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Abstract

Boolean satisfiability (SAT) is the archetypa NP-complete problem and is
useful for solving NP-complete problems in planning, digital circuits, software
debugging, and other application areas. A Boolean SAT problem consists of a
set of “clauses’ — expressions that place restrictions on the valuation (“interpre-
tation”) of a set of Boolean variables. To solve a Boolean SAT problem, one
must either find an interpretation that satisfies the restrictions or determine that no
such interpretation exists. The underlying algorithm in most Boolean SAT solvers
is Davis-Putnam-Logemann-Loveland (DPLL), which is essentially a modified
depth-first heuristic search for a satisfying interpretation.

Sinha extended the DPLL algorithm to handle variables whose range of val-
ues is not restricted to the Boolean case, but instead encompasses some finite set
like {1,2,3} or {red, yellow, green}. Although such problems can be solved
by reduction to Boolean SAT, Sinha demonstrated that it may be computation-
ally advantageous to solve them directly. In this thesis we extend Sinha's finite
domain DPLL algorithm to handle a till richer language, and demonstrate the
computational advantage of this extension. We also compare the performance of
five different search heuristics in our implementation of the finite domain DPLL
algorithm.
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1 Introduction

Satisfiability (SAT) is the prototypical NP-complete problem [24]. Many NP-complete problems arising
in different fields — such as artificial intelligence, graph theory, logic circuit design and testing, cryptography,
database systems, hardware and software verification, planning, scheduling and model checking — can be
solved relatively effectively by reduction to SAT [23, 26, 22, 21]. SAT solvers [13, 16, 14] have seen a
great improvement in recent years, allowing larger problem instances in different application domains to be
solved. (One can find more about current SAT solvers and satisfiability benchmark problem instances at
http://www.satlive.org/.) This thesis takes as its starting point work by Sinha [25] on extending the SAT
problem to allow for variables that can take values from arbitrary finite domains, in addition to the standard

Boolean variables.

1.1 Boolean Satisfiability

Let's begin by defining Boolean satisfiability. A signatureis afinite set of symbols, called atoms. A literal
isan atom or its negation, i.e. the atom preceded by —. A clauseis afinite set of literals. A theory is afinite
set of clauses. An interpretation is afunction from atomsto truth values {t,f}. Aninterpretation | satisfies an
atom p if and only if I(p) =t and it satisfies —p if and only if I(p) = f. An interpretation satisfies a clause
if it satisfies at least one of the literals in the clause. An interpretation satisfies a theory if it satisfies all the
clausesinit.

Solving a Boolean SAT problem involves determining whether or not a given theory is satisfiable, i.e. has
a satisfying interpretation, or model. In many cases, in addition to this yes/no answer it’s also required to find
the model itself.

For example, consider the theory {{p, ~¢},{q, —-r}, {r, —p}} (over signature {p, ¢, r}). The interpreta-
tion that maps each of p , ¢ and r to t is one of the models of the theory. Another model mapsp , ¢ and r al

to f. In fact these are the only models of this theory.



1.2 Finite Domain Satisfiability

A natural extension of Boolean satisfiability is finite domain satisfiability. Here the signatureis afinite set of
symbols, called constants, along with an associated finite set dom(c) for each constant ¢, called the domain
of c¢. An atomis an expression of the form c=v, where c isaconstant and v € dom/(c). A literal is an atom
c=wv or its negation, written c£v. A clauseis afinite set of literals. A theory is afinite set of clauses. An
interpretation maps each constant to an element of its domain. An interpretation | satisfies an atom c=w if
andonly if I(c) = v, and it satisfies aliteral c£v if and only if I(c) # v. An interpretation satisfies a clause
if it satisfies at least one of itsliterals, and satisfies atheory if it satisfies al the clausesin the theory. A theory
is satisfiable if thereis at least one interpretation that satisfies it.

Aswith Boolean satisfiability, solving afinite domain SAT problem involves determining whether or not
given theory is satisfiable, and if it is, then finding a satisfying interpretation or model of the theory.

For example, consider the theory consisting of the following clauses, where the signatureis { A, B, C'},

with domains dom(A) = dom(B) = dom(C) = {0,1,2}.

{40, B=2}
{4=0, B=1}

{A=1, B#2,0=2} (1)
{A=2, B#1}

{A=1, BA1}

This theory is satisfiable; the interpretation that maps A to 0, B to 2 and C to 2 satisfies the theory. In fact,
thisisthe only model of the theory.

Boolean SAT can be seen as the specia case of finite domain SAT in which all the atoms have the domain
{t,f}, if we agree to write ¢ as shorthand for c=t and —c as shorthand for ¢=f.

Finite domain satisfiability is particularly interesting because many problems are expressed and under-

stood more naturally when using variables with finite domains. A finite domain SAT problem can be con-



verted into a Boolean SAT problem and solved using standard Boolean SAT solvers, however, in doing this,

the problem instance gets bigger and its essential structure may be obscured.

1.3 Contribution of this Thesis

In this thesis we extend Sinha's work [25]. Sinhaimplemented a finite domain SAT solver by generalizing
a standard Boolean satisfiability algorithm, Davis-Putnam-Logemann-Loveland (DPLL) [18]. The DPLL
algorithm is aform of heuristic search (for a model) and is the underlying agorithm of most Boolean SAT
solvers. Sinha's generalization of DPLL solves a finite domain SAT problem directly, without converting it
to Boolean SAT. Sinha demonstrated that her finite domain SAT solver can outperform (in terms of execution
time) one of theindustry standard Boolean solvers— SATO [14].

Sinha's solver is restricted to finite domain theories in which clauses contain only atoms: it does not
handle negative literals, i.e. literals of the form c¢#wv. One of the contributions of the current thesis is to
extend Sinha's finite domain DPLL algorithm to allow negative literals, and to implement this extension of
the algorithm. If for some constant A, dom(A) = {1,2,3}, then saying A#2 is the same as saying “ A=1 OR
A=3". Herefor one literal we require two atoms. Similarly if A has 100 elements in its domain, we will
need 99 atoms to eliminate a negative literal. Experimental results demonstrate that this extension can offer
a payoff in computation time, although it slightly complicates the algorithm and its implementation.

Since DPLL algorithms, including our finite domain extension of DPLL, involve heuristic search through
the space of (partia) interpretations, we also experiment in this thesis with the heuristic used by the solver.

We tried five alternative heuristics and observed that two of them performed better than the others.

1.4 Other Related Work

There has been quite a lot of research on SAT in recent years. Researchers in the field have tried various
techniques to improve the performance of SAT solvers. Extensive research has been done on improving the

data structures and heuristics used in the search. Zhang [17] gives a nice introductory account of recent work



of thiskind. Another areawhere attempts are being made for performanceimprovement is the expressiveness
of theinput language. Thework in thisthesisisan example of thiskind of work. Another exampleiswork by
Thiffault et al. [3] which involves an implementation of the DPLL agorithm for general Boolean formulas.
(In general, Boolean formulas are built up recursively from Boolean atoms using standard propositional
connectives. -, A, V, D, =. Clauses are essentialy an aternative representation of a special class of such
formulas, thosein “ conjunctive normal form”.)

There have been other attempts also to develop finite domain SAT solvers like ours. Frisch et al. [1], for
example, developed a finite domain SAT solver, called NB-Walksat by extending Walksat, a hill-climbing
algorithm used to solve Boolean SAT problems. However from their results it appears that their solver is not
able to solve problemsinvolving more than few hundred clauses. The largest we could find had 307 clauses.

Another example of closely related work is a multi-valued SAT solver called CAMA, presented by C.
Liu et a. [2] that extends speed-up techniques used in state-of-the-art Boolean solvers and also introduces
a novel technique, called minimum value set (MVS), to improve the efficiency of conflict-based learning.
(Conflict-based learning is a technique used by SAT solversto improve the search strategy based on the past
experience.) Theinput language of CAMA is different from oursonly dlightly, in that its atom has a range of
values instead of just one. For example, instead of having c=v it could have c=v1 OR v2 OR v3. However,
it appears that much of the effort in developing CAMA has been diverted toward the more expressive feature
of the language.

Also lots of research has been done in recent years on constraint satisfaction problem (CSP). Like SAT,
a CSP consists of a finite set of variables, a domain of possible values of each variable, and a finite set of
constraints. Each constraint restricts the combination of values that the set of variables may take. A solution
toaCSPis an assignment of valuesto variables such that all the constraints are satisfied. In practice there are
awide variety of languages in which these constraints are expressed. 1n some CSP languages, finite domain
SAT can be expressed quite nicely, but as far as we know, their solvers are not optimized for solving finite

domain SAT problems, and it remains impractical to solve finite domain SAT problems by reduction to a



CSP language. Often the CSP languages are in some ways more expressive than finite domain theories —
typically geared toward handling arithmetic equalities and inequalities — yet typical CSP languages cannot
concisely represent finite domain theories. As far as we know, there is no CSP solver that is competitive on

finite domain SAT problems.

1.5 Outlineof the Thesis

The rest of the thesis is organized as follows. Chapter 2 describes trandlations that convert a finite domain
theory to the language of Sinha's solver (by eliminating negation) and also to a Boolean theory. We used
these trangdlations in our experiments to compare the performance of our solver with various other solvers,
and to demonstrate the computational advantages of our language. Chapter 3 describes the finite domain
DPLL agorithm, as generalized in this thesis. Chapter 4 gives details of the implementation. Chapter 5

presents experimental results. Finally, Chapter 6 concludes the thesis and suggests future work.



