy) — /OOO G (r)v(dr).
k=1

This and (2.26) imply (2.25). The proof is then completed.
Now we prove the conclusion for (p, v, p*, v*). It suffices to show that, for any con-
tinuous f(z) with 0 < f(z) <1 for every z € C,

1 & . 1 oo 2w . i}
Zlf(an) — %/0 /0 f(re'®)dov* (dr) (2.27)

n
k=

with probability one.
Define g(0,r) = f(re®) and h,(r) = r/a,. By Theorem 1, (2.25) holds. It follows that,
with probability one,

EONICORENED SVCHNLS)
k=1 " k=1
0o 2w
— 217r/0 /0 g(0,r)dov*(dr)

1 oo 2 )
= 27T/o /0 f(re®ydov* (dr),

completing the proof of (2.27). [ |
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2.3 Proof of Theorem 2

We first need a technical lemma as follows.

LEMMA 4 Suppose {h,(x); n > 1} are measurable functions defined on [0,00) and vy, are
defined as in (1.3). Let Y1,---,Y, be as in Lemma 1 and v be a probability measure on R.

Then vy ~ v if and only if

for every continuous point v of G(r), where G(r) := v((—o0,]), r € R.

Proof. Let Cq denote the set of all continuity points of G. Note that v, converges weakly
to v with probability one if and only if v, ((—o0,r]) — v((—o0,r]) with probability one for
any r € Cg, that is, for all r € Cg

1 n
= I(hn(Y;) < 7) = G(r) (2.28)
nig
with probability one. Since Y7,---,Y], are independent random variables,
1 n
vn((=00,r]) =~ Z;f(hn(Yj) <r),
j=

which is the average of n independent bounded random variables. By calculating the fourth
moment, applying the Chebyshev inequality and then the Borel-Cantelli lemma we can show
that for any r € R,

S () < 1) = 237 Pl () <)
=1 =1
= 3 [1(n(¥) < 1)~ Pln(¥;) < 7)] =0
j=1

with probability one. This and (2.28) imply the desired conclusion. |

Proof of Theorem 2. Let h,(y) = y*/"™ /n, y > 0. By applying Theorem 1 and Lemma 4
it suffices to show that

1 & -
EZP(|Z]'|2/ "/n<y) =y, ye(0,1)
j=1

which is equivalent to

%ZP(%( ﬁ sjﬂ«)l/m" < y) -y, ye(0,1) (2.29)
r=1

Jj=1
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by Lemma 2, where s;,’s are as in Lemma 2. Define n(z) = 2 — 1 —logz for > 0. Since
n(z) = [ =1ds, it is easy to verify that

r—1)2
0§n(£)§2(rnﬂ1(£1)7

x > 0. (2.30)

Set W; = [ s for 1 < j < n. Then,

Mn
logW; = Z log s;

r=1

for each j. By using the expression logz = x — 1 — n(x) we can rewrite log W; as

mn
logW; = Zlogi.’r + my, log j
r=1 J
1 il . . = Sjir
= =) (8jr—J) +mnlogj — Zn( . )
J r=1 r=1 J

Write Tj = > " s, for each 1 < j < n. Then Tj is the sum of jm,, i.i.d. random variables
with the exponential distribution of mean 1. Hence E(Tj) = jm,, and Var(7};) = jm,, for

1 < j <n. From the above equations we have

Mn

1 ) . S
log Wj = =(Tj = jmn) + mnlogj - Zn(%) (2.31)

r=1

Since sj, has the Gamma density y/~1e ¥I(y > 0)/(j — 1)!, the moment generating func-

tions of log s;, is

y 1[® TG+t
m;(t) = E(e' 18 %r) = ) /0 yly e Vdy = (g(j) )
for t > —7. Therefore,
_d TG
E(log s;,) = zmy(t)| _ = Ty =) (2.32)

The function v is the so-called Digamma function in the literature. By Formulas 6.3.18
from Abramowitz and Stegun (1972),

1 1
Y(z) =logx — % + O<?> as r — +00. (2.33)
Because E(logW;) = > """, Elog(sj») = mn(j), we see that

g E??(SJT) = mn(logj — ¥(j))- (2.34)
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Now we fix y € (0,1). Write S; = > 77(8] ). It follows from (2.31) that
Z 2P (T <o)