2 Trandationsof Finite Domain Theories

In this chapter we describe three trandlations. one converts a finite domain theory to the language of Sinha's

solver by eliminating negative literals, and two convert a finite domain theory to a Boolean theory.
2.1 Eliminating Negation

Sinha sfinite domain SAT solver does not support negationi.e. it cannot work with literals of form cz£v. But it
is straightforward to eliminate negative literals from a finite domain theory. We simply replace each negative
literal c£v with the atoms c=v’ for every v’ € dom(c) suchthat v # v. For example, if dom(A) = {1, 2, 3},
the clause { A#1} would become { A=2, A=3}. We repeat this for all the negative literalsin all the clauses.

The following pseudo code defines the translation.

For every clause C'
For every negativeliteral c£v in C
C:=C — {ctv}

C:=CU{c=v": v €domlc), v # v}

For example, the clausesin (1) will be trandated to

{A=1, A=2, B=2},
{A=0, B=1},
{A=1, B=0, B=1,C=2},
{A=2, B=0, B=2},

{A=1, B=0, B=2}.

The following well known fact states the correctness of this trandation.



Fact: “Let T be afinite domain theory (possibly with negation) and 7"’ be the corresponding transl ated
finite domain theory with negative literals compiled out. An interpretation / isamodel of 7" iff I isamodel
of T’

This thesis gives experimental evidence that it can be advantageous to solve finite domain theories with

negation directly rather than compiling negation out.

2.2 Boolean Trandations

Here we describe two trandations from finite domain SAT to Boolean SAT. We call the first quadratic trans-
lation and the second linear trandation(We explain why shortly). These tranglations are adapted from Ap-

pendix A of [4].

2.21 Quadratic Translation

In thistranglation, every atom c=v in afinite domain theory is understood as a Boolean atomi.e. as a symbol
that interpretations will map into {t,f}. Every occurrence of each finite domain atom c=v is “replaced” with
the Boolean atom c=v and every occurrence of each finite domain literal c#£v is replaced with the Boolean
literal =c=v. In addition, we need clauses that will, roughly speaking, enforce the fact that a constant ¢ takes
exactly onevalue v inits domain. That is, for every constant ¢, these clauses will let Boolean atom c=v be

true for exactly onev € dom(c). Thus, for every constant ¢ we add (2) and (3) below to the theory.
{c=v|v € dom(c)} (2
{—c=v1,~c=v2}  v1,v2 € dom(c),v1 # vo 3

Clause (2) enforces that at least one c=v istrue and clauses (3) allow at most one c=v to betrue. Thusthey
together make sure that exactly one c=v is true for every constant c. The number of extra clauses introduced
inthistrangation is quadratic in the size of the domains; hence the name.

Example — Let's take the example of the finite domain theory (1). Here we have three constants,

each with domain {0,1,2}. Each member in the following list is now understood as a Boolean atom:



A=0, A=1, A=2, B=0, B=1, B=2, C=0, C=1 and C=2. Thetrand ated theory is shown below. Clauses (4)
are directly generated from the theory, and clauses (5) and (6) are the additional clauses that enforce the fact

that every constant takes exactly one valuein its domain.

{~A=0, B=2}, {A=0,B=1}, {A=1,-B=2,C=2}, {A=2,-B=1}, {A=1,-B=1} (4
{A=0, A=1, A=2}, {B=0,B=1, B=2}, {C=0,C=1,C=2} )

{~A=0, ~A=1}, {~A=0,-A=2}, {~A=1,~A=2}
{~B=0,-B=1}, {~B=0,-B=2}, {~B=1,~B=2} 6)

(~C=0,-C=1}, {~C=0,-C=2}, {~C=1,-C=2}

The following well known fact states the correctness of this trandation.

For each interpretation I of the constants of the finite domain theory 7', let I be the corresponding
Boolean interpretation such that, for all constants ¢ of thelanguage of 7" and all valuesv € dom(c), I(c) = v
iff Ig(c=v) =t.

Fact: “Let T be afinite domain theory and T’ be its quadratic trandlation. An interpretation 7 is a model
of T iff I isamodel of T’. Moreover, every model of T can be written in the form of I, for some

interpretation 7 of 7'

2.2.2 Linear Trandation

The quadratic trandation is nice because of its smplicity. But it may become computationally unattractive
when the domain sizes are large, since the number of additional clauses required is quadratic in the size of
domains. In thissection, we describe an alternative translation, in which the number of extraclausesisinstead
linear. Thistranglation is also adapted from Appendix A of [4].

Notice that the quadratic cost of the previous trandation is due to the clauses (3) that, roughly speaking,
enforce that each finite domain constant gets at most one value from its domain. Hence the idea of the linear

translation is to encode this constraint more concisely. To this end, for every constant ¢ with dom(c) =



{v1,v2,....,v,}, we introduce n — 1 new Boolean variables, a1, ..., a,,—1. Then to enforce the fact that a

constant can take at most one value from its domain, we add the following clausesto the theory.

{—a1,=v1}, {a1, ne=v1}, {—ar, e=va}
{—as,a1,c=v2}, {az,—a1}, {as, c=va}, {—as, ~c=vs}
(7
{—an_2,an_3,c=vy_2}, {an—2,-an_3}, {an_2, "c=v,_2}, {-a,_2,c=v,_1}
{=an-1,an-2,=vp_1}, {an-1,7an_2}, {an-1,=vn_1}, {-an_1,c=v,}
Consider an arbitrary constant c¢. The clause (2) guarantees that at least one of c=v1, ..., c=v,, istrue. Let's

show that (7) guaranteesthat at most one of these atomsistrue. Assumethat c=v; istrue. It followsfrom (7)

that

e al of ai, ..., a;—1 Must befalse (dueto {_‘aq;_l, _\CZUi} and {ai_l, _‘ai_g}, ...... s {ag, —\al}), and

e dl of a;,...,a,—1 must betrue (dueto {a;, ~c=v; } and {a; 41, 7a;}, ...... JA{an—1,7an_2}),

and consequently that,

e adl of c=vq,....... , c=v;_1 must befalse (dueto {a, ~c=v1}, ....... Aai—1,~c=v;_1}),and

e alof =viy1, ... , c=v, must be false (dueto {—a;, "c=v;y1},....... A-an—1,mc=vp }).

Thus, we see that clauses (7) indeed make sure that for every constant ¢ in the theory, c=wv is true for at
most one v € dom(c). In this translation the number of extra clauses introduced is linear in the size of the
domains; hence the name.

Example — Let's again take the example of theory (1). Here we have three constants, each with domain
{0,1,2}. Asbefore, each atom of the finite domain theory is now understood as a Boolean atom. We will also

introduce new atoms A1, As, By, Bs, C1, Cy — the auxiliary atoms required in clauses (7). The transated



theory will consist of clauses (4) and (5), along with the following instances of (7).

{—A;, A=0}, {4y, ~A=0}, {-A;,-A=1}
{mdg, Ay, A=1}, {Ag, 2 Ar), {Ag, 2A=1), {242, 2A=2)
{-B1, B=0}, {By,~B=0}, {—By,~B=1}
{=Bs, B1, B=1}, {Bs, B}, {By,~B=1}, {~By, ~B=2}
{=C4,C=0}, {C1,~C=0}, {—-C1,-C=1}

{_‘027017021}5 {027_‘01}; {027_‘021}7 {_‘025_‘0:2}

The only model 1, of the translated theory is as defined below.

IL(A=0) =t, I;,(A=1) =f, I;,(A=2) = {
IL(B=0) =1, I,,(B=1) =, I, (B=2) =t
IL(C=0) =f, I (C=1) =f, [ (C=2) =t
IL(Ay) =t, I(Ay) =t
I1(By) =f,I(Bs) =1

IL(Ch) =, IL(Cy) =1
As mentioned earlier, the only model 7 of (1) isasfollows.
I(A)=0,I(B)=2,I(C)=2

We notice here that, for every atom c=v, I(c) = vif andonly if I, (c=v) =t.

Below we state the correctness of this translation.

For each interpretation I of the constants of the finite domain theory 7', let I be the corresponding
Boolean interpretation such that, for al constants ¢ of the language of 7" and all valuesv € dom(c), where

dom(c) = {v1,v,....;vn}, I(c) = v; iff I, (c=v;) =t,andif I(c) = v;, thenforadl j € {1,2,.....,n — 1}

l) IL(a])Zflfj <i,and

10



2) IL((lj):tifj > i

Fact: “Let T be afinite domain theory and 7"/ beits linear trandation. An interpretation I isamodel of 7" iff
I, isamodel of 7’. Moreover, every model of T/ can be written in the form of I, for some interpretation 7
of T

Improvement To make the translation even more economical, for any constant ¢ with a two element

domain {vy,v2}, instead of adding any extraclauses or variables, we just replace in the finite domain theory:

e every occurrence of c=v; Or c£v4 With c=v1, and

e every occurrence of c=vq O c£v1 With —c=v; .

In (1), for example, had the domain of B been {1,2}, (1) would have been translated to the following

clauses, in addition to clauses (4).

{A=0, A=1, A=2}, {C=0,C=1,C=2}
{~ A1, A=0}, {A;, ~A=0}, {~A1, ~A=1}
{=Az, Ay, A=1}, {Ag, 2 AL}, {Ag, —A=1}, {042, —A=2}
{~Cy,C=0}, {Cy, ~C=0}, {~Cy,~C=1}

{=C2, C1,C=1}, {Ca,~C1}, {Co, ~C=1}, {~Cq, ~C=2}

2.2.3 Remarkson Boolean Translations

Sinha[25] showed that in principleit is probably better to solve finite domain SAT problems directly, rather
than translating into Boolean SAT problems. First she showed, not surprisingly, that her finite domain solver
is much faster on finite domain theories than on their Boolean translations. Second, she showed that her
finite domain solver is generally faster solving finite domain problems than a competitive Boolean solver,
SATO [14], working on the Boolean tranglations of the problems. (Interestingly SATO’s performance on

quadratic translations was better than its performance on linear translations.) Third, Sinha showed that her
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solver is comparableto the current state-of-the-art Boolean solver zChaff [20], when the quadratic translation
is used. On the other hand, her solver cannot come close to zChaff's performance when the linear trandation
isused.

Essentially the same remarks apply to the solver introduced in the current thesis.
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3 Finite Domain DPLL

In this chapter we describe our finite domain DPLL algorithm, an extension of Sinha's finite domain DPLL
to handle negativeliterals. Thealgorithmis essentially adepth-first heuristic search for amodel, in the search

space of partial interpretations (discussed next).

3.1 Partial Interpretation
A partial interpretationis aset of literals, which for any given constant c,
(1) containsat most one element of {c=v|v € dom(c)}, and

(2) doesnot contain all elements of {c£v|v € dom(c)}.

A partial interpretation P satisfies an atom c=v if c=v € P and satisfies aliteral c#v if either c£Av € P or
c=v' € P forsomev’ # v. Alsowesay P falsifiesaliteral if it satisfiesits complement. (The complement of
c=v is ~v; the complement of c£v isc=v. If L isaliteral, we sometimes write [ to denoteits complement.) A
partial interpretation satisfies aclauseif it satisfies at least literal init, and it satisfiesatheory if it satisfies al
the clauses in the theory. A partial interpretation falsifies aclause if it falsifies al literalsinit, and it falsifies
atheory if it falsifies any clause in the theory.

Whenever c=v € P, intuitively we understand it as the value v is assigned to constant ¢. Thus with
condition (1) above, we make sure that at most one value is assigned to any constant by P. Similarly, when
«*v € P, weunderstand it intuitively as the value v cannot be assigned to constant c i.e. ¢ is prohibited from
being assigned v. Condition (2) therefore guarantees that there is always at least one value v € dom(c) that
can be assigned to ¢. Thusthe conditions maintain the “consistency” of partial interpretations.

Each partial interpretation P can be understood to correspond to the nonempty set of interpretations that
satisfy al theliteralsin P. We call these interpretations the extensions of P. Notice that P satisfies atheory
T if and only if al extensions of P satisfy 7. Consequently T is satisfiable if and only if some partia
interpretation satisfies 1T". Finally, notice that a partial interpretation P fasifies atheory T if and only if no

extension of P satisfiesT'.
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3.2 Depth-first Search

We will first describe depth-first search in the space of partia interpretations. Here we explore the space of
partial interpretations, until we either find a partial interpretation that satisfies the theory or until we determine
that no such partial interpretation exists. Figure 1 shows the pseudocode of the algorithm. Theory 7' and
partial interpretation P are the input parameters. Initially P is empty. It first checksif P satisfies or falsifies
P. If P does neither, it chooses a literal [ such that P U {l} is a partial interpretation. Such a literal I is
guaranteed to exist as explained below.

At this point, since P neither satisfies nor falsifies T, thereis at least one clause C' € T', which is neither
satisfied nor falsified by P which means there is at least one literal [ € C which is neither satisfied nor
falsified by P. Literal [ is either anegative literal c£v or an atom c=wv. In either case we know that the atom
c=v is neither satisfied nor falsified. Thisimpliesthat for no v’ # v, c=v’ € P. Therefore, we can safely add
c=v to P, without violating the restriction on atoms mentioned in the definition of a partial interpretation.

After adding [ to P, the algorithm calls itself recursively with T" and the extended partial interpretation
P U {i}. If the call does not return a failure, it means the problem is solved. Otherwise, the algorithm tries
to add the complement [ of [ to P instead of I. If this still avalid partia interpretation, it makes another
recursive call with the extended partial interpretation P U {/} and returns its outcome. Otherwise it returns
afailure. Notice that P U {I} may not necessarily be a partial interpretation. (For example, if [ is c£v and
for al v’ € dom(c), v' # v, c#£v' € P, then P U {I} won't be a partial interpretation, since it violates the
restriction on negative literals.) Hence this check is necessary.

Let’slook at the following theory with signature { A, B} and domains dom(A) = dom(B) = {0, 1, 2}.

{A=1}
{A#0, B=2} 8

{A=0, B=0}
We start by picking a literal. Let's say we pick A=0 and satisfy iti.e. P = {A=0}. The search tree
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DF(T,P)
if P satisfies T, then return P
if P falsifies T, then return fail
Choose aliteral [ suchthat P U {i} isapartial interpretation
P":=DK(T, P U {1})
if P’ # fail, then return P’
if P U {l} isnotapartial interpretation, then return fail

return DF(T', P U {1})

Figure 1. Pseudo code of DF Algorithm

constructed at this point is shown in Figure 2. Thet on the branch indicates that A=0 (the chosen literal) has
been added to P, and so is satisfied along this branch. Notice that P at this point falsifies the only literal in
thefirst clause. So that clauseis falsified by P, and so the theory is falsified. We therefore have to backtrack
and instead falsify the most recently satisfied literal, A=0. Satisfying A#0 satisfies clause 2.

Next let's say we pick literal A=1 to satisfy. So at thispoint P = { A0, A=1}. This satisfies clause 1,

aswell. Now only clause 3 isunsatisfied. So again we pick aliteral to satisfy. We cannot pick A=2, sinceit’s

A=0

Figure 2: Search Tree
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=1

Figure 3: Final Search Tree

already falsified. So let's say we pick B=0 and satisfy it. This satisfies clause 3, and since all three clauses
are satisfied, the theory is satisfied. Final partial interpretation is {A#0, A=1, B=0}. Final search treeis

shownin Figure 3.

3.3 Reduction of Theory

During the search, whenever a clause is satisfied we can ignoreit in the subsequent part of that branch, since
that clause can no longer affect satisfaction of the theory. So it is convenient to think of it as“removed” from
the theory. Similarly when aliteral [ is falsified, all its occurrences can be safely removed from the theory,
since no extension of the current partial interpretation can satisfy that literal and so that literal can play no
further role in the attempt (along that branch) to satisfy the theory. For example, in (8) after we fasified
A=1, we could not have subsequently satisfied clause 1 by satisfying A=1, since it was aready falsified. We

therefore think of all such literals as “removed” from their respective clauses and the clauses are said to have
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been “reduced”’. Thus when all the literals in a clause are falsified, the clause becomes “empty”. Of course
an empty clause is unsatisfiable, so when the empty clause is encountered, this indicates an inconsistency in
the assignment; it is time to backtrack in the depth first search. On the other hand, if ever we encounter the
empty theory, we have succeeded in satisfying the theory.

Thus to summarize, when an atom c=v is satisfied, the theory is reduced by
1) removing from the theory all clauses that contain c=v, and

2) removing from their respective clauses all occurrences of the falsified literals c£v, and c=v’ for dll

v" € dom(c) suchthat v # wv.
Similarly, when c£v is satisfied, the theory is reduced by
1) removing from the theory al clauses that contain c£v, and
2) removing from their respective clauses all occurrences of the falsified literal c=v.

Or, to put it another way, when P neither satisfies nor falsifies 7', one can answer the question whether
some extension of P satisfies T' by considering a reduced version of 7', in which all clauses satisfied by P
are removed from 7" and all remaining occurrences of literalsfalsified by P are removed.

Figure 4 shows a revision of the DF algorithm in which the idea of reduction is implemented. Reduce

routines implement the above mentioned reduction scheme for positive and negative literals.

3.4 Safeand Obvious Assignments

Brute force depth-first search can be improved by taking better advantage of the structure of the given finite
domain theory. In (8), for example, thefirst clause contained only one atom. So if we falsify it, the clause will
become empty, which is what happened when we tried to satisfy A=0 in the previous example. Therefore
instead of spending time on assignments that will immediately yield the empty clause, we can make obvious

assignments, such as satisfying A=1, first. Thisis exactly what is donein finite domain DPLL. In addition,
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DFR(T,P)
if T = 0 thenreturn P
if 0 € T then return fail
Choose aliteral [ suchthat P U {i} isapartial interpretation
P":=DFR(Reduce (T',l), P U {I})
if P’ + fail, then return P’
if P U {I}isnotapartia interpretation, then return fail
return DFR(Reduce (7',1), P U {I})
Reduce(T', c£v)
return{C — {c=v}|IC € T, c*v ¢ C'}
Reduce(T', c=v)
return {C' — ({ctv} U {e=0"|v" € dom(c), v' # v})]

CeT,c=v¢C,Cn{ct|v €dom(c),v #v} =0}

Figure 4. Pseudo code of DFR Algorithm
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there are two more mechanisms in finite domain DPLL that detect such safe and obvious assignments. We

discuss all three in this section.