- Z P(logW; < my, log(ny))

n

(
ZP(; j — jmy) +mylogg —S; <mnlogny>
(7

n

1
EZP

For any fixed small number ¢ € (0,1/2) such that y(1 + ) < 1, define integers j,/ =
[ny(1+4¢€)] + 1 and j, = [ny/(1 + ¢)], where [z] denotes the integer part of z. Obviously
we have

—jmy) <A\/J log )+

J
.7 mn

SJ (2.35)

Mos1ge if j < g (2.36)
and )

ny o . .4

"y 7>t 2.37

R if j > g, (2.37)

Since T} is the sum of jm,, i.i.d. random variables with both mean and variance equal to
1. Then Var(ﬁ(Tj — jmy)) = 1. From (2.36) and the Chebyshev inequality,

. ) | ny L 1
ZP< Jmn) Mlog( ] )) = n ;jmn(log(l +¢€))?
B logn
- O(nmn) -0 (2.38)
as n — oo. This implies
- ny Y
£&52P< ) < malog () = e

Note that S; > 0 from (2.30). We obtain by (2.35)

imint £ P([[ o™ /m <)

j=1 r=1
1 1
o i L .
2 tmint 3 P (e (= dma) < Vimalog ()
Yy
= = (2.39)
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From (2.37) we have

3 2 PG < imlos )+

j=it
< ! Zn: [P (1) — ) < —Mlog(HsH\/TSj,sj < M log(1+ <))
Toon = Jmy, - My, - 2
J=JIn
P(S; > %bg(l +5))}
1 . P(i(Tj —jmy) < —}\/mmg(l —i—&?)) + 1 i P(S; > @log(l +¢€)).
Iy Vi 7 * =it ?

By the same argument as in (2.38), the first sum above goes to zero. Further, by the
Markov inequality, (2.34) and then (2.33), the last sum is controlled by

4 Z 1 Z mp(log j — ()
n — " log(l+e¢) T log(1+¢)
J=In ]*n
1o 1
= 0(=)> ==0
"t

as n — oo since Z i % O(1). These and (2.35) imply

limsup — ZP<HSJ 1/m”/n<y)

n—oo N
r=1

+
1 1 j
= limsup — P(,i my) < +/jmy log( S‘>
n%oop n ]Z_; \/m( —J n g mp !
j+
< limsup = = y(1 +¢).
n—oo T
By taking e | 0 to the above and (2.39) we get (2.29). The proof is completed. [ |

2.4 Proof of Theorem 3

Let {sj,, 1 <j <mn,1 <r < m} be independent random variables and s;, ~ Beta(j,l,),
that is, s;, has the Beta density %yﬂl*l(l —y)r=11(0 < y < 1) for each j and r. Define

m
v2i=]]sim 1<i<n (2.40)
r=1

Let [2] denote the integer part of z and “5 07 indicate that “converges to zero in proba-
bility”.
We start with an auxiliary result before proving Theorem 3.
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LEMMA 5 Let Gj(z) = P(Y2 <z) forxze€0,1] and 1 < j <n. Then,
Gi(z) > Ga(z) > -+ > Gu(z), = €]0,1]. (2.41)
Further, assume the conditions in Theorem 3 hold. If (1.10) or (1.11) is true, then

1Y
~ log % —log F(z) %0, z€(0,1), (2.42)

n n

as n — oo, where b, and vy, are as in Theorem 3.

Note that the two assertions in the above lemma are not directly connected. We put
them together simply because they are all about the Y7, ;’s.

Proof. We first prove (2.41). Let X; and Y; be independent positive random variables for
i=1,2 If P(X; <z)>P(Xy <z)and P(Y; <zx) > P(Ys < x) for all z > 0, then one
can easily show that P(X1Y; < z) > P(X2Y2 < z) for all x > 0. Combining this fact and
(2.40), it suffices to show that for each 1 <r <m and = > 0, P(s;j, < x) is non-increasing
in j, where s, is as in (2.40).

Let V;, 7 > 1 be i.i.d. random variables uniformly distributed over (0,1). For each
n > 1, let Vi, < Vo, < - -+ < V,., denote the order statistics of Vi, --,V,. It is well-
known that Vj.,, has a Beta(j,n — j + 1) distribution, see e.g., Balakrishnan and Cohen
(1991).