3.4.1 Unit Clause Propagation (UCP)

A unit clause is a clause that has only one literal init. The only way to satisfy such a clauseis to satisfy the
literal init. Every partia interpretation that satisfies the theory, and so the clause, has to satisfy this literal.
Therefore, we are sure that in satisfying this literal we cannot go “wrong”. So we satisfy the literal in it
and grow the partial interpretation. This may in turn, after reduction, give rise to more unit clauses; hence
the name Unit Clause Propagation. It may also generate empty clauses (at which point we know that no
extension of the current partial interpretation can satisfy the theory).

To understand UCP better, let’s look at the following example. The signatureis { A, B, C'} and domains

aredom(A) = dom(B) = dom(C) = {0, 1, 2}. Hereisthe theory.

Clause 1: {A=1}
Clause 2: {A#2, B=2}
Clause 3: {A=3, B#2}
Clause 4: { B=2,C#2}

Clause 5: {B=2, C#0}

Clause 1 isaunit clause, A=1 being the only literal (atom) init. So we satisfy it, and as aresult the theory

reduces to:

Clause 1: “ Satisfied”
Clause 2: “Satisfied” (Dueto A#£2)
Clause 3: { B#2} (A=3 removed)
Clause 4: { B=2, C#2} ....(Unaffected)

Clause 5: { B=2, C£0} ....(Unaffected)
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In the reduced theory Clause 3 is a unit clause. So we satisfy itsliteral, B#2, and reduce the theory to:

Clause 1: “ Satisfied”

Clause 2: “ Satisfied”

Clause 3: “ Satisfied”
Clause 4: {C#2} (B=2 removed)

Clause 5: {C#0} (B=2 removed)

Both the clauses left are unit clauses now. They are handled one by one. Satisfying one does not affect the
other. They can be satisfied in any order and the whole theory is satisfied.

Now if we take a closer look at constant C, we realize that out of the 3 valuesin its domain {0,1,2}, two
possibilities — 0 and 2 — are already ruled out when we satisfy Clause 4 (i.e. literal C'#£2) and Clause 5 (i.e.
literal C'+£0). This means that C' now must be assigned 1 i.e. we know that we would not be “wrong” if we

made C=1 true. Thisiswhat iscalled “ Entailment” (discussed next) and the atom C'=1 is said to be entailed.

3.4.2 Entailment Handling

Let’s now define the notion of entailment more formally. During the process of exploring the search space,
for some constant ¢ and some value v € dom(c), if c=v ¢ P but c=v’ € P for al v' € dom(c) such that
v’ # v, then the atom c=v is said to be entailed by P. All the entailed atoms are satisfied to advance the
search.

3.4.3 PurelLiteral Handling

A pure literal, roughly speaking, is aliteral which, when satisfied, only satisfies some clauses without falsi-

fying any. There are two types of pure literals, positive and negative.

(A) Positive PureLiteral (Pure Atom): Theliteral c=v is pureif the following three conditions hold.

i. Forall v € dom(c)andv’ # v, c=v’ doesnot occur in the theory.
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(B)

ii. c#v doesnot occur in the theory.
iii. Either
(8 c=wv occursin the theory, or

(b) foratleast onev’ € dom(c) and v’ # v, c2v’ occursin the theory.

When an atom c=v is satisfied, we know that all occurrences of atoms c=v’ (v' # v) and of literal c£v
are removed from the theory. Conditionsi and ii make sure that these do not occur in the theory. So no
literal is removed from any clause. Condition iii makes sure that when this literal is satisfied, at least

one clauseis satisfied. In other words the condition makes the pure atom is “useful”.
Let's look at the following example. The signature is {4, B, C'} and the domains are dom(A) =
dom(B) = dom(C) = {0, 1, 2, 3}. The theory has two clauses:

{A=1, B#2,C=1}, {A=3, B=2,C#2}.

The atom C'=1 is pure: it satisfies al the conditions mentioned above. Satisfying it satisfies both the

clauses.
Negative Pure Literal: Theliteral c£v ispureif —

i. foral v’ € dom(c), c=v’ isnot apositive pure literal,

ii. ¢=v doesnot occur in the theory, and
iii. c£v occursin the theory.
Condition i ensuresthat there are no positive pureliterals on this constant. Thisis because, if there are
pure atoms on the constant, it is better to satisfy them first. (The example below demonstrates this.)

Condition ii guarantees that nothing is falsified, and condition iii makes sure that the picked literal is

“useful”.

In the following example the signature is { A, B, C'} and the domains are dom(A) = dom(B) =

dom(C) ={0,1,2,3}. Hereisthe theory:
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{A=1, B£2,C=1}, {A=3,B=2,C#2}, {A#2, B=3,C#3}.

Here A#£2 is anegative pure literal. But C'#£2 and C'#£3 are not, because we aready have a positive
pure literal on C', namely C'=1. When C=1 is satisfied, that also satisfies C#2 and C'#£3. But if we
ignored this fact and satisfied C'+£2 and/or C+#£3 before C=1, then although we are not doing anything

wrong, we are certainly ignoring something stronger and more useful.

Satisfying a pure literal never results in generation of empty clauses or unit clauses; it only satisfies some

clauses and does not affect any others.

3.5 FiniteDomain DPLL — Algorithm

Now we have all the background we need, so let’s look at the finite domain DPLL agorithm. This agorithm
is essentialy an addition of safe and obvious assignment handling mechanisms onto the DFR algorithm.
Figure 5 shows pseudo code of the algorithm. Noticethat unlike DFR, here we do not perform the consistency
check before adding [ to P. This s because in DFR there is no other mechanism to ensure that not all c#£v,
v € dom(c) are added to P. On the other hand, in finite domain DPLL, the entailment handling mechanism
adds atom c=v to P, themoment al c£v’ (v € dom(c) and v’ # v) are added to P, thereby falsifying c£v,
the only literal that could have caused the inconsistency. Since thisis taken care of before the literal picking,

the check becomes unnecessary.

3.6 Heuristics

In this thesis we experimented with five different heuristics for choosing aliteral to branch on.

3.6.1 Heuristic 1: Highest Satisfaction Under Maximum I mpact

It will help to define afew terms before we look into this heuristic.
Impact of a constant is the total number of unsatisfied clauses that contain at least one literal involving the

constant. For example, if we have 5 clauses involving constant ¢, then ¢'simpact is 5.
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DPLL(T,P)
if T =0, then return P
if ) € T, then return fail
if there existsaunit clause {I} € T,
then return DPLL (Reduce(T', 1), P U {l})
if there exists an entailed atom c=v with respect to P,
then return DPLL(Reduce(T', c=v), P U {c=v})
if thereexistsapureliteral {l} inT,
then return DPLL(Reduce(T', 1), P U {i})
[:=pickNextLiteral()
P’:=DPLL (Reduce(T, 1), P U {I})
if P’ +# fail, thenreturn P’
return DPLL (Reduce(T', 1), P U {i})
Reduce(T', c£v)
return{C' — {c=v}|C € T, ci*v ¢ C'}
Reduce(T', c=v)
return {C' — ({ctv} U {e=0"|v" € dom(c), v' # v})]

CeT,c=v¢C,Cn{ct|v €dom(c),v #v} =0}

Figure 5: pseudo code of DPLL Algorithm
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Satisfaction of a literal is the total number of clauses that will be satisfied when the literal is satisfied. For
example, inthetheory { {A=0, B=1}, {A4#1,C=1} }, withsignature {A, B, C'} and domainsdom(A) =
dom(B) = dom(C) = {0, 1,2}, the heuristic will pick A=0 because impact of A is 2, which is more than
any other constant and then it will pick value O for A, since the satisfaction of A=0 is 2, which is more
than any other A=v, wherev € {1,2}. (When avaue is picked for the chosen constant ¢, the heuristic
does not consider negative literals c#v (v € dom(c)), because the satisfaction of every negative literal c#v
is no greater than that of any atom ¢=v’ such that v' # v and v’ € dom(c). Hence the best candidate is
still guaranteed by considering just the atoms.) Thus the heuristic is always guaranteed to affect maximum

number of clauses and then to satisfy as many as possible.

3.6.2 Heuristic 2: Highest (Satisfaction - Falsification)

Falsification of a literal is the total number of unsatisfied clauses that will be “reduced” when the literal is
satisfied. This heuristic computes the value (satisfaction - falsification) for every litera in the theory and
picks one so as to maximize the above value. The idea behind this heuristic is that the picked literal will
not only satisfy a high number of clauses (due to the term satis faction) but will also keep the number of
reduced clauses low (due to the term — falsi fication) thereby making subsequent backtracks less likely.
(The more clauses we reduce, the more likely it becomesto generate an empty clause.)

Let’slook thefollowing theory with signature { A, B, C'} and domainsdom(A) = dom(B) = dom(C) =
{0,1,2}.

{A=0, B=1}, {A#1,C=1}, {A=1, B#0} ©)

The heuristic will pick B=1 instead of A=0, although the value of satisfaction for both is 2. Thisis because
the value of falsificationis 1 for A=0 and O for B=1. Consequently, the value (satisfaction - falsification)
comesto2 — 1 =1for A=0 and 2 — 0 = 2 for B=1.

Thus the heuristic tries to satisfy as many clauses as possible and at the same time minimize the number

of shrinking clauses.
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3.6.3 Heuristic 3: Highest (Satisfaction - Falsification) Negative Literals Only

When we make an atom true we are making a strong statement about the constant in the atom. We are
essentially assuming that constant has that value. Thisincreases the possibility of backtracking. Thereforein
this heuristic we used the same criterion as in Heuristic 2 but restricted the search to only negative literals.
For example, in theory (9) there are two negative literals, namely A#1 and B£0. The heuristic picks B0,
because the value (satisfaction - falsification) for it is 1 whereas that for A#1 is 0. The heuristic does not

consider any atoms.

3.6.4 Heuristic 4: Highest (Satisfaction - Falsification) Atoms Only

In this heuristic we explored the other half of the literals. Keeping the criterion the same, we considered
only the atoms and picked the one with highest value of (Satisfaction - Falsification). Here athough we are
increasing the possibility of backtracking, we are shrinking the theory down faster. So whether acontradiction
or success, we hopeto find it quicker.

For example, let's look at the following theory, with signature {4, B, C'} and domains dom(A) =

dom(B) = dom(C) ={0,1,2}.

{A=0, B#1} {A#1, BA1} {C=1, B#1} (10)

The heuristic will pick A=0 with the value (satis faction — falsification) = 2, even when we have a

literal (B+#1) whose corresponding valueis 3, becauseit considers only atoms.

3.6.5 Heuristic5: Highest Satisfaction

This heuristic picks the atom whose satisfaction is maximum. Here we do not consider negative literals,
because for every negative literal ¢+ v, there is always some atom c=v’ (v/ # wv), such that the value
of satisfaction of c=v’ is no less than that of ¢#£wv. Thus even if we ignore the negative literas, we are

still guaranteed to get the best candidate without having to waste time considering negative literals. For
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Figure 6: Example 1. Number of Clauses for Each Literal

example, in theory (10) the heuristic might pick B=0, even though it does not occur in the theory, because its

satisfaction is 3, which is no less than that of any other atom.

3.7 Examples

Let’s now look at some examples to see how the algorithm works. One of the reasons behind experimenting
with five different heuristics is that no heuristic is “right” or “wrong”. A heuristic may work better than
another on aproblem, while another may do better than the first on some other problem. We demonstrate that

with the following examples. In these examples we compared and contrasted Heuristic 1 and Heuristic 5.

3.7.1 Examplel:

Let's consider the example of the following theory where the signature is { A, B, C'} and the domains are
dom(A) = dom(B) = dom(C) = {0,1,2}.
{A=2, B#0}, {A#2, B=1}, {B#1,0=1}
{A#2, B=2, C#1}, {A=0, B=0}, {A#2, B#2}, {A#2, B=0}
Figure 6 shows the number of clauses each literal occursin.
Using Heuristic 1 Impact of A is 6 and that of B is 7, so B wins over A. Now the heuristic picks the
literal B=0 becauseits satisfaction is 4, which is greater than any other B=v (v € {1,2} ). B=0 is satisfied

and the theory reducesto

{A=2}, {A#£2}, {A#£2,C£1}.
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Figure 7: Search Tree - Heuristic 1 on Example 1

Theroutineis called recursively on the reduced theory. Noticethat it hastwo unit clauses { A=2} and { A#2},
which cannot both be satisfied. If oneis satisfied the other becomes empty. Therefore this invocation returns
fail (since its child invoked from its UCP mechanism returned fail). So back in the topmost invocation the
most recently satisfied atom, B=0, is now falsified, the original theory is reduced one moretime, and another
recursive call is made with this reduced version of the theory, thereby opening another branch in the search

tree. The new reduced theory is shown below.

{A#2, B=1}, {B#1,C=1},
{A#2, B=2, C#1}, {A=0}, {A#2, B#2}, {A#2}
In the second level invocation, UCP detects { A=0} as a unit clause, satisfiesit, reduces the theory further as
shown below and invokes the routine on the reduced theory

{B#1,0=1}

In the third level call, C'=1 is caught by the pure literal mechanism and is satisfied causing the theory to
become empty. The problem is solved, the chain of calls winds up returning the current partial interpretation
back to the topmost level. Extension of the current partial interpretation gives amodel of the theory, one that

satisfies A = 0, B =1 and C = 1. Figure 7 shows the correspnding search tree.
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Figure 8: Search Tree - Heuristic 5 on Example 1

Using Heuristic 5 Now let’s see how Heuristic 5 behaves on the above theory. Since there are no obvious
or safe assignmentsin the given theory, the algorithm begins by picking aliteral using Heuristic 5. It selects

theliteral A=0, because its satisfaction is 5, which is highest, and makesit t. The theory is reduced to:

{B#0}, {B#1,C=1}

The routine is called recursively on the reduced theory, starting second level invocation. Notice that in the
reduced theory { B#0} isaunit clause. UCP satisfiesit and makesthird level call, which in turn detects B#1
as a negative pure literal and satisfies it. This satisfies the theory. The chain of calls winds up returning the
current partial interpretation back to the topmost level. Extension of the current partial interpretation gives a
model of the theory, one that satisfies A = 0, B£0, and B#£1. Figure 8 shows the correspnding search tree.

Thuswith Heuristic 1 we had to backtrack once, but with Heuristic 5 we did not have to backtrack at all.

3.7.2 Example2:

Let’s now look at the following theory. Here also the signatureis { A, B, C'} and the domainsare dom(A) =

dom(B) = dom(C) ={0,1,2}.
{A=0,C=1}, {A=2, B#0}, {4=0, B=2}, {A=0, B=0}
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Figure 9: Example 2: Number of Clauses for Each Literal

{A=1, B#£2}, {A=1, B#£2, C#1}, {A#£1, B£2}, {A£0, B#2}, {A#2, B=0}

Figure 9 shows the number of clauses each literal occursin.
Using Heuristic 1 Theimpact of A is9, whichisthe highest. So A is picked. Next the heuristic picks the
literal A=0 because its satisfaction is 5, which is greater than any other A=v (v € {1,2} ). A=0 is satisfied

and the theory reducesto

{BA0}, {B#2}, {B#2,C41}, {BA2)

Theroutineis called recursively on the reduced theory. In the reduced theory { B#0} and { B#2} are unit
clauses. They are captured and satisfied by second and third level of invocation. This satisfies the theory. The
chain of callswinds up returning the current partial interpretation back to the topmost level. Extension of the
current partial interpretation gives amodel of the theory, one that satisfies A = 0, B0, and B#2. Figure 10
shows the correspnding search tree.

Using Heuristic 5 Now let's see how Heuristic 5 behaves on the above theory. Since there are no obvious
or safe assignmentsin the given theory, the a gorithm begins by picking aliteral using Heuristic 5. It selects

theliteral B=0, becauseits satisfaction is 6, which is highest. The theory reducesto:
{A=0,C=1}, {A=2}, {A=0}.

Theroutineis called recursively on the reduced theory. Noticethat it hastwo unit clauses { A=2} and { A=0},
which cannot both be satisfied. If oneis satisfied the other becomes empty. Therefore this invocation returns

fail (since its child invoked from its UCP mechanism returned fail). So back in the topmost invocation the
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Figure 10: Search Tree - Heuristic 1 on Example 2

most recently satisfied atom, B=0, is now falsified, the original theory is reduced one moretime, and another
recursive call is made with this reduced version of the theory, thereby opening another branch in the search

tree. The new reduced theory is shown below.

{A=0,C0=1}, {A=0, B=2}, {A=0},

{A=1, B#£2}, {A=1, B£2, C£1}, {A#1, B£2}, {A£0, B#2}, {A#2}

In the second level invocation, UCP detects { A=0} as a unit clause, satisfies it, reduces the theory further as

shown below and invokes the routine on the reduced theory.

(B#2}, {B#2,C#1}

In thethird level call { B#2} is caught by the UCP mechanism and is satisfied causing the theory to become
empty. The problem is solved, and the chain of calls winds up returning the current partial interpretation
back to the topmost level. Extension of the current partial interpretation gives amodel of the theory, one that
satisfies A = 0 and B = 1. Figure 11 shows the correspnding search tree.

Thusin this examplewe notice that Heuristic 1 solved the problem without any backtracking but Heuristic

5 needed one backtrack. Thusin this case Heuristic 1 performed better than Heuristic 5, which is opposite to
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Figure 11: Search Tree - Heuristic 5 on Example 2

what we observed in Example 1.
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4 Implementation

We began our implementation by using the data structures provided by the Standard Template Library (STL)
of C++. After the first implementation was complete, we felt that these data structures were too “general
purpose’, providing support for extraneous functions, with associated overhead. We therefore started over,
implementing custom-tailored data structures that provided exactly the functionality we needed. With these
data structures we observed that the speed was improved and larger problem instances were handled suc-
cessfully. In this chapter we describe in detail al these data structures and a so other challenges faced in the
implementation of this solver. Readers uninterested in implementation details can safely skip this chapter.
In this algorithm we have seven main functionalities described below:

(1) Empty theory detection

(2) Empty clause detection

(3) Unit clause detection

(4) Entailment handling

(5) Pureliteral detection

(6) Branching: computation of heuristic

(7) Backtracking: w/o multiple copies of the theory

Before discussing how each of these isimplemented, let’s first understand the data structures.

4.1 Data Structures

We have five main classes described below.
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This is one of the ssimplest classes to understand. Figure 12 shows some important elements of the class.
It has a data member for each of these: constant (int), value (int), relation (Boolean), level (int), status
(satisfied/del eted/default) and number of unsatisfied clauses this literal occursin (int). It also has an array of

pointersto Clauses (another class, discussed shortly), and a data member for size of the array (int).