It is easy to see that Vi, < Voyq1 < - < Vjyyjo1 for any positive integers n and
J, which implies P(Vj.p4j—1 < ) is non-increasing in j for any positive integer n and

€ (0,1). Since Beta(j,l,) and Vj,,4j—1 have the same distribution, we have, for each r

and z € (0,1), P(Beta(j,l,) < x) is non-increasing in j. This concludes (2.41).

Now we prove (2.42). Under condition lim,_,o Fy(z) = F(z) for z € [0,1] together
with (1.10) or (1.11), we first claim that

1

Ot nx +1;

=0(1) (2.43)

as n — oo for any x € (0, 1). First, from (2.30) we have for any ¢ € (0,1)

1
—%{56(1—1‘) <logt< —(1-1) for 6 <t <1. (2.44)

Recall that F,(z) = (T[}2, n’;flr)l/% for 0 < z < 1. By assumption lim,, o F,, () = F(z)
for z € [0, 1],

72 gnac—i—l = 0Q).

<1 forany 1<r S m, combining (2.44) and the above equation we have

nx+ly
that for any 0 < x < 1,

(1—2x) 1 Ny
; nx + 1, - ;(1_nx+lr>_0(1)’

Since z <




which implies (2.43) since 1 —z > 0.
Note that
Jlr
G+6)P0+0+1)

g
J+lr

, O'j2-7,r = Var(s;,) =

pjr = E(sjr) = (2.45)

Recall (2.40). From (1.19) and (2.24) we can rewrite the moment generating function of

logYnQ’j as
- y+t L(j + 1)
H< (g+t+lr))'

r=1

Hence we obtain

d UL '(j+1,
Bog¥2) = 0], = [0 o @] =3 (- Ter)
that is,
ElogV;2;) = > (¥(j) — ¢(j + 1)), (2.46)
r=1

where ¢ (z) = I'(z)/T'(z) is the Digamma function as mentioned in (2.32). Recall n(x) =
x — 1 —logx for x > 0, which is defined right before (2.30). Then

m m
S; 8,
log Y77, Zloguﬂ =3 hor S =Y (S )y (e
r=1 Hjr r=1 Hijr
From now on, for each = € (0,1), we take j = [nx]. We will show
—Z (2 )2 (2.48)
r=1 Hij.r

and

2 Z (Z3ry 2, (2.49)

Tz Hi ”
To prove (2.48), it suffices to show that the variance of the left-hand side in (2.48)
converges to zero. In fact, we have from (2.45) and (2.43)

LS eon) - 3

Vo = M T =3,

Var (

m

:12

V2 Tzljj-i-l +1)

m

1
72— +l +1)
_ 0(1)§: l,

nYn £ nx + 1,

— 0

IN
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as n — oo by the assumption ~, > 1.

Since 'y% Yoty 17(81 7”) > 0, to show (2.49), it suffices to verify that - EZT 1 17(;”]:) —0

as n — oo. To this end we have from (2.47), (2.45) and (2.46) that

E[in(%)} - (fjloguj,r)—ElogWij)

r=1 Hjir
(6 + 1) —log(j + 1)) — (1)) — log j)
]+17

[ @ -

1YJ

By formula 6.4.12 from Abramowitz and Stegun (1972)

1
MSW

1

ﬁ
I

[
MS

ﬁ
Il

1 1 1
"(t O(
Yt = 5+ 5 +0()
as t — +oo. This and the fact j = [nz] lead to
1+o(1) o= (7T 1
7EZ () = DS [T
r=1 'UJT Tn r=1"J 2t
14+o0(1) &1 1 1
D S
T =2 jtl

by (2.43).
From (2.47) - (2.49) we have for any 0 < z < 1

" (IogY 2] ~ ;bg u[m“> 5 0.