41.2 Clause

Figure 13 shows some important elements of this class. It keeps an array of pointersto the literals, size of the

array (int), the number of default literals (int) occurring in this clause, status of the clause (satisfied or not)

and level (int).
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4.1.3 Literal Pool Node (L PN)

This class represents a constant in the theory, meaning there is one object of this class for every constant in
the signature. Its purpose is to hold all the literals on the constant c it represents. It classifies the literals
into two categories, positive (i.e. of the form c=v) and negative (i.e. of the form c£v). For each category it
maintains an array of pointersto literals. The arrays are named pos and neg and each has size dom(c). As
their names suggest pos holds all the positive literals whereas neg holds all the negative literals. Figure 14
shows the class. There are other data members also that are either essential (e.g. size of the arrays) or useful

(e.g. value assigned, level).

4.1.4 Literal Pool (LP)

Purpose of this class is to hold all the LPN objects. It, therefore, has an array (called literalPool) of LPN
objectswhosesize is same asthat of the signature (since thereisone L PN object per constant in the signature).

Figure 15 shows the class.
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415 Set
Purpose of this class is to hold the clauses. Accordingly, it has an array of pointersto Clauses. It also has
data membersfor size of the array and number of unsatisfied clauses. Figure 16 shows the class.
4.1.6 ClassDiagram

Figure 17 shows the class diagram. Literal and Clause are the lowest level classes and have associations with

each other. Set is an aggregate of Clause. LPN is an aggregate of Literal and is aggregatedin LP.

4.2 Example

Let's consider the following theory. Here the signatureis {1,2} and the domains are dom(1) = dom(2) =

{0,1,2}. Figure 18 shows how the data structures will look for thistheory. Hereis the theory:

Clause 1: {1-0, 2=1}
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Clause 2: {1=0, 240}
Clause 3; {11, 2=1}
Clause 4: {1+£2, 242}
Clause 5: {1=1, 2=0}

Clause 6: {10, 2=2}
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4.3 Functionalities

Let'snow ook at the seven functionalitieslisted earlier. Most of them are implemented as columns, meaning
ahighest level class providesthe interface and in most cases does minimum amount of work before delegating
theresponsibility to alower level class. Thusthe functionalities are broken and spread over pillars or columns

of classes. Thisway object oriented design is maintained and classes know only as much asthey need to know.

4.3.1 Empty theory detection

The class Set maintains a data member that keeps track of the number of unsatisfied clauses in the theory.
So when this number reaches 0, we know that the theory is empty and the problem is solved. So all of the

functionality is provided by the Set class.

4.3.2 Empty clause detection

Thisisacolumn fashioned functionality spread over classes Set and Clause. The function in the Clause class
checks the private variable of the class that keeps track of the number of literals in the clause that still have
default status. If this variable has reached 0, the clause is empty and the function returns true.

The function in the Set class checks its Clause objects one by one for being empty and returns true the

moment it detects the first empty clause. If no clause isfound empty, it eventualy returns false.

4.3.3 Unit clause detection

Thisfunctionality isjust like empty clause detection. The only differenceisin the check that is performedin
the Clause class. Instead of checking if the variable (number of default literals) is O, it checksto seeitis 1.
If it is then the clause has only one default literal and so the clause is a unit clause. Therefore the function

returnstrue. Function in the Set class remains unchanged.
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4.3.4 Entailment handling

At thehighest level, thefunctionality is supported by L P. But L P only doesthejob of calling the corresponding
function of al the LPN objectsit has. Every LPN object then checks the following set of conditionsusing a
low level accessor function of its negative literals. Here c is assumed to be the constant corresponding to this
LPN object.

Conditions: For somev € dom(c) we have,
(i) e=v and c£v are both unassigned.
(i) All the c£v (v' € dom(c) and v’ # v) are satisfied.

If these conditions are met, c=v is entailed (and hence returned by the function).

43,5 Pureliteral detection

To detect pure literals efficiently LPN maintains two variables called tot PosSatCount (total Positive Satis-
faction Count) and tot NegSatCount (total Negative Satisfaction Count). If ¢ is the constant that this LPN
represents then

tot PosSatCount = Z (Number of unsatisfied clauses containing (c=v))
vedom(c)

totNegSatCount=»  (Number of unsatisfied clauses containing (c#v) )
vedom(c)
To detect positive pure literal (pure atom), LPN retrieves the number of unsatisfied clauses from all its
positive literals (atoms) one by one. Let c=v be the current atom and the value retrieved be n i.e. c=v occurs

in n unsatisfied clauses. There are three possible cases on n.

(1) If n = totPosSatCount, it meansno other c=v’ (v # v’) occursin the theory. So c=v can be pureif
c#v does not occur in the theory. LPN, therefore, checksto seeif c#£v is present in the theory. If it is
not, then c=v isreturned as a pure atom. Otherwise, no atom on ¢ can be pure (because both c=v and

c*v occur in the theory). Hence the search for a pure atom on this constant terminates immediately.
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(2) If n=0, then although c=v is not pure, there can still be some v’ € dom(c) (v' # v), such that c=v" is

pure. So the search continues with subsequent values v’ of c.

(3) If 0 < n < totPosSatCount, no aom on ¢ can be pure. So the search for pure atom on ¢ terminates

immediately.

In most of the cases, 0 < n < totPosSatCount, so the search stops immediately, avoiding useless
expensive subsequent checks.
When search for a pure atom fails, that for negative pure literal begins. Detecting a negative pure literal

iseven easier. Here al we have to check for a negative literal v is

e that c£v is unassigned and does occur in the theory and

e that c=v does not occur in the theory.

To check these conditionsthereis afunction defined in the Literal class that returns the number of unsat-
isfied clauses only if theliteral isunassigned. Otherwiseit returns-1. Thefunctionis called
getNumOfClausesl fUnassigned. LPN invokes getNumOfClauseslfUnassigned on all its negative literals and
returns the first literal whose return value is greater than 0. If no such literal is found, NULL is returned

indicating absence of negative pure literal.

4.3.6 Branching: Computation of heuristic

As mentioned earlier, to pick an atom to branch on we tried five different heuristics.

Heuristic 1: Highest Satisfaction Under Maximum Impact This heuristic first picks a constant ¢ that will
maximize the impact and then picks avalue v for ¢, such that c=v will satisfy maximum number of clauses.
Impact of every constant is computed at its corresponding LPN object, by adding tot PosSatCount and
totNegSatCount. The function in LPN that does this is called getimpact. LP calls getimpact on al its

L PN objects and picks the constant ¢ whose LPN object returned the highest impact value. LP then delegates
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the responsibility of picking avalue v for ¢ to the chosen LPN, by calling its pickAtom function. The func-
tion picks a value v, by retrieving the value of number of unsatisfied clauses from all its literals and using

tot PosSatCount and tot NegSatCount stored in the LPN object.

Heuristics 2, 3 and 4: Highest (Satisfaction - Falsification) These functions are implemented by L P-
LPN column. A function in LPN object compares the value of (satisfaction - falsification) for al the literals
it is concerned with and returns the winner to LP. In LP, winners from all the LPN objects are compared and
the final winner is picked.

Heuristic 5: Highest Satisfaction Implementation of thisfunctionisjust like Heuristics 2, 3and 4. This
is also supported by LP-LPN column. A functionin LPN object compares the value of satisfaction for al its
atoms and returns the winner atom to LP object. LP object compares winners from all the LPN objects and

picksthe final winner.

4.3.7 Backtracking: Avoiding multiple copies of the theory

As we advance the search we have to maintain the ability to backtrack to any earlier point higher up in the
search tree. Whenever aliteral is satisfied, some clauses get satisfied, some literals get “removed”. These
elements (satisfied clauses and removed literals) are to be treated as if they don’t exist in the theory, since
they do not contribute to the part of the interpretation that is constructed subsequently. Thus at every point in
the search tree, there is a unique snapshot of the theory that we have to remember and that we may have to
backtrack to. The easiest way is to make copies of the theory and associate a copy with a point in the tree.
But this would be greatly uneconomical. To solve the problem more efficiently, we assign a level to every
choice point in the search tree beginning with O (i.e. root at level 0). We maintain aglobal level counter that is
incremented at every choice point. All the literals and clauses have alocal variable to keep track of the level
at which they changethe status (i.e. get satisfied or falsified). Initially thisvariableis“unassigned” for all the

elements. Thelevel does not have any meaning unless the element is satisfied (for clause) or satisfied/falsified
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(for literal). Whenever aliteral becomes satisfied or falsified, we store with it the current value of the global
level counter. Similarly whenever a clause becomes satisfied, we store the current value of the global level
counter with it also. Thusall the clauses and literals that change status between two successive choice points
in the tree have the same level. When it comes to backtrackingto alevel say |, we “undo” al the assignments

whose level is greater than or equal to |. More specifically, default statusis given to:
e al the satisfied clauses with level > 1|, and
e al the satisfied/falsified literals with level > I.

Thus the ability to backtrack is achieved without making multiple copies of the theory.
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5 Evaluation Procedure and Experimental Results

Finite domain problems are not yet standardized, so there are no standard benchmark problems. Therefore,
to run the experiments and compare the performance of our solver with others, we wrote our own generator
to create random satisfiable instances of finite domain problems. We allow the user to specify the following
parameters:

(1) sizeof aclause (single value or arange),

(2) domainsize of aliteral (single value or arange),

(3) number of clauses per theory (single value or arange),
(4) number of constantsin atheory.

In this chapter we talk about the kind of instances generated and the comparisons made.