Under (1.10) or (1.11), the limit F(z) is continuous and positive in (0,1). Therefore, the
convergence lim,, o Fy,(z) = F(z) is uniform for any interval [d1,02] C (0,1). It follows
that lim,_eo Fn(%) = F(z) for any = € (0,1). Further, notice that b, = g,(1) and
> vty 10g gy, = log gn([n—s]) by (2.45). Then we have from (1.9) that

1 Ynz[m;} 1 i 1 gn(i])
—log——— —logF(x) = —|log Yn2 nal — log tinal » | + — log n
Tn n ( ) Tn ( [nal Z Hinal, ) Tn gn(l)

= ’yl(log Y,LZ’[M] - ilog M[m:},r) + log Fn(l:?;b;[]) — log F()
n r=1

[nz

—log F(x)

r=1
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converges in probability to zero for any x € (0,1). This completes the proof of (2.42). W

Proof of Theorem 3. Easily, part (c¢) is a corollary of (a) and (b). So we only need to
prove (a) and (b).

Notice, with the transform Z = Re'®, that the density of Z is #Mf*(|z|) for0 < |z| <1
is equivalent to that the density of (©, R) is 5= f*(r) for 6 € [0,27) and 0 < r < 1.

Let {sj,, 1 < j < mn,1 <r < m} be independent random variables and s;, have the
Beta density my‘j_l(l —9)71I1(0 < y < 1) for each j and r. By Lemma 3, for ease of
notation we assume, without loss of generality, that

m

1Zi* =[] sjer 1<i<n (2.50)
r=1

If condition (1.10) holds, since F,,(0) = 0, F,,(1) = 1 and lim,,_,~ F,(x) = F(x) for
€ (0,1), we assume without loss of generality that lim, . Fy,(x) = F(x) for x € [0,1],
F(0) =0, F(1) = 1, and F(z) is continuous and strictly increasing over [0, 1]. Hence,
F*(y) := F~!(y) is a continuous and strictly increasing distribution function on [0, 1] with
F*(0) = 0and F*(1) = 1. Define F*(y) = 1 for y > 1. Further, Uni f{|z| = 1} is identical to
the product measure of Uni f[0, 27) and d;. The distribution function of §; is the indicator
function I ooy(y). Let Y1,---,Y, be as in Lemma 1 with ¢ = w7 ) defined in (1.7).

According to Theorem 1 and Lemma 4, to prove (a) and (b), it suffices to verify that

JE&;ZP« )" <)

F*(y) for all y > 0 if (1.10) holds;

_ (2.51)
Ij100)(y) forall y € (0,1) U (1,00) if (1.11) holds.
By Lemma 1,
1/ - Z; >\ 1/
>r(( SHEDE (G D)
=1
for any y € R. Since |Z;|? € [0, 1] is continuous for each j, it suffices to show
_> - ZP( ‘ j‘ < logy) = the right hand side of (2.51). (2.52)
From (2.41) and (2.50),
1 1 Z; |2 . . L
P(— log > < log y) is non-increasing in j € {1, -+ ,n}. (2.53)
Tn n

This property and equation (2.42) play a central role in the following estimation.
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Proof of (2.52) if (1.11) holds.
Fix y € (0,1). For any d € (0,1), we have

1 1 Z;|?
limsup—ZP(—log 1] < logy)
n Yn

1l 1 |z d 1|z
= limsup—[ZP(—logé < logy) + Z P(—logi < logy>]
n—oo N LZ Tn by, . Tn by
j=1 j=[nd]+1
7 2
< hmsupm—kllmsupP(—l @Slog )
n—00 n—00 Tn bn
—

by the fact - log "I] 2 0asn — oo forall z € (0,1) from (2.42) and (1.11). This implies

JL“;MZ;P<

for y € (0,1). If y > 1, then logy > 0. By (2.53),

ML 1ogy) =0 (2.54)
Tn b, —

1 < 1 | Z;|?
> liminf - = il” ~ )
1 > hnrggfn E_ P<’y log - logy

n

[nT]

" J|
> — <
> %ﬁzfnZP( g
1 A
> liminf MP(— logM < logy) =T
nhoe o Ny 0 by

as n — oo for all 7 € (0,1). Letting 7 1 1, and combining with (2.54), we get (2.52).
Proof of (2.52) if (1.10) holds. We will differentiate two cases: y € (0,1) and y > 1.