5.1 Syntax

We use an extended version of DIMACS-CNF format [5]. Thisisthe standard input format for Boolean SAT
solvers. Figure 19 shows our extension of DIMACS-CNF format. It has two sections: preamble and body.
The preamble starts with optional comment lines. There can be any number of comment lines, but each must

begin with c. For example, following line is a comment line.
¢ This is a comment line.
Comment lines are immediately followed by a problem line. A problem line lookslike this:
p cnf <num of const> <num of clauses>

<num of const> and <num of clauses> are to be replaced with the actual number of constants
and the number of clauses in the theory, respectively.

Next we have domain lines in the preamble. A domain line looks like this:
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c This is a sample cnf file.

¢ Lines beginning with ¢ are comment lines
¢ and are ignored.

c There can be any number comment lines

p cnf 3 4

2=1 3!=1 1!=2 0
1=1 2!=3 0
3!=0 2=0 O

1=0 3=1 2!=2 0

Figure 19: Sample CNF file

d <const> <domain size>

The d indicates that thisis adomain line. <const> isreplaced by aconstant and <domain size>
by its domain size. The line saysthat the constant <const> hasdomain {0,1,2,......<domain size>-1
1.

We can have at most one domain line for each constant in the theory. The constants that do not have any
domain line are considered Boolean by default and so have domain {0,1}. Domain lines are not present in
DIMACS-CNF format because al the constants are Boolean. The default mechanism of adopting Boolean
domains contributes to the ability of our solver to run on DIMACS-CNF format. Preamble ends with the
domain lines.

The body has <num of clauses> clauses. Hereisasampleclause: 2=1 1!=3 5=7 0. We used

1= torepresent #. The clause hasthreeliterals: 2=1,1!=3 and 5=7. 0 isthedelimiter.



Let'slook at the literal 1 1 =3 more closely. Here the constant is 1, valueis 3 and relation is “not equal
to”. Whenever constant 1 isassigned avalue other than 3 thisliteral issatisfied. Similarly, incaseof 2=1, 2
isthe constant, 1 isthevalueand “equal to” istherelation. Thisliteral gets satisfied only when the constant 2
isassigned value 1. Thevaluesthat occur in literals must be in the domains declared (implicitly or explicitly)
earlier in the preamble.

Finally, to make the solver compatiblewith the standard DIMACS-CNF format only one more adjustment
is needed. Whenever the solver encountersa constant ¢ or its negation, written as —c, (instead of c=v or c!=v)

these are treated as c=1 and c=0 respectively.

5.2 Evaluation Procedure

We generated satisfiable problem instances with clause size 3 and domain size 5. In al the experiments
described in this chapter these parameters are fixed unless mentioned otherwise. Also al the theories

contain negative literals unless mentioned otherwise. In all the experiments below r stands for the ratio

numberofclauses
numbero fconstants”

We performed four sets of experiments:

e comparison of the five heuristics,

e comparison on theories with and without negative literals,
e comparison with Sinha’s solver, and

e comparison with zChaff.

Now let's ook at each of the setsin detail.

5.2.1 Heuristics Comparison

In this comparison we used two criteria — number of backtracks and search time. From our preliminary
experiments we observed that Heuristic 3 performed considerably worse than all others, in every single case

on both the criteria. Also Heuristic 2 and Heuristic 4 always performed almost the same. So we decided to
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Number of Clauses || Heuristic 1 | Heuristic4 | Heuristic5
1000 0.1325096 | 0.24453 | 0.2438619
5000 3.888994 7.312347 7.265771
10000 19.40584 35.75721 35.67959
15000 50.8891 86.16848 | 86.09395

Table 1: Search Timein Secondsforr =5

drop Heuristic 2 and Heuristic 3 from further consideration. One of the reasons for choosing Heuristic 4 over
Heuristic 2 is that Heuristic 4 employs the same criterion as Heuristic 2 but does less work than Heuristic 2
by not considering negative literals.

We generated theories with 1000, 5000, 10000 and 15000 clauses and kept the ratio r fixed at 5 and 10.
In each of the four categories of » = 5, we generated 10 random satisfiable instances and observed that the
number of backtrackswas O for all the three heuristicsin all the runs. Hence we display only search time for
r = 5. Table 1 shows the search time in seconds required with each heuristic for » = 5 and Figure 20 shows
the corresponding graph. Thus we see that Heuristic 1 performed better than the other two here.

In the next set of experimentswe kept » = 10 and again generated theories with 1000, 5000, 10000 and
15000 clauses. Here in our preliminary experiments we observed that Heuristic 1 and Heuristic 5 caused a
number of time outs when we experimented with only 10 instances in each category. The time out value was
100 sec here. So we generated 25 instances in each category and increased time out value to 300 sec. Of
these 25, we tabulate here the averages of the ones that did not time out and provide the number that timed
out in each category. For instance, an entry “15.2857 (3/10)" says 15.2857 is the mean number of backtracks
inthat category based on 7 instances, because 3 out of 10 instancestimed out. Thisinformationis providedin
table 2 along with the average number of backtracks. Table 3 shows the corresponding search time averages
in seconds. Figures 21 and 22 show the graphs for the number of backtracks and search time respectively.

In these experiments we observed that on 15000 clauses only Heuristic 4 could perform without timing

46



Search Time

90

80

70

60

50

40

30

20

10

(Criterion — Search Time in Seconds)

Number of Clauses vs. Search Time in Seconds for r=5

T
Heuristic 1
Heuristic 4
Heuristic

2000

4000 6000

8000
Number of Clauses

10000

12000

Figure 20: Heuristics Comparisonfor r =5

47

14000

16000



Number of Clauses || Heuristic 1 (T.O./Total) | Heuristic 4 (T.O./Total) | Heuristic 5 (T.O./Total)
1000 0.5 (0/10) 1(0/10) 2.5(0/10)
5000 15.2857 (3/10) 0.1111 (1/10) 2.5(1/10)
10000 31.4444 (1/10) 0(2/10) 0.875 (2/10)
15000 57.5384 (11/25) 2.4 (0/25) 115.2632 (6/25)
T.O. — Number of instances timed out Total — Total number of instances

Table 2: Number of Backtracksfor r = 10

out even once. Thisis followed by Heuristic 5 at 6 time outs and finally Heuristic 1 with 11 time outs. Also
the number of backtracks for Heuristic 4 is very low, as can be seen from Table 2.

Thuswe see that asthe problem size growsall the heuristicstakelonger. Some even start timing out. Their
number of backtracks also grows. But Heuristic 4 not only keeps from timing out but also does not cause
too many backtracks. We therefore conclude that Heuristic 4 is the overall winner. Between Heuristic 5 and
Heuristic 1, we feel that Heuristic 5 performs better, although its number of backtracks grows with problem
size, because the number of time outs caused by it is less and also its average search time is better. It is
interesting though that Heuristic 1 is best on » = 5 problems, which are clearly easier to solve. We speculate
that this is because Heuristic 1 is easier to compute than Heuristic 4 and Heuristic 5. Heuristics 4 and 5
compare al the atoms in the theory, whereas Heuristic 1 considers only the ones that involve the constant
with highest impact. Secondly, since for these easy problemsthere are many satisfying interpretations, search
never backtracks. So the only factor that decides the speed is how fast a Heuristic finds a solution and not
how many timesit has to backtrack in doing so.

Further Experimentson Heuristic 4: Because of the performance of Heuristic 4, we decided to explore
the family of heuristicsusing (« x satisfaction + 3 X falsification) further. We implemented two more
heuristics, one with o = 2 and 8 = +1 and the other with o = 2 and 8 = —1. Thus we implemented

heuristics that use (2 x satisfaction + falsification) and (2 x satis faction — falsification) astheir
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1000 0.0506 0.1084 0.1129
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Number of Clauses || Heuristic 4 (T.O./Total) | 25+F (T.O./Total) | 2S-F (T.O./Total)
1000 1(0/10) 0.5556 (1/10) 0.75 (2/10)
5000 0.1111 (1/10) 19 (3/10) 5.3 (0/10)
10000 0 (2/10) 30.1429 (3/10) 12.4 (0/10)
15000 2.4 (0/25) 34.5454 (14/25) 14.9091 (3/25)

T.O. — Number of instances timed out

Total — Total number of instances

Table 4: Number of Backtracksfor r = 10

Number of Clauses || Heuristic 4 (T.O./Totd) | 2S+F (T.O./Total) | 2S-F (T.O./Total)
1000 0.1084 0.0551 0.0559
5000 2.7586 2.2917 1.8695
10000 13.4013 9.3138 7.9037
15000 19.1961 46.6364 36.5007

criterion and compared their performance with Heuristic 4. We ran them on the same set of problems as
described earlier and observed that for » = 5 the search times were increasing and the number of backtracks
zero. Here we report the results for » = 10 only in Table 4 and Table5. As before, we also display the total

number of instances and the number timed out in each case only in Table 4 but they apply to both the tables.

Table 5: Search Timein Seconds for r = 10

Figure 23 and Figure 24 show the graphs for the number of backtracks and search time, respectively.

Thus we observe that, neither of the new heuristics performed better than Heuristic 4. The one using

(2x satis faction— falsification) performed better thanthe oneusing (2 x satis faction+ falsi fication).