Case 1: y € (0,1). Set F*(y) = F~'(y) for y € (0,1). Let 6 € (0,1) be a number such
that 0 <y—d<y+d <1 Then0< F*(y—9) < F*(y+6) < 1,and F(F*(y —9)) <y <
F(F*(y+¢)). By letting z = F*(y + J), we have

2
lim sup — ZP( ’]’ <10gy>

n—oo N n

n

1 1 Z;i?
= limsup[ ZP(—lg i <logy>+f Z P(—log‘ i Slogy)]
n—00 n Yn by,
j=[nz]+1
1. | Zp)?
< limsup [Lx] + lim supP(— log M < log y)
n—00 n n—00 Yn bn
Z a2 F
= x4 limsup P(—l [ Z1na —log F(z) < —log (a:))
n—00 Tn bn )
= F*(y+9) (2.55)

33



by (2.42) and the fact log(F'(z)/y) > 0. Similarly, setting x = F*(y — 0), we get

hmmf—ZP(—log 1Z bj < logy>

n—oo n n

[nw]

> it 3 P(( s 2 <o)

'I’L n

7 2
> liminf MP(i log |[bm}| < log y)
n

n—oo 77’1 n

= x- hmimfP(i log ‘Z[MHQ —log F(z) < log L)
n—00 Yn by, - F(x)

1 |Z[nx}|2 Y
= x-|1—limsu P<—lo —log F'(x) > lo )]
|: n—>oop Yn & bn 8 ( ) gF(‘r)

= F*(y—0) (2.56)

by (2.42) and the assertion log(y/F(x)) > 0. Finally, by letting § | 0 in (2.55) and (2.56),
we show (2.52) holds under the condition (1.10) and y € (0, 1).
Case 2: y > 1. Observe

1Z;] | yl
—ZP(—I og —— b, <logy) ZP(—I g — <logy1)
Jj=1 j=1
for all y; € (0,1). By the proved conclusion, it is seen that

| 12,1

S Slogy) > F*(y1).

it 2P o

Then (2.52) follows by taking y; 1 1 and by the fact F*(1) = 1. The proof is complete. W
Now we present the proofs of the corollaries.

Proof of Corollary 1. Since n; = [; + n, take v, = 2 for all n > 1 to have

- n;T 1/2
Fn(x):(jnlm) , 0<z<l.

By assumption, lim,_ s % =a; €[0,1] for 1 < j < m, we have

m

1/2
Tim Fy(z (1;[ e x)) =F(z), 0<z<l. (2.57)
(1). If a3 = -+ = oy, = 1, then F(z) =1 for 0 < z < 1. That is, condition (1.11) holds.

The conclusion follows from (c) of Theorem 3.
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(2) & (3). If oj < 1 for some 1 < j < m, then F(z) in (2.57) is continuous and strictly
increasing in (0,1]. Also, limgg F'(x) = 0. The statement (3) then follows from (a) of
Theorem 3. In particular, when a3 = -+ = ay, = a € [0, 1), then F(z) = (m)m/2
for 0 < x < 1. It is trivial to check that

(1—a)z?/m™ d 201 —a) z/m-1

Flz)=+—2— —F = .
@) 1 — ax?/m and dx (@) m (1 — az?/m)?

We get (2). ]
Proof of Corollary 2. Take 7, = m. We will show that lim,,_,o, F),(x) = F(z) with

1
F(x) = zexp ( - /0 log(1 —q(t)(1 — :E))dt), 0<z<l1, (2.58)

and limg o F'(x) = 0. Obviously, /(1) = 1. This says that condition (1.10) is satisfied. We
first prove (2.58). Since

log F(z) = ;i[logx—logo—(l—x))}

J=1 "
1 L g 1 <1 n (1 ))
= logx — — 0 —— 11—z
g < g n; ’

we have that

|log Fy,(z) —log F(z)| = ‘% ilog (1 - ﬁ(1 - :1;)) — /01 log(1—q(t)(1 — m))dt)

< ‘;i [log(l - ;(1 — 1)) — log (1 _q(%)(l _$)>”
1

Fl 0w (1= a( )0 - 01) - [ 1ostt a1 -]
j=1
= Li(x) + Ix(x)

for 0 < x < 1. Since for each fixed z €
we have 1 —x < %log(l —t(l—2)) <

we have
l—a1 n J
I < g — — (—)‘—>0
1(3:)_ x mj_1 n; 4 m

as n — oo. For fixed z € (0,1], since log(l — ¢(1 — x)) is a bounded and continuous