The same fact is observed from the number of time outs also.
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r=5 r=10
Number of With Negah.ons With Negah.ons
) Compiled . Compiled
Clauses Megations Megations
Cht Cht
(T.C] (T.0) (T.C) (T.0)
1000 02445 01832 0.25836 B.0354
)] ) ) )
73123 B1.6534 12,4827 a0.12
0000 0) B () ©)
357572 91 5886 307211 100
10000 0) ©) 2) (i0)
15000 86,1685 g7.346 33.2802 100
) (5] [0 (0]

T.0. — Mumher of mstances tumed out

Table 6: Search Timein Seconds for Heuristic 4

5.2.2 Comparison with and without Negative Literals Compiled Out

For this set of experiments we generated theories with 1000, 5000, 10000 and 15000 clauses and kept the
ratior at 5 and 10 for each of the categories. In al 8 categories we generated 10 random instances to average
the values. Using the trangdlation explained in chapter 2, we compiled the negative literals out from every
theory and ran the solver on both kinds of datasets (i.e. the ones with negative literals in them and the ones
with negative literals compiled out). We used two heuristicsin this experiment — Heuristic 4 and Heuristic 5,
since these performed better than Heuristic 1 in the previous set of experiments. In each run we recorded the
search time. Table 6 and Table 7 show the average search time for Heuristic 4 and Heuristic 5, respectively.
Figures 25, 26, 27 and 28 show the resulting graphs. Here also the averages reported are for the instances
that did not time out. The time out value is 100 seconds. Figures in parentheses indicate the number of timed
out instances in each case. Thetotal number of instancesis always the same, 10.

Thus we observe here that, except for one case (i.e. Heuristic 5, » = 5), problems are solved much more

efficiently when negative literals are retained in the theory.
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Figure 25: Comparison with and without Negative Literals with Heuristic4 andr =5

r=5 r=10
Number of With Negah.ons With Negah.ons
: Compiled : Compiled
Clauses Megations O Megations O
(T.O) ut (TO) ot
(T.0) (T.0)
1000 02435 004587 01212 10,0159
) 0) [0 (1)
5000 72658 126270 125873 a0 0955
) 1) (1) (8)
3567596 259631 30,4619 802070
10000 0) 2 2 ©)
15000 o6.094 44 1035 B2 45902 100
)] (3] (4) (o)

T.O. — Mumber of mstances timed out

Table 7: Search Timein Seconds for Heuristic 5
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Figure 27: Comparison with and without Negative Literals with Heuristic5andr =5
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Figure 28: Comparison with and without Negative Literals with Heuristic5 and r = 10
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Humber r=25 r=10
of
Clauses COur Solver Sinha’s Solver Cr Solver =inha’s Solver
1000 01275 0.104 0.0319 0.071
5000 1.894 2.3 0.8035 1.261
10000 28057 4,144 1.2222 2343
15000 28267 127078 27695 B.654

5.2.3 Comparison with Sinha's Solver

In this set of experiments, our aim is to show that our solver performs as good as Sinha's solver on theories
without negativeliterals, i.e. the theoriesthat Sinha's solver is designed for. So we generated random theories
(without negative literals) containing 1000, 5000, 10000 and 15000 clauses. We kept r fixed at 5 and 10.
Thus with two values of » and four theory sizes we had eight categories, in each of which we generated 10
satisfiable random instancesto average the results. We used execution time as the criterion of the comparison.

In the runs of our solver we used Heuristic 5, because thisis what Sinhauses in her solver. Table 8 shows the

Table 8: Execution Time in Seconds with Heuristic 5

results. Figures 29 and 30 show the corresponding graphsfor » = 5 and » = 10 respectively.

Thus we observe that in all the experiments our solver performed slightly better than Sinha's. Therefore
even on the theories without negation our solver is at least as good as Sinha's solver and the improved

performance due to allowing negation has not deteriorated the performance on the theories that do not have

negation.
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Execution Time

(Criterion — Execution Time in Seconds)

Number of Clauses vs. Execution Time in Seconds with Heuristic 5 and r=5
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Figure 29: Comparison with Sinha's Solver with r=5 and Heuristic 5
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Execution Time

(Criterion — Execution Time in Seconds)

Number of Clauses vs. Execution Time in Seconds with Heuristic 5 and r=10
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Figure 30: Comparison with Sinha's Solver with r=10 and Heuristic 5
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Humber r=> r=10

of Clauses Cur O haff Qur = haff

molver molver

1000 0279176 0.004 0.313307 0.002

5000 /. 48bRY 0027 126155 0.005
10000 3611851 0.103 30596223 0.023
15000 8671717 0.167 33.74464 0.04

Table 9: Execution Time in Seconds with Heuristic 4

5.24 Comparison with zChaff Solver

Theaim of this set of experimentsisto see how close we can get to the state-of-the-art Bool ean solver, zChaff.
We chose zChaff because Sinha has showed that other Boolean solvers like SATO can be outperformed with
her (and so also our) approach. Sinha has also demonstrated that zChaff can be outperformed on quadratic
tranglation. But zChaff was still beyond reach on linear translation. Therefore, we decided to try linear
tranglation. We generated theories consisting of 1000, 5000, 10000 and 15000 clauses and kept r fixed at 5
and at 10. As before, we generated 10 instances in each category to average the values. zChaff reports total
execution time, which is what is used as the basis of this comparison. Table 9 shows the results and Figures
31 and 32 show the corresponding graphs for » = 5 and » = 10, respectively.

Although we were able to reach closer to zChaff than Sinha did, outperforming zChaff is still achallenge.
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Execution Time

(Criterion — Execution Time in Seconds)

Number of Clauses vs. Execution Time in Seconds with Heuristic 4 and r=5
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Figure 31: Comparison with zChaff Solver with r=5 and Heuristic 4
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Execution Time

(Criterion — Execution Time in Seconds)

Number of Clauses vs. Execution Time in Seconds with Heuristic 4 and r=10
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Figure 32: Comparison with zChaff Solver with r=10 and Heuristic 4
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6 Conclusion

In this thesis we extended the finite domain DPLL agorithm introduced by Sinha[25] to handle negative
literals. The experimental results demonstrated that we can take advantage of the negative literals present
in the theory to improve efficiency. We also showed that our solver performs as well as Sinha's solver on
problems without negation — the class of problemsthat Sinha's solver was designed for. Thus, the improved
performance due to allowing negation does not cost us when no negation is present. On the other hand, our
solver is still not competitive with the state-of-the-art Boolean solver, zChaff.

The comparison of heuristics verified that heuristics do affect the efficiency alot. Overall Heuristic 4
performed better than others. Recall that Heuristic 4 is the one in which we pick the atom with highest
(satisfaction — falsification). In our experiments we observed that as the problem size was increased,
other heuristics started timing out but it was Heuristic 4 that could still solve al the problemsin our largest
problem size category (15000 clauses). Theideaisthat the heuristic picks such aliteral that not only satisfies
a high number of clauses (due to the term satis faction) but will also keeps the number of reduced clauses

low (dueto theterm — falsi fication) thereby making subsequent backtracksless likely.

6.1 Future Work

Improvements in heuristics

Zhang [17] discusses a number of effective heuristics for Boolean SAT solvers. One of the heuristics
presented there, called Dynamic Largest Combined Sum (DLCS), is very similar to our Heuristic 1. They
both use the same criterion (satis faction + falsification). Therefore Heuristic 1 is just like the finite
domain version of DLCS. Wefeel that it would be interesting to explorethe use of (« x satis faction+ 8 x
falsification) asthe criterion in literal picking, experimenting with different values of « and 5. (Notice
that Heuristics4 and 5 are also members of thisfamily.) Also there are anumber of other heuristics suggested

by Zhang that would be interesting to experiment with.
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Improvements in the Data Structures

Data structures is one of the most important factors affecting efficiency of the search. Thisis what we
observed in our early attempts when we replaced the STL data structures in our implementation with custom
ones. Even with our simple data structures we were able to see significant improvement in both speed and
capability of the solver. Zhang [17] presents an account of more efficient data structures that can be used in

the implementation of SAT solvers like ours. These can be adapted for finite domain DPLL.

More sophisticated backtracking

The best SAT solvers use more sophisticated backtracking schemes than our solver does. Our solver im-
plements “chronological backtracking”; when forced to backtrack it reverts to the most recent choice point
at which the chosen literal is currently satisfied and then branches the other way by falsifying that literal.
M ore sophisticated backtracking schemes are possible. Of particular interest are those that utilize some sort
of analysis of the “reasons’ for having obtained an empty clause in order to decide which choice point to

back up to.

More randominstances

In most of the experiments we used 10 random satisfiable instances. If more instances are tried we might
be able to address some of the partially answered questions, such aswhy Heuristic 5 performsbetter onr = 5
problems, when negation is compiled out. It would also be interesting to see what happens on theories larger

than 15000 clauses, and with ratios other than 5 and 10.

Evaluation on unsatisfiable instance
In thisthesis we only experimented with randomly generated satisfiable instances. It would be interesting
to experiment with unsatisfiable instances al so and see how quickly the solver can detect that the input theory

IS not satisfiable.
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Solvereal life problems

One of the motivations of this thesis was that planning problems can be encoded nicely as finite domain
problems. It will therefore be interesting to observe the performance of the finite domain solver on encodings
of planning problems. We performed the experiments only on random instances, but experience with Boolean

SAT solvers suggests that performanceis likely to be rather different for real life problems.

Integration with CCALC

CCAaLc [9] implements reasoning about actions and planning. Currently it makes use of Boolean SAT
solvers, although, the input action description language of CCALC allows for finite domains for constants.
CCALc can be modified to convert a planning problem into finite domain SAT problem (instead of Boolean

SAT problem) and use afinite domain solver to solve it.
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