( ],dtlog( (1—$)):mf0r0<t<1
17

By using the mean-value theorem and (1.12),

function in ¢ € [0, 1] and thus log(1 —¢(¢)(1 —z)) is also a bounded and continuous function
in t € [0,1], we have Is(x) — 0 as n — oo by the definition of the Riemann integral.
Therefore, we have proved that lim, o Fy,(z) = F(z) for x € (0, 1].
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Choose any ty € (0,1) such that ¢(tg) < 1. From continuity, there exists ¢ > 0 satisfying

0 <to—e<to+e<1andsupy ;< q(t) <1—e Easily, W < 1forall z € (0,1).
It follows that

1
log F(z) = logau—/O log(1 —q(t)(1 — x))dt

1 X
- / e o™

to+e€ T
< log —————dt
= / T g1 —u)
< lo 2ex
= T a9 -q)
— —00

as x | 0, yielding that lim, o F'(z) = 0. Thus, (1.10) is verified.

Now,
1
fz) = F'(z) = iF(:v)—F(a:)/O %dt
B b 1—qt)
= @ [ i
Further,

d 1
f(x) = %FA@) = ma

By (a) of Theorem 3, ju,, ~ p1, where p has density 5~ f*(r) for (6,7) € [0,27) x [0,1). W

O<z<l1.

Proof of Corollary 3. Fix 0 < x < 1. Then,

log F,(x) = —71 ilog E (1 + nﬂ(x - 1))] (2.59)
n = j

Write

1 1—

7<1+£(x—1)) —1+ x(l—ﬁ).

x nj x nj

By the assumption lim;, o maxi<j<m |- — 1| = 0, we know the logarithm on the right side
- J

of (2.59) is equal to =% (1 — n—"J)(l + 0(1)) uniformly for all 1 < j < m. Use the identity

that n; =1; +n to see

log Fio(x) = (1+0(1))Z—j

nsz, 0<z<l, (2.60)



as n — oo by the assumption lim,, .o maxi<j<y, |-~ — 1| = 0 again. We now show (a), (b)
and (c) according to the assumption that lim, e 5 Y272 [j = 8 € [0, 00].
(a). Assume § = 0. Choose v, = 2. Then, F(z) =1 for 0 < z < 1. The conclusion follows
from the second part of (c) from Theorem 3.
(b). Assume § € (0,00). Choose v, = 2. Then Z;"(:U) = exp(gﬂcx;l) for 0 <z <1 and
limgyo F(z) = 0. Trivially, F~*(z) = (1 — %log z)  for 0 <z <1and

d 25

—F! =— X, 0 <1.
dx (z) (8 — 2logx)?’ ST

So the density of 1 according to (a) of Theorem 3 is

B
(8 — 2logr)?

f,r):=

for (0,7) € [0,27) x [0,1). By the polar transformation z = re?| it is easy to see that the
density of u is given by

_ B
- m2[2(8 — 2log|2])?’

h(z) : |z| < 1.
(c). Assume 3 = oo. Take v, = %Z;"Zl l;. Then, by (2.60), F(z) = exp{Z1} for 0 < 2 < 1
and lim, o F'(z) = 0. This is the same as the case that § =2 in (b). So the density of p is

1
Wf0r0<|2’<1 [ |

Proof of Corollary 4. By assumption, m — oo and maxi<j<m % =0asn — . By
using the equality n; = [; + n and taking 7, = m, we see that

lim F,(z) =z := F(x)

n—oo
for any z € [0,1]. Then F~1(z) = z for z € [0,1] and f*(x) = 1 for 0 < x < 1. Choosing
ho(r) = (12 /b)Y and b, = | nﬂj, we know that p, ~ (0,R) and Z = Re® has
the density ﬁ for 0 < |z| < 1. Equivalently, (0, R) has law Unif([0,27) x [0,1]). As
mentioned before, Z = Re’® has the uniform distribution on {z € C; |2| < 1} if and only if
(0,|Z]?) follows the uniform distribution on [0,27) x [0, 1). Therefore, the desired conclu-
sion follows. [
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